
Gallai-Sylvester Theorem for PairwiseInterse
ting Unit Cir
lesRom Pin
hasi1Hebrew University of JerusalemAbstra
tFor every �nite family of (at least 5) pairwise interse
ting unit
ir
les in the plane, there is an interse
tion point that lies on exa
tlytwo 
ir
les. This proves a 
onje
ture of A. Bezdek.1 Introdu
tionThe 
elebrated Gallai-Sylvester theorem ([S93℄,[G44℄), in its dual form, as-serts that for every �nite 
olle
tion of lines in the real proje
tive plane thatdo not form a pen
il (i.e, do not share a 
ommon point) there is a point thatlies on exa
tly two lines. A possible analogue for 
ir
les 
ould be: In any�nite 
olle
tion of (at least 2) unit 
ir
les that are pairwise interse
ting (i.e,every two 
ir
les meet) there is an interse
tion point that belongs to exa
tlytwo 
ir
les.Unfortunately, this statement is false. A simple 
ounterexample 
onsistsof three distin
t unit 
ir
les through a 
ommon point P , ea
h two meeting intwo points, and a fourth unit 
ir
le that passes through the remaining threeinterse
tion points (see Figure 1). A. Bezdek [B90℄ 
onje
tured that this isthe only 
ounterexample to the statement above. He 
on�rmed this underthe additional 
ondition that the distan
e between the 
enters of any twounit 
ir
les is less than p3.1e-mail: room�math.huji.a
.il 1



De�nition 1.1. A family C of unit 
ir
les in the plane is 
alled ex
eptionalif it 
onsists of four 
ir
les C;C1; C2; C3 where C1; C2, and C3 pass througha point P0, ea
h two meeting in two points, and C passes through the threeremaining intrese
tion points of C1; C2; C3 (see Figure 1).P1
P3P2 P0

Figure 1: An ex
eptional 
on�gurationThe aim of this paper is to prove Bezdek's 
onje
ture, namely, we provethe following theorem.Theorem 1.2. Let C be a �nite family of (at least two) pairwise interse
tingunit 
ir
les in the plane. Then there is a point through whi
h exa
tly two
ir
les pass, unless C is ex
eptional.2 De�nitions and NotationsThroughout this paper C denotes a �nite family of at least three (
learly,Theorem 1.2 is valid when C 
onsists of just two 
ir
les) unit 
ir
les in theEu
lidean plane. We assume that the diameter of the set of 
enters of those
ir
les is � 2, or in other words, that every two (distin
t) 
ir
les in C either2



interse
t: they either 
ross (i.e., have two points in 
ommon) or tou
h (i.e.,have a unique point in 
ommon, and a 
ommon tangent at this point). Wedenote by A(C) the planar map indu
ed by C. Its verti
es V(C) are theinterse
tion points of 
ir
les in C, its edges are the 
olsures of the 
omponentsof S C n V(C), and its fa
es are the 
losures of the 
omponents of R2 nS C.We denote the (planar) graph of A(C) by GC. GC may have multiple edges,but no loops (unless C 
onsists of just two tou
hing 
ir
les, a 
ase whi
h weex
luded).We usually denote a unit 
ir
le by C, possibly with some modi�er (sub-s
ript or supers
ript). The 
losed disk bounded by that 
ir
le is denoted byD, and its 
enter by O, with the same modi�er.De�nition 2.1. The degree d(P ) of a point P 2 V(C) is the number of
ir
les in C that pass through P . number of 
ir
les in C that pass through P .We 
all P a simple interse
tion point when d(P ) = 2.For k � 2 denote by tk the number of interse
tion points of degree k. Thenumber V of verti
es is Pk�2 tk. Denote by fk the number of fa
es of GCwhi
h have k edges (we regard also the unbounded fa
e). The number F offa
es is Pk�2 fk. Denote by E the number of edges of GC. We have2E =Xk�2 kfk as well as E =Xk�2 ktk:Therefore 2E =Xk�2 kfk = 3F +Xk�2(k � 3)fk:Clearly, GC is 
onne
ted and has no loops. Hen
e, by Euler's formula,V � E + F = 2. Therefore,�6 = �3V + 3E � 3F = �3V + E + (2E � 3F ) == �3Xk�2 tk +Xk�2 ktk +Xk�2(k � 3)fk == Xk�2(k � 3)tk +Xk�2(k � 3)fk:Rearranging, we gett2 = 6 +Xk�3(k � 3)tk +Xk�3(k � 3)fk � f2 (1)3



a lensa lune Figure 2: A lens and a luneA

ording to this notation Theorem 1.2 asserts that t2 > 0 unless C isex
eptional. We prove Theorem 1.2 by showing that the right hand side of1 is positive unless C is ex
eptional.De�nition 2.2. Let C1; C2 be two 
ir
les in C. In 
ase C1 and C2 
ross, we
all L = D1 \ D2 a lens if it is a fa
e with two edges in the planar graphGC. We then say that both C1 and C2 support L (see Figure 2). The twointerse
tion points of C1 and C2 are 
alled the verti
es of L. If C1 and C2tou
h at P , we 
all P a lens if at most one 
ir
le from C n fC1; C2g passesthrough P . Also in this 
ase we say that C1 and C2 support P .We 
all D1 n int D2 a lune if it is a fa
e with two edges of the planargraph GC. We then 
all C1 n int D2 the longer ar
 of the lune and say thatC1 supports the longer ar
 of that lune.De�nition 2.3. A lens that is not a singal point is 
alled a proper lens.Observation 2.4. The length of the longer ar
 of a lune is greater than �.Notation 2.5. For a 
ir
le C and points A;B on C that are not antipodal,we denote by ar
C(AB) the 
losed shorter ar
 on C between A and B.Notation 2.6. For two distin
t points A and B in the plane we denote byAB the line through A and B. We denote by �!AB the 
losed ray whi
h startsat A and in
ludes B. [AB℄ denotes the 
losed interval between A and B.4



Notation 2.7. Let P;Q;R be three di�erent points in the plane, whi
h arenot 
ollinear. We denote by �(PQR) the 
losed triangle with verti
es P ,Q,and R. We denote by \PQR the 
losed 
onvex region bounded by the rays�!QP and �!QR. ℄PQR denotes the angular measure of \PQR. Therefore0 < ℄PQR < �.3 Some LemmataLemma 3.1. Assume C;C1; C2 2 C, C1 and C2 
ross, and int (D \ D1 \D2) = ;. Then ℄O1OO2 < �2 .Proof. Denote by P the midpoint of [O1O2℄. Sin
e C1 and C2 
ross, P 2int D1 \ int D2, and ℄O1OO2 � �2 would imply that P 2 int D as well.Lemma 3.2. Let C;C1; C2 2 C. If D \D1 and D \D2 are distin
t lenses,then1. (D \D2) \ int D1 = ;,2. (D1 \D2) \ int D = ;.Proof. Denote l1 = D \D1 and l2 = D \D2.We �rst show 1. Sin
e l1 and l2 are distin
t lenses int (l1 \ l2) = ;. Now; = int (l1 \ l2) = int (D1 \D \D2) = int D1 \ int (D \D2):If l2 = D\D2 is a proper lens, then it follows that also (D\D2)\ int D1 = ;.Assume D \ D2 = fPg is not a proper lens. If 1 is not true then P 2int D1. It follows that D \D1 is a proper lens. But one of its edges, C \D1,
ontains the interse
tion point P in its relative interior. This means thatD \D1 is not a lens (i.e., not a fa
e with two edges in GC.To prove 2 we argue similarly; = int (l1 \ l2) = int (D \D1 \D2) = int D \ int (D1 \D2):If C1 and C2 
ross then D1 \ D2 is two dimensional and it follows that(D1 \D2) \ int D = ;.If C1 and C2 tou
h at P and 2 is not true, then P 2 int D. It followsthat l1 = D \ D1 is a proper lens. But P lies in the relative interior of theedge D \ C1 of l1, a 
ontradi
tion. 5



Lemma 3.3. Assume C;C1; C2 2 C. If D \ D1 and D \ D2 are distin
tlenses, then1. 0 < ℄O1OO2 � �2 . Equality holds only if C1 and C2 tou
h at a pointP , and C passes through P .2. 0 < ℄OO1O2 � �2 , and 0 < ℄O1O2O � �2 .Proof. We �rst prove 1. If ℄O1OO2 = 0 then O;O1; O2 are 
olinear, andwithout loss of generality O1 is between O and O2. It follows that C1 andC 
ross and C2 meets relint (C \ D1). Therefore, D \ D1 is not a fa
ewith two edges in A(C) and we obtain a 
ontradi
tion. By Lemma 3.2,D1 \D2 \ int D = ;. If C1 and C2 
ross then by Lemma 3.1, ℄O1OO2 < �2 .If C1 and C2 tou
h at P and ℄O1OO2 > �2 then P 2 int D. This
ontradi
ts Lemma 3.2. If, on the other hand, ℄O1OO2 = �2 , then the lengthof [OP ℄ is 1, and C passes through P .To prove 2, we restri
t our attention to the subfamily C 0 = fC;C1; C2g.2 will follow from 1 if we show that within C 0, D1 \D2 is a lens.If C1 and C2 tou
h, then D1 \ D2 is a lens within C 0. Assume that C1and C2 
ross. If D1 \ D2 is not a lens, then it is not a fa
e with two edgesin A(C 0). It follows that C meets either relint (C1 \D2) or relint (C2 \D1).Without loss of generality assume that the former 
ase happens. Then Cand C2 
ross, and C1 meets relint (D \ D2). This is a 
ontradi
tion for weassume that D \D2 is a lens.Lemma 3.4. Assume C;C1; C2 are distin
t 
ir
les in C, and D1 \ D2 is alens with verti
es A;B (possibly A = B, if D1 \ D2 is not a proper lens).Denote by Q the interse
tion point of the line O1O2 with C1 whi
h is not inD2. Let �!r � O1O2 be the ray whi
h starts at Q and does not in
lude O1(see Figure 3). Then1. D does not meet �!r .2. If int D is disjoint from D1\D2, then the ar
 C1\D is in
luded eitherin ar
C1(QA) or in ar
C1(QB). (If A = B then by ar
C1(QA) andar
C1(QB), we mean to the two semi
ir
les of C1 from both sides of[A;Q℄.)
6



O1 C1A
BO2C2 R Q �!rP

C (in 
ase D � D1 \D2)O (in 
ase D1 \D2 \ int D = ;)
�2 >

Figure 3: Lemma 3.4Proof. 1. Assume C meets �!r at a point P that is either equal to Q or liesbeyond Q (on �!r ). D1 \D2 is a lens, and therefore either D � D1 \ D2 or(D1 \D2) \ int D = ;.If D � D1 \D2 then in parti
ular D in
lude the point R 2 C1 that liesopposite to Q (see �gure 3). It follows (sin
e P;R 2 C 6= C1) that Thediameter of D is then greater than 2, whi
h is impossible.If, on the other hand, (D1 \ D2) \ int D = ;, then, within the familyC 0 = fC1; C2; Cg, D \ D2 is also a lens. By Lemma 3.3, ℄O2O1O � �2 (seeFigure 3). This implies that the distan
e between P and O is greater than1, i.e, P =2 C.2. Let a denote the ar
 C1 \D of the 
ir
le C1. Sin
e we assume int D \(D1 \ D2) = ;, ar
C1(AB) \ int D = ;. Moreover, by 1 Q =2 D. It followsthat a is in
luded either in ar
C1(QA) or in ar
C1(QB).Lemma 3.5. Assume C1; C2; C3; C4 2 C are four distin
t 
ir
les. If the fourinterse
tions D1 \ D3; D1 \ D4; D2 \ D3, and D2 \ D4 are lenses, then C1and C2 tou
h at a point P , and C3 and C4 tou
h at P as well.Proof. We restri
t our attention to the subfamily C 0 = fC1; C2; C3; C4g.Note that if the interse
tionDi\Dj is not a lens in C 0, then it not a lens in C aswell. Assume that all four interse
tions are lenses. By Lemma 3.3, all twelveangles \OiOjOk (i; j; k 2 f1; 2; 3; 4g) are less or equal to �2 . However, this iseasily seen to be possible only if O1; O2; O3; O4 are the verti
es of a re
tangle7



R. Let P the the 
enter of R. The four intervals [P;Oi℄, i = 1; 2; 3; 4, allhave the same length d. If d < 1, then P 2 int (D1 \D2 \D3 \D4). This isimpossible sin
e already int (D1\D2\D3) = ;, by Lemma 3.2. If d > 1 thenthe 
ir
les 
entered at opposite verti
es of R are disjoint. There remains the
ase d = 1. In this 
ase all four 
ir
les pass through P , and the two 
ir
les
entered at opposite verti
es of R tou
h at P . P is not a lens, be
ause it lieson four 
ir
les. It follows that the vertex of R opposite to O1 is O2, and O4lies opposite to O3.Lemma 3.6. Let C;C1; C2; C3 2 C be four distin
t 
ir
les. Assume thatD \Di (i = 1; 2; 3) are lenses. Then for some j 2 f1; 2; 3g, Cj supports nolens other than D \Dj.Proof. By Lemma 3.3 ℄OiOOj � �2 for 1 � i < j � 3. Assume, without lossof generality, that O2 2 int \O1OO3. Rotate (and if ne

esary 
ip) the planeso that the line OO2 is verti
al, with O2 above O, O1 is to the left of OO2and O3 is to the right of OO2. Denote by Q the interse
tion point of OO2with C2 whi
h is outside D, and denote by P the interse
tion point of OO2with C whi
h is outside D2. Denote the interse
tion points of C and C2 byA;B. If D\D2 is not a proper lens, then A = B 2 OO2. Otherwise, assumethat A is to left of OO2. In the sequel, when A = B ar
C2(AQ) denotesthe semi
ir
le of C2 whi
h is to the left of OO2, and ar
C2(BQ) denotes thesemi
ir
le of C2 whi
h is to the right of OO2.We show that C2 supports no lens other than D \ D2. Assume to the
ontrary, that C0 2 C, C0 6= C and D0 \D2 is a lens.By Lemma 3.3, �(OO0O2) is a proper triangle, hen
e O0 =2 OO2. Assume,without loss of generality, that O0 is to the right of OO2. We restri
t ourattention to the subfamily C 0 = fC;C0; C1; C2g and intend to show thatD0 \ D1 is a lens in C 0, 
ontradi
ting Lemma 3.5. (Indeed, by Lemma 3.5,this is possible only if C and C0 tou
h at a point V , and C1; C2 tou
h at Vas well. This is impossible, sin
e O1 is to the left of OO2 and O0 is to theright of OO2.)We start with two appli
ations of Lemma 3.2. Sin
e D \D2 and D \D2are lenses,D \D2 \ int D0 = ;: (2)Sin
e D \D1 and D \D2 are lenses,D \D2 \ int D1 = ;: (3)8



Next 
ome four appli
ations of Lemma 3.4. With C0; C2; C standing forC;C1; C2, respe
tively, C2\D0 � ar
C2(QA)nfQg, or C2\D0 � ar
C2(QB)nfQg. Sin
e O0 is to the right of OO2, we 
on
lude thatC2 \D0 � ar
C2(QB) n fQg: (4)With C0; C; C2 standing for C;C1; C2 respe
tively, in Lemma 3.4 (repeat-ing the above argument), we �nd thatC \D0 � ar
C(PB) n fPg: (5)With C1; C2; C standing for C;C1; C2, respe
tively, in Lemma 3.4, weobtainC2 \D1 � ar
C2(QA) n fQg: (6)With C1; C; C2 standing for C;C1; C2, respe
tively, in Lemma 3.4, weobtainC \D1 � ar
C(PA) n fPg: (7)Now note thatar
C2(QA) \ ar
C2(QB) = 8<: fQg if A 6= BfQ;Ag if A = B, (8)and similarly,ar
C(PA) \ ar
C(PB) = 8<: fPg if A 6= BfP;Ag if A = B: (9)If D \D2 is a proper lens, i.e., if A 6= B, then we 
on
lude from 4,6, and8 thatC2 \D0 \D1 = ;; (10)and from 5,7, and 9 thatC \D0 \D1 = ;: (11)9



This means that D0 \D1 is indeed a lens in C 0.If D \ D2 is an improper lens, i.e., if A = B, then the same argumentslead only to the in
lusionsC2 \D0 \D1 � fAg; (12)C \D0 \D1 � fAg: (13)D2 \D0 is a lens, and D2 \D = fAg is a lens. Therefore, by Lemma 3.2,A =2 int D0: (14)Similarly,D\D1 is a lens, and D\D2 = fAg is a lens. Therefore, by Lemma3.2, A =2 int D1: (15)In order to show that D\D0 is a lens, it suÆ
es to astablish equalities 10and 11. These, in turn, follow from the known in
lusions 10 and 11, providedthat we know that A =2 D0 \D1.Assume, to the 
ontrary, thatA 2 D0 \D1: (16)From 14,15, and 16 we 
on
lude that A 2 C0 \C1. But this is impossiblesin
e fAg = D\D2 = C\C2 is an improper lens and therefore A 
an belongto at most one 
ir
le in C 0 n fC;C2g. (See De�nition 2.2.)Lemma 3.7. If #(C) = n, then there are at most n lenses in A(C).Proof. By indu
tion on n. The statement is 
learly true for n = 2; 3. Ifevery 
ir
le in C supports at most two lenses, then the number of lenses is atmost n, sin
e every lens is supported by exa
tly two 
ir
les. Assume n � 4.If a 
ir
le C 2 C supports three or more lenses, then, by Lemma 3.6, another
ir
le C 0 2 C supports just one lens. De�ne C 0 = C n fC 0g. By the indu
tionhypothesis, C 0 has at most n � 1 lenses. Adding C 0 to C 0, will produ
e justone more lens (and 
ould possibly kill a few lenses of A(C 0)).Our next aim is to study the lunes in A(C), and more spe
i�
ally therelationsheep between lunes and lenses in A(C).Let us start with some simple observations. If D is a unit disk, A;B aredistin
t points in D, and C� is any 
ir
le of radius � 1 that passes through10



A and B, then ar
C�(AB) � D. The same holds, of 
ourse, if we repla
e thedisk D by an arbitrary interse
tion of unit disks in the plane. It follows thatif C;C 0 are distin
t 
ir
les in C, then D \ D0 is the union of all short unit
ir
le ar
s with endpoints on C\D0. Therefore if C;C 0; C 00 are distin
t 
ir
lesin C, then D \D0 � D \D00 i� C \D0 � C \D00. Moreover, D0 \D00 � Di� C \ C 0 � D, i.e., i� the two ar
s C 0 \D and C 00 \D have two points in
ommon.Now 
onsider the relative position of the two ar
s C \D0 and C \D00 onC. There are essentially three possible 
ases:1. C \D0 � C \D00 (or C \D00 � C \D0).2. The ar
s C \D0 and C \D00 overlap, but no one in
ludes the other.3. The ar
s C \D0 and C \D00 are disjoint, or have just one endpoint in
ommon.In 
ase 1 the ar
s D\C 0 and D\C 00 are either disjoint, or they have justone endpoint in 
ommon.In 
ase 2 the points of C \ C 0 separate the points of C \ C 00 on C, andthe 
ir
les C 0 and C 00 
ross on
e inside D and on
e outside D. In 
ase 3 theinterse
tion D0 \ D00 maybe either entirely inside D, or entirly outside D,possibly with one vertex on C.Thus we see that the in
lusion D0 \ D00 � D is possible only in 
ase 3.Next we show that this in
lusion is impossible when both ar
s C \ D0 andC \D00 lie in a semi
ir
le of C. But �rst we need one more te
hni
al lemma.We denote the length of a 
ir
ular ar
 S by jSj.Lemma 3.8. Let C;C 0 be distin
t 
ir
les in C, with C \ C 0 = fA;Bg (pos-sibly A = B, if C and C 0 tangent). Assume jar
C(AB)j = jar
C0(AB)j = �.Denote by L; L0 the rays tangent to ar
C(AB) and ar
C0(AB) at A. Then:1. the angle between L and L0 is �.2. the interse
tion of C (or C 0) with the 
onvex angular region boundedby L and L0 has length 2�.Proof. See Figure 4. Note that the ray �!AB makes an angle 12� with ea
h ofthe tangents L; L0. 11
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Figure 4: Lemma 3.8Lemma 3.9. Let C;C 0; C 00 be distin
t 
ir
les in C. Assume that the ar
sC \D0 and C \D00 are disjoint, or have just one endpoint in 
ommon, andboth lie on a open semi
ir
le S � C. Then the interse
tions D \ D0 andD \D00 are disjoint or share just one point on C. In the latter 
ase D0 \D00is not a point, i.e., C 0 and C 00 are not tangent.Proof. Assume C\C 0 = fA0; B0g (possibly A0 = B0) and C\C 00 = fA00; B00g(possibly A00 = B00), and that the points A0B0; A00B00 appear in this order onS (possibly B0 = A00), with jC \ D0j = � � 0, jar
C(B0A00)j = � � 0,jC \D00j = 
 � 0, and � + � + 
 < �.Draw the ray L0 tangent to C 0\D at B0, and the ray L00 tangent to C 00\Dat A00. Sin
e 2�+�+2
 < 2�, by Lemma 3.8, these rays do not 
ross insideD, and they separate D \D0 from D \D00. If the interse
tion of D \D0 andD \ D00 share one point on C then this point must be B0 = A00. If C 0 andC 00 tangent at B0 then L and L0 
oin
ide. In this 
ase � = 0 and � + 
 = �
ondradi
ting the assumption that � + � + 
 < �.Lemma 3.10. Suppose C 2 C supports the longer ar
 of a lune. Then forany two distin
t 
ir
les C1; C2 2 C n fCg. D1 \D2 * D.Proof. Suppose Dnint D0 is a lune. Then the ar
 C\D0 is in
luded in a opensemi
ir
le S, and for any 
ir
le Ci 2 C n fCg we have C \Di � C \D0 � S.We 
on
lude that D1\D2 * D. This is obvious if the ar
s C\D1 and C\D212



do have interior points in 
ommon, and follows from Lemma 3.9 if they donot.Corollary 3.11. Suppose C 2 C supports the longer ar
 of a lune. Thenevery lens that is in
luded in D must be supported by C. Moreover, if C1 andC2 are two 
ir
les whi
h are tangent at a point P 2 D then either C = C1or C = C2.Proof. If the lens D1\D2 is in
luded in D but not supported by C (i.e, bothC1 and C2 are di�erent from C), then D1 \ D2 � D 
ontradi
ting Lemma3.10.For the se
ond part, assume that C1; C2 2 C are two distin
t 
ir
les whi
hare tangent at a point P 2 D and both C1 and C2 are distin
t from D. ThenD � D1 \D2 whi
h 
ontradi
ts Lemma 3.10From this point on we assume that every interse
tion point of 
ir
les inC has degree � 3.Lemma 3.12. Let C1; C2 2 C be two di�erent 
ir
les, then either D1 \ D2in
ludes a lens or there is a 
ir
le whi
h is tangent to C1 or to C2 at a pointon the boundary of D1 \D2.Proof. Clearly, if C1 and C2 tou
h, then there is nothing to prove. Assumethen that C1 and C2 
ross and C1 \ C2 = fA;Bg. We assume that no 
ir
lein C is tangent to C1 or to C2 at a point on the boundary of D1 \D2.Let G0C be the planar subgraph of GC whi
h is indu
ed by the verti
es ofGC whi
h are inside D1 \D2. We regard the 
omplement of D1 \D2 as theunbounded fa
e of G0C.For every k � 2 let uk denote the number of verti
es inside int (D1 \D2)through whi
h exa
tly k 
ir
les pass. Let vk denote the number of verti
es,di�erent from A and B, on the boundary of D1 \D2 through whi
h exa
tlyk 
ir
les pass. Denote by wk the number of fa
es in G0C whi
h have exa
tlyk edges.Let V;E; F denote the number of verti
es, edges, and fa
es of G0C respe
-tively. Then V = 2 +Pk�2 uk + vk and F =Pk�2 wk.Counting the number of edges in two di�erent ways we get2E = Xk�2 kwk = 3F +Xk�2(k � 3)wk: (17)
13



Sin
e we assume that D1 \ D2 in
ludes no lens, all fa
es of G0C have atleast 3 edges. Note that the unbounded fa
e has exa
tly 2 +Pk�2 vk edges.Therefore,Xk�2(k � 3)wk � Xk�2 vk � 1: (18)Observe that the degree in G0C of a vertex 
ounted by uk is 2k and thedegree of a vertex 
ounted by vk is k + 1. Let d(A) and d(B) denote thedegrees in G0C of A and B respe
tively. Counting the sum of the degrees ofall verti
es in two di�erent ways we obtain2E = d(A) + d(B) +Xk�2 2kuk + (k + 1)vk: (19)By Euler's formula V � E + F = 2, so that pluging in 17, 18, and 19 weobtain�12 = �6V + 6E � 6F = �6V + 2E + 2(2E � 3F ) == �6(2 +Xk�2 uk + vk) + d(A) + d(B) ++ Xk�2(2kuk + (k + 1)vk) + 2Xk�2(k � 3)wk == �12 + d(A) + d(B) +Xk�2((2k � 6)uk + (k � 5)vk) ++ 2Xk�2(k � 3)wk �� �12 + d(A) + d(B) +Xk�2((2k � 6)uk + (k � 5)vk) ++ 2(Xk�2 vk � 1) == �14 + d(A) + d(B) +Xk�2((2k � 6)uk + (k � 3)vk):Rearranging, we get2u2 + v2 � �2 + d(A) + d(B) +Xk�3((2k � 6)uk + (k � 3)vk) �� �2 + d(A) + d(B) � 2: (20)14



The last inequality is be
ause d(A); d(B) � 2. Every vertex 
ounted byu2 is an interse
tion point of pre
isely two 
ir
les in C. Moreover, sin
e weassume that no 
ir
le in C tou
hes C1 or C2 at a point on the boundary ofD1 \D2, every vertex 
ounted by v2 is an interse
tion point of pre
isely two
ir
les in C. We assume that through every interse
tion point in A(C) at least3 
ir
les pass and hen
e u2 = v2 = 0. In view of 20, this is a 
ontradi
tion.Corollary 3.13. Assume that C1; C2 2 C and ea
h of C1; C2 supports thelonger ar
 of a lune, then either D1\D2 is a proper lens or C1 and C2 tou
h.Proof. By Lemma 3.12, either D1 \ D2 in
ludes a lens l or it in
ludes atangen
y point P of two 
ir
les C3; C4 2 C. In the �rst 
ase, using Corollary3.11, l is supported by C1 as well as by C2 and hen
e l = D1 \ D2. In these
ond 
ase sin
e P 2 D1, by the se
ond part of Corollary 3.11, C1 is one ofC3; C4, and similarly C2 is one of C3; C4. Hen
e, C1 and C2 tou
h at P .Corollary 3.14. There are at most three lunes in A(C).Proof. Assume C1; C2; C3; C4 2 C and ea
h of them supports the longer ar
of some lune. By Corollary 3.13, for every 1 � i < j � 4 either Di \Dj is aproper lens or Ci and Cj tou
h.We restri
t our attention to the subfamily C 0 = fC1; C2; C3; C4g. Everytangen
y point of two 
ir
les in C 0 must be a lens (in C 0). To see this assume,without loss of generality, that C1 and C2 tou
h at a point P . We showthat no other 
ir
le from C 0 passes through P (and hen
e P is a lens in C 0).Assume to the 
ontrary that C3 passes through P . By the se
ond part ofCorollary 3.11, C3 must 
oinside with C1 or C2.We 
on
lude that within the family C 0 all six interse
tion Di \ Dj arelenses. This 
ontradi
ts Lemma 3.7, for we obtained six lenses in a family ofjust four 
ir
les.Lemma 3.15. Suppose that D1 \D2 is a lens, then C1 in
ludes an edge ofthe unbounded fa
e.Proof. Denote by Q the interse
tion point of O1O2 with C1 whi
h is notin D2. By Lemma 3.4, the ray �!r � O1O2 whi
h start at Q and does notin
lude O1, meets no 
ir
le of C ex
ept for C1 at Q. But that means that Qbelongs to the interior of some edge of the unbounded fa
e, whi
h is in
ludedin C1. 15



Corollary 3.16. The number of edges of the unbounded fa
e is at least thenumber of lenses.Proof. Let C1; : : : ; Cm be all the 
ir
les in C that support a lens. By Lemma3.15, the unbounded fa
e has at least m edges. By Lemma 3.7, there are atmost m lenses.Denote bym the number of lenses and by l the number of lunes. The fa
esof GC 
ounted by f2 are exa
tly the proper lenses and the lunes. Thereforef2 � m + l.Substituting this in 1 we gett2 = 6 +Xk�3(k � 3)tk +Xk�3(k � 3)fk � f2 � 6 + (m� 3)� (m + l) = 3� lwhere the inequality is be
ause f2 � m + l, Pk�3(k � 3)tk � 0, andPk�3(k � 3)fk � m� 3 due to the unbounded fa
e.Sin
e we assume t2 = 0 we must have l = 3 (be
ause of Corollary 3.14).Note also that all inequalities must be equalities. Hen
e we dedu
e thefollowing equalities. f2 = m + l, implying that all lenses are proper lenses.Pk�3(k � 3)tk = 0, implying that every interse
tion point has degree 3.Pk�3(k � 3)fk = m � 3, implying that the unbounded fa
e has exa
tly medges and hen
e (by the proof of Corollary 3.16) every 
ir
le whi
h in
ludesan edge of the unbounded fa
e must support a lens. Moreover, every boundedfa
e whi
h is and not a lens nor a lune must be a triangle (that is, a fa
e withjust three edges). An important 
orollary is that no two 
ir
les in C tou
h.For if two 
ir
les in C tou
h at a point P , then d(P ) = 3 implies that P is alens whi
h is not a proper lens and we obtain a 
ontradi
tion.From now on we assume that every two 
ir
les in C 
ross.Lemma 3.17. Let C;C1; C2 be three distin
t unit 
ir
les. Assume that C1and C2 
ross, and D � D1 \ D2. Denote the interse
tion points of C1 andC2 by M;N . Denote the interse
tion points of C and C1 by X1; Y1 and thoseof C and C2 by X2; Y2 (as indi
ated in Figure 5). Let � = jar
C(X1X2)j andlet � = jar
C1(MN)j. Thenjar
C1(Y1M)j + jar
C2(Y2M)j = � + �� �:Proof. Rotate (and if ne

esary 
ip) the plane so that O1O2 is horizontal,O1 is to the right of O2 and X1; X2 are below O1O2. We show how to dealwith the 
ase where O is on or above O1O2. The other 
ase 
an be treated16



C1N
M �C2 X2 X1C �
Y1Y2

Figure 5: Lemma 3.17similarly. Note that ea
h of the quadilaterals OX1O1Y1 and OX2O2Y2 is arhombus.jar
C2(MY2)j + jar
C1(MY1)j = � + ℄O1O2Y2 + ℄O2O1Y1 == � + ℄O1O2O + ℄OO2Y2 + ℄O2O1O + ℄OO1Y1 == � + ℄O1O2O + ℄O2OX2 + ℄O2O1O + ℄O1OX1 == � + ℄O1O2O + ℄O2O1O + ℄O2OO1 � � == � + �� �:Lemma 3.18. Let C;C1; C2 be three pairwise 
rossing unit 
ir
les. If D �D1 \D2, then ℄O1OO2 > �2 .Proof. Denote by A;B the interse
tion points of C1 and C2. Let SA; SBbe the unit disks 
entered at A;B respe
tively. Note that O 2 SA \ SB.Observe that the boundaries of SA and SB interse
t at O1 and O2. SA \ SBis in
luded in the disk whose diameter is [O1O2℄. Hen
e ℄O1OO2 > �2 .4 Proof of the Main TheoremProof of Theorem 1.2. Assume to the 
ontrary that every interse
tionpoint P 2 A(C) has d(P ) � 3. As we have shown already, it follows from herethat there are exa
tly three lunes in A(C) and every interse
tion point P has17



d(P ) = 3. Moreover, every 
ir
le whi
h in
ludes an edge of the unboundedfa
e must support some lens, and every bounded fa
e whi
h is not a lens ora lune must be a triangle. We also noted that no two 
ir
les in C tou
h, andevery lens in C is a proper lens.Let C1; C2; C3 be the three 
ir
les whi
h support the longer ar
s of thethree lunes in A(C). By Corollary 3.13, for every 1 � i < j � 3 Di \Dj is aproper lens. Denote l1 = D2 \D3; l2 = D1 \D3; l3 = D1 \D2.Claim 4.1. Let C 2 C. Then D in
ludes at least one of l1; l2; l3.Proof. If C is one of C1; C2; C3 then 
learly D in
ludes two of l1; l2; l3. LetC 2 C n fC1; C2; C3g and assume that D does not in
lude any of l1; l2; l3.Hen
e, D is disjoint from the interior of ea
h of l1; l2; l3.D\int l2 = ; implies that int D\int D1\int D3 = ;. It follows thatD3\int (D\D1) = ;. Similarly, D\ int l3 = ; implies D2 \ int (D\D1) = ;. Inother words, if we restri
t our attention to the subfamily C 0 = fC;C1; C2; C3gthen D \D1 is a lens.In the same way we obtain that also D\D2 and D\D3 are lenses (withinA(C 0)). This is a 
ontradi
tion to Lemma 3.5.By Lemma 3.2, D1 \ D2 \ D3 has an empty interior so that it is eitherempty or a singal point.Case 1. D1 \ D2 \ D3 is a point P . Let C 2 C n fC1; C2; C3g. By Claim4.1, D must in
lude at least one of l1; l2; l3. Hen
e P 2 D. We 
laim thatP 2 int D. Assume to the 
ontrary that P 2 C. Then D in
ludes either oneor two lenses of l1; l2; l3. If D in
ludes just one lens, say l1, then it must bedisjoint from the interiors of l2 and l3. This is possible only if C tou
hes C1at P , whi
h is impossible sin
e every two 
ir
les in C 
ross. If D in
ludes twolenses, say l2 and l3, and is disjoint from the interior of the third, l1, then itis easily seen by inspe
tion that C must 
oinside with C1, 
ontradi
ting ourassumption on C.Hen
e P 2 int D. It follows now that D in
ludes all lenses l1; l2; l3.Denote the remaining interse
tion points of the 
ir
les C1; C2, and C3 byP1; P2; P3 (see �gure 1).Lemma 4.2. �(P1P2P3) overlaps �(O1O2O3). Moreover, the 
ir
le whi
hpasses through P1; P2, and P3 is a unit 
ir
le.Proof. We ragard the aÆne plane as the two dimensional ve
tor spa
e R218



with P as its origin. ThenP1 = O2 +O3;P2 = O1 +O3;P3 = O1 +O2:Therefore the points P1; P2, and P3 are at unit distan
e from the pointO1 + O2 + O3, whi
h shows that the 
ir
le through P1,P2, and P3 is a unit
ir
le.To see that �(O1O2O3) and �(P1P2P3) overlap observe that�(P1P2P3) = (O1 +O2 +O3)��(O1O2O3):Let C 2 C n fC1; C2; C3g. We know that D in
ludes l1 [ l2 [ l3 andhen
e D � �(P1P2P3). By Lemma 3.1, the triangle �(O1O2O3) is a
ute.Therefore, by Lemma 4.2, �(P1P2P3) is also a
ute. Let C0 be the 
ir
lethrough P1,P2, and P3. C0 is the smallest 
ir
le whi
h in
ludes �(P1P2P3).By Lemma 4.2, C0 is a unit 
ir
le. Hen
e C must 
oinside with C0. In otherwords #(C) � 4. If C = fC0; C1; C2; C3g then C is ex
eptional. Otherwise,C = fC1; C2; C3g and ea
h of P1; P2, and P3 has degree 2.Case 2. D1 \ D2 \ D3 = ;. Denote by B1; B2; B3 and A1; A2; A3 theinterse
tion points of C1; C2, and C3 as indi
ated in �gure 6.Claim 4.3. Assume C 2 C and D in
ludes l1 but not l2 or l3. Then Cinterse
ts C1 in two points on ar
C1(B2B3).Remark. By simetry, Claim 4.3 is true if we 
hange the role of l1 by l2 orl3, and 
orrespondently, C1 by C2 or C3.Proof. We show that O is inside \O2O1O3. D is disjoint from int l2 =int (D1\D3) and from int l3 = int (D1\D2). Therefore, by Lemma 3.1, thetriangles �(O1O2O) and �(O1O3O) have all their angles a
ute. Moreover,by Lemma 3.2, all the angles of �(O1O2O3) are a
ute. If O =2 \O2O1O3,then either O 2 \O1O3O2 or O 2 \O1O2O3. We assume, without lossof generality, that O 2 \O1O3O2. Sin
e O =2 \O2O1O3, it follows thatO3 2 \O1OO2. By Lemma 3.18, ℄O2OO3 > �2 . We obtain a 
ontradi
tionsin
e now ℄O2OO3 � ℄O2OO1 < �2 .We 
on
lude that ��!O1O must be between ���!O1O2 and ���!O1O3. Sin
e D isdisjoint from int l2 and int l3, D \ C1 must be disjoint from the relative19



A1 C2B1B3 A3C3

C1
B2A2 l3l2

l1 Figure 6:interiors of both ar
s D2 \ C1 and D3 \ C1. The 
enter of the ar
 C1 \ Dis between the 
enters of C1 \D2 and C1 \D3. It follows now that D \ C1must be in
luded in ar
C1(B2B3).Claim 4.4. Assume that C 2 C n fC1; C2; C3g. If C supports a lens then Din
ludes exa
tly one of the lenses l1; l2, or l3.Proof. By Claim 4.1, D in
ludes at least one of l1; l2, or l3. Assume, withoutloss of generality, that D � l1 [ l2 and that D \D0 is a lens. D in
ludes alsoar
C3(B1B2). D0 must in
lude only l3 (and not any of l1; l2) for otherwiseD \D0 in
ludes either l1 or l2 and therefore is not a lens.By Claim 4.3, int D0 meets the relative interior of ar
C3(B1B2), implyingthat also int (D \ D0) meets it. This is a 
ontradi
ting to the assumptionthat D \D0 is a lens.Claim 4.5. Ea
h of A1; A2, and A3 is in
luded in the interior of some unitdisk bounded by a 
ir
le from C.Proof. We prove the 
laim for A1. Assume that the 
laim is not true forA1. Let C 02 2 C be the 
ir
le so that D2 n int D02 is a lune. Sin
e A1 2 D02,20



A1 =2 int D02 implies that C 02 passes through A1. Similarly, let C 03 2 C be the
ir
le so that D3 n int D03 is a lune, then C 03 passes through A1. However,d(A1) = 3 and C2; C3 pass through A1. It follows that C 02 = C 03. DenoteC 0 = C 02 = C 03. D0 in
ludes all lenses l1; l2; l3. Denote the interse
tion pointsof C 0 with C2 and C3 other then A1 by Y; Z respe
tively (see �gure 7).
C 0Y

A1
Z C2B1B3 A3C3

C 00C1
B2A2 l3l2

l1 Figure 7:The fa
e whose two edges are ar
C3(A1B1)and ar
C0(A1Y ) must haveexa
tly three edges so there must be a 
ir
le (other than C2) in C whi
hpasses through Y and B1. Similarly, there must be a 
ir
le (other than C3)in C whi
h passes through Z and B1. Sin
e d(B1) = 3 and C2 and C3 passthrough B1, it follows that the same 
ir
le C 00 2 C passes through Y ,B1, andZ. Observe that Y 6= A3 for otherwise there would be four 
ir
les throughthis point, namelyC1; C2; C 0, and C 00. It is easily seen now that the fa
e whoseedge is ar
C00(Y B1) whi
h is adja
ent to the fa
e A1Y B1 has more than threeedges (as no other 
ir
les pass through Y nor B1), a 
ontradi
tion.Let �0 denote the 
losed rigion whi
h is bounded by the ar
s ar
C1(B2B3),ar
C2(B3B1), and ar
C3(B1B2). 21



Lemma 4.6. Let C 2 C. Then D \ �0 \ B1A1 6= ;. (Similarly for B2A2and B3A3.)Proof. If D � l1 then 
learly B1 2 D \ �0 \ B1A1. If D � (l2 [ l3) thenD in
ludes ar
C1(B2B3). Therefore, D \�0 \B1A1 in
ludes the interse
tionpoint of ar
C1(B2B3) withB1A1 (indeed, this interse
tion point exists be
auseB1A1 seperates l2 and l3).The only 
ase whi
h is left to 
he
k is where D in
ludes only one of l2or l3, and not l1. Assume, without loss of generality, that D in
ludes l3 andnot l1 or l2. By Claim 4.3, D in
ludes a subar
 of ar
C3(B1B2). Sin
e Dis 
onvex, D in
ludes an interval 
onne
ting B3 to a point on ar
C3(B1B2).This interval interse
ts B1A1 inside �0.Claim 4.7. For ea
h of the lenses l1; l2, and l3 there is a 
ir
le C 2 C su
hthat D in
ludes that lens and not the two others.Proof. We prove the 
laim for l1. Let Q be the interse
tion point of a 
ir
lefrom C and the ray ���!B1A1, whi
h has maximum distan
e from B1. One of the
ir
les C through Q in
ludes an edge of the unbounded fa
e. By Claim 4.5,A1 is in
luded in the interior of the disk bounded by some 
ir
le from C andhen
e Q 6= A1. Consequently, C is not one of C1; C2; C3. We show that Din
ludes l1 and not any of l2 or l3.By Lemma 4.6, D \�0 \B1A1 6= ;. It follows, from the 
onvexity of D,that D � [B1A1℄. Hen
e D � l1.Observe that ifD in
ludes l2 or l3, then, by Claim 4.4, C does not supporta lens. This is a 
ontradi
tion be
ause C in
ludes an edge of the unboundedfa
e.For i = 1; 2; 3 let C 0i 2 C be a 
ir
le whi
h is garanteed by Claim 4.7, forli. Thus, D0i in
ludes li alone from l1; l2, and l3.Denote by �1; �2; �3 the lengthes of the ar
s C1\D2; C2\D3, and C3\D1respe
tively. Denote by �1; �2; �3 the lengthes of ar
C1(B2B3); ar
C2(B3B1)and ar
C3(B1B2) respe
tively.Claim 4.8. For every 1 � i � 3, �i < �3 .Proof. Redu
e to the extrem 
ase where C1; C2, and C3 tou
h ea
h other.Claim 4.9. C 01 meets C2 at a point F12 2 ar
C2(B3B1). C 01 meets C3 at apoint F13 2 ar
C3(B1B2). Moreover,jar
C01(F12F13)j � max(�1; �2; �3):22



Remark. By simetry Claim 4.9 is true if we repla
e C 01; C2; C3 respe
tivelyby C 02; C1; C3, or by C 03; C1; C2. In this way we analogously de�ne the pointsF21 2 ar
C1(B2B3) and F23 2 ar
C3(B1B2) on C 02 as well as F31 2 ar
C1(B2B3)and F32 2 ar
C2(B3B1) on C 03.Proof. D01 in
ludes l1 and is disjoint from the interiors of both l2 and l3.Therefore C 01 seperates the interior of l1 from the interior of l3 and thus meetsar
C2(B3B1) at a point whi
h we denote by F12. Similarly, C 01 seperates theinterior of l1 from the interior of l2 and thus meets ar
C3(B1B2) at a pointwhi
h we denote by F13 (see Figure 8).

A1 C2B1B3 A3C3

C1
B2A2 l3l2

l1
F13 F12

C 01Figure 8: Claim 4.9The length of ar
C01(F12F13) depends monotoniously on the length of theinterval [F12F13℄. Observe that [F12F13℄ is in
luded in �(B1B2B3) and there-fore the length of [F12F13℄ is less or equal to the maximum of the lengthesof the intervals [B3B1℄,[B1B2℄, and [B2B3℄. Consequently, the length ofar
C01(F12F13) is at most max(�1; �2; �3).Let �01 denote the length of ar
C01(F12F13) garanteed by Claim 4.9. Simi-larly, denote �02 = jar
C02(F21F23)j and �03 = jar
C03(F31F32)j.Let F 012 denote the se
ond interse
tion point of C 01 and C2 (other than23



F12). Let F 013 denote the se
ond interse
tion point of C 01 and C3. Similarly,de�ne F 021 and F 023 to be the additional interse
tions of C 02 with C1 and C3respe
tively. Finaly, let F 031 and F 032 be the additional interse
tions of C 03with C1 and C2 respe
tively.D01 � D2 \ D3. Therefore, using Lemma 3.17 with C 01; C2, and C3, Weobtainjar
C2(B1F 012)j+ jar
C3(B1F 013)j = � + �1 � �01: (21)Similarly, using Lemma 3.17 twi
e more, on
e with C 02; C1; C3 and on
ewith C 03; C1; C2, we obtainjar
C1(B2F 021)j+ jar
C3(B2F 023)j = � + �2 � �02; (22)jar
C1(B3F 031)j+ jar
C2(B3F 032)j = � + �3 � �03: (23)Sin
e C1 supports the longer ar
 of a lune, ar
C1(B2F 021); ar
C1(B3F 031),and ar
C1(B2B3) are in
luded in an open semi
ir
le on C1. Therefore,jar
C1(B2F 021)j+ jar
C1(B3F 031)j+ jar
C1(B2B3)j < �: (24)Similar argument for C2 and C3 givesjar
C2(B3F 032)j+ jar
C2(B1F 012)j+ jar
C2(B3B1)j < �; (25)jar
C3(B1F 013)j+ jar
C3(B2F 023)j+ jar
C3(B1B2)j < �: (26)Summing up 24, 25, and 26, we get3� > (jar
C2(B1F 012)j+ jar
C3(B1F 013)j) ++ (jar
C1(B2F 021)j+ jar
C3(B2F 023)j) ++ (jar
C1(B3F 031)j+ jar
C2(B3F 032)j) ++ (�1 + �2 + �3): (27)In view of 21, 22, and 23, the right side of 27 equals(� + �1 � �01) + (� + �2 � �02) + (� + �3 � �03) + (�1 + �2 + �3) == 3� + (�1 + �2 + �3 + �1 + �2 + �3)� (�01 + �02 + �03): (28)Combining 27 and 28, gives 24



�01 + �02 + �03 > �1 + �2 + �3 + �1 + �2 + �3: (29)Observe that the right side of 29 equals to the sum of the internal angles of�(O1O2O3) whi
h is �.By Claim 4.9, the left side of 29 is less or equal to 3max(�1; �2; �3) whi
hin turn is, by Claim 4.8, less or equal to �. We thus rea
hed the desired
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