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Abstra t

A nite planar point set P is alled a magi on guration if there is an assignment of positive
weights to the points of P su h that, for every line l determined by P , the sum of the weights of
all points of P on l equals 1. We prove a onje ture of Murty from 1971 and show that if a set of
n points P is a magi on guration, then P is in general position, or P ontains n 1 ollinear
points, or P is a spe ial on guration of 7 points.
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Introdu tion

Let P be a nite set of points in the plane. P is alled a magi on guration if there is an assignment of
positive weights to the points of P su h that, for every line l determined by P , the sum of the weights
of all points of P on l equals 1. Figure 1 shows an example of a point set that is a magi on guration.
This spe ial point set (and any proje tive transformation of it) is alled a failed Fano on guration.
We prove a onje ture of Murty [Mu71℄ saying that apart from failed Fano on gurations, every set of
n points that is a magi
on guration is either in general position, or ontains n 1 ollinear points. A
few other remarks on the history of the problem an be found in The Open Problems Proje t [DMO℄.
Theorem 1.





There do not exist magi

on gurations with

n

on gurations of ardinality n, other than

1 ollinear points, or

on gurations in general position, that is, with no three points on a line, or
a on guration with 7 points that up to a proje tive transformation is depi ted in Figure 1.

We will now make some preliminary observations regarding magi
observations an be found already in Murty's paper [Mu71℄.

on gurations. Many of these

Assume that a on guration P of n  2 points in the plane is magi and that its points are assigned
positive weights that witness the fa t that P is magi . Re all that a line determined by P is alled
ordinary if it in ludes pre isely two points of P . By Gallai-Sylvester theorem [Ga44, Sy93℄, the points
of P must determine an ordinary unless they are all ollinear.

We laim that unless P has n 1 ollinear points, then for every point p 2 P there is an ordinary
line not passing through p. Indeed, otherwise, by the theorem of Kelly and Moser [KM58℄, the set
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Figure 1: Failed Fano on guration

nf g determines at least 37 (

p
n
1) ordinary lines (see [CS93℄ for the urrent best bound on the number
of ordinary lines determined by n points). Clearly all these lines must be passing through p. It follows
that at most 71 (n 1) points of P nfpg lie on an ordinary line through p and these are all the ordinary
lines determined by P , ontradi ting the Kelly-Moser theorem.
P

It is now easy to see that unless P has n 1 ollinear points, every point through whi h there is
an ordinary line must be assigned the weight 21 . To see this assume that p is su h a point and assume
without loss of generality that it is assigned a weight that is greater than 12 (otherwise look at the
other point on the ordinary line through p). Let q and r be two points di erent from p that onstitute
an ordinary line in P . One of q and r is assigned a weight greater than or equal to 12 . The sum of the
weights assigned to the points on the line through that point and p will be stri tly greater than 1, a
ontradi tion.
Denote by A the set of all points in P through whi h there is an ordinary line, and assume that
does not have n 1 ollinear points. Then ea h point in A is assigned a weight of 21 . It follows
that any line through two points in A must be ordinary. Observe that jAj  3, as any non ollinear
set of points determines at least 3 ordinary lines (see [KM58℄) and this would be impossible if jAj  2.
Denote by B the set P n A. Clearly, every point in B must be assigned a weight that is stri tly smaller
than 12 . Indeed, let b 2 B and a 2 A. The line through a and b annot be ordinary for otherwise b 2 A.
Therefore it must ontain a third point . As the weight assigned to a is 21 , it follows that the weight
assigned to b an be at most 21 minus the weight assigned to .
P

Theorem 1 will therefore follow from the following theorem.

be two nonempty sets of distin t points in the Eu lidean plane su h that
A
B are pre isely all the lines determined
A
A
B is assigned a positive weight su h that
the sum of the weights of all points on any given line determined by A [ B is 1. Then the on guration
of points A [ B is a failed Fano on guration that is equal, up to a proje tive transformation, to the
one shown in Figure 1, where A onsists of the points whose weight is 12 .
Theorem 2.

Let

A

and

B

j j  3. Assume that all the ordinary lines determined by [
by two points of . Assume further that every point in [
A

Instead of proving Theorem 2 we will prove its dual theorem on the sphere. We refer here to the
standard duality under whi h the dual D(p) of a point p in the plane is a great ir le on the unit sphere
S that tou hes the plane at the origin. The dual D(l) of a line l in the plane is a pair of antipodal
points on S . For a point p in the plane, D(p) is the great ir le on S whi h is the interse tion of S with
the plane through the enter of S that is perpendi ular to the line through p and the enter of S (See
Figure 2(a)). For a line l in the plane, D(l) is the pair of antipodal points that are the interse tion
points of S and the line through the enter of S that is perpendi ular to the plane through l and the
enter of S (See Figure 2(b)). This duality preserves in iden e relations in the sense that if p is a point
in the plane that is in ident to a line l in the plane, then D(p) is a great ir le on S that is in ident to
the two points of D(l). Re all that given an arrangement of urves, an ordinary interse tion point is
an interse tion point through whi h pre isely two urves pass.
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(a) The dual D(p) of a point p is the great irle that is the interse tion of S with the plane
through the enter of S that is perpendi ular to
the line through p and the enter of S

o

(b) The dual D(l) of a line l is the pair of antipodal
points that are the interse tion points of S and the
line through the enter of S that is perpendi ular
to the plane through l and the enter of S

Figure 2: Duality between the plane and the unit sphere

Figure 3: A set of lines that orresponds to the ex eptional on guration of Theorem 3.
Let A and B be two nonempty sets of distin t great ir les on a sphere S su h that
Assume that all the ordinary interse tion points determined by A [ B are pre isely all the
interse tion points determined by A. Assume further that every ir le in A [ B is assigned a positive
weight su h that the sum of the weights of all ir les in ident to any given interse tion point on S is 1.
Then the on guration of ir les A [ B is the sphere-dual of a failed Fano on guration that is equal,
up to a proje tive transformation, to the one shown in Figure 1. The set A onsists of the ir les dual
to the points whose weight is 21 .
Theorem 3.

j j  3.
A

Figure 3 shows a proje tion to the plane of the ex eptional on guration of Theorem 3. The
proje tion is a entral proje tion through the enter of S on a plane that tou hes S . Under this
proje tion every two antipodal points on S are proje ted to the same point in the plane.
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Proof of Theorem 3

We refer to the ir les in A as red ir les and to the ir les in B as blue ir les. We remark that in all
the next gures in this paper the solid lines represent the blue ir les, while the dashed lines represent
the red ir les.
s

2

For every ir le s 2 A [ B , let W (s) denote the weight assigned to s. As we observed, for every
A we have W (s) = 1=2, and for every s 2 B , 0 < W (s) < 1=2.
3

We onsider the arrangement B of the ir les in B on the sphere S . For every fa e f in B , the size
of f is the number of edges of the fa e f . We will use the term `triangle' for a fa e of size three, the
term `quadrangle' for a fa e of size four, et . Two fa es in B are alled adja ent, if they share an edge.
Similarly, two edges in B are alled adja ent, if they are in ident to the same rossing point. A great
ir le s 2 B and a fa e f of B are alled adja ent, if s in ludes an edge of f . We begin by assigning
a harge h() to the fa es and verti es of the arrangement B : The harge of a fa e of size k is k 3,
while the harge of a rossing point of exa tly k blue ir les is k 3. For every k  2 denote by fk
the number of fa es in B of size k ,P
and by tk the number
P of rossing points of exa tly k blue ir les. It
follows from Euler's formula that k (k 3)fk + k (k 3)tk + 6 = 0. Therefore, the overall harge is
6. Observe that any rossing point on a ir le b 2 B , even with a ir le in A, is a rossing point in
B. Indeed, otherwise either it is an ordinary interse tion point on b, or it is an interse tion point that
is not ordinary of at least two ir les in A.
Our plan is to redistribute the harges (dis harge ) in four steps, su h that nally every fa e and
rossing point in B will have a nonnegative harge. Then it will follow that the total harge is nonnegative, hen e a ontradi tion. For ea h i = 1; 2; 3; 4 we will denote by hi () the harge of an obje t (a
fa e in B or a rossing point of blue ir les) after the i'th step. For onvenien e, Table 1 summarizes
the harges of sele ted obje ts from B through the four steps of dis harging.
obje t of B
bad rossing point
good rossing point
bad (but not evil) triangle
evil triangle
0-quadrangle
1-quadrangle
good 2-quadrangle
bad 2-quadrangle
0-pentagon
1-pentagon
2-pentagon
k
r -(k -gon) , k  6, r  b
2

()
1
0
0
0
1
1
1
1
2
2
2
k
3
h

1 ()
0
0
0
0
1
0
0
1
2
1
0
k 3
h

2 ()
0
0
1=4
1=4
0
0
0
0
 3=4
 3=4
0
3k 3 r
4
2
h

r



3 ()
0
0
0
1=4
0
0
0
0
0
 1=2
0
h

 21

k

Table 1: Charge of obje ts of B before and after Steps 1{4

4 ()
0
0
0
0
0
0
0
0
0
 1=2
0
h

3

 12

k

3

Note that the only elements whose initial harge is negative are rossing points through whi h there
are pre isely two blue ir les. We all su h a rossing point bad. Observe that there are no fa es of
size two in B . Indeed, otherwise all blue ir les pass through the same two antipodal points p and
0
ir le in A not passing through p, and hen e also not
p on the sphere S . As jAj  3, there is a
through its antipodal point p0 . This ir le interse ts the ir les in B in ordinary interse tion points, a
ontradi tion.
The following laim and its orollary will be useful throughout the analysis of the dis harging steps.
Claim 4. Assume that there is a quadrangle d in B su h that there are pre isely two blue ir les through
every vertex of d, and d is adja ent to two triangles at two of its opposite edges. Then A [ B is the
sphere-dual of a failed Fano on guration.

Proof. Let t1 and t2 denote the two triangles adja ent to d at two of its opposite edges. Let s1 ; s2 ; s3 .
and s4 denote the four blue ir les that in lude the edges of d in the ounter lo kwise order so that
s1 and s3 separate d from t1 and t2 , respe tively. Let x1 ; x2 ; x3 , and x4 denote the four verti es of d
listed in the ounter lo kwise order so that x1 is the interse tion point of s1 and s2 . Sin e s1 and s2
are the only blue ir les through x1 and s4 and s1 are the only blue ir les through x4 , it follows that
s2 and s4 meet at a vertex of t1 that we denote by x5 . Similarly, s2 and s4 meet at a vertex of t2 that
we denote by x05 . x5 and x05 are therefore two antipodal points on the sphere S . Therefore, x1 ; x2 ; x5
and their antipodal points on S are the only interse tion points on s2 .

4
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Figure 4:

d

r1

x1

s2

x2

r3

is adja ent to two triangles at two of its opposite edges

Sin e there are pre isely two blue ir les through x1 , there must be a red ir le passing through
.
1 We denote this red ir le by r1 . r1 annot ross t1 and therefore it must ross d. Evidently, r1
must pass through x3 . Similarly, there is a red ir le r2 passing through x2 and x4 . As jAj  3, there
is a third red ir le in A that we denote by r3 . r3 and s2 annot ross at any other point but x5 (and
hen e also x05 ). It follows that there are pre isely three red ir les in A sin e a fourth red ir le would
have to ross s2 at a point through whi h one of r1 ; r2 , or r3 passes.

x

We laim that s1 ; s2 ; s3 ; and s4 are the only blue ir les in B . Indeed, all other blue ir les s5 ; : : : ; sk
must ross s2 and s4 at x5 (and hen e also at x05 ). None of r3 ; s5 ; : : : ; sk an ross s1 at x1 or x4 , and
only one an ross s1 at the interse tion point of s1 and s3 . Moreover, no two of r3 ; s5 ; : : : ; sk ross
s1 at a ommon point. It follows that one of r3 ; s5 ; : : : ; sk must ross s1 at an ordinary interse tion
point, a ontradi tion.
Now it easily follows by inspe tion that A [ B must be the sphere-dual of a failed Fano on guration.
More spe i ally, by looking at Figure 3, we see that the sphere-dual of the failed Fano on guration
has the properties of Claim 4. Moreover, from the assumption of Claim 4 we were led to on lude that
there are no lines additional to those drawn in Figure 4. It is easy to see that the only interse tion
point (modulo antipodals) not already indi ated in Figure 4 is the ommon interse tion point of s1 , s3 ,
and r3 . Hen e there is a unique arrangement satisfying the onditions of the laim and it is ne essarily
the sphere-dual of the failed Fano on guration.

Corollary 5. Assume that B onsists of pre isely four ir les, then A [ B is the sphere-dual of a failed
Fano on guration.

Proof. By previous arguments not all the ir les in B are on urrent. If B has pre isely three on urrent
ir les, then ea h of them has exa tly four rossing points in B . Sin e the ir les in A ross the ir les
in B only at verti es of B , and jAj  3, there must be two ir les of A rossing a ir le of B at the
same point, whi h is impossible. Therefore, B onsists of four ir les, no three of whi h are on urrent.
Thus, the arrangement B satis es the onditions of Claim 4.

We pro eed by des ribing the four dis harging steps and analyzing their e e t on the harges of
the fa es and interse tion points of B .

Step 1 [ harging bad rossing points℄: Let C denote the arrangement of all ir les in A [ B . Sin e
we assume that no ordinary interse tion point in C lies on a blue ir le and that every pair of red ir les
ross at an ordinary point in C , it follows that through ea h bad rossing point in B there is pre isely
one red ir le. Let r be a red ir le passing through a bad rossing point p, and let f1 and f2 be the
two fa es in B that are in ident to p and are rossed by r (see Figure 5(a)). Then, we take 1=2 units
of harge from ea h of f1 and f2 and harge it to p.

After Step 1 every rossing point of blue ir les has a nonnegative harge. Let us now examine
the remaining harge at the fa es of the arrangement B . A red ir le an ross the boundary of a
fa e in B only at its verti es, for otherwise we would have either an ordinary interse tion point of C
on a blue ir le, or an interse tion point of two (or more) red ir les that is not ordinary in C . Thus,
every red ir le that rosses a fa e f in B indu es, in fa t, a red diagonal in f . A fa e f with m su h
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Figure 5: Dis harging steps 1{3
red diagonals loses at most m units of harge in Step 1. We use an integer before the name of a fa e
in B to denote the number of its red diagonals. For example, a 2-hexagon is a fa e of size six in B
that has two red diagonals. Sin e triangles annot have a (red) diagonal, we refer to them simply as
`triangles' instead of 0-triangles. Thus, triangles do not lose harge in Step 1. Pentagons may have at
most two red diagonals, and thus they remain with a nonnegative harge as well. The only elements
whose harge might be negative after Step 1 are 2-quadrangles, as their harge might be 1, in ase
they are in ident to four bad rossing points.

A rossing point x of ir les from C is alled good, if there is a (ne essarily one) red ir le through
and at least 3 blue ir les through x. We all a 2-quadrangle good, if it is in ident to a good rossing
point. We all a 2-quadrangle that is not in ident to any good rossing point a bad 2-quadrangle.

x

Claim 6.

Any good 2-quadrangle is in ident to at least two good rossing points.

Proof. Assume to the ontrary that d is a good 2-quadrangle that is in ident to pre isely one good
rossing point x. Let s1 ; s2 ; s3 ; and s4 denote the four ir les in B that onstitute the edges of d in
the ounter lo kwise order so that s1 and s4 are in ident to x. As x is a good rossing point, there is
another blue ir le through x that we denote by s0 . (See Figure 6.) By our assumption, all the rossing
s0
s4
x
s1

d

s3

s2

Figure 6: A good 2-quadrangle annot be in ident to exa tly one good rossing point
points that are in ident to d, with the ex eption of x, are in ident to pre isely two blue ir les and one
red ir le. Considering the rossing point of s1 and s2 , we see that W (s1 ) + W (s2 ) = 1=2. Similarly,
onsidering the rossing point of s2 and s3 , we see that W (s2 ) + W (s3 ) = 1=2, and in parti ular
W (s1 ) = W (s3 ). Considering the
rossing point of s3 and s4 , we see that W (s3 ) + W (s4 ) = 1=2.
Therefore, W (s1 ) + W (s4 ) = W (s3 ) + W (s4 ) = 1=2. But this is a ontradi tion be ause onsidering
the ir les through x we see that W (s1 ) + W (s4 )  1=2 W (s0 ) < 1=2.
As a orollary of Claim 6, we on lude that after Step 1 every good 2-quadrangle has a nonnegative
harge, as it is in ident to at most two bad rossing points. We still have to take are of the bad
2-quadrangles. This will be arried out in the next step.
6

2-quadrangles℄: In this step every bad 2-quadrangle ompensates for its
harge shortage by taking 1=4 units of harge from ea h of its four neighboring fa es. That is, let f be
a fa e in B adja ent to a bad 2-quadrangle d, then d takes the 1=4 units of harge from the harge of
f (see Figure 5(b)). Note that in su h a ase f does not have red diagonals at the verti es of the edge
ommon to f and d.
Step 2 [ harging bad

It is easy to he k, by onsidering the di erent possibilities for f , that the only elements that might
have a negative harge after Step 2 are triangles adja ent to bad 2-quadrangles. We refer the reader
to the proof of Claim 7 for a proof of this observation. We all a triangle that is adja ent to a bad
2-quadrangle a bad triangle. Note that we may assume that a triangle might share an edge with at
most one bad 2-quadrangle. Indeed, let t be a triangle adja ent to two bad 2-quadrangles d1 and
d2 . Let s1 ; s2 ; and s3 denote the three blue ir les that onstitute the triangle t, su h that s1 and s2
separate t from d1 and d2 , respe tively (see Figure 7). There is a red ir le r through the interse tion
s2
x2
d2
s3
t
s1
d1
r

x1

Figure 7: A bad triangle annot be adja ent to two bad quadrangles
point of s1 and s2 . r rosses s3 at a vertex x1 of d1 and at a vertex x2 of d2 , whi h are therefore
antipodal points on the sphere S . It follows that s1 ; s2 ; s3 , and another blue ir le that passes through
x1 and x2 are the only blue
ir les in B . By Corollary 5, A [ B is the sphere-dual of a failed Fano
on guration.
In this step we use the ex ess harge that exists at
fa es with at least ve edges to harge part of the bad triangles.

Step 3 [ harging some of the bad triangles℄:

Let f be a fa e in B with k edges, where k  5. Let t be a bad triangle adja ent to a bad 2quadrangle d. We transfer 1=4 units of harge from f to t, if f and t share a vertex and f is adja ent
to (that is, shares an edge with) d (see Figure 5( )).
Before ontinuing to the last step, we show that after Step 3, every fa e f with at least ve edges
remains with a nonnegative harge.
Claim 7.

Let

f

be a fa e with

k

edges, where

k

 5. Then after Step 3

f

has a nonnegative harge.

Proof. Let r be the number of red diagonals of f . Assume rst that k  6. Right after Step 1, the
harge of f is at least k 3 r. f has exa tly k 2r verti es that are not in ident to a red diagonal,
and hen e at most k 2r edges none of whose verti es is in ident to a red diagonal of f . It follows
that f may be adja ent to at most k 2r (bad) 2-quadrangles. Therefore, the harge of f right after
Step 2 is at least k 3 r k 42r . As f may ontribute 1=4 units of harge to at most k 2r bad
triangles, the harge of f right after Step 3 is at least k 3 r k 22r = k2 3  0.

It is left to onsider the ase where f is a pentagon. If f is a 2-pentagon, then f annot be adja ent
to any (bad) 2-quadrangle. Therefore, Step 2 as well as Step 3 do not a e t the harge of f and it
remains at least 0, as it is right after Step 1. If f is a 1-pentagon, then right after Step 1 the harge
of f is at least 1. f may be adja ent to at most one 2-quadrangle. Therefore, right after Step 2 the
harge of f is at least 3=4. f ontributes 1=4 units of harge in Step 3 to at most one bad triangle and
hen e remains with a harge of at least 1=2 after Step 3.
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(a) An evil pair (`; d) of degree 1 in H
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(b) An evil pair (`; d) of degree 2 in H

Figure 8: Evil pairs
Finally, if f is a 0-pentagon, then after Step 1 the harge of f is 2. Observe that if f shares two
adja ent edges e1 and e2 with bad 2-quadrangles d1 and d2 , respe tively, then the ommon vertex of e1
and e2 annot be a vertex of a bad triangle t. Indeed, otherwise t is adja ent to two bad 2-quadrangles
d1 and d2 whi h we have previously shown to be only possible in the ase where A [ B is the spheredual of a failed Fano on guration. From this observation it follows that if f is adja ent to ve bad
2-quadrangles, then it does not share a vertex with any bad triangle and hen e the harge of f right
after Step 3 is 3=4. If f shares a vertex with ve bad triangles, then it may be adja ent to at most
two bad 2-quadrangles (in fa t one ould show that even that is not possible) and hen e the harge of
f after Step 3 is at least 1=4. In all other ases f is adja ent to at most four bad 2-quadrangles and
shares a vertex with at most four bad triangles and hen e the harge of f after Step 3 is at least 0 (we
remark that this last argument is by far suboptimal, yet suÆ es for our needs).
Therefore, after Step 3 the only obje ts with a negative harge are those bad triangles who did not
re eive 1=4 units of harge in Step 3. We all those triangles evil.
After Step 3 of dis harging, the only elements without the desired
harge are evil triangles, as they are harged with 1=4 units of harge ea h. We will use the ex ess
harge that exists at the 0-quadrangles to harge with 1=4 units of harge ea h and every evil triangle.

Step 4 [ harging evil triangles℄:

For every 0-quadrangle q , onsider the set E of edges of q that are not edges of bad 2-quadrangles.
Then the harge of q after Step 3 is jE j=4. For every e 2 E let `e 2 B be the great ir le that in ludes
e. We all the pair (`e ; q ) a helping pair and we designate 1=4 unit from the harge of q to the pair
(`e ; q ).
For any evil triangle t, let d be the bad 2-quadrangle adja ent to it, and let ` 2 B be the great
ir le that separates t and d. We all the pair (`; d) an evil pair. We will show that there are at least
as many helping pairs as there are evil pairs. Thus we will su essfully harge ea h evil triangle with
1=4 units of harge taken of the ex ess harge at the 0-quadrangles after step 3.

De ne a bipartite graph H whose verti es are the evil pairs and the helping pairs. Let (`; d) be an
evil pair, let t be the evil triangle adja ent to d and `, and let f and f 0 be the two fa es in B , other
than t, that are adja ent to both ` and d. Let e and e0 be the edges of f and f 0 , respe tively, on `.
Sin e t is evil, then f and f 0 an be either triangles or 0-quadrangles (see Figure 8). Moreover, the
edges e and e0 annot be edges of bad 2-quadrangles, as d is the only bad 2-quadrangle adja ent to t.
Ea h of (`; f ) and (`; f 0 ) is a helping pair, assuming f or f 0 , respe tively, are not triangles. If f is not
a triangle, we onne t (`; d) in H to the helping pair (`; f ). Similarly, if f 0 is not a triangle, we onne t
(`; d) in H to the helping pair (`; f 0 ). Observe that if both f and f 0 are triangles, then by Claim 4,
A [ B is the sphere-dual of a failed Fano on guration. Therefore, we may assume that the degree in
H of every evil pair is either 1 or 2 (see Figure 8). The degree in H of every helping pair is at most
2, be ause a helping pair (`; q ) may be onne ted only to evil pairs (`0 ; d) su h that ` = `0 and d is
8

adja ent to q . It follows that the onne ted omponents of H that in lude evil pairs are either paths
alternating between evil pairs and helping pairs, or theoreti ally, even y les alternating between evil
pairs and helping pairs. Therefore, in order to show that there are at least as many helping pairs as
there are evil pairs, it is enough to show that no onne ted omponent in H is a path both of whose
end verti es are evil pairs.
Indeed, assume to the ontrary that there is su h a onne ted omponent in H . Let its verti es be
(`; d1 ); (`; q1 ); : : : ; (`; qk 1 ); (`; dk ), so that for every 1  i  k 1, (`; qi ) is a helping pair onne ted
to both (`; di ) and (`; di+1 ). It follows that there is a great ir le `0 2 B that in ludes all edges of
d1 ; : : : ; dk and q1 ; : : : ; qk 1 that are opposite to those in luded in `.

Sin e the degree in H of (`; d1 ) is 1, then the fa e in B , other than q1 , adja ent to both `; `0 , and
to d1 must be a triangle whi h we denote by q0 . Similarly, the fa e in B , other than qk 1 , adja ent to
both `; `0 , and to dk must be a triangle whi h we denote by qk . Observe that ` and `0 meet at a vertex
of q0 and at a vertex of qk (see Figure 9).

q0

q0

qk

ℓ
d1

q1

qk−1
d2

dk
qk ℓ

dk−1

ℓ′

ℓ′

(a)

(b)

Figure 9: A onne ted omponent in H both of whose endpoints are evil pairs
We laim that the only triangles in B adja ent to `0 are q0 ; qk , and of ourse their antipodal triangles
on the sphere S . This is be ause for every 0  i  k , the fa e adja ent to `0 that shares an edge with qi
annot be a triangle as it admits a red diagonal at least at one of its verti es. And moreover, we may
assume that for every 1  i  k , the fa e adja ent to `0 that shares an edge with di is not a triangle.
Indeed, otherwise by Claim 4, A [ B is the sphere-dual of a failed Fano on guration (re all that there
is an evil triangle adja ent to di on the other side of ` on S ). This is a ontradi tion to a theorem
of Levi [Le26℄ saying that in any nontrivial arrangement of lines in the real proje tive plane, every
line must be adja ent to at least 3 triangular fa es. (Here, we apply Levi's theorem after identifying
antipodal points on the sphere S and thus redu ing the great ir les in A [ B to a set of lines in the
proje tive plane.) Sin e the referen e to Levi's theorem is not widely available we refer the reader also
to [Fe04, x 5.4℄ and [Gr72℄ for very short proofs of Levi's theorem.

We on lude that after Step 4, all the fa es in the arrangement B have a nonnegative harge, and
the same holds for every rossing point in B . Thus, the overall harge is nonnegative, ontradi ting
the fa t the the total harge in the beginning was 6.
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3

Notes and Con luding Remarks

If the arrangement B is in general position in the sense that no three blue ir le from B pass through
the same point, then Theorem 3 and hen e also its dual Theorem 2 ould be strengthened as follows
leaving the proof almost as is:
Let A and B be two nonempty disjoint sets of points in the plane su h that jAj > 1, and
is in general position. Assume that no line determined by A passes through a point of B . Then there
is an ordinary line in A [ B through a point in B , unless A [ B is, up to a proje tive transformation,
the on guration in Figure 1.

Theorem 8.
B

To see why Theorem 8 follows from the proof of Theorem 3, observe that if the ir les in B are in
general position, then there are no good rossing points in C , and hen e the assumptions in Theorem
3 on the weights assigned to the ir les in C are not required. In Theorem 8 we allow more than two
points of A to be ollinear as long as they are not ollinear with a point of B . Indeed, in the proof of
Theorem 3 we did not really use the assumption that every interse tion point determined by A is an
ordinary interse tion point with respe t to A [ B , but only that no interse tion point determined by
ir les from A is in ident to a ir le from B .
Proving Theorem 8 for the ase B is not required to be in general position would imply that the
following onje ture1 holds. Re all that an ordinary point in a point on guration P is a point x 2 P
through whi h there is an ordinary line.

Let G = (V ; E ) be the Sylvester Graph of a nite set of points P . That is, V = fp 2
is an ordinary point in P g and E = f(p1 ; p2 )jp1 and p2 determine an ordinary line in P g. Then
G is a omplete (nonempty) graph if and only if no three points in P are ollinear, or P is a failed
Fano on guration.
Conje ture 9.

j

P p

We would like to note a orollary of Theorem 8. It is well known that the set of edges of a omplete
graph on 2n verti es an be partitioned into (ne essarily 2n 1) edge-disjoint perfe t mat hings. A
ni e way to realize su h a partitioning is to think about the verti es of K2n as the verti es of a regular
(2n 1)-gon plus its enter. Then every one of the 2n 1 dire tions of the edges of the (2n 1)-gon
indu es a perfe t mat hing in whi h two points are mat hed i the straight line they determine is
parallel to the dire tion we hoose, plus taking the enter to be mat hed with the remaining point.
These 2n 1 perfe t mat hings are edge-disjoint.
Now let G be a omplete geometri graph on 2n verti es in general position in the plane. We all a
mat hing in G geometri ally indu ed, if the lines ontaining the edges of the mat hing are on urrent.
If a mat hing of G is geometri ally indu ed, then the meeting point of all lines that in lude an edge
of the mat hing is alled the enter of the mat hing. The question is an we partition the set of edges
of a omplete geometri graph G on 2n verti es in general position in the plane into edge-disjoint
geometri ally indu ed perfe t mat hings. By Theorem 8, this is impossible unless n = 1 or n = 2.
Indeed, assume it is possible and let B be the set of 2n verti es of G, and let A be the set of all
points that are the enters of the geometri ally indu ed perfe t mat hings. Then A and B satisfy the
assumptions in Theorem 8.
It is an interesting open question of what is the maximum possible number of edge-disjoint geometri ally indu ed perfe t mat hings of a omplete geometri graph on 2n verti es in general position in
the plane. It seems natural to onje ture that the answer should be n + 1. This number is attained for
the set of verti es of a regular 2n-gon in the plane when n is even. Here observe that the geometri ally
indu ed perfe t mat hings whose enters are the points at in nity that orrespond to the n dire tions
of the edges of the regular 2n-gon plus the enter of the 2n-gon, are all pairwise edge-disjoint.
One an try to weaken the notion of a magi on guration and omit the restri tion of all weights
assigned to the points being positive. In this ase there seem to be a mu h larger variety of magi
1 This

onje ture is attributed to Sylvester a ording to Smyth [Sm89℄
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on gurations and yet not every on guration is magi . In this ontext it is interesting to note that
given that a on guration is magi (even in the weak sense) it is very easy to assign the right weights
(and in a unique way) to the points, just as a fun tion of the number of lines determined by the set
that pass through ea h of the points of the set. To this end let p1 ; : : : ; pn denote the points of a
magi on guration P . For every 1  i  n let xi denote the weight assigned to pi and
Plet ki be the
number of lines determined by P that pass through pi . For onvenien e denote Y = ni=1 xi . Fix i
and onsider the point pi . There are ki lines determined by P that pass through pi . The sum of the
weights assigned to the points of P on ea h of these lines is 1. It follows that Y = ki xi (ki 1).
Therefore, xi = kkii Y1 . We an get an expli it expression for xi just in terms of kj (j = 1; : : : ; n).
P
P
Observe that Y = nj=1 xj = nj=1 Y1 kkjj . Therefore,

Pn k
Pj=1 k 11
=
1+ n
j

Y

j

j =1 kj

1

;

and hen e,

x

i=

1
i

k

1

0
i
k

Pn k 1
Pj=1 k 11 A
1+ n
j

j

j =1 kj

1

:

Observe in parti ular that if ki = ki , then xi = xi . It is also lear from here that the weights
assignment is unique, if exists.
0

0
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