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Abstract

For every finite family of (at least 5) pairwise intersecting unit
circles in the plane, there is an intersection point that lies on exactly
two circles. This proves a conjecture of A. Bezdek.

1 Introduction

The celebrated Gallai-Sylvester theorem ([S93],[G44]), in its dual form, as-
serts that for every finite collection of lines in the real projective plane that
do not form a pencil (i.e, do not share a common point) there is a point that
lies on exactly two lines. A possible analogue for circles could be: In any
finite collection of (at least 2) unit circles that are pairwise intersecting (i.e,
every two circles meet) there is an intersection point that belongs to exactly
two circles.

Unfortunately, this statement is false. A simple counterexample consists
of three distinct unit circles through a common point P, each two meeting in
two points, and a fourth unit circle that passes through the remaining three
intersection points (see Figure 1). A. Bezdek [B90] conjectured that this is
the only counterexample to the statement above. He confirmed this under
the additional condition that the distance between the centers of any two
unit circles is less than /3.
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Definition 1.1. A family C of unit circles in the plane is called exceptional
if it consists of four circles C,C1, Cy, C3 where Cy,Cy, and C5 pass through
a point Py, each two meeting in two points, and C passes through the three
remaining intresection points of Cy,Cy, Cs (see Figure 1).

Figure 1: An exceptional configuration

The aim of this paper is to prove Bezdek’s conjecture, namely, we prove
the following theorem.

Theorem 1.2. Let C be a finite family of (at least two) pairwise intersecting
unit circles in the plane. Then there is a point through which exactly two
circles pass, unless C is exceptional.

2 Definitions and Notations

Throughout this paper C denotes a finite family of at least three (clearly,
Theorem 1.2 is valid when C consists of just two circles) unit circles in the
Euclidean plane. We assume that the diameter of the set of centers of those
circles is < 2, or in other words, that every two (distinct) circles in C either



intersect: they either cross (i.e., have two points in common) or touch (i.e.,
have a unique point in common, and a common tangent at this point). We
denote by A(C) the planar map induced by C. Its vertices V(C) are the
intersection points of circles in C, its edges are the colsures of the components
of |JC\ V(C), and its faces are the closures of the components of R? \ |JC.
We denote the (planar) graph of A(C) by G¢. G¢ may have multiple edges,
but no loops (unless C consists of just two touching circles, a case which we
excluded).

We usually denote a unit circle by C, possibly with some modifier (sub-
script or superscript). The closed disk bounded by that circle is denoted by
D, and its center by O, with the same modifier.

Definition 2.1. The degree d(P) of a point P € V(C) is the number of
circles in C that pass through P. number of circles in C that pass through P.
We call P a simple intersection point when d(P) = 2.

For k > 2 denote by t; the number of intersection points of degree k. The
number V' of vertices is ), ., t;. Denote by f; the number of faces of G¢
which have k edges (we regard also the unbounded face). The number F of
faces is ), -, fr. Denote by E the number of edges of G.. We have

2E:Zkfk as well as E:Zktk.

E>2 k>2

Therefore
2E =Y kfy=3F+Y (k—3)f.

E>2 E>2

Clearly, G¢ is connected and has no loops. Hence, by Euler’s formula,
V — E + F = 2. Therefore,

6 = —3V4+3E—3F=-3V+E+(2E—3F) =
= =3 i+ Y i+ Y (h—3)fi =
k>2 k>2 k>2
= > (k=3)ty+ > (k—3)fi
k>2 k>2

Rearranging, we get

ty = 64+ (k=3)tx+ > (k—3)fx— fo (1)

k>3 k>3



a lune
a lens

Figure 2: A lens and a lune

According to this notation Theorem 1.2 asserts that t, > 0 unless C is
exceptional. We prove Theorem 1.2 by showing that the right hand side of
1 is positive unless C is exceptional.

Definition 2.2. Let Cy,Cy be two circles in C. In case C; and Cy cross, we
call L = Dy N Dy a lens if it is a face with two edges in the planar graph
Gc. We then say that both Cy and Cy support L (see Figure 2). The two
intersection points of Cy and Cy are called the vertices of L. If Cy and Cs
touch at P, we call P a lens if at most one circle from C \ {Cy,Cy} passes
through P. Also in this case we say that C7 and Cy support P.

We call Dy \ int Dy a lune if it is a face with two edges of the planar
graph Ge. We then call Cy \ int Dy the longer arc of the lune and say that
C1 supports the longer arc of that lune.

Definition 2.3. A lens that is not a singal point is called a proper lens.
Observation 2.4. The length of the longer arc of a lune is greater than .
Notation 2.5. For a circle C' and points A, B on C' that are not antipodal,
we denote by arcc(AB) the closed shorter arc on C between A and B.

Notation 2.6. For two distinct points A and B in the plane we denote by
AB the line through A and B. We denote by AB the closed ray which starts
at A and includes B. [AB] denotes the closed interval between A and B.
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Notation 2.7. Let P,(Q), R be three different points in the plane, which are
not collinear. We denote by A(PQR) the closed triangle with vertices P,Q,
and R. We denote by ZPQR the closed convex region bounded by the rays
Cﬁ and Cﬁ APQR denotes the angular measure of ZPQR. Therefore
0< APQR < T.

3 Some Lemmata

Lemma 3.1. Assume C,C,,Cy € C, Cy and Cy cross, and int (D N Dy N
DQ) = @ Then 401002 < %

Proof. Denote by P the midpoint of [O;0s]. Since C; and Cy cross, P €
int Dy Nint Dy, and £0,00, > 7 would imply that P € int D as well. I

Lemma 3.2. Let C,C,Cy € C. If DN Dy and D N Dy are distinct lenses,
then

1. (DN Dy)Nint Dy = 0,

Proof. Denote [y = DN D; and I, = DN Ds.
We first show 1. Since l; and [, are distinct lenses int (I; Nly) = 0. Now

@Z int (ll N 12) = int (D1 NnDnN DQ) = int D1 N int (D ﬂDQ)

If Iy = DN Dy is a proper lens, then it follows that also (DN Dy)Nint Dy = .
Assume D N Dy = {P} is not a proper lens. If 1 is not true then P €
int D;. Tt follows that D N D, is a proper lens. But one of its edges, C'N Dy,
contains the intersection point P in its relative interior. This means that
DN Dy is not a lens (i.e., not a face with two edges in Ge.
To prove 2 we argue similarly

@Z int (ll N lg) = int (Dﬁ D1 N DQ) =int D Nint (D1 ﬂDQ)

If Cy and Cy cross then Dy N Dy is two dimensional and it follows that

If Cy and C5 touch at P and 2 is not true, then P € int D. It follows
that [; = D N Dy is a proper lens. But P lies in the relative interior of the
edge D N C of [, a contradiction. N



Lemma 3.3. Assume C,C1,Cy € C. If DN Dy and D N Dy are distinct
lenses, then

1. 0 < £0,00, < 5. Equality holds only if Cy and Cy touch at a point

P, and C passes through P.
2. 0< 100102 <I and0< 101020 < g

2 )
Proof. We first prove 1. If L0005 = 0 then O, O, O, are colinear, and
without loss of generality O; is between O and O,. It follows that C; and
C cross and Cy meets relint (C' N Dy). Therefore, D N Dy is not a face
with two edges in A(C) and we obtain a contradiction. By Lemma 3.2,
DN Dynint D = 0. If Cy and C; cross then by Lemma 3.1, £0,00, < 7.

If Ci and Cs touch at P and £0,00; > 7 then P € int D. This
contradicts Lemma 3.2. If, on the other hand, £0,00; = 7, then the length
of [OP] is 1, and C passes through P.

To prove 2, we restrict our attention to the subfamily C' = {C,C}, Cy}.
2 will follow from 1 if we show that within C', D; N D, is a lens.

If ¢y and Cy touch, then D; N Dy is a lens within C’'. Assume that C
and Cy cross. If Dy N Dy is not a lens, then it is not a face with two edges
in A(C'). It follows that C' meets either relint (Cy N Dsy) or relint (Cy N Dy).
Without loss of generality assume that the former case happens. Then C'
and Cy cross, and C7 meets relint (D N Dy). This is a contradiction for we
assume that D N Dy is a lens. 1

Lemma 3.4. Assume C,Cy,Cy are distinct circles in C, and D1 N Dy is a
lens with vertices A, B (possibly A = B, if D1 N Dy is not a proper lens).
Denote by Q the intersection point of the line O104 with Cy which is not in
Dy. Let 7 C 0,0, be the ray which starts at () and does not include Oy
(see Figure 3). Then

1. D does not meet .

2. Ifint D is disjoint from DyN Dy, then the arc CyN D s included either
in arce, (QA) or in arce, (QB). (If A = B then by arce, (QA) and
arce, (@QB), we mean to the two semicircles of Cy from both sides of

[4,Q].)



O (in case D; N Dy Nint D = 0)

Figure 3: Lemma 3.4

Proof. 1. Assume C meets 7 at a point P that is either equal to ) or lies
beyond @ (on 7). D;N Dy is a lens, and therefore either D > D; N Dy or

If D D D; N Dy then in particular D include the point R € C; that lies
opposite to @ (see figure 3). It follows (since P,R € C # ;) that The
diameter of D is then greater than 2, which is impossible.

If, on the other hand, (D; N Dy) Nint D = (), then, within the family
C' = {C1.C5,C}, DN Dy is also a lens. By Lemma 3.3, £0,0,0 < 7 (see
Figure 3). This implies that the distance between P and O is greater than
1,1e, P ¢C.

2. Let a denote the arc C; N D of the circle C;. Since we assume int D N
(D; N Dy) = 0, arce, (AB) Nint D = (). Moreover, by 1 Q ¢ D. Tt follows
that a is included either in arce, (QA) or in arce, (QB). I

Lemma 3.5. Assume Cy,Cs,Cs,Cy € C are four distinct circles. If the four
intersections D1 N D3, D1 N Dy, Do N D3, and Dy N Dy are lenses, then C4
and Cy touch at a point P, and C3 and Cy touch at P as well.

Proof. We restrict our attention to the subfamily C' = {C},Cy, C3, Cy}.
Note that if the intersection D;ND; is not a lens in C’, then it not a lensin C as
well. Assume that all four intersections are lenses. By Lemma 3.3, all twelve
angles Z0;0;0y, (i, 7, k € {1,2,3,4}) are less or equal to 5. However, this is
easily seen to be possible only if Oy, Os, O3, O, are the vertices of a rectangle
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R. Let P the the center of R. The four intervals [P,O;], i = 1,2,3,4, all
have the same length d. If d < 1, then P € int (D; N Dy N D3N Dy). This is
impossible since already int (D;NDyND3) = (), by Lemma 3.2. If d > 1 then
the circles centered at opposite vertices of R are disjoint. There remains the
case d = 1. In this case all four circles pass through P, and the two circles
centered at opposite vertices of R touch at P. P is not a lens, because it lies
on four circles. It follows that the vertex of R opposite to O; is O,, and Oy
lies opposite to O3. 1

Lemma 3.6. Let C,C,Cy,C3 € C be four distinct circles. Assume that
DND; (i=1,2,3) are lenses. Then for some j € {1,2,3}, C; supports no
lens other than D N D;.

Proof. By Lemma 3.3 £0;00; < 7 for 1 <i < j < 3. Assume, without loss
of generality, that O, € int Z0;003. Rotate (and if neccesary flip) the plane
so that the line OO, is vertical, with O, above O, O; is to the left of OO,
and Oj is to the right of OO,. Denote by @ the intersection point of OO,
with Cy which is outside D, and denote by P the intersection point of OO,
with C' which is outside D,. Denote the intersection points of C' and C5 by
A, B. If DN D, is not a proper lens, then A = B € O0,. Otherwise, assume
that A is to left of OO,. In the sequel, when A = B arcc,(AQ) denotes
the semicircle of Cy which is to the left of OO,, and arce, (BQ) denotes the
semicircle of Cy which is to the right of OO..

We show that C5 supports no lens other than D N D,. Assume to the
contrary, that Cy € C, Cy # C and Dy N D, is a lens.

By Lemma 3.3, A(O0y0,) is a proper triangle, hence Oy ¢ OO;. Assume,
without loss of generality, that O is to the right of O0O,. We restrict our
attention to the subfamily C' = {C,Cy, Cy,Cy} and intend to show that
Do N Dy is a lens in C', contradicting Lemma 3.5. (Indeed, by Lemma 3.5,
this is possible only if C' and C touch at a point V', and C;, C5 touch at V'
as well. This is impossible, since O; is to the left of OO, and Oy is to the
right of 00,.)

We start with two applications of Lemma 3.2. Since DN Dy and DN D,
are lenses,

DN DyNint Dy = 0. (2)

Since D N Dy and D N Dy are lenses,



Next come four applications of Lemma 3.4. With Cy, Cs, C standing for
C, Cy, Cy, respectively, CoN Dy C arce, (QA)\{Q}, or CoN Dy C arce, (QB)\
{Q}. Since Oy is to the right of OO,, we conclude that

CyN Dy Carce,(QB) \ {Q}. (4)

With Cy, C, Cy standing for C, Cy, C; respectively, in Lemma 3.4 (repeat-
ing the above argument), we find that

CN Dy Carce(PB)\ {P}. (5)

With C1,C,, C standing for C,C, C5, respectively, in Lemma 3.4, we
obtain

CQ N D1 Q arce, (QA) \ {Q} (6)

With C4,C,C; standing for C,C4, (s, respectively, in Lemma 3.4, we
obtain

CN Dy Carce(PA)\ {P}. (7)

Now note that

[Q}  ifA+B
arce, (QA) Narce, (QB) = (8)
[Q.4} ifA=B,
and similarly,
(P} ifA+£B
arcc(PA) Narce(PB) = (9)

{P,A} if A= B,

If DN D, is a proper lens, i.e., if A # B, then we conclude from 4,6, and
8 that

CyNDyN Dy =0, (10)
and from 5,7, and 9 that



This means that Dy N D, is indeed a lens in C'.
If DN D, is an improper lens, i.e., if A = B, then the same arguments
lead only to the inclusions

ConDynND; C {A}, (12)
CNnDyNnDy C {A}. (13)

DyN Dy is alens, and Dy N D = {A} is a lens. Therefore, by Lemma 3.2,
A ¢ int Dy. (14)

Similarly, DN Dy is a lens, and DN Dy = {A} is a lens. Therefore, by Lemma
3.2,

A ¢ int Dy. (15)

In order to show that DN Dy is a lens, it suffices to astablish equalities 10
and 11. These, in turn, follow from the known inclusions 10 and 11, provided

that we know that A ¢ Dy N D;.
Assume, to the contrary, that

A e DyN Ds. (16)

From 14,15, and 16 we conclude that A € CyNC;. But this is impossible
since {A} = DN Dy = CNCy is an improper lens and therefore A can belong
to at most one circle in C"\ {C, Cy}. (See Definition 2.2.) 11

Lemma 3.7. If #(C) = n, then there are at most n lenses in A(C).

Proof. By induction on n. The statement is clearly true for n = 2,3. If
every circle in C supports at most two lenses, then the number of lenses is at
most n, since every lens is supported by exactly two circles. Assume n > 4.
If a circle C € C supports three or more lenses, then, by Lemma 3.6, another
circle C" € C supports just one lens. Define C' = C \ {C'}. By the induction
hypothesis, C' has at most n — 1 lenses. Adding C’ to C’, will produce just
one more lens (and could possibly kill a few lenses of A(C’)). I

Our next aim is to study the lunes in A(C), and more specifically the
relationsheep between lunes and lenses in A(C).

Let us start with some simple observations. If D is a unit disk, A, B are
distinct points in D, and C* is any circle of radius > 1 that passes through
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A and B, then arcc-(AB) C D. The same holds, of course, if we replace the
disk D by an arbitrary intersection of unit disks in the plane. It follows that
if C,C" are distinct circles in C, then D N D’ is the union of all short unit
circle arcs with endpoints on CND’. Therefore if C, C’, C" are distinct circles
inC,then DND' c DNnD"if CNnD c Cn D" Moreover, D' D" C D
iff CNC' C D, i.e., iff the two arcs C' N D and C” N D have two points in
common.

Now consider the relative position of the two arcs C N D" and C' N D" on
C. There are essentially three possible cases:

I.cnD'cCnD" (orCND"CcCND.
2. The arcs C N D' and C' N D" overlap, but no one includes the other.

3. The arcs C N D" and C'N D" are disjoint, or have just one endpoint in
common.

In case 1 the arcs DNC" and DN C" are either disjoint, or they have just
one endpoint in common.

In case 2 the points of C'N C' separate the points of C N C" on C, and
the circles C' and C” cross once inside D and once outside D. In case 3 the
intersection D' N D" maybe either entirely inside D, or entirly outside D,
possibly with one vertex on C.

Thus we see that the inclusion D' N D" C D is possible only in case 3.
Next we show that this inclusion is impossible when both arcs C N D’ and
C N D" lie in a semicircle of C'. But first we need one more technical lemma.
We denote the length of a circular arc S by |S].

Lemma 3.8. Let C,C" be distinct circles in C, with C' N C" = {A, B} (pos-
sibly A = B, if C and C' tangent). Assume |arcc(AB)| = |arce/(AB)| = a.
Denote by L, L' the rays tangent to arcc(AB) and arce(AB) at A. Then:

1. the angle between L and L' is c.

2. the intersection of C' (or C') with the convex angular region bounded
by L and L' has length 2.

Proof. See Figure 4. Note that the ray AB makes an angle %oz with each of
the tangents L, L. I
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Figure 4: Lemma 3.8

Lemma 3.9. Let C,C',C" be distinct circles in C. Assume that the arcs
CNn D" and C D" are disjoint, or have just one endpoint in common, and
both lie on a open semicircle S C C. Then the intersections D N D' and
DN D" are disjoint or share just one point on C. In the latter case D' N D"
is not a point, i.e., C' and C" are not tangent.

Proof. Assume CNC' = {A", B'} (possibly A’ = B') and CNC" = {A", B"}
(possibly A” = B"), and that the points A'B’, A" B"” appear in this order on
S (possibly B" = A"), with |[C N D'| = a > 0, |arce(B'A")] = > 0,
ICND"=~v>0,and a+ 3+ <.

Draw the ray I’ tangent to C'ND at B’, and the ray L” tangent to C"ND
at A”. Since 2a+ 3+ 2v < 27, by Lemma 3.8, these rays do not cross inside
D, and they separate D N D' from D N D", If the intersection of D N D" and
D N D" share one point on C' then this point must be B’ = A”. If C' and
C" tangent at B’ then L and L' coincide. In this case f =0and a +v =7
condradicting the assumption that a + 3+ v < 7. 1

Lemma 3.10. Suppose C € C supports the longer arc of a lune. Then for
any two distinct circles C1,Cy € C\ {C}. DyN Dy ¢ D.

Proof. Suppose D\int D’ is a lune. Then the arc CND’ is included in a open
semicircle S, and for any circle C; € C\ {C'} we have CND; Cc CND' CS.
We conclude that D;N Dy € D. This is obvious if the arcs CN Dy and C'N Dy
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do have interior points in common, and follows from Lemma 3.9 if they do
not. I

Corollary 3.11. Suppose C € C supports the longer arc of a lune. Then
every lens that is included in D must be supported by C'. Moreover, if Cy and
Cy are two circles which are tangent at a point P € D then either C = C
or C = (.

Proof. If the lens D;N D, is included in D but not supported by C' (i.e, both
C; and Cy are different from C), then Dy N Dy C D contradicting Lemma
3.10.

For the second part, assume that C, Cy € C are two distinct circles which
are tangent at a point P € D and both C and C) are distinct from D. Then
D D D; N Dy which contradicts Lemma 3.10 I

From this point on we assume that every intersection point of circles in
C has degree > 3.

Lemma 3.12. Let C;,Cy € C be two different circles, then either Dy N Dy
includes a lens or there is a circle which is tangent to Cy or to Cy at a point
on the boundary of Dy N Ds.

Proof. Clearly, if C; and C5 touch, then there is nothing to prove. Assume
then that Cy and Cy cross and Cy N Cy = {A, B}. We assume that no circle
in C is tangent to C; or to Cs at a point on the boundary of Dy N Ds.

Let G; be the planar subgraph of G which is induced by the vertices of
G¢ which are inside D; N Dy. We regard the complement of D; N Dy as the
unbounded face of G..

For every k > 2 let uy denote the number of vertices inside int (D; N Dy)
through which exactly & circles pass. Let vy denote the number of vertices,
different from A and B, on the boundary of D; N Dy through which exactly
k circles pass. Denote by wy the number of faces in G}, which have exactly
k edges.

Let V, E, F' denote the number of vertices, edges, and faces of G}, respec-
tively. Then V=24, ,up +vp and F =Y, ., wy.

Counting the number of edges in two different ways we get

2B = ) kwp=3F+ Y (k—3)uy. (17)

k>2 k>2
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Since we assume that D; N Dy includes no lens, all faces of G}, have at
least 3 edges. Note that the unbounded face has exactly 24>, , vi edges.
Therefore, -

Z(k — 3)U}k Z ka — 1. (18)

Observe that the degree in G of a vertex counted by uy is 2k and the
degree of a vertex counted by v; is k + 1. Let d(A) and d(B) denote the
degrees in G of A and B respectively. Counting the sum of the degrees of
all vertices in two different ways we obtain

2E = d(A)+d(B)+ > 2kuy + (k + L)vy. (19)

k>2
By Euler’s formula V' — E + F' = 2, so that pluging in 17, 18, and 19 we
obtain
—-12 = —6V+6FE —6F =—-6V +2E+2(2F —3F) =
= —6(2+ > up+vp) +d(A)+d(B)+

E>2

+ ) kg + (k4 Dog) +2) (k= 3wy, =

k>2 k>2

= —12+d(A) +d(B)+ > _((2k — 6)uy + (k — 5)vg) +

k>2

+ 2) (k=3)w >

E>2

> =124 d(A) +d(B)+ Y ((2k = 6)up + (k — 5)vy) +

+ 20 w1 = _
— _1;+ d(A) + d(B) + Z((% — 6)ug + (k= 3)uy).

Rearranging, we get

Qup + vy > —2+d(A) +d(B)+ Y ((2k — 6)uy + (k — 3)vy) >

> —2+4d(A) +d(B) > 2. (20)
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The last inequality is because d(A),d(B) > 2. Every vertex counted by
Uy is an intersection point of precisely two circles in C. Moreover, since we
assume that no circle in C touches C or C5 at a point on the boundary of
D, N Dy, every vertex counted by v, is an intersection point of precisely two
circles in C. We assume that through every intersection point in A(C) at least
3 circles pass and hence us = vo = 0. In view of 20, this is a contradiction. B

Corollary 3.13. Assume that Cy,Cy € C and each of Cy,Csy supports the
longer arc of a lune, then either D1 N Dy is a proper lens or Cy and Cy touch.

Proof. By Lemma 3.12, either D; N Dy includes a lens [ or it includes a
tangency point P of two circles C5,Cy € C. In the first case, using Corollary
3.11, [ is supported by C; as well as by (5 and hence [ = D; N Dy. In the
second case since P € Dy, by the second part of Corollary 3.11, C; is one of
Cjs, Cy4, and similarly Cj is one of C3, Cy. Hence, Cy and C5 touch at P. 1

Corollary 3.14. There are at most three lunes in A(C).

Proof. Assume Cy,C5, C3,Cy € C and each of them supports the longer arc
of some lune. By Corollary 3.13, for every 1 <7 < j < 4 either D; N D, is a
proper lens or C; and C} touch.

We restrict our attention to the subfamily C' = {C, Cs, C3,Cy}. Every
tangency point of two circles in €’ must be a lens (in C'). To see this assume,
without loss of generality, that C; and Cy touch at a point P. We show
that no other circle from C' passes through P (and hence P is a lens in C').
Assume to the contrary that C3 passes through P. By the second part of
Corollary 3.11, C3 must coinside with C; or (.

We conclude that within the family C' all six intersection D; N D; are
lenses. This contradicts Lemma 3.7, for we obtained six lenses in a family of
just four circles. 1

Lemma 3.15. Suppose that Dy N Dy is a lens, then Cy includes an edge of
the unbounded face.

Proof. Denote by @ the intersection point of O;0, with C; which is not
in Dy. By Lemma 3.4, the ray 7 C 0,0, which start at @ and does not
include O, meets no circle of C except for C; at (). But that means that @)
belongs to the interior of some edge of the unbounded face, which is included
in Cy. 1
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Corollary 3.16. The number of edges of the unbounded face is at least the
number of lenses.

Proof. Let C4, ... ,C,, be all the circles in C that support a lens. By Lemma
3.15, the unbounded face has at least m edges. By Lemma 3.7, there are at
most m lenses. 1

Denote by m the number of lenses and by [ the number of lunes. The faces
of G¢ counted by f, are exactly the proper lenses and the lunes. Therefore
fo<m+1L.

Substituting this in 1 we get

tr=6+> (k=3)t,+Y (k=3)fx—f>6+(m—3)—(m+1)=3-1

k>3 k>3

where the inequality is because fo < m + 1, Y, 5(k — 3)tx > 0, and
> hss(k —3)fr > m — 3 due to the unbounded face.

Since we assume ¢, = 0 we must have [ = 3 (because of Corollary 3.14).
Note also that all inequalities must be equalities. Hence we deduce the
following equalities. f, = m + [, implying that all lenses are proper lenses.
Y ps3(k = 3)t, = 0, implying that every intersection point has degree 3.
> io3(k — 3)fr = m — 3, implying that the unbounded face has exactly m
edges and hence (by the proof of Corollary 3.16) every circle which includes
an edge of the unbounded face must support a lens. Moreover, every bounded
face which is and not a lens nor a lune must be a triangle (that is, a face with
just three edges). An important corollary is that no two circles in C touch.
For if two circles in C touch at a point P, then d(P) = 3 implies that P is a
lens which is not a proper lens and we obtain a contradiction.

From now on we assume that every two circles in C cross.

Lemma 3.17. Let C,C4,Cy be three distinct unit circles. Assume that C4
and Cy cross, and D D Dy N Dy. Denote the intersection points of C'y and
Cy by M, N. Denote the intersection points of C' and Cy by X1,Y; and those
of C and Cy by Xo,Y> (as indicated in Figure 5). Let 6 = |arce(X1X2)| and
let a = |arce, (M N)|. Then

larce, (YIM)| + |arce, (YaM)| =7 4+ a — 6.

Proof. Rotate (and if neccesary flip) the plane so that O;0, is horizontal,
O is to the right of Oy and Xy, X, are below O105;. We show how to deal
with the case where O is on or above O;0,. The other case can be treated
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Figure 5: Lemma 3.17

similarly. Note that each of the quadilaterals OX;0,Y; and OX50,Y5 is a
rhombus.

larce, (MY3)| + larce, (MY1)| = a4+ £O105Y, + £0,01Y; =
= a+ £010:0 + £LOOyY5 + £0,0,0 + £L001Y; =
= a+ £0,0,0 + £L0,0X5 + £0,0,0 + £0,0X, =
= a+ £0,050 + £0,0,0 + £0,00, — 0 =
= 7+a-—10.

Lemma 3.18. Let C,Cy, Cy be three pairwise crossing unit circles. If D D
DN DQ, then 401002 > %

Proof. Denote by A, B the intersection points of C| and C5. Let Sy, Sp
be the unit disks centered at A, B respectively. Note that O € S, N Sp.
Observe that the boundaries of S4 and Sg intersect at O; and Os. S4 N Sp
is included in the disk whose diameter is [0;0,]. Hence £0,00, > 5. i

4 Proof of the Main Theorem

Proof of Theorem 1.2. Assume to the contrary that every intersection
point P € A(C) has d(P) > 3. As we have shown already, it follows from here
that there are exactly three lunes in A(C) and every intersection point P has
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d(P) = 3. Moreover, every circle which includes an edge of the unbounded
face must support some lens, and every bounded face which is not a lens or
a lune must be a triangle. We also noted that no two circles in C touch, and
every lens in C is a proper lens.

Let C4,Cs, C3 be the three circles which support the longer arcs of the
three lunes in A(C). By Corollary 3.13, for every 1 <i < j <3 D,ND;is a
proper lens. Denote l; = Dy N D3,y = Dy N D3, l3 = Dy N Ds.

Claim 4.1. Let C € C. Then D includes at least one of 1, o, 3.

Proof. If C is one of Cy, Cy, C3 then clearly D includes two of [y, 15, l5. Let
C € C\ {C,C5, C3} and assume that D does not include any of Iy, 1y, 3.
Hence, D is disjoint from the interior of each of Iy, [5, 3.

Dnint Iy = () implies that int DNint D;Nint Dy = (. It follows that D3N
int (DN Dy) = 0. Similarly, D Nint I3 = () implies Dy Nint (DN Dy) = 0. In
other words, if we restrict our attention to the subfamily C' = {C, Cy, Cy, C3}
then D N Dy is a lens.

In the same way we obtain that also DN Dy and DN Dj are lenses (within
A(C")). This is a contradiction to Lemma 3.5.

By Lemma 3.2, D; N Dy, N D3 has an empty interior so that it is either

empty or a singal point.
Case 1. Dy N Dy N Dy is a point P. Let C € C \ {C},Cs,C3}. By Claim
4.1, D must include at least one of [, [l5,l3. Hence P € D. We claim that
P € int D. Assume to the contrary that P € C. Then D includes either one
or two lenses of [, [5,[3. If D includes just one lens, say [y, then it must be
disjoint from the interiors of Iy and /3. This is possible only if C' touches C
at P, which is impossible since every two circles in C cross. If D includes two
lenses, say [l and l3, and is disjoint from the interior of the third, /;, then it
is easily seen by inspection that C' must coinside with C, contradicting our
assumption on C'.

Hence P € int D. It follows now that D includes all lenses Iy, s, (5.
Denote the remaining intersection points of the circles Cy,Cs, and C3 by
Py, Py, P; (see figure 1).

Lemma 4.2. A(P,P,P3) overlaps A(O10:03). Moreover, the circle which
passes through Py, Py, and P3 is a unit circle.

Proof. We ragard the affine plane as the two dimensional vector space R?
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with P as its origin. Then

P1 - 02+03,
PQ - 01+03,
p3 - 01+02.

Therefore the points P;, P>, and P; are at unit distance from the point
O1 4+ Oy + O3, which shows that the circle through P;,P;, and P; is a unit
circle.

To see that A(O;0203) and A(P; P,P;) overlap observe that

A(Plpgpg) = (01 + OQ + 03) - A(OlogOg)

|

Let C € C\ {C1,Cy,C3}. We know that D includes l; U ly U l3 and
hence D D A(P,P,P;). By Lemma 3.1, the triangle A(0;0,03) is acute.
Therefore, by Lemma 4.2, A(P;P,P;) is also acute. Let Cy be the circle
through Py,P;, and P3. Cj is the smallest circle which includes A(P; P, P3).
By Lemma 4.2, Cj is a unit circle. Hence C' must coinside with Cy. In other
words #(C) < 4. If C = {Cy, C},Cy, C3} then C is exceptional. Otherwise,
C ={C1,Cy,C5} and each of Py, Py, and P; has degree 2.
Case 2. D; N Dy N D3 = (. Denote by By, By, B3 and A, Ay, A3 the
intersection points of Cy, Cs, and Cj3 as indicated in figure 6.

Claim 4.3. Assume C € C and D includes 1y but not ly or ls. Then C
intersects Cy in two points on arce, (BaBs).

Remark. By simetry, Claim 4.3 is true if we change the role of I; by Iy or
I3, and correspondently, Cy by C5 or C}.
Proof. We show that O is inside Z0,0,05. D is disjoint from int [, =
int (D;N Dj3) and from int I3 = int (D N Dy). Therefore, by Lemma 3.1, the
triangles A(0O,020) and A(O;050) have all their angles acute. Moreover,
by Lemma 3.2, all the angles of A(O;0503) are acute. If O ¢ Z0,0,03,
then either O € Z00305 or O € Z010503. We assume, without loss
of generality, that O € Z0,;030,. Since O ¢ Z0,0,03, it follows that
O3 € Z0,00,. By Lemma 3.18, £0,003 > 7. We obtain a contradiction
since now £0,003 < £0,00; < 7. . .

We conclude that (ﬁ must be between 0,05 and O;05. Since D is
disjoint from int [y and int I35, D N C; must be disjoint from the relative
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Figure 6:

interiors of both arcs Dy N C; and D5 N . The center of the arc C; N D
is between the centers of C; N Dy, and C; N D5. It follows now that D N C4
must be included in arce, (B2Bs). 1

Claim 4.4. Assume that C € C\ {Cy,Cy,C3}. If C supports a lens then D
includes exactly one of the lenses Iy, 1y, or l3.

Proof. By Claim 4.1, D includes at least one of Iy, l5, or [3. Assume, without
loss of generality, that D D [y Uly and that DN D' is a lens. D includes also
arce, (B1Bs). D' must include only I3 (and not any of [y, ls) for otherwise
D N D' includes either [; or [, and therefore is not a lens.

By Claim 4.3, int D' meets the relative interior of arce, (B Bs), implying
that also int (D N D’) meets it. This is a contradicting to the assumption
that DN D’ is a lens. 1

Claim 4.5. Fach of Ay, Ay, and As is included in the interior of some unit
disk bounded by a circle from C.

Proof. We prove the claim for A;. Assume that the claim is not true for
Aj. Let C) € C be the circle so that Dy \ int D) is a lune. Since A; € D},
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Ay ¢ int D} implies that C passes through A;. Similarly, let C} € C be the
circle so that Dy \ int Dj is a lune, then C} passes through A,. However,
d(A;) = 3 and Cy, C3 pass through A;. It follows that C), = C%. Denote
C' = () = (4. D' includes all lenses Iy, l5,l3. Denote the intersection points
of C" with Cy and Cj3 other then A; by Y, Z respectively (see figure 7).

Figure 7:

The face whose two edges are arce,(A;Bj)and arce(A1Y) must have
exactly three edges so there must be a circle (other than Cy) in C which
passes through Y and B;. Similarly, there must be a circle (other than C3)
in C which passes through Z and B;. Since d(B;) = 3 and Cy and C3 pass
through By, it follows that the same circle C” € C passes through Y, B, and
Z.

Observe that Y # Az for otherwise there would be four circles through
this point, namely Cy, Co, C', and C". It is easily seen now that the face whose
edge is arcor (Y By ) which is adjacent to the face A;Y By has more than three
edges (as no other circles pass through Y nor B;), a contradiction. I

Let Ay denote the closed rigion which is bounded by the arcs arce, (B2 Bs),
arce, (B3By), and arce, (B Bs).
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Lemma 4.6. Let C € C. Then DN Ag N BiA; # (0. (Similarly for ByAs,
and B3A3.)

Proof. If D D [, then clearly By € DN AN BiA;. If D D (I Ul3) then
D includes arce, (B2 Bs). Therefore, D N Ay N By Ay includes the intersection
point of arce, (By Bs) with By A; (indeed, this intersection point exists because
By Ay seperates [ and [3).

The only case which is left to check is where D includes only one of Iy
or [3, and not [;. Assume, without loss of generality, that D includes /3 and
not /; or ly. By Claim 4.3, D includes a subarc of arce, (B Bs). Since D
is convex, D includes an interval connecting B; to a point on arce, (B Bs).
This interval intersects By A; inside Ag. B

Claim 4.7. For each of the lenses ly,ly, and I3 there is a circle C € C such
that D includes that lens and not the two others.

Proof. We prove the claim for [;. Let () be the intersection point of a circle
from C and the ray B;A;, which has maximum distance from B;. One of the
circles C' through ) includes an edge of the unbounded face. By Claim 4.5,
A is included in the interior of the disk bounded by some circle from C and
hence ) # A,. Consequently, C is not one of Cy, Cy, C3. We show that D
includes [; and not any of [, or [5.

By Lemma 4.6, D N Ay N By A; # (). Tt follows, from the convexity of D,
that D D [B1A;]. Hence D D [;.

Observe that if D includes Iy or I3, then, by Claim 4.4, C' does not support
a lens. This is a contradiction because C' includes an edge of the unbounded
face. 1

For i =1,2,3 let C] € C be a circle which is garanteed by Claim 4.7, for
l;. Thus, D} includes [; alone from [y, [y, and [3.

Denote by aq, as, ag the lengthes of the arcs Cy N Dy, CoN D3, and C3N Dy
respectively. Denote by 6y, 6,65 the lengthes of arce, (BoB3), arce, (BsBy)
and arce, (B Bs) respectively.

Claim 4.8. For every1 <i <3, 0; < 3
Proof. Reduce to the extrem case where C, Cy, and C3 touch each other. I

Claim 4.9. C]| meets Cy at a point Fig € arce,(BsBy). C] meets C3 at a
point Fi3 € arce, (ByBsy). Moreover,

|aI'CCi (F12F13)| S max(@l, 92, 93)
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Remark. By simetry Claim 4.9 is true if we replace C1, Cy, C5 respectively
by C%, Cy, Cs, or by C}, Cy,Cy. In this way we analogously define the points
Fy € arce, (B2Bs) and Fy3 € arce, (B1By) on C as well as F3; € arce, (ByB3)
and F3y € arce,(B3;B1) on Cj.

Proof. D) includes [; and is disjoint from the interiors of both I, and 3.
Therefore C'] seperates the interior of [; from the interior of /3 and thus meets
arce, (B3 B1) at a point which we denote by Fi,. Similarly, C] seperates the
interior of [; from the interior of /5 and thus meets arce, (B Bs) at a point
which we denote by Fi3 (see Figure 8).

C

Figure 8: Claim 4.9

The length of arcer (Fi2F13) depends monotoniously on the length of the
interval [FioFy3]. Observe that [FioF3] is included in A(B; By Bs;) and there-
fore the length of [Fi5F3] is less or equal to the maximum of the lengthes
of the intervals [B3Bi],[B1Bs], and [ByB;]. Consequently, the length of
aI"CCi (F12F13) is at most maX(Gl, 92, 93) |

Let 0} denote the length of arce (F12F13) garanteed by Claim 4.9. Simi-
larly, denote 0, = |arcey (Fo1 F3)| and 05 = |arce (Fs1 Faa)l.

Let F}, denote the second intersection point of C| and Cy (other than
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Fiy). Let F|; denote the second intersection point of C] and Cj. Similarly,
define F}, and Fj; to be the additional intersections of C), with C; and Cj
respectively. Finaly, let F3, and Fj, be the additional intersections of Cj
with Cy and C5 respectively.

D} D Dy N Dj3. Therefore, using Lemma 3.17 with C7, Cy, and C3, We
obtain

larce, (B Fly)| + |arce, (BiFJ3)| = 7+ ap —6). (21)

Similarly, using Lemma 3.17 twice more, once with C}, Cy, C5 and once
with C}, Cy, Cy, we obtain

|arce, (BaFy))| + |arce, (BoFys)| = 7+ g — 65, (22)
|arce, (BsFy, )| + |arce, (BsFyy)| = 7+ az — 65, (23)

Since C supports the longer arc of a lune, arce, (BoFy,), arce, (BsFyy),
and arce, (B2 Bs) are included in an open semicircle on Cy. Therefore,

larce, (BoF3y)| + larce, (BsFy, )| + larce, (Be Bs)| < . (24)

Similar argument for Cy and Cj5 gives

larce, (BsFs,)| + |arce, (BiFly)| + |larce, (BsBy)| <, (25)
larce, (B1Fy3)| + |arce, (BoFas)| + |arce, (B1Bs)| < . (26)
Summing up 24, 25, and 26, we get
3m > ([arce, (BiFly)| + [arce, (BiFY3)[) +
+ (laree, (BaFyy)| + laree, (Ba Fyy)|) +
+ (laree, (BsFy)| + larce, (BsFy,)|) +
+ (61 + 0+ 03). (27)

In view of 21, 22, and 23, the right side of 27 equals

(1 4+ a1 —0)+ (mT+as—05)+ (T +as—605) + (0, + 60+ 05) =
= 3m+ (g +ay+ az+60; + 0+ 6;) — (6] + 65+ 65). (28)

Combining 27 and 28, gives
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0, + 65,4605 > a3+ ay+azg+0; + 6+ 65 (29)

Observe that the right side of 29 equals to the sum of the internal angles of
A(010203) which is 7.

By Claim 4.9, the left side of 29 is less or equal to 3 max(6;, 65, 63) which
in turn is, by Claim 4.8, less or equal to m. We thus reached the desired
contradiction. NI
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