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tLet P be a set of n points in general position in the plane. Let Xk(P ) denote thenumber of empty 
onvex k-gons determined by P . We derive, using elementary proofte
hniques, several equalities and inequalities involving the quantitiesXk(P ) and severalrelated quantities. Most of these equalities and inequalities are new, ex
ept for a few thathave been proved earlier using a 
onsiderably more 
omplex ma
hinery frommatroid andpolytope theory, and algebrai
 topology. Some of these relationships are also extendedto higher dimensions. We present several impli
ations of these relationships, and dis
usstheir 
onne
tion with several long-standing open problems, the most notorious of whi
his the existen
e of an empty 
onvex hexagon in any point set with suÆ
iently manypoints.1 Introdu
tionLet P be a set of n points in general position in the plane. How many empty 
onvex k-gonsmust P always determine, for k = 3; 4; 5; : : :? The interest in this 
lass of problems aroseafter Horton had shown 20 years ago [17℄ that there exist sets of arbitrarily large size thatdo not 
ontain empty 
onvex 7-gons (and thus no empty 
onvex k-gons for any k � 7). It isstill a notoriously hard open problem whether every set with suÆ
iently many points must
ontain an empty 
onvex hexagon. The size of the largest known set that does not 
ontainan empty 
onvex hexagon is 29, as found by Overmars [22℄ (see also [23℄). In this paper wedevelop ma
hinery that might be useful for ta
kling this problem.In 
ontrast, any set with suÆ
iently many points must 
ontain many empty triangles,
onvex quadrilaterals, and 
onvex pentagons. Spe
i�
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shown that any n-point set must determine at least n2�O(n log n) empty triangles, at least12n2�O(n logn) empty 
onvex quadrilaterals, and at least bn=10
 empty 
onvex pentagons,where the latter bound 
an be improved to b(n� 4)=6
 (see [4℄). The bound on the numberof empty 
onvex pentagons follows from a result of Harborth [15℄, whi
h shows that amongany 10 points there are 5 that form an empty 
onvex pentagon. Three interrelated openproblems (see [4℄) are to show that(P3) the number of empty triangles is always at least (1 + 
)n2, for some 
onstant 
 > 0,(P4) the number of empty 
onvex quadrilaterals is always at least �12 + 
�n2, for some
onstant 
 > 0, and(P5) the number of empty 
onvex pentagons is always at least 
n2, for some 
onstant
 > 0.In general, the lower bounds 
annot be super-quadrati
, as has been noted in several papers[5, 8℄. The 
onstru
tion with the best upper bounds is due to B�ar�any and Valtr [5℄; it pro-du
es n-point sets with roughly 1:62n2 empty triangles, 1:94n2 empty 
onvex quadrilaterals,1:02n2 empty 
onvex pentagons, and 0:2n2 empty 
onvex hexagons. Both 
onstru
tions in[5, 8℄ use Horton's 
onstru
tion as the main building blo
k.In this paper we obtain a variety of results 
on
erning the number of empty 
onvexpolygons in planar point sets (and of empty 
onvex polytopes in higher dimensions). Our�rst set of results 
onsists of linear equalities in the numbers Xk(P ) of empty 
onvex k-gonsin an n-element planar point set P , for k = 3; 4; 5; : : :. All these equalities involve thealternating sums M0(P ) =Xk�3(�1)k+1Xk(P ); andMr(P ) =Xk�3(�1)k+1 kr�k � r � 1r � 1 �Xk(P ); for r � 1;and express these sums in 
losed form, relating them to 
ertain geometri
 parameters ofthe point set P . We refer to Mr(P ) as the r-th alternating moment of fXk(P )gk�3. The
oeÆ
ient of Xk(P ) in the expression forMr(P ) is the number of ways to 
hoose r elementsfrom a 
ir
ular list of k elements, so that no two adja
ent elements are 
hosen.1For example, we show thatM0(P ) = �n2�� n+ 1;M1(P ) = Xk�3(�1)k+1kXk(P ) = 2�n2��H(P );M2(P ) = Xk�4(�1)k+1k(k � 3)2 Xk(P ) = �T2(P );where H(P ) is the number of edges of the 
onvex hull of P , and where T2(P ) is the numberof pairs of edges ab; 
d, that are delimited by four distin
t points of P , lie in 
onvex position,1This is known as Cayley's problem; see, e.g., Exer
ise 2.3.23 in [21℄.2



and are su
h that the wedge bounded by their supporting lines and 
ontaining both of themdoes not 
ontain any point of P in its interior. See Figure 2(i).In fa
t, our general bound 
an be written as follows. Set X0(P ) = 1, X1(P ) = n, andX2(P ) = �n2 �. Intuitively, this says that the empty set is regarded as an empty 
onvex0-gon, ea
h point of P is regarded as an empty 
onvex 1-gon, and ea
h edge spanned byP is regarded as an empty 
onvex 2-gon. De�ne Tr(P ), for r � 2, to be the number ofr-tuples of vertex-disjoint edges e1; : : : ; er spanned by P that lie in 
onvex position, and aresu
h that the region �(e1; : : : ; er), formed by the interse
tion of the r halfplanes that arebounded by the lines supporting e1; : : : ; er and 
ontaining the other edges, has no point ofP in its interior. See Figure 3. We also extend this de�nition by putting T0(P ) = 0 andT1(P ) = H(P ). Then our equalities 
an be written in the formM�r (P ) := Xk�2r(�1)k kr�k � r � 1r � 1 �Xk(P ) = Tr(P );for ea
h r � 0. However, we will use the former set of expressions, be
ause the resultinganalysis is somewhat more natural, and also be
auseM0 andM1 have been used in previousworks. We note that although we will 
onsider sets of points in general position, a moredeli
ate analysis 
an show that the same arguments are valid to sets of points in degenerateposition as well (see Se
tion 6 for more details).The �rst equality (for M0(P )), given in Theorem 2.1 (as well as its extension to higherdimensions|see below), has been earlier obtained by Edelman and Jamison in their surveyon 
onvex geometries [9℄ (
ited as an unpublished result of J. Lawren
e, and independentlyproven by the authors), and it also follows from a more general re
ent result of Edelman etal. [11℄. The se
ond equality (for M1(P )), given in Theorem 2.2 below, has been re
entlyobtained by Ahrens et al. [1℄, using tools from matroid/greedoid theory spe
i�
 to the
onvex geometry de�ned by point sets in the plane. Nevertheless, they present elementarygeometri
 arguments (yet di�erent from those in the present note). (A
tually, the quantityM1 + n � 2�n2 �, whi
h, by Theorem 2.2, is equal to the number of points of P interiorto its 
onvex hull, is known as Crapo's beta invariant for 
onvex geometries arising fromEu
lidean point 
on�gurations in a d-dimensional spa
e.) Ahrens et al. 
onje
tured theextension of Theorem 2.2 to higher dimensions, as formulated in Theorem 4.2 below, andthis was later proved by Edelman and Reiner [10℄, using tools from algebrai
 topology, andindependently by Klain [20℄, using the theory of valuations on latti
es of high-dimensionalpolytopes.In 
ontrast, our proofs are simple and elementary, and 
an be extended to derive theentire system of equalities for all the moments Mr(P ). This is done in Theorem 2.3. Asimilar proof te
hnique applies also to point sets in higher dimensions, and we demonstratethis extension in Theorems 4.1 and 4.2. (As just dis
ussed, these theorems, whi
h extendTheorems 2.1 and 2.2 to higher dimensions, were already obtained in [9, 10, 20℄, with 
onsid-erably more 
ompli
ated proofs.) However, the proof te
hnique for higher-order momentsdoes not extend so far to higher dimensions. We have re
ently learned that Valtr, in anunpublished work [26℄, has also proved Theorems 2.1 and 2.2 using arguments similar toours.As far as we 
an tell, bounding T2(P ) (or, for that matter, Tr(P ) for any r � 3) is aproblem that has not been 
onsidered before, and we regard it as a signi�
ant by-produ
t3



of our paper, to highlight this problem and to provide 
ompelling motivation for its study(this motivation will be dis
ussed in more detail later).We show that T2(P ) � n(n� 1)� 2H(P ) (Theorem 3.1). Our analysis shows that anyupper bound on T2(P ) of the form (1�
)n2, for any �xed 
 > 0, will yield improved boundsfor all three open problems (P3){(P5) mentioned above (although it does not seem to implythe existen
e of an empty 
onvex hexagon).An even more interesting problem is to bound the number T �2 (P ) of 
onvex emptyquadrilaterals that 
annot be extended into a 
onvex empty pentagon by adding a vertexfrom P . Note that a quadrilateral ab
d is 
ounted in T �2 (P ) if and only if both pairs ofopposite edges are T2-
on�gurations; see Figure 2(ii). We show that T �2 (P ) � �n2 ��H(P ).We also establish several inequalities that involve T �2 (P ) and the Xk(P )'s, and use them toshow that any upper bound on T �2 (P ) of the form �12 � 
�n2, for any �xed 
 > 0, will yieldimproved lower bounds for Xk(P ), for k = 3; 4; 5; 6, that are related to problems (P3){(P5).We also provide the worst-
ase lower bounds 34n2 � O(n) for T2(P ), and 14n2 � O(n) forT �2 (P ).Next, we derive inequalities involving the quantities Xk(P ). The main group of inequal-ities are related to the moments Mr(P ). They assert that all the tails of the series de�ningMr(P ) are non-negative, for any r � 0. More pre
isely, we haveXt(P )�Xt+1(P ) +Xt+2(P )� � � � � 0;tXt(P )� (t+ 1)Xt+1(P ) + (t+ 2)Xt+2(P )� � � � � 0;for any t � 3, andtr� t� r � 1r � 1 �Xt(P )� t+ 1r � t� rr � 1�Xt+1(P ) + t+ 2r � t� r + 1r � 1 �Xt+2(P )� � � � � 0;for r � 2 and for any t � 2r.Combining these inequalities with the 
losed-form expressions for the full series, weobtain equivalent inequalities involving pre�xes of these series. For example, we obtain thatX3(P )�X4(P )+ � � ��Xt(P ) � �n2 ��n+1 when t � 4 is even, and X3(P )�X4(P )+ � � �+Xt(P ) � �n2 �� n+ 1 when t � 3 is odd.Another 
olle
tion of inequalities involves the �rst three numbers X3(P );X4(P );X5(P ).Many, but not all of them, are obtained as dire
t impli
ations of the pre�x inequalitiesnoted above. The most signi�
ant among them areX4(P ) � X3(P )� n22 �O(n); andX5(P ) � X3(P )� n2 �O(n):They provide a strong 
onne
tion (stronger than the one noted in [4℄) between the threeproblems (P3){(P5). In parti
ular, the 
onstants 
 in (P4) and (P5) are at least as large asthe 
onstant in (P3). In addition, we derive similar inequalities that also involve T2(P ) andT �2 (P ), and show, as promised above, that any upper bound on T2(P ) of the form (1� 
)n2would solve the three problems (P3){(P5), and that a similar improvement in the upperbound for T �2 (P ) would have similar impli
ations.4



In spite of all the equalities and inequalities that we have derived in this paper, theproblems (P3){(P5), as well as the problem of the existen
e of an empty 
onvex hexagon,remain open. Nevertheless, it is our hope that the te
hniques that we have developed willeventually fa
ilitate progress on these hard problems.2 The Ve
tor of Empty Convex Polygons and its MomentsLet P be a set of n points in the plane in general position. For ea
h k � 3, let Xk(P )denote the number of empty 
onvex k-gons spanned by P . Re
all that the r-th alternatingmoment of P , for any r � 0, is de�ned asM0(P ) =Xk�3(�1)k+1Xk(P ); andMr(P ) =Xk�3(�1)k+1 kr�k � r � 1r � 1 �Xk(P ); for r � 1:In this se
tion we derive expli
it expressions for all these moments. To simplify our no-tations, we will usually drop P from them, and write Xk(P ) simply as Xk, and Mr(P )as Mr (and similarly for the other notations H(P ), T2(P ), et
.). The expressions for M0(Theorem 2.1) and for M1 (Theorem 2.2) are already known [1, 9, 10, 20℄. However, asdis
ussed in the introdu
tion, the proofs in [1, 9, 10, 20℄ are 
onsiderably more involved anddo not use elementary 
ombinatorial te
hniques. In 
ontrast, our proofs are mu
h simplerand elementary. The expressions for the Mr with r � 2 (Theorem 2.3) are new, with thesame elementary proof te
hnique.Theorem 2.1. M0 = �n2 �� n+ 1.Proof: We 
laim that any 
ontinuous motion of the points of P whi
h is suÆ
iently generi
does not 
hange the value of M0. By \suÆ
iently generi
" we mean that the points of Premain distin
t and in general position during the motion, ex
ept at a �nite number of
riti
al times where exa
tly one triple of points be
omes 
ollinear. Clearly, until su
h a
ollinearity o

urs, M0 does not 
hange.Suppose that p; q; r 2 P be
ome 
ollinear, with r lying between p and q. The only
onvex polygons spanned by P whose emptiness (or 
onvexity) status may 
hange are thosethat have both p and q (and possibly also r) as verti
es, either just before or just after the
ollinearity. Let Q be su
h a 
onvex k-gon that does not have r as a vertex. See Figure 1.If Q was empty before the 
ollinearity and r is about to enter Q, then Q stops being empty,and the (k + 1)-gon Q0, obtained by repla
ing the edge pq of Q by the polygonal path prq,whi
h was 
onvex and empty just before the 
ollinearity, stops being 
onvex. Sin
e the sizesof Q and of Q0 di�er by 1, their 
ombined 
ontribution to M0 is 0 before the 
ollinearityand 0 afterwards, so they do not a�e
t the value of M0. Symmetri
ally, if r is about to exitQ and is the only point in Q before the 
ollinearity, then Q be
omes newly empty, and Q0be
omes newly 
onvex and empty. Again, this does not a�e
t the value of M0. There is noother kind of events that may a�e
t the value of M0 at this 
riti
al 
on�guration.We may thus obtain the value of M0 by 
omputing it for the 
ase where P is in 
onvexposition. In this 
ase, we have Xk = �nk �, for any k � 3. Hen
e,M0 = �n3�� �n4�+ �n5�� � � � = �n2�� n+ 1;5



p qrQ p Qr q
Figure 1: The 
ontinuous motion argument in the proof of Theorem 2.1.as asserted. �In other words,M0 does not depend on the shape of P but only on its size. The situationis not as simple for higher-order alternating moments, although it is still reasonably under
ontrol:Theorem 2.2. M1 = 2�n2 ��H, where H is the number of edges of the 
onvex hull of P .Proof: Fix a dire
ted edge e = pq whose endpoints belong to P , and de�ne, for ea
h k � 3,Xk(e) to be the number of empty 
onvex k-gons that 
ontain e as an edge and lie to theleft of e. De�ne M0(e) =Xk�3(�1)k+1Xk(e):It is easy to see that PeM0(e) = 3X3 � 4X4 + 5X5 � � � � = M1. This follows from theobservation that ea
h empty 
onvex k-gon Q is 
ounted exa
tly k times in PeM0(e), on
efor ea
h of its edges. Moreover, arguing as in the proof of Theorem 2.1, the value of M0(e)depends only on the number of points of P that lie to the left of e. This follows by a similar
ontinuous motion argument, in whi
h the points to the left of e move in a suÆ
ientlygeneri
 manner, without 
rossing the line supporting e, while the endpoints of e, as well asthe points on the other side of e, remain �xed. If there are m points to the left of e, thenwhen these points, together with p and q, are in 
onvex position, they satisfyM0(e) = �m1 �� �m2 �+ �m3 �� � � � ;whi
h is 1 if m > 0, and 0 if m = 0, that is, if e is a 
lo
kwise-dire
ted edge of the 
onvexhull of P . Sin
e the total number of dire
ted edges spanned by P is 2�n2 �, it follows thatM1 =Xe M0(e) = 2�n2��H;as asserted. �Theorem 2.3. Mr = �Tr, for any r � 2.Proof: The proof is similar to that of Theorem 2.2. Here we �x r edges e1; : : : ; er thatare spanned by P , have distin
t endpoints, and are in 
onvex position. For ea
h 
hoi
e ofe1; : : : ; er with these properties and for ea
h k � 2r, de�ne Xk(e1; : : : ; er) to be the numberof empty 
onvex k-gons that 
ontain e1; : : : ; er as edges. Note that this de�nition is void6
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Figure 2: (i) A pair of edges (ab; 
d) that is 
ounted in T2: They lie in 
onvex position andde�ne an empty wedge. (ii) A quadrilateral ab
d that is 
ounted in T �2 : Both wedges areempty.for k < 2r. Note also that we do not have to 
onsider e1; : : : ; er as dire
ted edges (as wedid in the proof of Theorem 2.2). De�neM0(e1; : : : ; er) = Xk�2r(�1)k+1Xk(e1; : : : ; er):Then, arguing in 
omplete analogy to the 
ase of M1, it follows from the de�nition of Mrthat Pe1;:::;er M0(e1; : : : ; er) =Mr, where the sum is over all unordered r-tuples of distin
tedges with distin
t endpoints in 
onvex position. This follows from the fa
t that ea
h empty
onvex k-gon Q, for k � 2r, is 
ounted exa
tly kr�k�r�1r�1 � times in Pe1;:::;er M0(e1; : : : ; er),on
e for ea
h (unordered) r-tuple of vertex-disjoint edges of Q.Moreover, as above, the value ofM0(e1; : : : ; er) depends only on the numberm of pointsof P that lie in the region �(e1; : : : ; er), as de�ned in the introdu
tion. Again, this followsby a 
ontinuous motion argument, in whi
h the points in �(e1; : : : ; er) move in a suÆ
ientlygeneri
 manner, without 
rossing any of the lines bounding this region, while the endpointsof e1; : : : ; er, as well as the points of P outside �(e1; : : : ; er), remain �xed. If m is positive,pla
ing at least one of these m points in the interior of the 
onvex hull of e1; : : : ; er showsthat M0(e1; : : : ; er) = 0, and if m = 0 then M0(e1; : : : ; er) = �1, be
ause in this 
ase wehave X2r(e1; : : : ; er) = 1 and Xk(e1; : : : ; er) = 0 for all other values of k. Hen
eMr = Xe1;:::;er M0(e1; : : : ; er) = �Tr;where Tr is as de�ned in the introdu
tion. �Remark: We 
an obtain 
losed-form expressions for any alternating sum of the formPk�3(�1)k+1Cr(k)Xk, where r is an integer, and Cr(k) is a polynomial of degree r in k,by expressing any su
h series as a linear 
ombination of M0;M1; : : : ;Mr. Alternating sumsfor whi
h the 
orresponding linear 
ombination has only non-negative 
oeÆ
ients are ofparti
ular interest, be
ause of the inequalities that we will later derive in Se
tion 5, whi
hwill then yield similar inequalities for the new sums too.7



e1
e2 e3�(e1; e2; e3)

Figure 3: A T3-
on�guration.Some initial impli
ations. One 
an solve the linear equations for M0;M1;M2, so as toeliminate X3;X4;X5, and obtain the following three expressions for X3;X4;X5:X3 = 2(n2 � 6n+ 5) + 3H � T2 +Xk�6(�1)k (k � 4)(k � 5)2 Xk;X4 = 52(n2 � 7n+ 6) + 5H � 2T2 +Xk�6(�1)k(k � 3)(k � 5)Xk; (1)X5 = n2 � 7n+ 6 + 2H � T2 +Xk�6(�1)k (k � 3)(k � 4)2 Xk:When X6 = 0 (and thus Xk = 0 for every k � 6), the solution be
omesX3 = 2(n2 � 6n+ 5) + 3H � T2;X4 = 52(n2 � 7n+ 6) + 5H � 2T2; (2)X5 = n2 � 7n+ 6 + 2H � T2:In this 
ase, sin
e X5 � 0, we haveT2 � n2 � 7n+ 6 + 2H � n2 � 5n+ 6:(We will shortly derive a similar bound for T2 that holds in general.) Substituting this inthe expressions for X3;X4, we obtain (using the trivial estimate H � 3)X3 � n2 � 5n+ 4 +H � n2 � 5n+ 7X4 � 12(n2 � 7n+ 6) +H � 12(n2 � 7n+ 12):As mentioned in the introdu
tion, similar lower bounds (with slightly worse lower-orderterms) have been obtained by B�ar�any and F�uredi [3℄ for the general 
ase.Another immediate impli
ation of Theorems 2.1 and 2.2 is the following equality, whi
hholds when X6 = 0. 2X3 �X4 = 5M0 �M1 = (3n� 10)(n � 1)2 +H: (3)8



Remarks. (1) One 
an also 
onsider the elimination of X3;X4;X5;X6 from the fourequations for M0;M1;M2;M3. The resulting equations are:X3 = 2(n2 � 6n+ 5) + 3H � T2 + T3 +Xk�7(�1)k+1 (k � 4)(k � 5)(k � 6)12 Xk;X4 = 52(n2 � 7n+ 6) + 5H � 2T2 + 52T3 +Xk�7(�1)k+1 (k � 2)(k � 5)(k � 6)4 Xk; (4)X5 = n2 � 7n+ 6 + 2H � T2 + 2T3 +Xk�7(�1)k+1 (k � 1)(k � 4)(k � 6)4 Xk;X6 = 12T3 +Xk�7(�1)k+1 k(k � 4)(k � 5)12 Xk:However, this does not lead to any further signi�
ant impli
ation. In parti
ular, so farthis approa
h does not appear to be produ
tive for establishing the existen
e of a 
onvexempty hexagon (in any suÆ
iently large point set). However, sin
e X6 � 12T3, the followinginequality always holds: Xk�7(�1)k+1 k(k � 4)(k � 5)12 Xk � 0:This is the tail of the series for M3, starting with the X7-term. This is a spe
ial 
ase of ageneral family of similar inequalities that we will derive in Se
tion 5.(2) The relation (3) provides a simple and fast one-sided test for the existen
e of an empty
onvex hexagon in a given set P . That is, if the equality does not hold then P 
ontainsan empty 
onvex hexagon. Verifying the equality (3) 
an be done in time 
lose to n4,and perhaps further improvements are also possible. This may be a useful ingredient for aprogram that sear
hes for sets that do not 
ontain an empty 
onvex hexagon.(3) As shown by Edelman et al. [11℄ (as a spe
ial 
ase of a more general result), one 
an
onstru
t a simpli
ial 
ell 
omplex from the empty 
onvex sets of any �nite point set in Rd ,and show that this 
omplex is homotopy equivalent to a point. This allows us to interpretTheorem 2.1 as the Euler relation on that 
omplex. This 
onne
tion between 
onvex emptypolygons spanned by a point set and simpli
ial 
omplexes deserves further study.3 An Upper Bound for T2 and Related BoundsAn upper bound for T2.Theorem 3.1. T2 � n(n� 1)� 2H.Proof: Let au and bv be two segments with distin
t endpoints a; b; u; v 2 P and in 
onvexposition, so that the 
lo
kwise order of their endpoints along their 
onvex hull is eithera; u; b; v or a; v; b; u. Assume that this pair of edges forms an empty wedge, that is, (au; bv)forms a T2-
on�guration. Assuming a generi
 
oordinate system, we 
harge this 
on�gu-ration to the diagonal (ab or uv) whose right endpoint is the rightmost among a; u; b; v.Assume that this diagonal is ab and that a is its right endpoint, as illustrated in Figure 4.9



au
vb

Figure 4: A T2-
on�guration and the 
harged diagonal ab.In the 
on�guration depi
ted in the �gure, ~au lies 
ounter
lo
kwise to ~ab, and ~bv lies
ounter
lo
kwise to ~ba. The segment ab 
an also be 
harged by 
on�gurations for whi
h ~aulies 
lo
kwise to ~ab, and ~bv lies 
lo
kwise to ~ba. We refer to the �rst type of 
on�gurationsas 
ounter
lo
kwise 
harges (of the 
on�guration to ab), and to the se
ond type as 
lo
kwise
harges.We 
laim that a segment ab 
an re
eive at most one 
lo
kwise 
harge and at most one
ounter
lo
kwise 
harge by a T2-
on�guration of whi
h it is the diagonal with the rightmostright endpoint. In addition, segments ab that are edges of the 
onvex hull of P 
annotre
eive any 
harge. The 
laim thus implies thatT2 � 2��n2��H� = n(n� 1)� 2H:In the proof of the 
laim, we assume to the 
ontrary that ab re
eives two, say, 
ounter
lo
k-wise 
harges, and denote the two 
harging 
on�gurations as (au; bv), (au0; bv0). It is easilyveri�ed that u 6= u0 and v 6= v0 (in fa
t it is enough to verify that u 6= u0 or v 6= v0).
a

b
u0 H1H2v0v
Figure 5: v has to lie in H1.The halfplane H1 to the right of ~au0 has to 
ontain v, be
ause u0 and v lie to the leftof a, and H1 
ontains b. See Figure 5. Hen
e, the halfplane H2 to the right of ~bv0 
annot
ontain v (or else v would lie in the wedge determined by au0 and bv0). Sin
e H2 
ontainsa, v0 must lie in the wedge between ~ba and ~bv, and sin
e v0 lies to the left of a, it must liein the wedge determined by au and bv, a 
ontradi
tion. �10



Attempting to improve the bound. An attempt to strengthen Theorem 3.1 pro
eedsas follows. Let ab be an edge that re
eives both a 
lo
kwise 
harge and a 
ounter
lo
kwise
harge as the diagonal with the rightmost endpoint in two respe
tive T2-
on�gurations(au; bv), (au0; bv0). It is easily seen that au and bv0 must 
ross ea
h other (in
luding thepossibility that u = v0), and similarly for au0 and bv.We obtain either the situation shown in Figure 6(a), in whi
h a; v0; u; b; u0; v form a
onvex hexagon, or the situation in Figure 6(b), in whi
h a; v0; u; b; v and a; v0; b; u0; v are
onvex pentagons, or the situations in Figure 6(
,d) dis
ussed below.Indeed, we �rst 
laim that the line `vv0 that supports vv0 separates a and b. This followssin
e both v and v0 lie to the left of a and on di�erent sides of ab. The only situation inwhi
h `vv0 does not separate a and b is when the quadrilateral av0bv is not 
onvex at b,as shown in Figure 7. But then, sin
e au and bv0 interse
t, aubv would not be 
onvex, a
ontradi
tion that implies the 
laim.
bu u0

v0
v

v0 v
(a) u0bu

(b)
a a u v ab (
)

u
u0 vb a

(d)Figure 6: The various 
ases in the re�ned analysis of T2.
au

v
v0 b

`vv0Figure 7: Showing that `vv0 must separate a and b.Now the situation depends on whether the line `uu0 that supports uu0 separates a and b.If it does (as shown in Figure 6(a)) then we get a 
onvex hexagon. If `uu0 does not separatea and b (as shown in Figure 6(b)) then we get the above two 
onvex pentagons. It is alsopossible that either u = v0 or v = u0 or both; see Figure 6(
,d). If both 
oin
iden
es o

ur11



(Figure 6(
)), aubv is an empty 
onvex quadrilateral that 
annot be extended to an empty
onvex pentagon, so it forms a T �2 -
on�guration. If only one of these 
oin
iden
es o

urs,say u = v0 (Figure 6(d)), then aubu0v is a 
onvex pentagon.Although the 
onvex hexagon in 
ase (a), or the two 
onvex pentagons in 
ase (b), or thesingle 
onvex pentagon in 
ase (d), need not be empty, we 
laim that they 
an be repla
edby empty ones. Consider for example the situation in Figure 6(a), reprodu
ed in Figure 8.Any point of P that is interior to av0ubu0v must lie in one of the triangles �(uxv0) and�(vyu0) (where x is the interse
tion point of the segments [b; v0℄ and [a; u℄, and y is theinterse
tion point of [b; v℄ and [a; u0℄). Suppose that �(uxv0) does 
ontain a point of P inits interior, and 
onsider the 
onvex hull of all the points of P in �(uxv0). Let u00v00 be anyedge of that hull, other than v0u. Apply a symmetri
 argument to �(vyu0) to obtain anedge u000v000 of the 
orresponding hull (assuming it to be nonempty). It is now easy to 
he
kthat av00u00bu000v000 is an empty 
onvex hexagon, having ab as a main diagonal and a as therightmost vertex, and we 
harge our T2-
on�guration to this hexagon. (The 
ases whereone of the two hulls in �(uxv0) and �(vyu0) is empty, or both are empty, are handled inexa
tly the same manner.)
yu0

x av0
vbu

Figure 8: Charging the 
on�guration in 
ase (a) to an empty hexagon.In a 
ompletely analogous manner, any of the pentagons in 
ases (b) and (d), if nonempty,
an be repla
ed by an empty 
onvex pentagon that has ab as a diagonal and a as the right-most vertex.This analysis allows us to \redire
t" one of the 
lo
kwise and 
ounter
lo
kwise 
hargesmade to ab, to the resulting empty hexagon, to the one or two resulting empty pentagons,or to a T �2 -
on�guration. Clearly, ea
h empty hexagon is 
harged in this manner at moston
e (be
ause it has only one main diagonal that emanates from its rightmost vertex), ea
hempty pentagon is 
harged at most twi
e (on
e for ea
h of the two diagonals that emanatefrom its rightmost vertex), and ea
h T �2 -
on�guration is 
harged on
e. We thus 
on
lude:T2 � �n2��H + 2X5 +X6 + T �2 : (5)An interesting 
onsequen
e of (5) is the following result, obtained by plugging (5) into theexpression for X5 in (1): 12



Corollary 3.2.X5 � 13�n2 � 13n+ 122 + 3H �X6 � T �2 �Xk�6(�1)k+1 (k � 3)(k � 4)2 Xk�:In parti
ular, if X7 = 0 thenX5 � 13�n2 � 13n+ 122 + 3H + 2X6 � T �2 �:Thus, any upper bound for T �2 that is signi�
antly smaller than �n2 � (
ompare with (6)below) would result in a quadrati
 lower bound for X5 for point sets with no empty 
onvexheptagons, su
h as the Horton sets. Later, in Se
tion 5, we will obtain a similar result,without having to assume that X7 = 0.An easy upper bound (in view of the proof of Theorem 3.1) for T �2 isT �2 (P ) � 12T2(P ) � �n2��H: (6)As already mentioned, we will later show that improving the 
onstant in the quadrati
 termin this bound would lead to improved lower bounds involving X3;X4, and X5, and severalother impli
ations. An observation that perhaps makes the analysis of T �2 parti
ularlyinteresting is that T �2 (P ) = 0 when P is a set of n � 5 points in 
onvex position. In otherwords, in the situation where the parameters Xk(P ) attain their maximum values, T �2 (P )attains its minimum value 0.Lower bounds. Figure 9 depi
ts a set P of an even number n of points for whi
h T �2 (P ) =14(n � 2)2 and T2(P ) = 12(n � 2)2 + 14(n� 4)(n � 6) = 34n2 � 92n+ 8: There are 14(n� 2)2quadrilaterals spanned by a pair of edges, one on the lower hull of the points on the upper
urve and one on the upper hull of the points on the lower 
urve. Ea
h su
h quadrilateralgives rise to one T �2 -
on�guration and to two T2-
on�gurations. In addition, ea
h 
hain hasn2 � 1 edges, and every vertex-disjoint pair of them yields a T2-
on�guration, for a total of2 � � n2 � 22 � = 14(n� 4)(n� 6)additional T2-
on�gurations.

Figure 9: Lower bounds for T2 and T �2 .13



4 Higher DimensionsWe next show that Theorems 2.1 and 2.2 
an be extended to point sets in any dimensiond � 3.Let P be a set of n points in Rd in general position. For ea
h k � d+1, let Xk = Xk(P )denote the number of empty 
onvex k-vertex polytopes spanned by P ; these are 
onvexpolytopes with k verti
es, all belonging to P , su
h that their interiors 
ontain no point ofP . Similarly to the planar 
ase, de�ne the r-th alternating moment of P , this time only forr = 0; 1, to be M0 =M0(P ) = Xk�d+1(�1)k+d+1Xk;M1 =M1(P ) = Xk�d+1(�1)k+d+1kXk:It is not 
lear what is the most natural way of de�ning higher-order moments in d-spa
e.Besides, so far our analysis does not extend to higher-order moments.Theorem 4.1. M0 = �nd �� � nd�1�+ � � �+ (�1)d�1n+ (�1)d.Proof: As in the planar 
ase, we 
laim that any 
ontinuous motion of the points of P whi
his suÆ
iently generi
 does not 
hange the value of M0. By \suÆ
iently generi
" we meanhere that the points of P remain distin
t and in general position during the motion, ex
eptat a �nite number of 
riti
al times where d + 1 points get to lie in a 
ommon hyperplane(but do not lie in any 
ommon lower-dimensional 
at), and no other point lies on thishyperplane. Clearly, until su
h a 
riti
ality o

urs, M0 does not 
hange.Suppose that p1; p2; : : : ; pd+1 2 P get to lie in a 
ommon hyperplane h0. By Radon'stheorem, there exists a partition of the set P0 = fp1; : : : ; pd+1g into two nonempty subsetsA[B, so that 
onv(A)\
onv(B) 6= ;. Suppose �rst that neither A nor B is a singleton. We
laim that in this 
ase the set of empty 
onvex polytopes spanned by P does not 
hange,ex
ept that the fa
e latti
es of some of these polytopes may 
hange. This follows from theobservation that, unless A or B is a singleton, P0 is in 
onvex position within h0, sin
e nopoint lies in the 
onvex hull of the other d points.So assume, without loss of generality, that pd+1 be
omes interior to the (d� 1)-simplex� spanned by p1; : : : ; pd. Let K be a 
onvex polytope spanned by P , some of whose verti
esbelong to P0. It 
an be 
he
ked that the only 
ase where the emptiness or 
onvexity of K
an be a�e
ted by the 
riti
al event is when all the points p1; : : : ; pd are verti
es of K, and,with the possible ex
eption of pd+1, it 
ontains no other point of P . Assume that pd+1 is nota vertex of K. Let K 0 denote the polytope obtained by adding pd+1 to K as a vertex, andby repla
ing � by the d simpli
es that 
onne
t pd+1 to the fa
ets of �. Then, if pd+1 
rossesthe relative interior of � into (respe
tively, out of) K then K stops (respe
tively, starts)being empty. Moreover, if K starts being empty, then so does K 0 (whi
h has just be
ome
onvex), and if K stops being empty, then K 0 stops being 
onvex altogether. In either 
ase,we obtain two 
onvex polytopes that di�er in one vertex, whi
h are simultaneously addedto the set of empty 
onvex polytopes or simultaneously removed from that set. In either
ase, M0 does not 
hange. 14



Sin
e M0 does not 
hange during su
h a 
ontinuous motion, it suÆ
es to 
al
ulate itsvalue when P is in 
onvex position. ThusM0 = � nd+ 1��� nd+ 2�+� nd+ 3�� � � � =�nd��� nd� 1�+ � � �+ (�1)d�1n+ (�1)d;as asserted. �In other words, as in the planar 
ase, M0 does not depend on the shape of P but onlyon its size. Next, we generalize Theorem 2.2 to the higher-dimensional 
ase.Theorem 4.2. For a set P of n points in Rd in general position, we haveM1 = d�nd�� (d� 1)� nd� 1�+ : : : + (�1)d+1n+ I;where I is the number of points of P that are interior to the 
onvex hull of P .Proof: Fix an oriented (d�1)-simplex f = p1p2 : : : pd spanned by P , and de�ne Xk(f), forea
h k � d+ 1, to be the number of empty 
onvex k-vertex polytopes that 
ontain f as afa
et and lie in the positive side of f . De�neM0(f) = Xk�d+1(�1)k+d+1Xk(f):Arguing as in the proof of Theorems 2.1 and 4.1, the value ofM0(f) depends only on thenumber of points of P that lie in the positive side of f . This follows by a similar 
ontinuousmotion argument, in whi
h the points in the positive side of f move in a suÆ
iently generi
manner, without 
rossing the hyperplane supporting f , while the verti
es of f , as well asthe points in the negative side of f , remain �xed. If there are m points in the positive sideof f then, when they lie in 
onvex position together with the verti
es of f , they satisfyM0(f) = �m1 �� �m2 �+ �m3 �� � � � ;whi
h is 1 if m > 0, and 0 if m = 0, that is, if f is a negatively-oriented fa
et of the 
onvexhull of P .We perform a suÆ
iently generi
 
ontinuous motion of the points of P , and keep tra
kof the 
hanges in the value of M1 as the points move. We 
laim that the value of M1 � Idoes not 
hange during the motion.Clearly, the set of empty 
onvex polytopes of P does not 
hange until some d+1 pointsof P , say, p1; : : : ; pd+1, get to lie in a 
ommon hyperplane h. Arguing as in the proof ofTheorem 4.1, the set of empty 
onvex polytopes in P 
hanges only if one of the points, saypd+1, lies in the interior of the (d� 1)-simplex f de�ned by p1; : : : ; pd. Observe that as longas this does not happen, I also remains un
hanged. Hen
e, 
onsider a 
riti
al event of theabove kind, and assume that pd+1 
rosses f from its negative side to its positive side. Asargued in the proof of Theorem 4.1, the only 
onvex k-vertex polytopes whose emptinessor 
onvexity status may 
hange at this 
riti
ality are those that have p1; : : : ; pd as verti
es.15



Let K be su
h a k-vertex polytope whi
h does not have pd+1 as a vertex. Then f must bea fa
et of K, for otherwise K would 
ontain pd+1 in its interior both before and after the
rossing of f by pd+1.IfK was empty before the 
rossing, thenK must lie in the positive halfspa
e determinedby f , and it stops being empty after the 
rossing. Moreover, in this 
ase K 0, as de�ned inthe proof of Theorem 4.1, was an empty 
onvex (k + 1)-polytope before the 
rossing, andstops being 
onvex after the 
rossing, so it is no longer 
ounted in M1 after the 
rossing.Therefore, K 
auses ea
h of Xk and Xk+1 to 
hange by �1 , and thus 
auses M1 to 
hangeby �((�1)k+d+1k + (�1)k+d+2(k + 1)) = (�1)k+d+1.If K be
omes empty after the 
rossing, then K lies in the negative halfspa
e determinedby f . Observe that K 
ontained pd+1 in its interior before the 
rossing, and thus was notempty then. Moreover, K 0 is a newly generated empty 
onvex (k + 1)-polytope after the
rossing. Therefore, K 
auses ea
h of Xk and Xk+1 to 
hange by +1 , and thus 
auses M1to 
hange by ((�1)k+d+1k + (�1)k+d+2(k + 1)) = (�1)k+d.It follows that the 
rossing 
auses the value of M1 to 
hange by M0(f+) �M0(f�),where f+ = f and f� is the oppositely oriented 
opy of f , and where both M0(f�) andM0(f+) are 
al
ulated with respe
t to P n fpd+1g.If pd+1 is an internal point of 
onv (P ), both before and after the 
rossing, then thereare points of P nfpd+1g on both sides of f , so that bothM0(f�) andM0(f+) are 1, implyingthat M1 remains un
hanged by the 
rossing, and 
learly so does I. Hen
e M1 � I remainsun
hanged.If pd+1 was an extreme point of P before the 
rossing, then there are points of P nfpd+1gonly on the positive side of f or on f itself. Hen
e we have M0(f�) = 0 and M0(f+) = 1and so M1 in
reases by 1. However, I also in
reases at the same time by 1 sin
e pd+1be
omes an interior point after the 
rossing (we ignore the easy 
ase where P is a simplexin Rd). Therefore, M1 � I remains un
hanged in this 
ase too. A 
ompletely symmetri
analysis handles the 
ase where pd+1 be
omes an extreme point of P after the 
rossing.It is easy to 
he
k that if the points of P are in 
onvex position then I = 0 andM1 = d�nd �� (d� 1)� nd�1�+ : : :+ (�1)d+1n. This 
ompletes the proof of the theorem. �Remarks: (1) An interesting open problem is to extend Theorems 4.1 and 4.2 to higher-order moments. The 
urrent proof te
hnique does not seem to yield su
h an extension.(2) Consider the following variant of the problem, in whi
h Xk(P ) is the number of empty
onvex polytopes spanned by P that have k fa
ets (rather than k verti
es). Can one obtainequalities similar to those in Theorems 4.1 and 4.2 for this setup? In the plane, any polygonwith k verti
es also has k edges (fa
ets), and vi
e versa. In three dimensions, assuminggeneral position, the number of fa
ets is always 2k � 4, where k is the number of verti
es.Hen
e, Theorems 4.1 and 4.2 extend easily to the 
ase where we 
ount k-fa
et empty 
onvexpolytopes. However, in higher dimensions, the 
onne
tion between the number of verti
esand the number of fa
ets of a 
onvex polytope is mu
h less 
onstrained; see, e.g., [27℄.
16



5 Inequalities Involving the Xk'sIn this se
tion we derive a variety of inequalities that involve the parameters Xk(P ). Themain 
olle
tion of inequalities involves tails and pre�xes of the series that de�ne the momentsM0;M1; : : :. For simpli
ity of presentation, we �rst 
onsider inequalities related to M0 andM1, and then study the general 
ase involving Mr, for r � 2.5.1 Head and tail inequalities for M0 and M1Theorem 5.1. For any �nite point-set P in general position in the plane, and for ea
ht � 3, we have Xt(P )�Xt+1(P ) +Xt+2(P )� � � � � 0; (7)tXt(P )� (t+ 1)Xt+1(P ) + (t+ 2)Xt+2(P )� � � � � 0;with equality holding, in either 
ase, if and only if Xt(P ) = 0.Re
alling Theorems 2.1 and 2.2, an equivalent formulation of the theorem is given byTheorem 5.2. For any �nite point-set P in general position in the plane, we have, forea
h t � 3 odd, X3(P )�X4(P ) +X5(P )� � � �+Xt(P ) � �n2�� n+ 1; (8)3X3(P )� 4X4(P ) + 5X5(P )� � � �+ tXt(P ) � 2�n2��H;and for ea
h t � 4 even,X3(P )�X4(P ) +X5(P )� � � � �Xt(P ) � �n2�� n+ 1; (9)3X3(P )� 4X4(P ) + 5X5(P )� � � � � tXt(P ) � 2�n2��H;with equality holding, in either 
ase, if and only if Xt+1(P ) = 0.We will prove the latter Theorem 5.2. The proof is based on the following lemma.Lemma 5.3. Let p; q 2 P be two distin
t points, and let e = ~pq be the dire
ted segment thatthey span. Assume that there is at least one point of P to the left of e. For ea
h k � 3, letXk(e) denote the number of empty 
onvex k-gons that are 
ontained in the 
losed halfplaneto the left of e, and have e as an edge. Then X3(e) �X4(e) + � � � �Xt(e) � 1, if t � 4 iseven, and X3(e)�X4(e) + � � �+Xt(e) � 1, if t � 3 is odd. Moreover, in both 
ases equalityholds if and only if Xt+1(e) = 0.Proof: First, we have shown in the proof of Theorem 2.2 that the \in�nite" sum X3(e)�X4(e) +X5(e) � � � � = 1 (for edges e with at least one point of P to their left). Therefore,if Xt+1(e) = 0, then Xj(e) = 0 for all j � t+ 1, and the equality in the lemma follows.We prove the lemma by indu
tion on t. For t = 3 we have X3(e) � 1 be
ause there is atleast one point of P to the left of e. Moreover, if X3(e) = 1, then X4(e) = 0, for otherwise17



the two verti
es of an empty 
onvex quadrilateral \sitting" on e would give rise to two emptytriangles sitting on e. The 
onverse argument, that X4(e) = 0 implies X3(e) = 1, will followfrom the treatment of general values of t, given below. Sin
e the indu
tion argument relatesXt to Xt�2, we also need to establish the lemma for t = 4, whi
h will be done shortly, afterpreparing the required ma
hinery.Let t � 4, and assume that the lemma holds for all t0 < t. Let P+pq = fy1; : : : ; ymg denotethe set of all points yi of P that lie to the left of e, and are su
h that the triangle pqyi isempty (note that m = X3(e)). Observe that if K is an empty k-gon that lies to the left ofe and has e as an edge, then the other verti
es of K must belong to P+pq. It is easy to seethat the set P+pq is linearly ordered so that yi � yj if yj lies in the right wedge with apex yiformed by the lines pyi and qyi (i.e., yj lies to the right of the dire
ted lines ~pyi and ~qyi).We assume without loss of generality that the points of P+pq are enumerated as y1; : : : ; ymin this order. See Figure 10.
p qyi yj

Wij
e
yi+1 yj�1

Figure 10: The region WijNote �rst that for any i < m, pyiyi+1q is a 
onvex empty quadrilateral. Hen
e we haveX4(e) � X3(e) � 1. In parti
ular, this establishes the inequality asserted in the lemma fort = 4. If X4(e) = X3(e) � 1 then we must have X5(e) = 0, for otherwise we 
an obtain atleast one additional empty 
onvex quadrilateral, involving non-
onse
utive verti
es yi; yj ,from an empty 
onvex pentagon \sitting" on e; see Figure 11.
qp yjyi e

Wijyk
Figure 11: An empty 
onvex pentagon yields an empty 
onvex quadrilateral pyiyjq, withyi; yj non-
onse
utive. 18



For ea
h 1 � i < j � m, let Wij denote the open region formed by the interse
tion ofthe three halfplanes lying respe
tively to the right of ~pyi and to the left of ~yiyj and ~qyj.See Figure 10. Let K be any empty 
onvex k-gon whi
h lies to the left of e and has e asan edge. If K is not a triangle, let yi (respe
tively, yj) be the vertex of K that is adja
entto p (respe
tively, to q). Clearly, pyiyjq forms an empty 
onvex quadrilateral. Moreover,the other verti
es of K belong to P+pq, lie in Wij, and together with yi; yj they form anempty 
onvex (k � 2)-gon. The 
onverse is also true, namely, if pyiyjq is an empty 
onvexquadrilateral, then there is a one-to-one 
orresponden
e between empty 
onvex k-gons inwhi
h yi; p; q; yj are 
onse
utive verti
es (in 
ounter
lo
kwise order), and empty 
onvex(k � 2)-gons formed by points of P+pq \Wij and having yi; yj as (
onse
utive) verti
es. Asa matter of fa
t, in this 
ase the points of P+pq that are 
ontained in Wij are pre
iselyyi+1; : : : ; yj�1. Indeed, Wij =W (R)i \W (L)j nQ, where W (R)i is the right wedge with apex yiformed between the lines pyi and qyi, W (L)j is the left wedge with apex yj formed betweenthe lines pyj and qyj, and Q is the quadrilateral yipqyj; see Figure 10. The 
laim is thenimmediate from the de�nition of the linear order and from the fa
t that Q is empty.For ea
h pair of indi
es i < j, let X(i;j)k denote the number of empty 
onvex k-gonswhose verti
es belong to P+pq \ Wij and that have yi; yj as verti
es. Put Fij = X(i;j)3 �X(i;j)4 + � � �+ (�1)t�1X(i;j)t�2 . ThenX5(e)�X6(e) +X7(e) + � � � + (�1)t+1Xt(e) =Xi;j Fij ;where the sum extends over all i < j su
h that the quadrilateral pyiyjq is empty.Case 1: t is even.By indu
tion hypothesis, if P+pq \Wij is nonempty, then Fij � 1.There are exa
tly X4(e) pairs yiyj su
h that the quadrilateral pyiyjq is empty and
onvex. Among these, exa
tly X4(e)� (X3(e)� 1) are su
h that i < j� 1; this follows fromthe fa
t, already noted above for the 
ase t = 4, that all quadrilaterals pyiyi+1q are empty,for i < m. Note that, for an empty quadrilateral pyiyjq, i < j � 1 if and only if P+pq \Wijis nonempty.Before 
ontinuing, we note that this argument implies that when X4(e) = 0 we musthave X3(e) = 1, whi
h is the missing ingredient in the proof of the lemma for t = 3. Notealso that if X5(e) = 0 then X(i;j)3 = 0 for every i < j for whi
h pyiyjq is empty. Hen
e theonly su
h empty quadrilaterals are those with i = j � 1. By the pre
eding argument, thisimplies that X4(e) = X3(e) � 1, whi
h is the missing ingredient in the proof for t = 4.Hen
e, we have X3(e)�X4(e) +X5(e)� � � � �Xt(e) �X3(e)�X4(e) + (X4(e)� (X3(e)� 1)) = 1:If equality holds, then Fij = 1 whenever P+pq \Wij is nonempty and pyiyjq is empty. Bythe indu
tion hypothesis, X(i;j)t�1 = 0 for all su
h i; j. If P+pq \Wij is empty, then 
learlyX(i;j)t�1 = 0. Therefore, X(i;j)t�1 = 0 for every i < j for whi
h pyiyjq is empty. This, in turn,implies that Xt+1 = 0 (sin
e the existen
e of an empty 
onvex (t+1)-gon of this kind wouldimply that X(i;j)t�1 > 0 for some i and j of this kind).19



Case 2: t is odd.By indu
tion hypothesis, if P+pq \Wij is nonempty, then Fij � 1. Hen
e, in 
ompleteanalogy to Case 1, X3(e)�X4(e) +X5(e)� � � �+Xt(e) �X3(e)�X4(e) + (X4(e)� (X3(e)� 1)) = 1:The 
ase of equality is handled in the same way as in Case 1. �We next pro
eed to prove Theorem 5.2 (and Theorem 5.1), in two steps.Proof of the M0-inequalities in Theorem 5.2: First, observe that, by Theorem 2.1, ifXt+1 = 0 then equality holds in our theorem.Let K be an empty 
onvex k-gon. Let p be the lowest vertex of K, and let a; b be theverti
es of K adja
ent to p. The triangle pab is 
learly empty, and the (k� 1)-gon obtainedfrom K by removing the vertex p is 
ontained in the wedge Wpab whose apex is p and whi
his delimited by the rays ~pa and ~pb. See Figure 12. The 
onverse is also true, namely, thereis a one-to-one 
orresponden
e between the empty 
onvex k-gons whose lowest vertex is p,and the empty 
onvex (k � 1)-gons that have two 
onse
utive verti
es a; b that lie abovep, so that their remaining verti
es are 
ontained in the wedge Wpab and pab is an emptytriangle.
p

a � bKWpab =W�
Figure 12: Shaving o� the lowest triangle from an empty 
onvex k-gon.For ea
h empty triangle � = pab, let X(�)k denote the number of empty 
onvex k-gons
ontained in W� = Wpab, having the upper edge of � as an edge, and separated fromp by that edge. Put F (�) = X(�)3 � X(�)4 + � � � + (�1)tX(�)t�1 . Then, by the one-to-one
orresponden
e that we have just argued, �X4+X5�X6+ � � �+(�1)t+1Xt = �P� F (�).Case 1: t is odd.By applying Lemma 5.3 to P 0 = P \W�, if � is an empty triangle and W� 
ontainsat least one point of P in its interior, then F (�) � 1. We 
laim that there are exa
tly1+2+3+ � � �+(n�2) = �n2 ��n+1 empty triangles � su
h that W� does not 
ontain anyadditional point of P . Indeed, sort the points of P in de
reasing y-order, and enumeratethem as p1; : : : ; pn in this order. Fix a point pi, and sort the higher points p1; : : : ; pi�1in angular order about pi. The empty triangles � with pi as their lower vertex and withW� \ P = ;, are pre
isely those whose other two verti
es are 
onse
utive points in thisangular order, and their number is thus i� 2. Summing over all i = 3; : : : ; n, we obtain the20




laim. Then we haveX3 �X4 +X5 �X6 + � � �+Xt = X3 �X� F (�) �X3 � jf� j � empty and W� not emptygj = �n2�� n+ 1:If equality holds, then F (�) = 1 for every empty triangle � with W� nonempty. ByLemma 5.3 (applied to P 0 = P \W�), X(�)t = 0 for any su
h �. Clearly, X(�)t = 0 for anempty triangle � with W� empty. Therefore, X(�)t = 0 for every empty triangle �, whi
himplies that Xt+1 = 0 (sin
e every empty 
onvex (t+1)-gon gives rise to an empty triangle� with X(�)t > 0).Case 2: t is even.By Lemma 5.3, if � is an empty triangle and W� 
ontains at least one additional point,then F (�) � 1. As in Case 1, there are exa
tly �n2 � � n+ 1 empty triangles � su
h thatW� does not 
ontain any additional point of P . ThenX3 �X4 +X5 �X6 + � � �+Xt = X3 �X� F (�) �X3 � jf� j � empty and W� not emptygj = �n2�� n+ 1:The 
ase of equality is handled in the same way as in Case 1. �Proof of the M1-inequalities of Theorem 5.2: First, observe that if Xt+1 = 0, thenTheorem 2.2 implies that equality holds.Let p; q 2 P be two distin
t points and let e = �!pq be the dire
ted segment that theyspan. Let Xk(e) denote, as in Lemma 5.3, the number of empty 
onvex k-gons whi
h havee as an edge and are to the left of e.As in the proof of Theorem 2.2, it is easy to see that3X3 � 4X4 + 5X5 � � � �+ (�1)t+1tXt =Xe �X3(e)�X4(e) +X5(e) � � � � + (�1)t+1Xt(e)� :Case 1: t is odd.By Lemma 5.3, X3(e) �X4(e) + � � � +Xt(e) � 1, if there is at least one point of P tothe left of e, or in other words, if e is not an edge of the 
onvex hull of P (with P lying toits right). If e is su
h a hull edge, then of 
ourse X3(e)�X4(e) + � � �+Xt(e) = 0. Hen
e,3X3 � 4X4 + 5X5 � � � �+ (�1)t+1tXt =Xe (X3(e)�X4(e) +X5(e)� � � �+Xt(e)) � 2�n2��H:If equality holds, then X3(e) � X4(e) + : : : + Xt(e) = 1 for every edge e whi
h is not anedge of the 
onvex hull of P . By Lemma 5.3, Xt+1(e) = 0 for these edges. It follows thatXt+1(e) = 0 for every edge e and 
onsequently Xt+1 = 0.21



Case 2: t is even.By Lemma 5.3, X3(e) �X4(e) + : : : �Xt(e) � 1, if e is not an edge of the 
onvex hullof P (with P lying to its right). Otherwise the sum is 0. The proof now pro
eeds exa
tlyas in the 
ase of odd t, ex
ept that the dire
tion of the inequalities is reversed. �5.2 Head and tail inequalities for general MrTheorems 5.1 and 5.2 
an be extended to sums related to higher order moments. Spe
i�
ally,we have:Theorem 5.4. For any �nite point-set P in general position in the plane, for any r � 2and for any t � 2r, we haveXk�t(�1)k+t kr�k � r � 1r � 1 �Xk(P ) � 0;with equality holding if and only if Xt(P ) = 0. Alternatively,tXk=2r(�1)k kr�k � r � 1r � 1 �Xk(P ) � Tr; for t � 2r + 1 odd, andtXk=2r(�1)k kr�k � r � 1r � 1 �Xk(P ) � Tr; for t � 2r even,with equality holding, in either 
ase, if and only if Xt+1(P ) = 0.The proof uses an appropriate extension of Lemma 5.3 that involves r edges instead ofone. To make it easier to follow the analysis, we �rst give the extension to r = 2 edges, useit to prove the theorem for this spe
ial 
ase, and then analyze the general 
ase.The 
ase r = 2.Lemma 5.5. Let e1 = ab and e2 = 
d be a �xed pair of edges with endpoints a; b; 
; d 2 P ,su
h that e1 and e2 are in 
onvex position, with their endpoints lying in 
ounter
lo
kwiseorder a; b; 
; d, and su
h that they span an empty 
onvex quadrilateral Q. Assume furtherthat the wedge �(e1; e2) bounded by the lines supporting e1 and e2 and 
ontaining theseedges, has at least one point of P in its interior. For ea
h k � 4, let Xk(e1; e2) denote thenumber of empty 
onvex k-gons that have e1 and e2 as edges. ThenX4(e1; e2)�X5(e1; e2) + � � �+Xt(e1; e2) � 0; for t � 6 even, andX4(e1; e2)�X5(e1; e2) + � � � �Xt(e1; e2) � 0; for t � 5 odd.For t = 4, the sum is 1. Moreover, equality holds, in either 
ase, if and only if Xt+1(e1; e2) =0.Proof: As shown in the proof of Theorem 2.3, the \in�nite" sumX4(e1; e2)�X5(e1; e2)+� � �is 0 (when �(e1; e2) is nonempty). Hen
e if Xt+1(e1; e2) = 0 then equality holds (in either
ase). 22



a b 
dQ�ad �
b �(e1; e2)Figure 13: The stru
ture in the proof of Lemma 5.5.Let �
b denote the portion of �(e1; e2) that lies to the left of ~
b, and let �ad denotethe portion of �(e1; e2) that lies to the left of ~ad. See Figure 13. Put P
b = P \ �
b andPad = P \ �ad.For any 
onvex k-gon K that has e1 and e2 as edges, its verti
es are a; b; 
; d, j points ofP
b, for some 0 � j � k� 4, that, together with b and 
, span an empty 
onvex (j +2)-gon,and k�4�j points of Pad that, together with a and d, span an empty 
onvex (k�j�2)-gon.Conversely, any pair of an empty 
onvex (j+2)-gon K1, whose verti
es are b; 
 and j pointsof P
b, and an empty 
onvex (k� j� 2)-gon K2, whose verti
es are a; d and k� j� 4 pointsof Pad, are su
h that K1 [Q [K2 is an empty 
onvex k-gon.Borrowing the notations of Lemma 5.3, we thus haveXk(e1; e2) = k�4Xj=0Xj+2(
b)Xk�j�2(ad);where Xj+2(
b) is 
omputed only with respe
t to the points in P
b, and similarly forXk�j�2(ad). We use here the 
onvention that X2(e) = 1 for any edge e; that is, we regarde as an empty 
onvex 2-gon. Hen
eSt := tXk=4(�1)kXk(e1; e2) = tXk=4(�1)k k�4Xj=0Xj+2(
b)Xk�j�2(ad)= t�4Xj=0�(�1)j+2Xj+2(
b) tXk=j+4(�1)k�j�2Xk�j�2(ad)�:We repla
e k by k0 + j + 2, and then repla
e j by j0 � 2, to obtainSt = t�4Xj=0�(�1)j+2Xj+2(
b) t�j�2Xk0=2 (�1)k0Xk0(ad)�= t�2Xj0=2�(�1)j0Xj0(
b) t�j0Xk0=2(�1)k0Xk0(ad)�:By assumption, at least one of the sets P
b, Pad is nonempty. Without loss of generality,assume that Pad 6= ;. By Lemma 5.3, we havet�j0Xk0=2(�1)k0Xk0(ad) 8><>:� 0 t� j0 � 4 is even,� 0 t� j0 � 3 is odd,= 1 t� j0 = 2.23



Suppose now that t � 6 is even. Then the parity of t � j0 is the same as that of j0. Thisis easily seen to imply that all terms in the main sum (on j0) are non-negative, and hen
eSt � 0, as asserted. Using a fully symmetri
 argument, one shows that St � 0 when t � 5is odd. (We note that for t = 4 the sum is always 1.)If St = 0 then all terms in the main sum (on j0) are 0. Suppose to the 
ontrarythat Xt+1(e1; e2) 6= 0. Then there exists 2 � j0 � t � 1 su
h that Xj0(
b)Xt+1�j0(ad) >0. If j0 � t � 2 then the j0-th term in the sum is positive, be
ause Xj0(
b) > 0 andPt�j0k0=2(�1)k0Xk0(ad) > 0; the latter inequality follows from Lemma 5.3, sin
e Xt+1�j0(ad) >0. Hen
e the total main sum is positive, a 
ontradi
tion. The 
ase j0 = t� 1 is handled byinter
hanging the roles of 
b and ad, as it is easy to 
he
k.This 
ompletes the proof of the lemma. �Proof of Theorem 5.4 for r = 2: As above, it suÆ
es to prove only the head inequalities.Here the 
oeÆ
ients are 12k(k�3), so we write them as su
h. As in the proof of Theorem 2.3,we have tXk=4(�1)k k(k � 3)2 Xk(P ) = Xe1;e2 tXk=4(�1)kXk(e1; e2):Case 1. t � 5 is odd. By Lemma 5.5, Ptk=4(�1)kXk(e1; e2) � 0, when the wedge formedby e1 and e2 
ontains at least one point of P in its interior. If this is not the 
ase, then(e1; e2) is a T2-
on�guration, and the sum is equal to 1. Hen
e,tXk=4(�1)k k(k � 3)2 Xk(P ) � T2;as asserted.Case 2. t � 6 is even. By Lemma 5.5, Ptk=4(�1)kXk(e1; e2) � 0, when (e1; e2) is not aT2-
on�guration, and is 1 otherwise. Hen
e,tXk=4(�1)k k(k � 3)2 Xk(P ) � T2;as asserted.Case 3. t = 4. In this 
ase we need to show that 2X4 � T2, whi
h is obvious, sin
e ea
hT2-
on�guration (e1; e2) spans an empty 
onvex quadrilateral, and ea
h su
h quadrilateral
an be obtained from at most two T2-
on�gurations.If equality holds then Ptk=4(�1)kXk(e1; e2) = 0 for every pair (e1; e2) that is not aT2-
on�guration. By Lemma 5.5, Xt+1(e1; e2) = 0 for every su
h pair of edges, and of
ourse Xt+1(e1; e2) = 0 also for pairs that are T2-
on�gurations. This implies, as above,that Xt+1(P ) = 0, and thus 
ompletes the proof of the theorem for r = 2. �The general 
ase. We now turn to the 
ase of arbitrary r � 2, and begin with extendingLemma 5.5:Lemma 5.6. Let r � 3, and let e1; e2; : : : ; er be r vertex-disjoint edges that are spannedby P , lie in 
onvex position, and span an empty 
onvex (2r)-gon Q. Assume further that24



the region �(e1; : : : ; er), as de�ned in the introdu
tion, has at least one point of P in itsinterior. For ea
h k � 2r, let Xk(e1; : : : ; er) denote the number of empty 
onvex k-gonsthat have e1; : : : ; er as edges. ThenX2r(e1; : : : ; er)�X2r+1(e1; : : : ; er) + � � �+Xt(e1; : : : ; er) � 0; for t � 2r + 2 even, andX2r(e1; : : : ; er)�X2r+1(e1; : : : ; er) + � � � �Xt(e1; : : : ; er) � 0; for t � 2r + 1 odd.The sum is equal to 1 for t = 2r.Moreover, equality holds, in either 
ase, if and only if Xt+1(e1; : : : ; er) = 0.Proof: The \in�nite" sumX2r(e1; : : : ; er)�X2r+1(e1; : : : ; er)+� � � is 0 (when � = �(e1; : : : ; er)is nonempty), as shown in the proof of Theorem 2.3. Hen
e, if Xt+1(e1; : : : ; er) = 0 thenequality holds (in either 
ase).Assume without loss of generality that e1; : : : ; er appear in the 
lo
kwise order alongthe boundary of Q (or along the boundary of �). For ea
h i, let Wi denote the 
onne
ted
omponent of � n Q that has an endpoint of ei and an endpoint of ei+1 (where er+1 is
onsidered to be e1) on its boundary. Let �ei denote the edge of Wi that also bounds Q. (Inother words, the edges of Q are e1; �e1; e2; �e2; : : : ; er; �er, in 
lo
kwise order.) Put Pi = P \Wi,for i = 1; : : : ; r. See Figure 14.
Qe1�e1 e2 �e2 e3�e3

�W1
Figure 14: The stru
ture in the proof of Lemma 5.6.For any 
onvex k-gon K that has e1; : : : ; er as edges, its verti
es are the 2r endpointsof the edges e1; : : : ; er, and k � 2r additional points that are grouped in r disjoint subsetsV1; : : : ; Vr, where Vi is a subset of Pi of size ji � 0, su
h that it forms an empty 
onvex(ji+2)-gon with the endpoints of �ei. We have Pri=1(ji+2) = k. Conversely, for any 
hoi
eof sets Vi with the above properties, the union of these sets, together with the endpoints ofthe ei's, is the vertex set of an empty 
onvex k-gon that has e1; : : : ; er as edges.As in Lemma 5.5, we thus have (where we repla
e the pre
eding quantities ji +2 by ji)Xk(e1; : : : ; er) = Xj1�2;:::;jr�2j1+���+jr=k rYi=1Xji(�ei);where, as in Lemma 5.5, Xji(�ei) is 
omputed only with respe
t to the points in Pi (weorient �e1 so that Pi lies in the half-plane to its left), and where we use the 
onvention thatX2(e) = 1 for any edge e. Hen
eSt := tXk=2r(�1)kXk(e1; : : : ; er) = tXk=2r(�1)k Xj1�2;:::;jr�2j1+���+jr=k rYi=1Xji(�ei):25



We now pro
eed by indu
tion on r. We have already established the lemma for r = 2.Assume then that r � 3, and that the lemma holds for all r0 < r. We 
an rewrite St asSt = tXk=2r k�2r+2Xjr=2 �(�1)jrXjr(�er) � (�1)k�jr Xj1�2;:::;jr�1�2j1+���+jr�1=k�jr r�1Yi=1Xji(�ei)�= t�2r+2Xjr=2 (�1)jrXjr(�er) � � tXk=jr+2r�2(�1)k�jr Xj1�2;:::;jr�1�2j1+���+jr�1=k�jr r�1Yi=1Xji(�ei)�We repla
e k in the expression in the bra
kets by k0 + jr, so this expression be
omest�jrXk0=2r�2(�1)k0 Xj1�2;:::;jr�1�2j1+���+jr�1=k0 r�1Yi=1Xji(�ei);whi
h, by the indu
tion hypothesis, is non-negative for t � jr � 2r even, non-positive fort� jr � 2r � 1 odd, and 1 for t� jr = 2r � 2.Suppose now that t � 2r+2 is even. Then the parity of t� jr is the same as that of jr.Hen
e all terms in the main sum (on jr) are non-negative, and hen
e St � 0, as asserted.Using a fully symmetri
 argument, one shows that St � 0 when t � 2r + 1 is odd, and wenote that for t = 2r the sum is always 1.The proof that equality implies that Xt+1(P ) = 0 is 
arried out exa
tly as in thepre
eding proofs, and we omit the details. This 
ompletes the proof of the lemma. �Proof of Theorem 5.4 for arbitrary r: As above, it suÆ
es to prove only the headinequalities. As in the proof of Theorem 2.3, we havetXk=2r(�1)k kr�k � r � 1r � 1 �Xk(P ) = Xe1;:::;er tXk=2r(�1)kXk(e1; : : : ; er):Case 1. t � 2r + 1 is odd.By Lemma 5.6, Ptk=2r(�1)kXk(e1; : : : ; er) � 0, when �(e1; : : : ; er) 
ontains at least onepoint of P in its interior. If this is not the 
ase, then (e1; : : : ; er) is a Tr-
on�guration, andthe sum is equal to 1. Hen
e,tXk=2r(�1)k kr�k � r � 1r � 1 �Xk(P ) � Tr;as asserted.Case 2. t � 2r + 2 is even.By Lemma 5.6,Ptk=2r(�1)kXk(e1; : : : ; er) � 0, when (e1; : : : ; er) is not a Tr-
on�guration,and is 1 otherwise. Hen
e, tXk=2r(�1)k kr�k � r � 1r � 1 �Xk(P ) � Tr;26



as asserted.Case 3. t = 2r. In this 
ase we need to show that 2X2r � Tr, whi
h is obvious, sin
e ea
hTr-
on�guration (e1; : : : ; er) spans an empty 
onvex (2r)-gon, and ea
h su
h polygon 
anbe obtained from at most two Tr-
on�gurations.This 
ompletes the proof of the theorem for arbitrary r � 2. �5.3 Inequalities involving X3; X4, and X5Inequalities for X4. One important appli
ation of Theorem 5.2 is for t = 4, whi
h yieldsthe following pair of inequalities:X3(P )�X4(P ) � �n2�� n+ 1;3X3(P )� 4X4(P ) � n(n� 1)�H;or, equivalently,X4(P ) � max �X3(P )� �n2�+ n� 1; 34X3(P )� n(n� 1)�H4 �: (10)As mentioned in the introdu
tion, B�ar�any and F�uredi [3℄ have shown thatX3(P ) � n2 �O(n log n):It follows from (10) that this lower bound implies the lower boundX4(P ) � 12n2 �O(n logn):This was also established in [3℄, but the expli
it inequalities relating X3 to X4 that are givenabove make the 
onne
tion between the two lower bounds more dire
t. Note also that the�rst term in (10) dominates (if at all) the se
ond term when X3(P ) � (n� 1)(n� 4) +H.In view of the lower bound in [3℄, the se
ond term in (10) dominates only in a small rangeof values of X3, between n2 �O(n log n) and (n� 1)(n� 4) +H).Inequalities for X5. In the formulation of the following theorem, we introdu
e a newquantity H 0 = H 0(P ), whi
h is de�ned as follows. For ea
h p 2 P , let P+p denote the set ofall points of P that lie above (the horizontal line through) p, and let C+p denote the 
onvexhull of P+p . Then H 0 is equal to the number of points p 2 P for whi
h the two tangentsfrom p to C+p meet it at two 
onse
utive verti
es. See Figure 15.Theorem 5.7.X5(P ) � max �X3(P )� (n� 2)(n� 3)�H 0; 35X3(P )� n(n� 1)�H5 � 25T2�:Proof: We start with the proof of the �rst inequality. For ea
h 
onvex empty pentagon Qspanned by P we generate an empty triangle, whose verti
es are the lowest vertex p of Qand the two verti
es of Q not adja
ent to p; see Figure 16.27



p
C+pr q

Figure 15: A point p 
ounted in H 0.
p

rq
Figure 16: Charging an empty pentagon to an empty triangle.Clearly, ea
h empty 
onvex pentagon generates a unique empty triangle. However, notall empty triangles are generated in this manner: Let � = pqr be an empty triangle spannedby P , so that p is its lowest vertex and r lies to the right of ~pq. Asso
iate with � the wedgew(�), 
onsisting of the points that lie above (the horizontal line passing through) p and tothe right of the dire
ted line ~qr. The triangle � is 
ontained in w(�) and partitions it intothree subregions: � itself, the portion �L lying to the left of ~pq, and the portion �R lyingto the right of ~pr; see Figure 17.

pq r��L �R w(�)Figure 17: An empty triangle � and the partition of its asso
iated wedge.It follows that � is not generated from an empty pentagon if and only if either �L or�R is empty.We estimate the size of the set EL of triangles � for whi
h �L is empty; analyzingthe set of triangles for whi
h �R is empty is done in a fully symmetri
 fashion. Fix apoint p 2 P , and 
onsider the set E(p) of edges qr spanned by P su
h that pqr 2 EL.Note that both q and r lie above p. We view E(p) as the edge set of a graph on the setP+p of points that lie above p, and 
laim that E(p) does not 
ontain any 
y
le. Indeed,suppose to the 
ontrary that E(p) did 
ontain a 
y
le, and let q be the vertex in the 
y
le28



su
h that ~pq forms the smallest angle with the positive x-dire
tion. Sin
e q is the rightmost point of this 
y
le, E(p) 
ontains two edges qu; qv emanating from q, su
h that bothpu and pv lie 
ounter
lo
kwise to pq, with, say, qu lying 
lo
kwise to qv. See Figure 18.But then either the triangle � = pqu or its asso
iated left region �L would 
ontain v,
ontrary to the de�nition of E(p). Hen
e E(p) is a forest, and so it 
ontains at mostjP+p j � 1 edges. Consequently, the overall number of triangles � for whi
h �L = ; is atmost Pnk=3(k� 2) = �n�12 �. Symmetri
ally, the number of triangles � for whi
h �R = ; isalso at most �n�12 �. Therefore, the number of empty triangles that are not generated froman empty pentagon in the manner pres
ribed above is at most (n� 1)(n� 2).
qpv u�L �Figure 18: E(p) does not 
ontain a 
y
le.We 
an improve the bound further by noting that we have doubly 
ounted empty trian-gles � for whi
h both �L and �R are empty. We 
an obtain a lower bound for the numberof su
h triangles, as follows. Let � = pqr be su
h a triangle, where p is the lowest vertex.In the notation pre
eding the theorem, qr is an edge of C+p , with the property that theline through qr separates p from C+p . The 
onverse is also easily seen to hold: Any edgeqr of C+p with this property gives rise to a doubly 
ounted triangle pqr. These edges qrare pre
isely those that lie along the boundary of C+p between the two 
onta
t points ofthe tangents from p to C+p . By de�nition, the number of su
h edges is at least two, unlessp is 
ounted in H 0, in whi
h 
ase this number is 1. Hen
e, the overall number of doubly
ounted triangles is at least 2(n� 2)�H 0. Then, the total number of triangles that are notgenerated from an empty pentagon is at most(n� 1)(n� 2)� 2(n� 2) +H 0 = (n� 2)(n� 3) +H 0;It thus follows that X5 � X3 � (n� 2)(n� 3)�H 0, as asserted.We next prove the se
ond inequality of the theorem. For ea
h empty 
onvex pentagonQ spanned by P we generate �ve empty triangles, whose verti
es are obtained by removinga pair of nonadja
ent verti
es of Q (as in Figure 16).A triangle � may be generated in this manner in at most three di�erent ways, in ea
h ofwhi
h the generating empty 
onvex pentagon has a di�erent pair of edges of � as diagonals.We asso
iate ea
h of these possibilities with the vertex v of � that is 
ommon to the twoedges, and refer to the pair (�; v) as a pointed triangle.Clearly, there exist pointed triangles (�; v) for whi
h su
h an extension is impossible.Let p; q be the two other verti
es of �, so that v lies to the left of the dire
ted line ~pq.Let P+pq denote the subset of the points of P that lie in the halfplane to the left of the line29



~pq. Then (�; v) admits no extension into an empty 
onvex pentagon if and only if v is anextreme point of P+pq for whi
h the triangle pqv is empty. Let t = tpq denote the number ofsu
h points v. First note that if P+pq is nonempty then t � 1 and if P+pq is empty then t = 0.Moreover, if t > 1 then these points form a 
hain of 
onse
utive verti
es of the 
onvex hullof P+pq, and for ea
h of the t� 1 pairs (u; v) of 
onse
utive verti
es among them, (p; q; u; v)is a T2-
on�guration. See Figure 19.
qp u v

Figure 19: Pointed triangles with edge pq that 
annot be extended to an empty 
onvexpentagon.There are n(n � 1) ordered pairs p; q, and H of them satisfy tpq = 0 (these are thedire
ted edges of the 
onvex hull of P that 
ontain P on their right side). Ea
h of theremaining pairs de�nes at least one pointed triangle that admits no extension, and anyadditional su
h triangle 
an be 
harged to a T2-
on�guration, where any su
h 
on�gurationis 
harged exa
tly twi
e. This implies that the number of `bad' pointed triangles is at mostn(n� 1)�H + 2T2, and this is easily seen to imply the se
ond part of the theorem. �Some impli
ations. (i) Theorem 5.4 implies, for r = 2, that 2X4(P )� 5X5(P ) � T2(P ).Combining this inequality with (5), we obtain2X4 � 5X5 � �n2��H + 2X5 +X6 + T �2 :Substituting the lower bound of [3℄ for X4, we obtainn22 � 7X5 +X6 + T �2 +O(n logn):Hen
e, any improved upper bound on T �2 of the form (12 � 
)n2 would imply that7X5 +X6 � 
n2 �O(n logn):Hen
e, it would imply that every suÆ
iently large set either 
ontains quadrati
ally manyempty 
onvex pentagons, or quadrati
ally many empty 
onvex hexagons.(ii) Curiously, plugging the lower bound of [3℄ for X3 into Theorem 5.7, and using Theo-rem 3.1, we do not obtain a quadrati
 lower bound for X5(P ). Still, any improvement ofthe 
oeÆ
ient of the quadrati
 term in the upper bound for T2 would lead to a quadrati
lower bound for X5.(iii) Any improvement of the 
oeÆ
ient of the quadrati
 term in the lower bound for X3would lead to an improvement, by the same amount, of the quadrati
 lower bounds for X4and X5. These expli
it relations are more quantitative than what has been earlier observedby B�ar�any and others [2℄. 30



(iv) Comparing the above inequalities with the expli
it expressions for X3 and X5 given in(1), we obtain the following 
orollaries:Pk�6(�1)k(k � 4)Xk � H �H 0 � 2;Pk�6(�1)kk(k � 4)Xk � 0:The �rst inequality implies that, when H > H 0 + 2, P 
ontains an empty 
onvex hexagon.Note that these inequalities are tail inequalities in the series forM1�4M0 and 2M2�M1,respe
tively. Be
ause these linear 
ombinations involve negative 
oeÆ
ients, they 
annot bededu
ed from the tail inequalities derived in Se
tions 5.1 and 5.2 (
f. the remark followingTheorem 2.3).6 Dis
ussion and Open ProblemsThis paper raises several new open problems and also leaves unsolved several old ones.One problem is to generalize the formulas for the moments Mr, for r > 1, to dimensiond > 3. One of the diÆ
ulties here is that the number of fa
ets of a 
onvex simpli
ial polytopewith k verti
es in Rd, is not determined by k. Nevertheless, we believe that a solution tothis problem is possible, using te
hniques similar to those that we have introdu
ed.Two other interesting open problems involve the parameters T2 and T �2 . The mainquestions here are: (i) Is it true that T2 < (1� 
)n2, for some 
onstant 
 > 0? (ii) Is it truethat T �2 < (1 � 
)n2=2, for some 
onstant 
 > 0? As we have seen earlier, an aÆrmativeanswer to any of these problems leads to sharper lower bounds on the number of emptytriangles, 
onvex quadrilaterals, and 
onvex pentagons determined by a set of n points ingeneral position in the plane.Clearly, the main open problem that our analysis so far still has not settled is whetherevery set of suÆ
iently many points in general position in the plane 
ontains an empty
onvex hexagon. The other main open problems are to improve the 
onstants in the lowerbounds on the number of empty triangles, 
onvex quadrilaterals, and 
onvex pentagons, asdis
ussed earlier in detail.We note that the results in this paper 
an be generalized to the 
ase where the set Pof points is not in general position, so that more than two points may be 
ollinear. In this
ase, we de�ne Xk(P ) to be the number of k-tuples of points of P that lie in stri
tly 
onvexposition and the interse
tion of their 
onvex hull with P 
onsists of exa
tly these k points.In this 
ase, it is important to 
onsider X2 expli
itly as well, sin
e it may be di�erent from�n2 �.It is easy to see, for example, that Theorem 2.1 remains true verbatim. Indeed, assumethat during the 
ontinuous motion a point x be
omes 
ollinear between two other points aand b. It is easily seen that the emptiness and 
onvexity status of a polygon Q 
an 
hange ifand only if ab newly be
omes (or used to be) an edge of Q. An inspe
tion of this situationshows that the alternating sum M�0 remains un
hanged. Here we also have to in
lude X2in the analysis, to 
ater to situations where an empty triangle xab is destroyed, say, duringthe 
ollinearity, but so is the empty segment ab.Another important 
lass of problems 
on
erns the number of k-lines spanned by a set31



P of n points in the plane, that is, lines that 
ontain exa
tly k points of P . Denote thesenumbers by tk(P ), or just tk, for short. The goal is to obtain linear equalities and inequalitiesinvolving these numbers. This setup is somewhat similar to the one studied in this paper,be
ause we 
an regard a k-line as a degenerate form of an empty 
onvex k-gon.For example, one always has, trivially,Pk�2 �k2�tk = �n2 �, and there is in fa
t a variantof the 
ontinuous motion argument that proves this equality. Furthermore, Pk�2 tk is thetotal number of lines spanned by P , andPk�2 ktk is the total number of in
iden
es betweenthese lines and the points of P .There are several known important inequalities. The �rst is Mel
hior's inequality [7℄:t2 � 3 + t4 + 2t5 + 3t6 + � � � ; if tn = 0;whi
h is a simple 
onsequen
e of the Euler formula. The se
ond is Hirzebru
h's inequality[16℄: t2 + 34 t3 � n+ t5 + 3t6 + 5t7 + � � � ; if tn = tn�1 = tn�2 = 0;whose only known proof uses diÆ
ult tools from enumerative algebrai
 geometry.A simple appli
ation of the Szemer�edi{Trotter theorem [24℄ on the number of point-linein
iden
es implies an interesting tail inequality:tk + tk+1 + tk+2 + � � � � 16:875 n2(k � 1)3 for k < n1=3; n > n0(k);whi
h is asymptoti
ally best possible (n0(k) is an absolute 
onstant whi
h depend only onk). Related inequalities are the Erd}os{Purdy inequalities [13℄, whi
h state that if tn = 0,then max(t2; t3) � n� 1, and max(t2; t3) � ti, for all i. Several additional inequalities arederived there too.One of the goals for future resear
h is to develop 
ontinuous motion proofs of the aboveinequalities on the parameters tk. We also hope that this approa
h might be useful for thefamous \or
hard"-type problems, originated by Sylvester [7℄: what is the maximum numbertor
hardk (n) of k-lines in a set of n points in the plane that does not 
ontain k + 1 
ollinearpoints? Some partial results on this problem 
an be found in [6, 12, 14, 18℄.A
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