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Abstra
tWe introdu
e a new linear algebra approa
h for studying extremal problems ingeometri
 graphs. We give alternative proofs to well-established fa
ts on geometri
graphs, as well as new results about triangulations.1 PreliminariesDe�nition 1.1. Let G be a simple graph. We denote by Ĝ the line-graph of G, that is thegraph Ĝ whose verti
es are the edges of G. Two (di�erent) verti
es in Ĝ are 
onne
ted byan edge, if the 
orresponding two edges in G share a 
ommon vertex.Notation 1.2. For a graph G, we denote by A(G) the adja
en
y matrix of G. The rank ofA(G) is then 
alled the rank of G, over the appropriate �eld whi
h we usually denote by F.Theorem 1.3. Let G be a 
onne
ted graph with n verti
es. Let F be a �eld of 
hara
teristi
2. The rank of Ĝ over F is n� 1 if n is odd, and n� 2 if n is even.Proof. Let T be a spanning tree of G and let Kn be the 
omplete graph on n verti
es. Sin
ethe edges in T are a subset the edges in G whi
h in turn are a subset of the edges of Kn ,the rank of Ĝ is greater than or equal to the rank of T̂ , and is less than or equal to the rankof K̂n. It is therefore, enough to show that the theorem holds for the 
omplete graph on nverti
es as well as for any tree on n verti
es.Assume �rst that G is a tree on n verti
es. Therefore, G has exa
tly n � 1 edges. Ave
tor in the kernel of A(Ĝ), is an assignment of weights (from the �eld F) to the edges of G,su
h that the sum of the weights of all edges adja
ent to any given edge is 0. Assume thatthere exists su
h an assignment of weights to the edges of G. Let e be any edge of G and1e-mail: room�math.te
hnion.a
.il,This resear
h was supported by a Grant from the G.I.F., the German-Israeli Foundation for S
ienti�
 Re-sear
h and Development. 1



let u; v be its two verti
es. As F has 
hara
teristi
 2, it follows that the sum of the weightsof all edges adja
ent to v equals the sum of the weights of all edges adja
ent to u. Sin
e Gis 
onne
ted, we 
on
lude that there exists a 2 F su
h that the sum of the weights of alledges adja
ent to any given vertex in G, is a. In parti
ular, all the edges going out from aleaf of G are assigned the weight a. By removing these leaves and arguing similarly on thenew leaves, we 
an re
over exa
tly all the weight assigned to all the edges of G. This showsthat the kernel of A(Ĝ) has dimension at most 1. Therefore, the rank of Ĝ over F is at leastn� 2 (and at most n� 1 as G is a tree).more spe
i�
ally, we now show that if n is odd, then ne
essarily the dimension ofker(A(Ĝ)) = f0g thus implying that the rank of Ĝ over F is n � 1. Indeed, assume thereis a nontrivial assignment of weights to the edges of G as above. We already know that thesum of all weights of the edges adja
ent to any given vertex is some 
onstant a. If a = 0,then the weight of ea
h edge of G adja
ent to a leaf is 0 and by indu
tion on the size of thetree all weights are 0. Thus we may assume that a 6= 0. In this 
ase na is the sum over allverti
es in G of the sum of all the weights of the edges adja
ent to these verti
es. On theother hand ea
h edges 
ontributes its weight twi
e to this sum and therefore this sum mustbe 0 (
har(F ) = 2). We get a 
ontradi
tion when n is odd.Assume next that G is the 
omplete graph on n verti
es. We will show that the dimensionof the kernel of A(Ĝ) is at least �n�12 �. Indeed, �x a vertex x of G and for every two otherverti
es u; v assign weight 1 to the edges (x; u), (x; v), and (u; v). Assign weight 0 to allother edges. It is easy to see that this assignment gives a ve
tor in the kernel of A(Ĝ) (as amatrix over F). As these ve
tors are linearly independent, this shows that the dimension ofthe kernel of A(Ĝ) is at least �n�12 � and thus the rank of A(Ĝ) is at most �n2���n�12 � = n�1.Therefore, it is equal to n� 1 when n is odd, as it is greater than or equal to the rank of T̂where T is any spanning tree of G (this rank is n� 1 by the �rst part of the proof) .If n is even, then the assignment whi
h gives every edge the weight 1 is also in the kerneland independent of the previous kernel ve
tors (as it is not their sum). Sin
e we knowalready that every tree T on n the rank of T̂ is greater than or equal to n� 2, it follows thatif n is even, n� 2 � rank of T̂ � rank of K̂n � n� 2:Therefore we have equality.Given a graph G on n verti
es, de�ne R(G) to be the n � n matrix whi
h equals theadja
en
y matrix of G plus the diagonal matrix D where the entry dii is the degree of thei'th vertex of G minus 2.Before presenting the next theorem we will need a simple well known lemma usuallyreferred to as an exer
ise in linear algebra:Lemma 1.4. Let B be an m by n matrix over a �eld F. Then BBt and BtB have thesame nonzero eigenvalues and ea
h 
ommon nonzero eigenvalue has the same geometri
multipli
ity in both matri
es.Theorem 1.5. Let G be a graph on n verti
es with E edges. Then the rank of A(Ĝ) over a�eld F with 
har(F ) 6= 2 is E � n+ rank(R(G)).2



Proof. Let B be the E � n edge-vertex in
iden
e matrix of the graph G. Then it is easyto see that A(Ĝ) = BBt � 2I and R(G) = BtB � 2I. Therefore, the rank of Ĝ is E minusthe geometri
 multipli
ity of the eigenvalue 2 of BBt. But by Lemma 1.4, this equals thegeometri
 multipli
ity of the eigenvalue 2 in the matrix BtB (here we use the fa
t that 2 6= 0in F). In other words, the rank of Ĝ equals E minus the dimension of the kernel of R(G).This is equivalent to the statement in the theorem.Remark. Observe that the rank of R(G) is at least 1, sin
e R(G) 
an never be the zeromatrix. Therefore we 
on
lude that the rank of Ĝ over a �eld F with 
har(F ) 6= 2 is at leastE � n + 1. The example of G = K4 shows that this is best possible. (By Kn we denote the
omplete graph on n verti
es.)Corollary 1.6. The rank of K̂n over a �eld F with 
har(F ) 6= 2 is �n2� (that is, largestpossible), assuming that n� 2 6= 0 and n� 4 6= 0. If n� 4 6= 0 but n� 2 = 0, then the rankof K̂n is �n2�� 1.Proof. In this 
ase G = Kn, E = �n2�, and the matrix R(G) equals (n� 4)I + J , where I isthe identity matrix and J is the all 1's matrix. Therefore, the rank of R(G) is n, if n�2 6= 0and n� 4 6= 0. It follows from Theorem 1.5 that in this 
ase the rank of Ĝ is �n2�.If n� 4 6= 0 but n� 2 = 0, then the rank of R(G) is n� 1, and it follows from Theorem1.5 that rank of Ĝ equals �n2�� 1.2 The matrix M of a geometri
 graphA geometri
 graph is a graph drawn in the plane with its verti
es drawn as points (usuallyin general position) and its edges drawn as straight line segments 
onne
ting 
orrespondingpoints. A 
onvex geometri
 graph is a geometri
 graph whose verti
es are in stri
tly 
onvexposition.
e1 e2e3 e4e5Figure 1: a geometri
 graph GAssume that the plane is equipped with a Cartesian 
oordinate system. Let e be an edgeof a geometri
 graph, and let a and b be the two verti
es of e. If the x-
oordinate of a issmaller than the x-
oordinate of b, then a will be 
alled the left vertex of e and b will be
alled the right vertex of e. Two edges e and f are said to share a 
ommon right (resp. left)vertex if they share a 
ommon vertex whi
h is the right (resp. left) vertex for both edges.3



Let G be a geometri
 graph with n verti
es and E edges. For simpli
ity, we assumethat no two edges of G are parallel. This 
an easily be a
hieved by a suitable proje
tivetransformation that does not 
hange the 
ombinatorial properties of G. We may also assumethat no two verti
es of G have the same x-
oordinate. This 
an be done by a suitable rotationof the graph G in the plane. In what follows, by a slope of an edge e of a geometri
 graph, wemean to the slope of the line that in
ludes e, with respe
t to the given Cartesian 
oordinatesystem. We will now de�ne a matrix 
alledM =M(G) as follows: The rows and the 
olumnsof M(G) will 
orrespond to the edges of G. For e and e0 two di�erent edges of G we setMee0 = 1 if e and e0 share a 
ommon left vertex and the slope of e is greater than the slopeof e0. We set Mee0 = 1 also if e and e0 share a 
ommon right vertex and the slope of e isgreater than the slope of e0.We set Mee0 = �1 if e and e0 share a 
ommon left vertex and the slope of e is smallerthan the slope of e0. We set Mee0 = �1 also when e and e0 share a 
ommon right vertex andthe slope of e is smaller than the slope of e0.In all other 
ases we set Mee0 = 0. For example the matrix M(G) of the graph G drawnin Figure 1 is:
M(G) = 0BBBB� 0 0 0 0 10 0 �1 0 �10 1 0 1 00 0 �1 0 0�1 1 0 0 0

1CCCCA :Lemma 2.1. Let G be a geometri
 graph with E edges and n verti
es. The rank of M(G)over the �eld of real numbers is at least E � 2n+ 2.Proof. Let the verti
es of G be v1; : : : ; vn ordered a

ording to the value of their x-
oordinate. A ve
tor in the kernel of M is an assignment of weights to the edges of Gin su
h a way that for every edge e the sum of the weights of all edges whi
h share a 
om-mon right vertex or left vertex with e and have a smaller slope than e equals the sum ofthe weights of all edges whi
h share a 
ommon right vertex or left vertex with e and have alarger slope than e.Su
h a ve
tor 
an be re
onstru
ted from the 2n numbers a1; : : : ; an and b1; : : : ; bn, whereai is the sum of the weights of the edges whose right vertex is vi and bi is the sum of theweights of the edges whose left vertex is vi. Indeed, let e be the steepest edge in G. It followsthat the sum of the weights of all edges sharing a 
ommon left vertex or right vertex withe is zero. Therefore, if vj is the left vertex of e and vk is the right vertex of e, then bj + akequals twi
e the weight of e. We 
an 
ontinue this way and �nd the weight of the se
ondsteepest edge and so on.Sin
e we always have a1 = 0 and bn = 0, this shows that the dimension of the kernel ofM is at most 2n� 2 and therefore the rank of M is at least E � 2n+ 2.In the 
ase where the set of verti
es of G lies in 
onvex position, we have the followingimprovement to Lemma 2.1. Before stating it we introdu
e a de�nition that will serve us4



also in the sequel.De�nition 2.2. Let G be a geometri
 graph in the plane that is equipped with a Cartesian
oordinate system.eG will denote a geometri
 graph obtained by the following modi�
ation of G. We splitevery vertex v of G to vR and vL, ex
ept the rightmost and the leftmost verti
es of G. vRand vL will be positioned very 
lose to ea
h other. The set of edges of eG remains the same asthat of G, where vR inherits all the edges the left vertex of whi
h is v. Similarly, vL inheritsthose edges the right vertex of whi
h is v. It is easy to see that eG is a bipartite graph andthat M(G) = M( eG). (See Figure 2.) Those verti
es of eG that serve as the right verti
es ofedges we 
all verti
es of type R. The verti
es of eG that serve as left verti
es of edges will be
alled verti
es of type L.G eGu v
w

uL vR vL
wR wL

uR
Figure 2: G and eGLemma 2.3. Let G be a 
onvex geometri
 graph with E edges and n verti
es. The rank ofM(G) over the �eld of real numbers is at least E � n+ 1.Proof. Sin
e M( eG) = M(G), it is enough to show the lemma for H = eG. A ve
tor in thekernel of M(H) is an assignment of weights to the edges of H in su
h a way that for everyedge e with verti
es a and b, the sum of the weight of those edges in
ident either to a or tob whose slope is stri
tly larger than that of e, minus the sum of the weights of those edgesin
ident either to a or to b whose slope is stri
tly smaller than that of e, is equal to zero.H is a bipartite graph on n� 1 verti
es of type R and n� 1 verti
es of type L. For everyvertex v ofH, let Sv denote the sum of the weights of all edges in
ident to v. We show that theweights assigned to the edges of H, 
an be re
overed from the numbers fSvjv is of type Lg.This will show that the dimension of the kernel of M(H) is at most n� 1.Indeed, let x be the leftmost vertex of type R. We �rst re
over the weights of all edgesin
ident to x. Without loss of generality, assume that x belongs to the upper half of theboundary of the 
onvex hull of the verti
es of G. That is, the ray going verti
ally upwardsfrom x does not interse
t the 
onvex hull of the verti
es of G (the other 
ase is treated5



similarly). Let e1; : : : ; ek be the edges in
ident to x, ordered a

ording to their in
reasingslopes. Let yi denote the left vertex of ei. Observe that from the 
ondition on the weightsof the edges and the 
onvexity of G and be
ause of the minimality of x, we have Sy1 = Sx.Moreover, we 
laim that for every 2 � i � k we have Syi � Syi�1 = �2w(ei�1). To see thisobserve that sin
e x is the leftmost vertex of type R and it belongs to the upper half of theboundary of the 
onvex hull of the verti
es of G, then for every 1 � i � k the edge ei is thesteepest edge in
ident to yi. Therefore, for every 1 � i � k we dedu
e from the 
ondition onthe weights of the edges, applied to ei = (yi; x):Syi � w(ei) + (w(e1) + : : :+ w(ei�1)) = w(ei+1) + : : : w(ek):It now follows that for every 2 � i � k we have Syi � Syi�1 = �2w(ei�1). Therefore, we
an read the weights of e1; : : : ; ek�1 and eventually, also ek as we know Sx.After re
overing the weights of all edges in
ident to x we move to the next leftmost vertexof type R.Conje
ture 2.4. The bound in Lemma 2.3 is valid for a general geometri
 graph G.As a �rst illustration of a geometri
 appli
ation of Lemma 2.1, we will now give analternative proof for the linearity of the maximum number of edges in a geometri
 graphwith n verti
es and no 
rossings. (Clearly su
h graphs are planar and therefore have at most3n� 6 edges as follows from Euler's formula for instan
e.)The question of whether one 
an 
on
lude a linear bound to the number of edges of aplanar graph on n verti
es without using Euler's formula was raised by Sz�ekely in [3℄ (openproblem 5). We now suggest a positive solution to Sz�ekely's problem.Let G be a geometri
 graph with n verti
es, E edges, and no 
rossings. Let v1; : : : ; vn bethe verti
es of G, ordered a

ording to the value of their x-
oordinates (we assume, withoutloss of generality, that no two verti
es have the same x-
oordinate). To ea
h edge e of G weassign a ve
tor We 2 C n as follows. If vj and vk (j < k) are the verti
es of e, we let the j'th
oordinate of We to be the 
omplex number i and the k'th 
oordinate of We to be �i. For ldi�erent from j and k, we let the l'th 
oordinate of We to be �1 if j < l < k and vl is abovee, The l'th 
oordinate of We will be 1 if j < l < k and vl is below e. For every other vertexvl we set the l'th 
oordinate of We to be 0.The following simple observations are 
ru
ial. If e and e0 are two edges of G that do notshare a 
ommon vertex (and of 
ourse do not 
ross), then < We;We0 > is a real number. Ife and e0 share a 
ommon vertex v, but for one edge v is the right vertex while for the otherit is the left vertex, then < We;We0 >= �1 and in parti
ular it is real. If e and e0 have thesame left vertex or the same right vertex v, then: If the slope of e is greater than the slopeof e0, then < We;We0 > has imaginary part equals to 1. If the slope of e is smaller than theslope of e0, then < We;We0 > has imaginary part equals �1.Let A be the matrix whose rows areWe. Then AAt is a 
omplex matrix whose imaginarypart equals M(G). It is not hard to see that if S and T are real n by n matri
es, then the6



rank of Q = S + iT over C is at least half of the rank of T (also of S) over R. Indeed, Ifthe rank of Q over C is k, then the rows of Q lie in a linear subspa
e generated by k ve
torsin C n over C . But then the rows of T lie in a ve
tor spa
e generated by 2k ve
tors in Rnover R, that is the 2k ve
tors that are the real and imaginary parts of the k 
omplex ve
torsgenerating the rows of Q.By Lemma 2.1, the rank over R of the imaginary part of AAt, whi
h is nothing else butthe matrix M(G), is at least E � 2n + 2. Therefore the rank of AAt over C is at leastdE�2n+22 e. However, the rank of A is at most n as it has n 
olumns. We 
on
lude thatE � 4n� 2.3 A Theorem About TriangulationsDe�nition 3.1. Let P be a �nite set of points in the plane. A triangulation of P is a planargeometri
 graph G whose verti
es are all the points in P su
h that every edge of the 
onvexhull of P is in G and every fa
e of the planar graph G, other than the unbounded fa
e, is atriangle. (See for example Figure 1.)Let P be a set of n points in general position in the plane. Fix a 
oordinate systemin the plane and assume that no two points of P have the same x-
oordinate. Let G be atriangulation of P .Theorem 3.2. The rank of M(G) (over any �eld F) is 2n � 4 regardless of the set P andthe triangulation G.Proof. We will prove the theorem in two steps. First we assume that the points of P arein 
onvex position. This 
ase is rather easy. To prove the general statement we will use thete
hnique of 
ontinuous motion and dedu
e the general 
ase from the 
onvex 
ase.A ve
tor in the kernel of M is an assignment of a weight we 2 F to every edge e ofG in su
h a way that for every edge e the sum of the weights of all edges whi
h share a
ommon right vertex or left vertex with e and have a smaller slope than e equals the sum ofthe weights of all edges whi
h share a 
ommon right vertex or left vertex with e and have alarger slope than e.We will prove the theorem by 
al
ulating expli
itly the dimension of the kernel of M .Let us assume that we are given a ve
tor in the kernel of M represented by weights as-signed to the edges of the graph G in the manner des
ribed above. Let v be any vertex whi
his not the rightmost nor the leftmost. v is a vertex in a triangle �vxy in the triangulationG su
h that the x-
oordinate of v is between those of x and y. Without loss of generalityassume that x is to the left of y and v is above the edge xy. Observe that sin
e G is atriangulation, there are no edges in G whose right endpoint is v and whose slope is greaterthan that of vx. Similarly, there are no edges in G whose left endpoint is v and whose slopeis smaller than that of vy (see Figure 3).Let W+x denote the sum of the weights of all edges whose left vertex is x and whose slopeis greater than the slope of vx. Let W�x denote the sum of the weights of all edges whose7



left vertex is x and whose slope is smaller than the slope of xy. Let W+y denote the sum ofthe weights of all edges whose right vertex is y and whose slope is smaller than the slope ofvy. Let W�y denote the sum of the weights of all edges whose right vertex is y and whoseslope is greater than the slope of xy.Let WLv denote the sum of the weights of all edges but vx whose right endpoint is v. LetWRv denote the sum of the weights of all edges but vy whose left endpoint is v. Let a; b; 
denote the weights of vx; xy; yv, respe
tively (see Figure 3).v
x y

WRvWLv W+y
W�y

W+x
W�x

a b 

Figure 3: a kernel ve
tor of the matrix M of a triangulationBy the 
ondition on the weights of a ve
tor in the kernel of M(G), applied to the edgesvx, xy, and yv, we have: W+x �W�x � b = WLvW+y + 
�W�y = W+x + a�W�xWRv = W+y � b�W�y :Summing these three equations we get WRv + 
 = WLv +a. In other words, the sum of theweights of all edges whose left vertex is v equals the sum of the weights of all edges whoseright vertex is v.For every vertex v, let Wv denote the sum of the weights of all edges whose right (orequivalently left) vertex is v. If v is the rightmost vertex or the leftmost vertex, then Wvjust denotes the sum of all weights assigned to edges in
ident to v. It is easy to see that if uand v are adja
ent verti
es on the boundary of the 
onvex hull of P , then the 
ondition onthe weights, applied to the edge uv implies that Wu = Wv.Assume �rst that the points of P are in 
onvex position. Then Wv = 
 for every vertex vof G where 
 2 F is an absolute 
onstant independent of v. It is an easy observation, provedby indu
tion for instan
e, that G (as an outer-planar graph) has at least two verti
es withdegree 2. We will now prove our theorem in the 
onvex 
ase by indu
tion on n. For n = 2the theorem is 
lear. 8



Observe that sin
e P is in 
onvex position, the number of edges of G is exa
tly 2n� 3.It is thus enough to show that the dimension of the kernel of M equals 1.We now show that the weights we 
an be re
onstru
ted from 
. This will 
learly implythat the dimension of the kernel of M is at most 1.More generally, let we e 2 G be any assignment of weights to the edges of G. For everyvertex v of G, let Rv denote the sum of the weights of the edges whose left endpoint is v.Similarly, let Lv denote the sum of the weight of all edges whose right endpoint is v. Weshow that the numbers we 
an always be uniquely re
onstru
ted from the numbers Rv; Lv.The only thing we assume is that Pv Lv =Pv Rv.We prove this by indu
tion on n. This is 
learly true when n = 2. In the general 
ase,let v be a vertex of G with degree 2. If v is not the rightmost vertex or the leftmost vertex,then the two edges going from v go to opposite x-dire
tions. Therefore, the weights of theseedges are exa
tly Rv and Lv. We 
an now remove the vertex v and its two adja
ent edgesand get a new triangulation G0 of P n fvg and 
on
lude by indu
tion.If v is the leftmost vertex of G (the 
ase where it is the rightmost vertex is treatedsimilarly), let a and b be its two neighbors in G. �vab is a triangle in the triangulation G.Without loss of generality assume that the x-
oordinate of a is smaller than that of b. Thenthe edge va is the only edge whose right vertex is a. Therefore, the weight of this edge is Laand it follows that the weight of the edge vb is Rv �La. And again we 
an remove v and itstwo adja
ent edges and 
on
lude by indu
tion.Therefore, in order to settle the 
ase where the points of P are in 
onvex position, itremains to show that the kernel of M in this 
ase is not trivial. This is however 
lear fromthe argument above as we 
an take 
 = 1 and thus �nd a nontrivial solution for a kernelve
tor of weights.This settles the 
ase where P is in 
onvex position. We now move to dis
uss the general
ase. We show by indu
tion on the number of verti
es of P that are not extreme in the
onvex hull, that the dimension of the kernel of M equals 1 plus the number of points of Pthat are not extreme. This will be enough to prove the theorem as the number of edges ofG equals 2n� 4 + (1 + the number of points of P that are not extreme):The 
onvex 
ase, that we just settled, forms the basis of indu
tion.Let x be a vertex whi
h is not extreme. We will 
onsider a 
ontinuous motion of thevertex x along the verti
al dire
tion downwards, until the �rst time that x be
omes extreme.Throughout the motion we will try to maintain all the edges in the graph. We will have tomake some adjustments when an edge is 
rossed by a vertex, and we may have to 
hange thetriangulation, but we will show that as long as the vertex x is not extreme, the dimension ofthe kernel of M does not 
hange and when x be
omes extreme the dimension of the kernelof M redu
es by 1.As long as no vertex 
rosses an edge through the 
ontinuous motion, G is still a trian-9



gulation and the matrix M does not 
hange. The only event that might 
ause G to stopbeing a triangulation, or 
hange the matrix M is when some edge is 
rossed by some vertexthrough the motion of x. Sin
e x is the only vertex that a
tually moves, it must be thateither x 
rosses some edge of G, or there is an edge, one of whose verti
es is x, that is 
rossedby another vertex.Assume for instan
e that when this kind of an event �rst happens, an edge ab is 
rossedby a vertex v, and without loss of generality assume that right before the 
ollinearity of a; b;and v, the vertex v is above the edge ab. We 
laim that in this 
ase the verti
es a; b, andv must be the verti
es of a triangle in the triangulation G, right before they are 
ollinear.Indeed, the line through a and b does not lie above all other verti
es of G (be
ause v isabove ab). Therefore ab must be an edge of a triangle � whose third vertex 
 lies above theline through a and b. If 
 6= v, we get a 
ontradi
tion be
ause right before a; b, and v are
ollinear v is inside �.Observe that sin
e initially x is not an extreme vertex on the 
onvex hull of P , then noedge in
ident to x is an edge of the 
onvex hull of P . This remains true as long as x is notan extreme point of the 
onvex hull of P . We will distinguish between two possible kindsof events that may happen through the 
ontinuous motion of x. One is when an internaledge ab is 
rossed by a vertex v. Observe that in this kind of an event v must be an internalvertex. Indeed, it is 
lear if v = x, and if v is di�erent from x, then x is one of the verti
esa and b. If v was extreme, then there is a line that separates v from the other points of P .Right before a; b, and v be
ome 
ollinear, we see that both a and b must be extreme verti
es,a 
ontradi
tion be
ause x is one of the verti
es a and b and we stop the motion in the �rsttime that x be
omes extreme.The other event that may happen is when an external edge ab is 
rossed by a vertex v.Observe that in this 
ase v must be the vertex x.Consider the �rst kind of an event. Let v be an internal vertex that moves verti
ally, saydownwards, and 
rosses an internal edge ab (we assume that a is to the left of b). As weobserved earlier, v must be 
onne
ted by edges to both a and b. Let u be the vertex belowthe line ab whi
h forms a triangle in G together with a and b. As soon as v 
rosses ab wewill delete the edge ab and add the edge uv to obtain a new triangulation G0. G0 inherits allother edges of G. We now show a one to one 
orresponden
e between the kernel of M andthat of M 0 = M(G0). Let fwfgf2G be the weights of the edges of G whi
h form a ve
tor inthe kernel of M . Let e0 = uv be the new edge. Assume that the x-
oordinate of u is smallerthan that of v (see Figure 4). De�ne we0 = �we and add the weight we to wav and also towub. It is easy to see that the new weights form a ve
tor in the kernel of M 0. Indeed, wewill verify that the 
onditions on the weights as forming a ve
tor in the kernel of M stillhold. The only edges whose status with respe
t to these 
onditions might have 
hanged arethose whose left vertex is a or u, or whose right vertex is v or b. We will analyze those edgeswhose left vertex is a, while the other 
ases are similar and left to the reader. Let a
 be anedge whose left vertex is a. We have to show that with the new weights on the edges, thesum of the weights of all edges steeper than a
 whose left vertex is a or whose right vertexis 
, equals the sum of the weights of all edges whose slope is smaller than that of a
 andwhose left vertex is a or whose right vertex is 
. This is 
learly the 
ase if a
 is steeper than10



av, or if the slope of a
 is smaller than that of ab be
ause the missing weight of e in this
al
ulation is now gained on av whose weight is in
reased by we. The remaining 
ase is when
 = v. Then the sum of the weights of all edges whose slope is smaller than that of av thatwe take into a

ount is indeed de
reased by we but also the weight of all edges steeper thanav is de
reased be
ause the weight of the new edge uv is �we. Hen
e we veri�ed that everyve
tor in the kernel of M gives rise to a ve
tor in the kernel of M 0.In the other dire
tion, given a ve
tor in the kernel ofM 0, we obtain a ve
tor in the kernelof M by giving the edge e the weight of �we0 and dedu
t the same amount from the weightsof the edges av and ub.
a v

bu a v
bu

Figure 4: the vertex v 
rosses the edge abThe 
ase where the x-
oordinate of u is bigger than that of v is treated similarly.We now move to the se
ond kind of event that may happen and assume that a vertex v
rosses an edge ab of the 
onvex hull of P , and thus be
omes extreme (we already observedthat v = x in this 
ase). In this 
ase we 
onsider a new triangulation G0 whi
h is obtainedfrom G by removing the edge ab. Clearly every ve
tor in the kernel of M 0 is also a ve
torin the kernel of M by letting wab = 0. Vi
e versa, every ve
tor in the kernel of M in whi
hwab = 0 
orresponds to a ve
tor in the kernel of M 0.In order to show that the dimension of the kernel ofM is greater by 1 than the dimensionof the kernel of M 0, it is enough to show that there is a ve
tor in the kernel of M in whi
hwab = 1.It is in fa
t very easy to observe su
h a ve
tor in the kernel. Sin
e v is an internal vertex,there is a triangle �v
d one of whose verti
es is v su
h that the edge 
d is above v (that is, vlies below the line 
d and the x-
oordinate of v is stri
tly between those of 
 and d). Assume�rst that fa; bg \ f
; dg = ;. In this 
ase assigning weight 1 to ab and 
d and weight �1 toav; bv; 
v; dv while all other edges get the weight 0, gives a ve
tor in the kernel.If it happens that say a = 
, then modify the above assignment by giving the edge vathe weight �2.Corollary 3.3. Let G be any triangulation of a 
onvex polygon with the possibility of 
onvex11



polygonal holes. Then the rank of M over F2 as well as over R is 2n � 4, where n is thenumber of verti
es of G.Proof. We �rst show that the rank of M over F2 is 2n � 4. Consider the graph eG. It iseasy to see that this graph is 
onne
ted. The reason is that all the holes in the polygonalregions are 
onvex and hen
e there are no isolated verti
es in eG. Moreover, every trianglein G is transformed into a 
onne
ted path of length 3 in eG. Sin
e G is a triangulation of a
onne
ted region, it follows that from every edge one 
an get to any other edge by means ofa path.Now 
onsider the matrix M(G) over the �eld F2 , and observe that it equals the matrixêG. The number of verti
es in eG is even (2n� 2), and therefore, by Theorem 1.3, the rank ofM over F2 is 2n� 4. This is a lower bound to the rank of M over the �eld of real numbers.On the other hand, by adding edges to G we 
an obtain a triangulation H of the originalpolygonal regions, this time with no holes. The graph H is a triangulation of the 
onvex hullof the verti
es of G. By Theorem 3.2, the rank of the matrix M(H) is 2n� 4. The matrixM(G) is a sub-matrix of M(H) and therefore 2n� 4 is also an upper-bound to the rank ofM(G) over R. The Corollary follows.4 More Appli
ationsTwo edges in a geometri
 graphG are 
alled 
onvergent, if they are opposite edges of a 
onvexquadrilateral in the plane. A 
onje
ture of Kupitz ([2℄), solved by Kat
halski, Last, and Valtr([1, 4℄), asserts that a geometri
 graph with no pair of 
onvergent edges has at most 2n� 2edges. Their proof is quite involved, and based on simple bounds on Davenport-S
hinzelsequen
es.We now show how to obtain a linear bound of 4n for the same problem using the methodpresented in this paper.Let G be a geometri
 graph with n verti
es, E edges, and no pair of 
onvergent edges.Let v1; : : : ; vn denote the verti
es of G ordered in in
reasing order of their x-
oordinates. (weassume that no two of these verti
es have the same x-
oordinate). To ea
h edge e of G weassign a ve
tor We 2 C n as follows. If vj and vk (j < k) are the verti
es of e, we let the j'th
oordinate of We to be i and the k'th 
oordinate of We to be �i. For l smaller than j, orlarger than k, we let the l'th 
oordinate of We to be 1 if vl is below the line through e, and�1 if vl is above the line through e. In all other 
ases we set the l'th 
oordinate of We to beequal to 0.The simple yet 
ru
ial observation is that if e and f are two edges of G that do not sharea 
ommon vertex (and of 
ourse are not 
onvergent), then < We;Wf > has imaginary partwhi
h is �2 if the slope of e is smaller than that of f , and equals 2 if the slope of e is largerthan the slope of f .Moreover, if e and f are two edges of G that share a 
ommon left vertex or a 
ommonright vertex, then < We;Wf > has imaginary part whi
h is �1 if the slope of e is smaller12



than that of f , and equals 1 if the slope of e is larger than the slope of f .Claim 4.1. Let A be the jEj by n matrix whose rows are We. Then the rank over R of theimaginary part M of AAt is greater than or equal to E � (2n� 2).Proof. We show that the kernel of the matrixM has dimension less than or equal to 2n�2.Let V be a ve
tor in the kernel. The 
oordinates of V 
an be regarded as weights assignedto the edges of G.For every vertex v, let Lv denote the sum of the weights of the edges whose right vertex isv. Similarly let Rv denote the sum of the weights of all edges whose left vertex is v. Clearly,Lv = 0 for the leftmost vertex and Rv = 0 for the rightmost vertex. We 
laim that the ve
torV in the kernel of M 
an be re
onstru
ted from the 2n � 2 numbers Lv and Rv (where vvaries over the verti
es of G, ex
luding Ls and Rt where s is the leftmost vertex and t is therightmost vertex).Indeed, let e be the edge whi
h is the se
ond steepest, and let f be the steepest edge.
onsidering e, let a denote the left vertex of e and b denote its right vertex. There are two
ases: Case 1. a is a left vertex of f or b is a right vertex of f . In this 
ase we know thatthe sum of the weights of all edges but e whose left vertex is a or whose right vertex is b,plus twi
e the sum of all other edges, minus twi
e the weight of f is 0.However, this sum 
an be expressed asPv 6=aRv+Pv 6=b Lv� 2Wf . Equating this to zerogives the weight of f in terms of Lv and Rv.Case 2. a is not a left vertex of f and b is not a right vertex of f . In this 
ase we knowthat the sum of the weights of all edges but e whose left vertex is a or whose right vertex isb, plus twi
e the sum of all other edges, minus four times the weight of f is 0.However, this sum 
an be expressed asPv 6=aRv+Pv 6=b Lv� 4Wf . Equating this to zerogives the weight of f in terms of Lv and Rv.After re
overing f we 
an move to the third steepest edge and re
over e (the se
ondsteepest). Continuing this way we will eventually re
over all weights but that of the edgewith the smallest slope. But then its weight too 
an be easily re
overed from say Rv wherev is the left vertex of that edge, and the weights of all other edges that we already know.It follows from Claim 4.1 that the rank over the 
omplex �eld of the matrix AAt (whereA is the jEj by n matrix whose rows are We) is at least dE�(2n�2)2 e. On the other hand thisrank is at most n as A has n 
olumns. We 
on
lude that E � 4n� 2.Referen
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