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Abstract

We introduce a new linear algebra approach for studying extremal problems in
geometric graphs. We give alternative proofs to well-established facts on geometric
graphs, as well as new results about triangulations.

1 Preliminaries

Definition 1.1. Let G be a simple graph. We denote by G the line- graph of G, that is the
graph G whose vertices are the edges of G. Two (different) vertices in G are connected by
an edge, if the corresponding two edges in G share a common vertex.

Notation 1.2. For a graph G, we denote by A(G) the adjacency matriz of G. The rank of
A(QG) is then called the rank of G, over the appropriate field which we usually denote by T.

Theorem 1.3. Let G be a connected graph with n vertices. Let F be a field of characteristic
2. The rank of G over F isn — 1 if n is odd, and n — 2 if n is even.

Proof. Let T be a spanning tree of GG and let K, be the complete graph on n vertices. Since
the edges in T' are a subset the edges in G which in turn are a subset of the edges of K, ,
the rank of G is greater than or equal to the rank of T, and is less than or equal to the rank
of K,. It is therefore, enough to show that the theorem holds for the complete graph on n
vertices as well as for any tree on n vertices.

Assume first that G is a tree on n vertices. Therefore, G has exactly n — 1 edges. A
vector in the kernel of A(G), is an assignment of weights (from the field F) to the edges of G,
such that the sum of the weights of all edges adjacent to any given edge is 0. Assume that
there exists such an assignment of weights to the edges of G. Let e be any edge of G' and
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let u,v be its two vertices. As F has characteristic 2, it follows that the sum of the weights
of all edges adjacent to v equals the sum of the weights of all edges adjacent to u. Since GG
is connected, we conclude that there exists a € F such that the sum of the weights of all
edges adjacent to any given vertex in G, is a. In particular, all the edges going out from a
leaf of G are assigned the weight a. By removing these leaves and arguing similarly on the
new leaves, we can recover exactly all the weight assigned to all the edges of G. This shows
that the kernel of A(G) has dimension at most 1. Therefore, the rank of G over F is at least
n — 2 (and at most n — 1 as G is a tree).

more specifically, we now show that if n is odd, then necessarily the dimension of
ker(A(G)) = {0} thus implying that the rank of G over F is n — 1. Indeed, assume there
is a nontrivial assignment of weights to the edges of G' as above. We already know that the
sum of all weights of the edges adjacent to any given vertex is some constant a. If a = 0,
then the weight of each edge of G adjacent to a leaf is 0 and by induction on the size of the
tree all weights are 0. Thus we may assume that a # 0. In this case na is the sum over all
vertices in GG of the sum of all the weights of the edges adjacent to these vertices. On the
other hand each edges contributes its weight twice to this sum and therefore this sum must
be 0 (char(F) = 2). We get a contradiction when n is odd.

Assume next that G is the complete graph on n vertices. We will show that the dimension
of the kernel of A(G) is at least (","). Indeed, fix a vertex x of G and for every two other
vertices u,v assign weight 1 to the edges (z,u), (x,v), and (u,v). Assign weight 0 to all
other edges. It is easy to see that this assignment gives a vector in the kernel of A(C?) (as a
matrix over F). As these vectors are linearly independent, this shows that the dimension of

the kernel of A(G) is at least (";") and thus the rank of A(G) is at most M=) =n-1
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Therefore, it is equal to n — 1 when n is odd, as it is greater than or equal to the rank of T’

where T' is any spanning tree of G (this rank is n — 1 by the first part of the proof) .

If n is even, then the assignment which gives every edge the weight 1 is also in the kernel
and independent of the previous kernel vectors (as it is not their sum). Since we know
already that every tree T on n the rank of T is greater than or equal to n — 2, it follows that
if n is even,

n—2§rankofT§rankof[€n <n-—2.

Therefore we have equality.l

Given a graph G on n vertices, define R(G) to be the n x n matrix which equals the
adjacency matrix of G plus the diagonal matrix D where the entry d;; is the degree of the
i’th vertex of G minus 2.

Before presenting the next theorem we will need a simple well known lemma usually
referred to as an exercise in linear algebra:

Lemma 1.4. Let B be an m by n matriz over a field F. Then BB and B'B have the
same nonzero eigenvalues and each common nonzero eigenvalue has the same geometric
multiplicity in both matrices.

Theorem 1.5. Let G be a graph on n vertices with E edges. Then the rank of A(C?) over a
field F with char(F) # 2 is E —n+ rank(R(G)).
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Proof. Let B be the E x n edge-vertex incidence matrix of the graph GG. Then it is easy
to see that A(G) = BB' — 21 and R(G) = B'B — 2I. Therefore, the rank of G is E minus
the geometric multiplicity of the eigenvalue 2 of BB!. But by Lemma 1.4, this equals the
geometric multiplicity of the eigenvalue 2 in the matrix B'B (here we use the fact that 2 # 0
in F). In other words, the rank of G equals E minus the dimension of the kernel of R(G).
This is equivalent to the statement in the theorem. I

Remark. Observe that the rank of R(G) is at least 1, since R(G) can never be the zero
matrix. Therefore we conclude that the rank of G over a field F with char(F) # 2 is at least
E —n + 1. The example of G = K, shows that this is best possible. (By K, we denote the
complete graph on n vertices.)

Corollary 1.6. The rank of K, over a field T with char(F ( ) (that is, largest
posszble} assuming thatn —2 %0 andn—4#0. If n—4 7é 0 — 2 =0, then the rank
of K, is (5) - 1.

Proof. In this case G = K,,, E = (}), and the matrix R(G) equals (n —4)I + J, where I is
the identity matrix and J is the all 1’s matrix. Therefore, the rank of R(G) isn,ifn—2 #0

and n — 4 # 0. Tt follows from Theorem 1.5 that in this case the rank of G is (g)

If n—4% 0 but n —2 =0, then the rank of Z(G) is n — 1, and it follows from Theorem
1.5 that rank of G equals (g) —1.1

2 The matrix M of a geometric graph

A geometric graph is a graph drawn in the plane with its vertices drawn as points (usually
in general position) and its edges drawn as straight line segments connecting corresponding
points. A conver geometric graph is a geometric graph whose vertices are in strictly convex
position.

€3

€1 €2
€4

€5

Figure 1: a geometric graph G

Assume that the plane is equipped with a Cartesian coordinate system. Let e be an edge
of a geometric graph, and let a and b be the two vertices of e. If the z-coordinate of a is
smaller than the x-coordinate of b, then a will be called the left vertex of e and b will be
called the right vertex of e. Two edges e and f are said to share a common right (resp. left)
vertex if they share a common vertex which is the right (resp. left) vertex for both edges.
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Let G be a geometric graph with n vertices and F edges. For simplicity, we assume
that no two edges of GG are parallel. This can easily be achieved by a suitable projective
transformation that does not change the combinatorial properties of G. We may also assume
that no two vertices of G have the same z-coordinate. This can be done by a suitable rotation
of the graph GG in the plane. In what follows, by a slope of an edge e of a geometric graph, we
mean to the slope of the line that includes e, with respect to the given Cartesian coordinate
system. We will now define a matrix called M = M(G) as follows: The rows and the columns
of M(G) will correspond to the edges of G. For e and €' two different edges of G we set
M. = 1if e and ¢’ share a common left vertex and the slope of e is greater than the slope
of ¢/. We set M, = 1 also if e and ¢’ share a common right vertex and the slope of e is
greater than the slope of €'.

We set M, = —1 if e and €' share a common left vertex and the slope of e is smaller
than the slope of ¢/. We set M, = —1 also when e and e’ share a common right vertex and
the slope of e is smaller than the slope of €.

In all other cases we set M, = 0. For example the matrix M (G) of the graph G drawn
in Figure 1 is:

00 0 0 1
0 0 -1 0 —1
MG =] 01 0 1 0
00 —-10 0
~1 1.0 0 0

Lemma 2.1. Let G be a geometric graph with E edges and n vertices. The rank of M(QG)
over the field of real numbers is at least E — 2n + 2.

Proof. Let the vertices of G be vy,...,v, ordered according to the value of their z-
coordinate. A vector in the kernel of M is an assignment of weights to the edges of G
in such a way that for every edge e the sum of the weights of all edges which share a com-
mon right vertex or left vertex with e and have a smaller slope than e equals the sum of
the weights of all edges which share a common right vertex or left vertex with e and have a
larger slope than e.

Such a vector can be reconstructed from the 2n numbers a4, ..., a, and by, ..., b,, where
a; is the sum of the weights of the edges whose right vertex is v; and b; is the sum of the
weights of the edges whose left vertex is v;. Indeed, let e be the steepest edge in G. It follows
that the sum of the weights of all edges sharing a common left vertex or right vertex with
e is zero. Therefore, if v; is the left vertex of e and vy, is the right vertex of e, then b; 4 a;
equals twice the weight of e. We can continue this way and find the weight of the second
steepest edge and so on.

Since we always have a; = 0 and b,, = 0, this shows that the dimension of the kernel of
M is at most 2n — 2 and therefore the rank of M is at least £ — 2n + 2. I

In the case where the set of vertices of G lies in convex position, we have the following
improvement to Lemma 2.1. Before stating it we introduce a definition that will serve us



also in the sequel.

Definition 2.2. Let G be a geometric graph in the plane that is equipped with a Cartesian
coordinate system.

G will denote a geometric graph obtained by the following modification of G. We split
every verter v of G to vg and v, except the rightmost and the leftmost vertices of G. wvg
and vy, will be positioned very close to each other. The set of edges of G remains the same as
that of G, where vg inherits all the edges the left vertex of which is v. Similarly, vy, inherits
those edges the right vertex of which is v. It is easy to see that G is a bipartite graph and
that M(G) = M(G). (See Figure 2.) Those vertices of G that serve as the right vertices of
edges we call vertices of type R. The vertices ofé that serve as left vertices of edges will be
called vertices of type L.

G ~

wr,

Figure 2: G and G

Lemma 2.3. Let G be a convex geometric graph with E edges and n vertices. The rank of
M(G) over the field of real numbers is at least E —n + 1.

Proof. Since M(G) = M(G), it is enough to show the lemma for H = G. A vector in the
kernel of M(H) is an assignment of weights to the edges of H in such a way that for every
edge e with vertices a and b, the sum of the weight of those edges incident either to a or to
b whose slope is strictly larger than that of e, minus the sum of the weights of those edges
incident either to a or to b whose slope is strictly smaller than that of e, is equal to zero.

H is a bipartite graph on n — 1 vertices of type R and n — 1 vertices of type L. For every
vertex v of H, let S, denote the sum of the weights of all edges incident to v. We show that the
weights assigned to the edges of H, can be recovered from the numbers {S,|v is of type L}.
This will show that the dimension of the kernel of M (H) is at most n — 1.

Indeed, let = be the leftmost vertex of type R. We first recover the weights of all edges
incident to x. Without loss of generality, assume that x belongs to the upper half of the
boundary of the convex hull of the vertices of G. That is, the ray going vertically upwards
from x does not intersect the convex hull of the vertices of G' (the other case is treated
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similarly). Let ej,..., e, be the edges incident to x, ordered according to their increasing
slopes. Let y; denote the left vertex of e;. Observe that from the condition on the weights
of the edges and the convexity of G and because of the minimality of z, we have S, = S,.
Moreover, we claim that for every 2 < i < k we have S, — S,,_, = —2w(e;_1). To see this
observe that since z is the leftmost vertex of type R and it belongs to the upper half of the
boundary of the convex hull of the vertices of GG, then for every 1 < i < k the edge ¢; is the
steepest edge incident to y;. Therefore, for every 1 < < k we deduce from the condition on
the weights of the edges, applied to e; = (y;, x):

Sy, —w(e;) + (w(er) +...+wlei—1)) = wleit1) + ... w(eg).
It now follows that for every 2 < i < k we have S,, — S,, , = —2w(e;_). Therefore, we
can read the weights of eq,...,e; 1 and eventually, also e; as we know S,.

After recovering the weights of all edges incident to x we move to the next leftmost vertex
of type R. I

Conjecture 2.4. The bound in Lemma 2.3 is valid for a general geometric graph G.

As a first illustration of a geometric application of Lemma 2.1, we will now give an
alternative proof for the linearity of the maximum number of edges in a geometric graph
with n vertices and no crossings. (Clearly such graphs are planar and therefore have at most
3n — 6 edges as follows from Euler’s formula for instance.)

The question of whether one can conclude a linear bound to the number of edges of a
planar graph on n vertices without using Euler’s formula was raised by Székely in [3] (open
problem 5). We now suggest a positive solution to Székely’s problem.

Let G be a geometric graph with n vertices, F edges, and no crossings. Let vy,..., v, be
the vertices of G, ordered according to the value of their z-coordinates (we assume, without
loss of generality, that no two vertices have the same z-coordinate). To each edge e of G we
assign a vector W, € C" as follows. If v; and v, (j < k) are the vertices of e, we let the j'th
coordinate of W, to be the complex number 7 and the k’th coordinate of W, to be —i. For [
different from j and k, we let the [I’th coordinate of W, to be —1if j <[ < k and v; is above
e, The I'th coordinate of W, will be 1 if j <[ < k and v; is below e. For every other vertex
v; we set the [’th coordinate of W, to be 0.

The following simple observations are crucial. If e and e’ are two edges of G that do not
share a common vertex (and of course do not cross), then < W,, W, > is a real number. If
e and €' share a common vertex v, but for one edge v is the right vertex while for the other
it is the left vertex, then < W,, W, >= —1 and in particular it is real. If e and e’ have the
same left vertex or the same right vertex v, then: If the slope of e is greater than the slope
of ¢/, then < W,, W, > has imaginary part equals to 1. If the slope of e is smaller than the
slope of €, then < W,, W, > has imaginary part equals —1.

Let A be the matrix whose rows are W,. Then AA? is a complex matrix whose imaginary
part equals M(G). It is not hard to see that if S and T are real n by n matrices, then the



rank of ) = S + T over C is at least half of the rank of T' (also of S) over R. Indeed, If
the rank of () over C is k, then the rows of () lie in a linear subspace generated by k vectors
in C" over C. But then the rows of T lie in a vector space generated by 2k vectors in R"
over R, that is the 2k vectors that are the real and imaginary parts of the £ complex vectors
generating the rows of ().

By Lemma 2.1, the rank over R of the imaginary part of AA?, which is nothing else but
the matrix M(G), is at least E — 2n + 2. Therefore the rank of AA* over C is at least
[E=2nt27  However, the rank of A is at most n as it has n columns. We conclude that

2
E<in-2.1

3 A Theorem About Triangulations

Definition 3.1. Let P be a finite set of points in the plane. A triangulation of P is a planar
geometric graph G whose vertices are all the points in P such that every edge of the convex
hull of P 1s in G and every face of the planar graph G, other than the unbounded face, is a
triangle. (See for example Figure 1.)

Let P be a set of n points in general position in the plane. Fix a coordinate system
in the plane and assume that no two points of P have the same z-coordinate. Let G be a
triangulation of P.

Theorem 3.2. The rank of M(G) (over any field F) is 2n — 4 regardless of the set P and
the triangulation G.

Proof. We will prove the theorem in two steps. First we assume that the points of P are
in convex position. This case is rather easy. To prove the general statement we will use the
technique of continuous motion and deduce the general case from the convex case.

A vector in the kernel of M is an assignment of a weight w, € F to every edge e of
G in such a way that for every edge e the sum of the weights of all edges which share a
common right vertex or left vertex with e and have a smaller slope than e equals the sum of
the weights of all edges which share a common right vertex or left vertex with e and have a
larger slope than e.

We will prove the theorem by calculating explicitly the dimension of the kernel of M.

Let us assume that we are given a vector in the kernel of M represented by weights as-
signed to the edges of the graph GG in the manner described above. Let v be any vertex which
is not the rightmost nor the leftmost. v is a vertex in a triangle Avxy in the triangulation
G such that the z-coordinate of v is between those of x and y. Without loss of generality
assume that x is to the left of y and v is above the edge xy. Observe that since G is a
triangulation, there are no edges in G whose right endpoint is v and whose slope is greater
than that of vx. Similarly, there are no edges in G whose left endpoint is v and whose slope
is smaller than that of vy (see Figure 3).

Let W, denote the sum of the weights of all edges whose left vertex is 2 and whose slope
is greater than the slope of vx. Let W denote the sum of the weights of all edges whose
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left vertex is x and whose slope is smaller than the slope of zy. Let W; denote the sum of
the weights of all edges whose right vertex is y and whose slope is smaller than the slope of
vy. Let W, denote the sum of the weights of all edges whose right vertex is y and whose
slope is greater than the slope of xy.

Let W' denote the sum of the weights of all edges but vz whose right endpoint is v. Let
WZE denote the sum of the weights of all edges but vy whose left endpoint is v. Let a,b,c
denote the weights of vz, zy, yv, respectively (see Figure 3).

b

Figure 3: a kernel vector of the matrix M of a triangulation

By the condition on the weights of a vector in the kernel of M(G), applied to the edges
vz, xy, and yv, we have:
wWr-w_ —-b = Wk
W,+ce=W, = WS +a-W,
R _ + -
W, = W, -b-W,.
Summing these three equations we get W+ ¢ = W' +a. In other words, the sum of the
weights of all edges whose left vertex is v equals the sum of the weights of all edges whose
right vertex is v.

For every vertex v, let W, denote the sum of the weights of all edges whose right (or
equivalently left) vertex is v. If v is the rightmost vertex or the leftmost vertex, then W,
just denotes the sum of all weights assigned to edges incident to v. It is easy to see that if u
and v are adjacent vertices on the boundary of the convex hull of P, then the condition on
the weights, applied to the edge uv implies that W, = W,,.

Assume first that the points of P are in convex position. Then W, = ¢ for every vertex v
of G where ¢ € F is an absolute constant independent of v. It is an easy observation, proved
by induction for instance, that G' (as an outer-planar graph) has at least two vertices with
degree 2. We will now prove our theorem in the convex case by induction on n. For n = 2
the theorem is clear.



Observe that since P is in convex position, the number of edges of G is exactly 2n — 3.
It is thus enough to show that the dimension of the kernel of M equals 1.

We now show that the weights w, can be reconstructed from ¢. This will clearly imply
that the dimension of the kernel of M is at most 1.

More generally, let w, e € GG be any assignment of weights to the edges of G. For every
vertex v of GG, let R, denote the sum of the weights of the edges whose left endpoint is v.
Similarly, let L, denote the sum of the weight of all edges whose right endpoint is v. We
show that the numbers w, can always be uniquely reconstructed from the numbers R,, L,.
The only thing we assume is that Y L, =), R,.

We prove this by induction on n. This is clearly true when n = 2. In the general case,
let v be a vertex of G with degree 2. If v is not the rightmost vertex or the leftmost vertex,
then the two edges going from v go to opposite x-directions. Therefore, the weights of these
edges are exactly R, and L,. We can now remove the vertex v and its two adjacent edges
and get a new triangulation G’ of P\ {v} and conclude by induction.

If v is the leftmost vertex of G (the case where it is the rightmost vertex is treated
similarly), let @ and b be its two neighbors in G. Awvab is a triangle in the triangulation G.
Without loss of generality assume that the z-coordinate of a is smaller than that of b. Then
the edge va is the only edge whose right vertex is a. Therefore, the weight of this edge is L,
and it follows that the weight of the edge vb is R, — L,. And again we can remove v and its
two adjacent edges and conclude by induction.

Therefore, in order to settle the case where the points of P are in convex position, it
remains to show that the kernel of M in this case is not trivial. This is however clear from
the argument above as we can take ¢ = 1 and thus find a nontrivial solution for a kernel
vector of weights.

This settles the case where P is in convex position. We now move to discuss the general
case. We show by induction on the number of vertices of P that are not extreme in the
convex hull, that the dimension of the kernel of M equals 1 plus the number of points of P
that are not extreme. This will be enough to prove the theorem as the number of edges of
G equals

2n — 4 + (1 + the number of points of P that are not extreme).

The convex case, that we just settled, forms the basis of induction.

Let x be a vertex which is not extreme. We will consider a continuous motion of the
vertex x along the vertical direction downwards, until the first time that = becomes extreme.
Throughout the motion we will try to maintain all the edges in the graph. We will have to
make some adjustments when an edge is crossed by a vertex, and we may have to change the
triangulation, but we will show that as long as the vertex z is not extreme, the dimension of
the kernel of M does not change and when x becomes extreme the dimension of the kernel
of M reduces by 1.

As long as no vertex crosses an edge through the continuous motion, G is still a trian-



gulation and the matrix M does not change. The only event that might cause G to stop
being a triangulation, or change the matrix M is when some edge is crossed by some vertex
through the motion of . Since x is the only vertex that actually moves, it must be that
either x crosses some edge of GG, or there is an edge, one of whose vertices is x, that is crossed
by another vertex.

Assume for instance that when this kind of an event first happens, an edge ab is crossed
by a vertex v, and without loss of generality assume that right before the collinearity of a, b,
and v, the vertex v is above the edge ab. We claim that in this case the vertices a, b, and
v must be the vertices of a triangle in the triangulation G, right before they are collinear.
Indeed, the line through a and b does not lie above all other vertices of G (because v is
above ab). Therefore ab must be an edge of a triangle A whose third vertex ¢ lies above the
line through a and b. If ¢ # v, we get a contradiction because right before a,b, and v are
collinear v is inside A.

Observe that since initially x is not an extreme vertex on the convex hull of P, then no
edge incident to x is an edge of the convex hull of P. This remains true as long as z is not
an extreme point of the convex hull of P. We will distinguish between two possible kinds
of events that may happen through the continuous motion of z. One is when an internal
edge ab is crossed by a vertex v. Observe that in this kind of an event v must be an internal
vertex. Indeed, it is clear if v = x, and if v is different from x, then x is one of the vertices
a and b. If v was extreme, then there is a line that separates v from the other points of P.
Right before a, b, and v become collinear, we see that both a and b must be extreme vertices,
a contradiction because x is one of the vertices a and b and we stop the motion in the first
time that  becomes extreme.

The other event that may happen is when an external edge ab is crossed by a vertex v.
Observe that in this case v must be the vertex x.

Consider the first kind of an event. Let v be an internal vertex that moves vertically, say
downwards, and crosses an internal edge ab (we assume that a is to the left of b). As we
observed earlier, v must be connected by edges to both a and b. Let u be the vertex below
the line ab which forms a triangle in G together with @ and b. As soon as v crosses ab we
will delete the edge ab and add the edge uv to obtain a new triangulation G’. G’ inherits all
other edges of G. We now show a one to one correspondence between the kernel of M and
that of M’ = M(G"). Let {w} e be the weights of the edges of G which form a vector in
the kernel of M. Let ¢’ = uv be the new edge. Assume that the z-coordinate of u is smaller
than that of v (see Figure 4). Define w, = —w, and add the weight w, to wy, and also to
wyp. It is easy to see that the new weights form a vector in the kernel of M’. Indeed, we
will verify that the conditions on the weights as forming a vector in the kernel of M still
hold. The only edges whose status with respect to these conditions might have changed are
those whose left vertex is a or u, or whose right vertex is v or b. We will analyze those edges
whose left vertex is a, while the other cases are similar and left to the reader. Let ac be an
edge whose left vertex is a. We have to show that with the new weights on the edges, the
sum of the weights of all edges steeper than ac whose left vertex is a or whose right vertex
is ¢, equals the sum of the weights of all edges whose slope is smaller than that of ac and
whose left vertex is a or whose right vertex is ¢. This is clearly the case if ac is steeper than
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av, or if the slope of ac is smaller than that of ab because the missing weight of e in this
calculation is now gained on av whose weight is increased by w,.. The remaining case is when
¢ = v. Then the sum of the weights of all edges whose slope is smaller than that of av that
we take into account is indeed decreased by w, but also the weight of all edges steeper than
av is decreased because the weight of the new edge uv is —w,.. Hence we verified that every
vector in the kernel of M gives rise to a vector in the kernel of M.

In the other direction, given a vector in the kernel of M’, we obtain a vector in the kernel
of M by giving the edge e the weight of —w,. and deduct the same amount from the weights
of the edges av and ub.

Figure 4: the vertex v crosses the edge ab

The case where the x-coordinate of u is bigger than that of v is treated similarly.

We now move to the second kind of event that may happen and assume that a vertex v
crosses an edge ab of the convex hull of P, and thus becomes extreme (we already observed
that v = x in this case). In this case we consider a new triangulation G’ which is obtained
from G by removing the edge ab. Clearly every vector in the kernel of M’ is also a vector
in the kernel of M by letting w,, = 0. Vice versa, every vector in the kernel of M in which
wap = 0 corresponds to a vector in the kernel of M.

In order to show that the dimension of the kernel of M is greater by 1 than the dimension
of the kernel of M’, it is enough to show that there is a vector in the kernel of M in which
Weap = 1.

It is in fact very easy to observe such a vector in the kernel. Since v is an internal vertex,
there is a triangle Avcd one of whose vertices is v such that the edge cd is above v (that is, v
lies below the line cd and the z-coordinate of v is strictly between those of ¢ and d). Assume
first that {a,b} N {c,d} = 0. In this case assigning weight 1 to ab and e¢d and weight —1 to
av, bu, cv, dv while all other edges get the weight 0, gives a vector in the kernel.

If it happens that say a = ¢, then modify the above assignment by giving the edge va
the weight —2. 11

Corollary 3.3. Let G be any triangulation of a convex polygon with the possibility of convex
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polygonal holes. Then the rank of M over Fy as well as over R is 2n — 4, where n is the
number of vertices of G.

Proof. We first show that the rank of M over F, is 2n — 4. Consider the graph G. It is
easy to see that this graph is connected. The reason is that all the holes in the polygonal
regions are convex and hence there are no isolated vertices in GG. Moreover, every triangle
in (7 is transformed into a connected path of length 3 in GG. Since G is a triangulation of a
connected region, it follows that from every edge one can get to any other edge by means of
a path.

Now consider the matrix M (G) over the field Fy, and observe that it equals the matrix

G. The number of vertices in G is even (2n — 2), and therefore, by Theorem 1.3, the rank of
M over Fs is 2n — 4. This is a lower bound to the rank of M over the field of real numbers.

On the other hand, by adding edges to G we can obtain a triangulation H of the original
polygonal regions, this time with no holes. The graph H is a triangulation of the convex hull
of the vertices of G. By Theorem 3.2, the rank of the matrix M (H) is 2n — 4. The matrix
M(G) is a sub-matrix of M(H) and therefore 2n — 4 is also an upper-bound to the rank of
M(G) over R. The Corollary follows. I

4 More Applications

Two edges in a geometric graph G are called convergent, if they are opposite edges of a convex
quadrilateral in the plane. A conjecture of Kupitz ([2]), solved by Katchalski, Last, and Valtr
([1, 4]), asserts that a geometric graph with no pair of convergent edges has at most 2n — 2
edges. Their proof is quite involved, and based on simple bounds on Davenport-Schinzel
sequences.

We now show how to obtain a linear bound of 4n for the same problem using the method
presented in this paper.

Let G be a geometric graph with n vertices, F edges, and no pair of convergent edges.
Let vy, ..., v, denote the vertices of G ordered in increasing order of their z-coordinates. (we
assume that no two of these vertices have the same z-coordinate). To each edge e of G we
assign a vector W, € C" as follows. If v; and v, (j < k) are the vertices of e, we let the j'th
coordinate of W, to be ¢ and the k’th coordinate of W, to be —i. For [ smaller than j, or
larger than k, we let the ['th coordinate of W, to be 1 if v; is below the line through e, and
—1 if v; is above the line through e. In all other cases we set the I’th coordinate of W, to be
equal to 0.

The simple yet crucial observation is that if e and f are two edges of G that do not share
a common vertex (and of course are not convergent), then < W,, W; > has imaginary part
which is —2 if the slope of e is smaller than that of f, and equals 2 if the slope of e is larger
than the slope of f.

Moreover, if e and f are two edges of G that share a common left vertex or a common
right vertex, then < W,, W; > has imaginary part which is —1 if the slope of e is smaller
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than that of f, and equals 1 if the slope of e is larger than the slope of f.

Claim 4.1. Let A be the |E| by n matriz whose rows are W,. Then the rank over R of the
imaginary part M of AA! is greater than or equal to E — (2n — 2).

Proof. We show that the kernel of the matrix M has dimension less than or equal to 2n — 2.
Let V' be a vector in the kernel. The coordinates of V' can be regarded as weights assigned
to the edges of G.

For every vertex v, let L, denote the sum of the weights of the edges whose right vertex is
v. Similarly let R, denote the sum of the weights of all edges whose left vertex is v. Clearly,
L, = 0 for the leftmost vertex and R, = 0 for the rightmost vertex. We claim that the vector
V' in the kernel of M can be reconstructed from the 2n — 2 numbers L, and R, (where v
varies over the vertices of GG, excluding L, and R; where s is the leftmost vertex and ¢ is the
rightmost vertex).

Indeed, let e be the edge which is the second steepest, and let f be the steepest edge.
considering e, let a denote the left vertex of e and b denote its right vertex. There are two
cases: Case 1. a is a left vertex of f or b is a right vertex of f. In this case we know that
the sum of the weights of all edges but e whose left vertex is a or whose right vertex is b,
plus twice the sum of all other edges, minus twice the weight of f is 0.

However, this sum can be expressed as Zv;ﬁa R, + ZU# L, —2W;. Equating this to zero
gives the weight of f in terms of L, and R,.

Case 2. a is not a left vertex of f and b is not a right vertex of f. In this case we know
that the sum of the weights of all edges but e whose left vertex is a or whose right vertex is
b, plus twice the sum of all other edges, minus four times the weight of f is 0.

However, this sum can be expressed as Z#a R, + Zv# L, —4W;. Equating this to zero
gives the weight of f in terms of L, and R,,.

After recovering f we can move to the third steepest edge and recover e (the second
steepest). Continuing this way we will eventually recover all weights but that of the edge
with the smallest slope. But then its weight too can be easily recovered from say R, where
v is the left vertex of that edge, and the weights of all other edges that we already know. 1

It follows from Claim 4.1 that the rank over the complex field of the matrix AA? (where

A is the |E| by n matrix whose rows are W,) is at least fww On the other hand this

rank is at most n as A has n columns. We conclude that £ < 4n — 2. 11
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