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1 INTRODUCTION
What is the maximum number of times that the unit distan
e 
an o

ur among the distan
esbetween n points in the plane? This more than �fty-year-old question of Paul Erd}os, publishedin this MONTHLY [5℄, opened a whole new area of resear
h in 
ombinatorial geometry [10℄.An important variant of this problem, raised by Erd}os and Leo Moser in [6℄, is the following.At most how many times 
an the unit distan
e o

ur between the verti
es of a 
onvex n-gon,i.e., among the distan
es between n points in the plane in stri
tly 
onvex position? Denote thismaximum by u
onv(n). Erd}os and Moser noti
ed that u
onv(n) � b5(n� 1)=3
, as is shownby a 
on�guration 
ontaining b(n � 1)=3
 
ongruent 
opies of a rhombus with side length oneand angle 2�=3, rotated by small angles around one of its verti
es belonging to su
h an angle(Figure 1). They also suggested that this bound may be tight.Thirty years later, Herbert Edelsbrunner and P�eter Hajnal [4℄ 
ame up with a better 
on-stru
tion showing that u
onv(n) � 2n � 7: This is the best 
urrently known lower bound. Onthe other hand, F�uredi [9℄ proved that u
onv(n) = O(n logn) (see [3℄ for a very simple indu
tionargument).An equilateral triangle of side length one is 
alled a unit triangle. The aim of this note isto show that if, instead of unit segments, we 
ount the number of unit triangles determined byn points in stri
tly 
onvex position in the plane, then the maximum is attained by the Erd}os-Moser 
on�guration depi
ted in Figure 1. We say that a triple T of points spans a unit triangleif any two points of T are at distan
e one. Using this terminology, we have:

Figure 1: The Erd}os-Moser 
on�guration.
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Theorem 1. Any set of n points in stri
tly 
onvex position in the plane has at most b2(n�1)=3
triples that span unit triangles. This bound is sharp for ea
h n > 0.If we do not require stri
t 
onvexity, we obtain a somewhat di�erent answer. A set S of npoints in the plane is said to be in 
onvex position, if none of its elements is 
ontained in theinterior of a triangle with verti
es in S.Theorem 2. Any set of n points in 
onvex position in the plane has at most n� 2 triples thatspan unit triangles. This bound is sharp for ea
h n > 1.The proofs of Theorems 1 and 2 are given in Se
tions 2 and 3, respe
tively. In Se
tion 4, wedis
uss the analogous questions for non-unit triangles. Our methods yield the following bounds.Theorem 3. Any set of n points in stri
tly 
onvex position in the plane has at most 2n triplesthat are the verti
es of 
ongruent 
opies of a �xed triangle with a given orientation.The investigation of repeated triangles (or, more generally, simpli
es) in various point setswas initiated by Erd}os and Purdy [7, 8℄. For further results of this kind and their higherdimensional analogues, see �Abrego and Fern�andez-Mer
hant [1℄ and Agarwal and Sharir [2℄,respe
tively.
2 POINTS IN STRICTLY CONVEX POSITION: PROOF OFTHEOREM 1Throughout this se
tion, S is a �xed set of n points in the plane in stri
tly 
onvex position. Let
onv(S) denote the 
onvex hull of S. Conne
t two points x and y of S by a straight-line segment(or edge), if S spans a unit triangle, one of whose sides is xy. If xyz is a 
lo
kwise-orientedunit triangle spanned by S, then xy is said to be a left edge with respe
t to x and a right edgewith respe
t to y. It is 
alled a rightmost left edge with respe
t to x, if there is no left edge of aunit triangle that 
an be obtained from xy by a 
lo
kwise rotation around x through an anglesmaller than �. Similarly, xy is 
alled a leftmost right edge with respe
t to y, if there is noS-generated right edge that 
an be obtained from xy by a 
ounter-
lo
kwise rotation around ythrough an angle smaller than �. Obviously, there is at most one rightmost left edge and atmost one leftmost right edge with respe
t to ea
h vertex of ea
h unit triangle determined by S.We need the following observation.Lemma 2.1. Let xy be a left edge with respe
t to x (hen
e a right edge with respe
t to y). Thenxy is either the rightmost left edge with respe
t to x or the leftmost right edge with respe
t to y.Proof. Let xyz be a 
lo
kwise-oriented unit triangle with verti
es in S. Assume, in order toobtain a 
ontradi
tion, that xa is the rightmost left edge with respe
t to x and yb is the leftmostright edge with respe
t to y, for some a 6= y and b 6= x. Then, there exist points a0 and b0 of Ssu
h that xaa0 and yb0b are 
lo
kwise-oriented unit triangles.Let Cx and Cy denote the semi
ir
les obtained by interse
ting the unit 
ir
les 
entered atx and y, respe
tively, with the half-plane 
ontaining z bounded by the line xy. Let y1 be the2
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Figure 2: Illustration to the proof of Lemma 2.1
point of Cx diametri
ally opposite to y, and let x1 be the point of Cy opposite to x. Finally,let y2 denote the midpoint of the ar
 of Cx between y1 and z, and let x2 denote the midpointof the ar
 of Cy between x1 and z, (see Figure 2).The point a 
annot belong to the 
losed ar
\[y1; y2℄ of Cx, be
ause if it did, x would be in
onvfy; a; a0g, 
ontradi
ting our assumption that S is in stri
tly 
onvex position. Thus, a mustlie on the open ar
\(y; y2) of Cx. This shows that either a or a0 must belong to the subar
\(z; y2℄ of Cx. Similarly, either b or b0 must belong to the subar
\(z; x2℄ of Cy. This pla
es z in
onvfx; y; a; a0; b; b0g, the desired 
ontradi
tion.Remark 2.2. If we make the somewhat weaker assumption that the elements of S are in 
onvex(but not ne
essarily stri
tly 
onvex) position, then there is only one possibility: z = a = b.We may assume without loss of generality that every element x of S belongs to at least oneunit triangle spanned by S. Otherwise, we 
an dis
ard x and prove Theorem 1 by indu
tion.Let P1 (respe
tively, P2) denote the set of ordered pairs (x; e), where x belongs to S and e isthe rightmost left (respe
tively, leftmost right) edge with respe
t to x.A

ording to our assumption, for ea
h x in S there is pre
isely one rightmost left edge andpre
isely one leftmost right edge with respe
t to x. Therefore, jP1j + jP2j = 2n. On the otherhand, Lemma 2.1 implies that ea
h side of a unit triangle 
ontributes at least one element toP1 or P2. Denoting the set of unit triangles by U , we obtain jP1j+ jP2j � 3jU j, when
ejU j � jP1j+ jP2j3 = 2n3 :This bound is only slightly weaker than the statement of Theorem 1.To establish Theorem 1, it is suÆ
ient to prove the following:Lemma 2.3. There exist at least two ordered pairs (x; y) su
h that e = xy is a rightmost leftedge with respe
t to x and a leftmost right edge with respe
t to y, i.e., (x; e) belongs to P1, and(y; e) to P2.Proof. We may suppose again that every point of S belongs to at least one unit triangle. Forany x in S, let R(x) signify the interse
tion of 
onv(S) with the open half-plane to the rightof the dire
ted line �!xy supporting the rightmost left edge at x. Similarly, let L(x) denote the3



interse
tion of 
onv(S) with the open half-plane to the left of the dire
ted line �!xz supportingthe leftmost right edge at x. Let R = fR(x) jx 2 Sg and L = fL(x) jx 2 Sg.Noti
e that any minimal element of R [ L under 
ontainment belongs to R \ L. Indeed,assume that, say, R(x0) is su
h a minimal element, and let x0y0 be the rightmost left edge withrespe
t to x0. Then x0y0 is a right edge with respe
t y0. Moreover, it must be the leftmost rightedge with respe
t to y0, otherwise L(y0) would be a proper subset of R(x0), 
ontradi
ting theminimality of R(x0). Thus, we have L(y0) = R(x0), whi
h demonstrates that the pair (x0; y0)meets the requirements of the lemma.Moreover, we 
an �nd a se
ond ordered pair (x1; y1) with the desired property, by 
hoosinga minimal element among the sets in R\L entirely 
ontained in L(x0). It is not hard to verifythat (x0; y0) 6= (x1; y1). (However, it is possible that x1 = y0 and y1 = x0.)In view of Lemma 2.3, we now �nd that 2n = jP1j+ jP2j � 3jU j+ 2, from whi
h Theorem1 follows.
3 RELAXING THE CONDITION: PROOF OF THEOREM 2.Here we 
onsider the 
ase when the points are in 
onvex, but not ne
essarily stri
tly 
onvex,position. Consider a set of �ve points, x; y; z; y0; z0, with the following property: xyz is a
lo
kwise-oriented unit triangle, xy0z and xyz0 are 
ounter
lo
kwise-oriented unit triangles. Werefer to su
h a set as a spe
ial 
on�guration.The proof is by indu
tion. For n = 3, the assertion of Theorem 2 is trivial. Let n > 3, letS be a set of n points in 
onvex position, and assume that Theorem 2 has already been provedfor sets with fewer than n elements.If S has no �ve points that form a spe
ial 
on�guration, then, a

ording to the remarkafter the proof of Lemma 2.1, we 
an apply the argument in the last se
tion to 
on
lude thatjSj � b2(n�1)3 
 � n� 2.Thus, we may suppose that S has �ve points, x; y; z; y0; z0; forming a spe
ial 
on�guration.It is enough to show that S has a point that is in
ident to at most one unit triangle. Indeed, byremoving su
h a point and applying the indu
tion hypothesis to the remaining set, the resultfollows. If y0 is in
ident to only one unit triangle, we are done. Suppose that there is anotherunit triangle, di�erent from xy0z, that is in
ident to y0. It is easy to verify that the point x1obtained by re
e
ting x about y0z must belong to S, else the se
ond unit triangle in
ident toy0 would have a vertex in the interior of the 
onvex hull of the spe
ial 
on�guration. In exa
tlythe same way, we 
an argue that either x1 is in
ident to only one unit triangle or the pointz2 obtained by the re
e
tion of z about x1y0 also belongs to S. This pro
edure must end in�nitely many steps, and produ
e a point in
ident to only one unit triangle.
4 GENERAL TRIANGLES.We now extend the arguments in the previous se
tions to general triangles. Throughout thisse
tion, let T0 = x0y0z0 be a �xed 
lo
kwise-oriented triangle su
h that x0y0 is one of its4
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Figure 3: De�nition of three auxiliary rays
longest sides, and let S be a �xed set of n points in 
onvex position in the plane. Consider atriangle T = xyz 
ongruent to T0 whose verti
es belong to S and 
orrespond to x0; y0; and z0,respe
tively. Just like before, xy is said to be a left edge with respe
t to x and a right edgewith respe
t to y. We say that xy is a rightmost left edge with respe
t to x (respe
tively, aleftmost right edge with respe
t to y) if there is no triangle T 0 
ongruent to T that is spannedby S and that 
an be obtained from T by a 
lo
kwise rotation around x (respe
tively, by a
ounter
lo
kwise rotation around y) through an angle smaller than �.Lemma 2.1 generalizes as follows.Lemma 4.1. Let T = xyz be a 
lo
kwise-oriented triangle 
ongruent to T0 whose verti
esbelong to a given set S of points in stri
tly 
onvex position, and let xy be a longest edge of T .Then xy is either a rightmost left edge with respe
t to x or a leftmost right edge with respe
t toy.Proof. To prove this, we need a little preparation. Suppose without loss of generality that xylies on a horizontal line and x is to the right of y (see Figure 3). Denote by �!u , �!l , and �!r therays emanating from z, pointing upwards, to the left, and to the right, respe
tively. Let Q bethe 
onvex 
one (quadrant) bounded by �!u and �!r , and let Q0 be the 
onvex 
one bounded by�!u and �!l .Claim 4.2. Assume that xy is not a rightmost left edge with respe
t to x, i.e., there is a triangleT 0 = xy0z0 spanned by S that 
an be obtained from T by a 
lo
kwise rotation around x throughan angle ' with 0 < ' < �. Then at least one vertex u of T 0 must belong to the set Q n fzg.To establish this 
laim, let �; �; and 
 denote the angles of T at x; y; and z, respe
tively. Bythe maximality of xy, we have 
 � � and 
 � �. If 0 < ' � �� 2�; then z0 belongs to Q n fzgand we are done. If � � 2
 < ' < �, then z is in the interior of 
onv (T 0), 
ontradi
ting ourassumption that the points are in 
onvex position. Hen
e, using the fa
t that �� 2
 � �� 2�;we 
an suppose that ' � �. In fa
t, we 
an also assume that ' > �. Indeed, ' = � impliesthat y0 = z and � = 
, when
e ' = � = � � 2
 � � � 2�; and this 
ase has been handledbefore.If � < ' < � � 2�; then z is in the interior of the 
onvex hull of x; y; and y0, 
ontrary tothe assumption that S is in stri
tly 
onvex position. If � � 2� � ' � � � �; we have that y05



Figure 4: n = 16 points with 2n� 8 
ongruent triangles.
belongs to Q n fzg. To see this, it is enough to note that the height of T belonging to xz is atleast as large as the height belonging to the longest side, namely, xy.Finally, if ��� < ' < �; then x must belong to 
onvfy; y0; z0g, again a 
ontradi
tion. Thisproves the 
laim.By symmetry, we learn that if xy is not a leftmost right edge with respe
t to y, then at leastone element u0 of S must belong to the set Q0 n fzg. Therefore, if xy is neither a rightmost leftedge with respe
t to x nor a leftmost right one with respe
t to y, then we have that z belongsto 
onvfx; y; u; u0g, whi
h 
ompletes the proof of Lemma 4.1.Now we are in a position to establish Theorem 3.Proof of Theorem 3. Count the number of pairs (p; e), where p belongs to S and e is eithera rightmost left edge or a leftmost right edge with respe
t to p, 
orresponding to the edgee0 = x0y0 of T0. A

ording to Lemma 4.1, the number of these pairs is at least the numberof 
ongruent 
opies of T0 generated by S, that have the same orientation. On the other hand,every p in G belongs to at most two su
h pairs, so the theorem follows.Remark 4.3. A more 
areful analysis of the extreme 
ases shows that, if T0 is not an isos
elestriangle, Lemma 4.1 and Theorem 3 remain true under the weaker assumption that the pointsof S are in 
onvex (but not ne
essarily in stri
tly 
onvex) position.Remark 4.4. In some spe
ial 
ases it is not hard to improve Theorem 3. Suppose, for example,that T0 is not an a
ute triangle , i.e., using the same notation as in the proof of Claim 4.2, wehave 
 � �=2. Assume further that � � 2�. Then, under the assumptions in Lemma 4.1, we
an argue that xy is ne
essarily the rightmost left edge with respe
t to x. Now every 
ongruent
opy T = xyz of T0 with a given orientation gives rise to a unique rightmost left edge at x. Onthe other hand, there is at most one su
h rightmost left edge in
ident to ea
h vertex v in S.Thus, we obtain:Theorem 4. Assume that T0 is a nona
ute triangle, one of whose a
ute angles is at least twi
eas large as the other. Then any set S of n points in 
onvex position in the plane spans at mostn 
opies of T0 with a given orientation.To see that this bound 
an be attained, let v1; : : : ; vn denote the verti
es of a regular n-gon(n � 6) listed in 
lo
kwise order, and set T0 = x0y0z0, where x0 = vk+1; y0 = v1; and z0 = vkfor some k satisfying 3 � k � n=2.We 
onje
ture that the upper bound 2n in Theorem 3 
an be repla
ed by n, withoutmaking any assumption on the angles of the triangle. Moreover, for nonisos
eles triangles,6



this 
onje
ture may remain true for point sets in 
onvex (but not ne
essarily stri
tly 
onvex)position (
f. Remark 4.3). However, it is not hard to 
onstru
t a set of n points lying on twoparallel lines, that spans 2n� 8 
opies of a suitable isos
eles triangle.
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