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1 Introdu
tionLet Q denote the edge graph of the 3-dimensional 
ube (it has 8 verti
es and 12 edges).The Turan number of Q is the maximum number of edges in a graph on n verti
es that doesnot 
ontain Q. Ba
k in 1969, Erd}os and Simonovits [1℄ have shown that the Turan numberof Q is O(n8=5). In this paper, we provide an alternative simpler proof of this result. Theoriginal proof in [1℄ was based on the assumption that the given graph G is regular, andrequired a nontrivial te
hni
al lemma that redu
es the general 
ase to the 
ase of a regulargraph. Our proof does not need to assume that G is regular (and so does not use thislemma), and follows a di�erent approa
h that appears to be more powerful than the onein [1℄. We demonstrate this by applying the te
hnique to obtain Turan numbers for moregeneral graphs than Q, whi
h the method of [1℄ seems in
apable of a
hieving.2 Graphs That Do Not Contain the 3-Dimensional CubeCertain appli
ations of extremal graph theory involve bipartite graphs where the sizes ofthe two vertex sets are di�erent from ea
h other. For this reason, we state our main resultfor the bipartite 
ase; the non-bipartite 
ase is then an immediate 
orollary.Theorem 2.1 A bipartite graph G � A�B, with jAj = m, jBj = n, that does not 
ontainQ has O(m4=5n4=5 +mn1=2 + nm1=2) edges.Proof: Let E denote the number of edges of G. We de�ne a 
on�guration to be a 6-tuple� = (u; v; a; b; 
; d) of distin
t verti
es of G, su
h that a; 
; v 2 A, u; b; d 2 B, and (v; u),�Work on this paper by Mi
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(a; u), (a; b), (v; b), (
; u), (
; d), (v; d) are all edges of G; see Figure 1. In other words, �
onsists of two C4's (
y
les of length 4) with a 
ommon edge and with no other 
ommonvertex. We say that a pair (a; b), (
; d) of edges of G is tame if all four endpoints are distin
t,and there exist at most two pairs (u; v) su
h that (u; v; a; b; 
; d) is a 
on�guration. We saythat � = (u; v; a; b; 
; d) is a tame 
on�guration if (a; b), (
; d) form a tame pair.a bu

 dvFigure 1: A 
on�guration in the proof of Theorem 2.1.Let K be the set of all tame 
on�gurations. A trivial upper bound for jKj is O(E2),be
ause the number of pairs (a; b); (
; d) of edges of G is O(E2), and ea
h of them, if tame,gives rise to only two 
on�gurations in K.We next obtain a lower bound for jKj, as follows. Fix an edge e = (v; u) of G, withv 2 A, u 2 B, and let Ge denote the graph whose verti
es are the neighbors of either u or vin G, and whose edges are the edges of G that 
onne
t pairs of these neighbors. Let Ae, Be,Ee denote the number of verti
es in A, of verti
es in B, and of edges of Ge, respe
tively.Put Ve = Ae +Be.We note that the (tame or untame) 
on�gurations of the form (u; v; a; b; 
; d), for the�xed pair of verti
es u; v, 
orrespond in a 1-1 manner to the vertex-disjoint pairs of edgesof Ge. For a vertex a of Ge, let Æe(a) denote the degree of a in Ge.Lemma 2.2 The number of vertex-disjoint tame pairs of edges in Ge is at least 12Ee(Ee �4Ve � 1).Proof: Call any pair of edges, whi
h is not tame, a bad pair. We wish to bound the numberof bad pairs of edges in Ge. Suppose that (a; b), (
; d) is a bad pair. Consider any otherpair (u0; v0), su
h that (u0; v0; a; b; 
; d) is also a 
on�guration. If u 6= u0 and v 6= v0 then the8-tuple (u; v; u0; v0; a; b; 
; d) forms a forbidden 
opy of Q in G, 
ontrary to assumption; seeFigure 2. Hen
e, either all su
h pairs (u0; v0) satisfy u0 = u, or all su
h pairs satisfy v0 = v.In the former 
ase we say that the pair (a; b), (
; d) is a bad u-pair and in the latter 
ase wesay that the pair (a; b), (
; d) is a bad v-pair.By symmetry, it suÆ
es to bound the number of bad u-pairs, and twi
e this bound willserve as a bound for the number of all bad pairs in Ge.Let a; 
 2 A be two distin
t neighbors of u in Ge, and let b 2 B be a neighbor of a inGe (so b is a neighbor of v in G). There is at most one edge of Ge in
ident to 
 (namely,(
; b)) that shares a vertex with (a; b). 2
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Figure 2: A double 
on�guration forming a 
ube in G.We 
laim that there is at most one vertex d 2 B (di�erent from b) su
h that (a; b),(
; d) is a bad u-pair. Indeed, assume to the 
ontrary that there are at least two su
hneighbors of 
, say d1; d2. Sin
e (a; b), (
; d1) is a bad u-pair, there exist at least twodistin
t verti
es v01; v001 2 A, di�erent from v, su
h that (u; v01; a; b; 
; d1) and (u; v001 ; a; b; 
; d1)are 
on�gurations. Similarly, there exist at least two distin
t verti
es v02; v002 2 A, di�erentfrom v, su
h that (u; v02; a; b; 
; d2) and (u; v002 ; a; b; 
; d2) are 
on�gurations. Clearly, thereexist a pair of verti
es v1 2 fv01; v001g, v2 2 fv02; v002g, su
h that v1 6= v2. Then the eightverti
es (v; v1; v2; 
; u; b; d1; d2) form a forbidden 
opy of Q in G (in fa
t, it is a 
opy of Qplus one main diagonal (u; v)); see Figure 3.a b

 u vv1v2 d1d2Figure 3: Two untame pairs f(a; b); (
; d1)g and f(a; b); (
; d2)g, forming a 
ube in G.This 
ontradi
tion shows that there exist at most two `bad' neighbors of 
 in Ge, withrespe
t to the �xed edge (a; b) of that graph: one of them is b, and at most one other vertexd forms a bad u-pair (a; b), (
; d) in Ge. Let N(u) (resp., N(v)) denote the set of neighborsof u (resp., of v); thus Ae = jN(u)j, Be = jN(v)j. Then the number of bad u-pairs of edges(a; b), (
; d) is at most 2AeEe. Similarly, the number of bad v-pairs of edges is at most2BeEe. Therefore the total number of bad pairs in Ge is at most 2Ee(Ae +Be) = 2EeVe.It follows that the number Me of tame pairs of edges in Ge satis�esMe � �Ee2 �� 2EeVe = 12Ee(Ee � 4Ve � 1);as asserted. 2Put G1 = fe 2 G j Ee � 8Veg;3



G2 = fe 2 G j Ee < 8Veg:The total number jKj of tame 
on�gurations thus satis�esjKj =Xe2GMe � Xe2G1Me � Xe2G1 Ee(Ee � 4Ve � 1)2 �14 Xe2G1E2e � 12Xe2GEe � �Pe2G1 Ee�24E � Pe2GEe2 :Assume for the time being that Pe2G2 Ee � 12Pe2GEe; the 
omplementary 
ase will betreated later. Then Pe2G1 Ee � 12Pe2GEe, andjKj � �Pe2GEe�216E � Pe2GEe2 :Note that PeEe = 4S, where S is the number of C4's in G. Hen
e,jKj � S22E � 2S:For ea
h pair of distin
t verti
es u; v of G (both in A or both in B), let Wu;v denote thenumber of paths of length 2 that 
onne
t u and v in G. Note that Pu6=v2AWu;v = W (A),where W (A) is the number of paths of length 2 in G whose extreme verti
es are in A andwhose middle vertex is in B, and that Xu6=v2A�Wu;v2 � = S. Similarly,Pu6=v2BWu;v =W (B),where W (B) is the number of paths of length 2 in G whose extreme verti
es are in B andwhose middle vertex is in A, and Xu6=v2B�Wu;v2 � = S. Then we 
an lower bound S byS = Xu;v2A�Wu;v2 � = Xu;v2A"W 2u;v2 � Wu;v2 # � �Pu;v2AWu;v�22�m2 � �Pu;v2AWu;v2 = (W (A))22�m2 � �W (A)2 :Finally, we have W (A) = Xu2B�Æ(u)2 �, where Æ(u) is the degree of a vertex u in G. Hen
e,W (A) = Xu2B�Æ(u)2 � = Xu2B �Æ(u)22 � Æ(u)2 � � �Pu2B Æ(u)�22n � Pu2B Æ(u)2 = 2E2n �E:We next assume that W (A) � 2�m2 �, whi
h implies that S � (W (A))24(m2 ) . Finally, we assumethat E � n, whi
h implies that W (A) � E2n . Putting it all together, we obtain2S + jKj = 
�S2E � = 
 (W (A))4m4E ! = 
� E7m4n4� :Combining this with the upper bound for jKj, whi
h also holds trivially for S, we obtainE7m4n4 = O(E2);4



or E = O(m4=5n4=5).It remains to handle the 
ases that we have ignored so far. First, if E � n then 
learly Esatis�es the asserted bound. Next, suppose that W (A) � 2�m2 �. Sin
e W (A) =Pu2B �Æ(u)2 �,we obtainE = Xu2B Æ(u) � n+ Xu2B; Æ(u)�1(Æ(u)�1) = O24n+ Xu2B�Æ(u)2 �!1=2 � n1=235 = O(mn1=2+n):Note that by inter
hanging the roles of A and B, we may also assume that E � m and thatW (B) � 2�n2�. Otherwise we get, as above, E = O(nm1=2 +m).Finally, assume that neither of these inequalities hold but thatXe2G2Ee > 12Xe2GEe = 2S:We have Xe2G2Ee < 8 Xe2G2(Ae +Be) � 8Xe2G(Ae +Be) = 16(W (A) +W (B));where the last equality is easily veri�ed. Hen
e, S < 8(W (A) +W (B)). Suppose, withoutloss of generality, that W (B) �W (A), so S < 16W (A). This impliesS = Xu;v2A�Wu;v2 � = Xu;v2A"W 2u;v2 � Wu;v2 # � Xu;v2A 16Wu;v;In other words, we have Xu;v2AW 2u;v = O(W (A));whi
h, using the Cau
hy-S
hwarz inequality, implies thatW (A) = Xu;v2AWu;v � �m2�1=2 �0� Xu;v2AW 2u;v1A1=2 = O(m(W (A))1=2);or W (A) = O(m2). Sin
e we assume that E � n, we have W (A) � E2n , implying thatE = O(mn1=2). The 
omplementary 
aseW (A) �W (B) yields, in a fully symmetri
 manner,E = O(m1=2n).We have thus 
ompleted the proof of Theorem 2.1. 2The general 
ase is now a straightforward 
orollary:Corollary 2.3 A graph with n verti
es that does not 
ontain Q has O(n8=5) edges.
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3 A GeneralizationIn this se
tion we generalize the method presented in Se
tion 2 to bound the Turan numberof more general families of graphs.Let k � m be positive integers. Let A1; A2; B1; B2 be four pairwise disjoint sets, so thatjA1j = jB1j = k and jA2j = jB2j = m. De�ne Qk;m to be a bipartite graph whose set ofedges is (A1 � B2) [ (A2 � B1) [M1 [M2, where Mi is a perfe
t bipartite mat
hing inAi � Bi, for i = 1; 2. It is easily 
he
ked that Q2;2 = Q. The following theorem boundsthe Turan number of Qk;m, but only for graphs that satisfy an additional assumption (forsimpli
ity of presentation, we do not 
onsider the bipartite version of this 
ase):Theorem 3.1 Let 2 � k � m be positive integers, and let G be a graph on n verti
es whi
hdoes not 
ontain a 
opy of Qk;m, and also does not 
ontain a 
opy of Kk+1;k+1. Then Ghas at most O(n 4k2k+1 ) edges.Proof: Note �rst that the number of edges of a graph that satis�es only the se
ond as-sumption of the theorem is O(n2� 1k+1 ), and that this bound stri
tly dominates the boundasserted in the theorem, so the �rst assumption is non-redundant for the asserted bound.Again, we assume without loss of generality that G is a bipartite graph. We de�ne a
on�guration to be a (2k + 2)-tuple (u; v; a1; : : : ; ak; b1; : : : ; bk) of distin
t verti
es of G, sothat (u; v), and (ai; bi), (ai; u), (bi; v), for i = 1; : : : ; k, are all edges of G,We say that a 2k-tuple (a1; : : : ; ak; b1; : : : ; bk) of distin
t verti
es is tame if (a1; b1); : : : ; (ak; bk)are all edges ofG, and there are at most 2km edges (u; v) inG su
h that (u; v; a1; : : : ; ak; b1; : : : ; bk)is a 
on�guration. Every su
h 
on�guration will be 
alled a tame 
on�guration. The proofpro
eeds along the same lines as in the proof of Theorem 2.1, but is a
tually simpler be-
ause of the se
ond assumption of the theorem. It pro
eeds by e�e
tively showing that all
on�gurations are tame.Let E denote the number of edges of G, and let N denote the number of tame 
on�gu-rations. An easy upper bound for N is 2kmEk = O(Ek).We next obtain a lower bound for N . We �x an edge (u; v) of G and de�ne Ge exa
tlyas in Se
tion 2, namely, its verti
es are the neighbors of u and the neighbors of v in G, andits edges are the edges of G that 
onne
t the neighbors of u to the neighbors of v. De�ne,as above, Ve and Ee to be the number of verti
es and edges of Ge, respe
tively.We 
laim that any mat
hing of size k in Ge gives rise to a tame 
on�guration. Indeed,let (a1; b1); : : : ; (ak; bk) be su
h a mat
hing, and 
onsider all the edges (ui; vi) (in
luding(u; v)), so that (ui; vi; a1; : : : ; ak; b1; : : : ; bk) is a 
on�guration; note that the edges (aj ; bj)are distin
t and vertex-disjoint.Among the edges (ui; vi) one 
annot �nd a mat
hing of size m, be
ause su
h a mat
hingwould have indu
ed a 
opy of Qk;m in G. On the other hand, there 
an be at most k indi
es iwith a 
ommon vi, and at most k indi
es with a 
ommon ui. Indeed, assume, without loss ofgenerality, that v1 = � � � = vk+1. Then A = fu1; : : : ; uk+1g and B = fb1; : : : ; bk; v1g indu
ea 
opy of Kk+1;k+1 in G, 
ontrary to assumption. Now take a maximum mat
hing amongthe edges (ui; vi); its size is at most m � 1, and we may write it as (u1; v1); : : : ; (uj ; vj),for some j � m � 1. Any other edge (ui; vi) must be in
ident to one of the 2j verti
es6



u1; : : : ; uj ; v1; : : : ; vj , and ea
h of these verti
es is in
ident to at most (k�1) su
h additionaledges, for a total of at most j+2j(k�1) � (m�1)(2k�1) < 2km. In other words, we haveshown that, for any 
hoi
e of a mat
hing of size k from Ge, the 
orresponding 
on�guration(u; v; a1; : : : ; ak; b1; : : : ; bk) is tame.The number of ways to pi
k k distin
t and vertex-disjoint edges from Ge is at leastEe(Ee � Ve)(Ee � 2Ve) � � � (Ee � (k � 1)Ve)k! > (Ee � (k � 1)Ve)kk! ;assuming that Ee � (k � 1)Ve.The total number N of tame 
on�gurations satis�es, using H�older's inequality,N � 1k! XejEe>(k�1)Ve(Ee � (k � 1)Ve)k � �PejEe>(k�1)Ve(Ee � (k � 1)Ve)�kk!Ek�1 :Arguing as before, one has PeEe = 4S, where S is the number of C4's in G, and Pe Ve =2W , where W is the number of paths of length 2 in G. Let us assume that S � (k � 1)W .Then we haveXejEe>(k�1)Ve(Ee � (k � 1)Ve) �Xe (Ee � (k � 1)Ve) = 4S � 2(k � 1)W � 2S;and thus N � (2S)kk!Ek�1 :Using the analysis in the previous se
tion we obtain, assuming E � n and W � 2�n2�, thatS = 
(E4=n4). Thus, N = 
(E3k+1=n4k). Combining this with the upper bound O(Ek),we get E = O(n 4k2k+1 ).The remaining 
ases E < n, W < 2�n2�, or S < (k � 1)W , are analyzed in a mannersimilar to that in Se
tion 2. (Re
all that these 
ases yield the bound E = O(n3=2), whi
his dominated by the bound asserted in the theorem, provided that k � 2.) 2Remarks: (1) We do not know whether Theorem 3.1 also holds without the assumptionthat G does not 
ontain Kk+1;k+1.(2) The approa
h of [1℄ seems in
apable of obtaining this bound.Referen
es[1℄ P. Erd}os and M. Simonovits, Some extremal problems in graph theory, Combinato-rial Theory and Its Appli
ations 1 (Pro
. Colloq. Balatonf�ured, 1969), North Holland,Amsterdam, 1970, pp. 377{390.
7


