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Abstra
tLet A be a set of nonnegative integers. We say that A is skippable if thereare arbitrary large �nite sets of points in the plane, not 
ontained in a line, thatdetermine no k-edge for any k 2 A. In this paper we show, by 
onstru
tion,that there are arbitrary large skippable sets. We also 
hara
terize pre
isely theskippable sets with at most two elements.1 Introdu
tionLet G be a �nite set of points in the plane. We say that a line l is determined by G,if l passes through at least two points of G. A line l, determined by G, is 
alled ak-edge, if in one of the two open half-planes bounded by l there are pre
isely k pointsof G. We say that G skips k, if G has no k-edge.De�nition 1.1. Let A be a set of nonnegative integers. We say that A is skippable,if there are arbitrary large �nite sets in the plane, that are not 
ollinear, that skip kfor every k 2 A.This notion of a skippable set was de�ned in [PP1℄. It is shown there that for anyk � 0 the set fk; k + 2g is not skippable. This means that if a non-
ollinear set ofpoints G is large enough, then it has either a k-edge or a (k + 2)-edge. In this paperwe show that skippable sets do exist. In parti
ular, in Theorem 3.1 we show that fkg1e-mail: perles�math.huji.a
.il2e-mail: room�math.te
hnion.a
.il, This resear
h was 
ondu
ted when the se
ond author was anM.S
 student in the Hebrew University of Jerusalem1



Figure 1: A set of points that skips k = 2is skippable if and only if k � 2. Moreover, in Theorem 3.2 we show that one 
an�nd arbitrary large su
h sets of positive integers.We also 
omplete the pi
ture from [PP1℄, and 
hara
terize pre
isely the skippablesets that 
onsist of two elements (Theorem 4.5).In the sequel, by referring to a set of points we mean a �nite set of points in thetwo dimensional Eu
lidean plane.If G is a set of points in general position, namely no three points of G lie on oneline, then 
learly G has a k-edge for every 0 � k � jGj � 2. Therefore in our study ofskippable sets we will mainly be 
on
erned with sets that are not in general position.Figure 1 shows an example of a set that skips k = 2.In fa
t, by adding an arbitrary large number of points very 
lose to the 
enter ofthe shape in Figure 1, we will remain with a set that skips k = 2, thus showing thatf2g is a skippable set. Similarly, the example in Figure 5 illustrates that f4; 5g is askippable set. The study of skippable sets was initiated by Kupitz and Perles. In[KP℄, Kupitz and Perles 
onstru
t arbitrary large sets G, not 
ontained in a line, thatskip every k for k = jGj; jGj � 1; : : : ; jGj � log 2jGj. The question of whether one 
an�x some skippable values and �nd arbitrary large non-
ollinear sets that skip ea
h ofthem was suggested by Perles. In this paper we give an aÆrmative answer to thisquestion.2 Tangen
y PathsIn this se
tion we de�ne the notion of a tangen
y path and learn its properties in
onne
tion with skippable sets. The notion of a tangen
y path will be 
ru
ial formost of the 
onstru
tions in this paper.De�nition 2.1. Let P be a 
onvex polygon in the plane. A tangen
y path for P isa 
losed polygonal path with verti
es x0; x1; : : : ; xm�1; xm = x0 (m 
an be arbitrary)with the property that if l is the dire
ted line ���!xixi+1, then l is a tangent of P , l \ Pis 
ontained in the interior of the edge [xi; xi+1℄, and the polygon P is in the 
losed2



half-plane to the left of l. In addition we require that the verti
es of the path (namely,x0; x1; : : : ; xm�1) are pairwise di�erent. (See Figure 2 for an example.)

Figure 2: A tangen
y path to a pentagonNotation 2.2. Let G be a set of points in the plane and let l be any dire
ted line.We denote by AG(l) the number of points of G that are inside the open half-plane tothe right of l. We denote by BG(l) the number of points of G on l. When there isno ambiguity and the set G is known and �xed, we simply write A(l) for AG(l), andB(l) for BG(l).The following very simple lemma is the key observation regarding tangen
y paths.We re
all that if 
 is a 
losed oriented path in the plane, then the index of 
 withrespe
t to a point Q, not on 
, is the (
ounter
lo
kwise) winding number of the path
 around Q. It is well known that if �!r is any ray emanating from Q, then the numberof times 
 
rosses �!r from right to left minus the number of times 
 
rosses �!r fromleft to right, equals the index of 
 with respe
t to Q.Lemma 2.3. Let P be a 
onvex polygon, let C be a tangen
y path for P , and let Gdenote the set of verti
es of C. Then for every dire
ted line l that tou
hes P so thatP is 
ontained in the 
losed half-plane to the left of l, we haveAG(l) +BG(l)=2 = I(C);where I(C) is the index of the 
losed path C with respe
t to any point in the interiorof P .Proof of Lemma 2.3: Let x0; x1; : : : ; xn�1 be the set of verti
es of C 
y
li
lyordered as they appear along the path C. Let m be the midpoint of l \ P . Let l0 be3



a dire
ted line parallel to l that is stri
tly to the left of l, interse
ts the interior of P ,but still to the right of all verti
es of C whi
h are to the left of l. Let p 2 l0 \ P besu
h that the ray �!r emanating from p and passing through m does not in
lude anyvertex of C (see Figure 3).
�
�
�
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�
�
�

��

l xipP m1
�!r

mm2l0 xi+1

xi�1Figure 3: Lemma 2.3Observe that if xi 2 l, then either the edge [xi; xx+1℄, or the edge [xi�1; xi℄ of C isin
luded in l. Indeed, this follows be
ause l is a tangent of P . Therefore, if k denotesthe number of edges of C that are in
luded in l, then B(l) = 2k. Clearly, every edgeof C that is in
luded in l is 
rossed by �!r . Indeed, let [xi; xi+1℄ be su
h an edge. Bythe de�nition of a tangen
y path, [xi; xi+1℄ � l \ P . Therefore, �!r and [xi; xi+1℄ meetat m. It follows that there are pre
isely I(C)� k edges of C that 
ross �!r and are notin
luded in l.If [xi; xi+1℄ is an edge of C that 
rosses �!r and is not in
luded in l, then pre
iselyone of xi and xi+1 is to the right of l. Indeed, if both xi and xi+1 are to the right of l,then [xi; xi+1℄\P = ;. If none of xi and xi+1 is to the right of l, then [xi; xi+1℄\�!r = ;.In both 
ases we rea
h a 
ontradi
tion.On the other hand we 
laim that if xi is in the half-plane to the right of l, thenpre
isely one of the edges [xi; xi+1℄ and [xi�1; xi℄ 
rosses �!r . Indeed, observe that both[xi; xi+1℄ and [xi�1; xi℄ must 
ross the line l, for otherwise their interse
tion with Pis empty. By the 
hoi
e of l0, both [xi; xi+1℄ and [xi�1; xi℄ must 
ross also l0. Let m1denote the interse
tion point of [xi�1; xi℄ with l0, and let m2 denote the interse
tionpoint of [xi; xi+1℄ with l0. Now p must be stri
tly between m1 and m2 on l0 be
ause4



P and therefore also p is to the left of both dire
ted lines ���!xixi+1 and ���!xi�1xi. It nowfollows that �!r 
rosses pre
isely one of [xi; xi+1℄ and [xi�1; xi℄ as required. This isbe
ause �!r meets pre
isely two edges of the triangle whose verti
es are m1; xi; andm2. One edge met by �!r is [m1m2℄, the other is either [m1; xi℄, or [m2; xi℄.We 
an therefore 
on
lude that I(C)� k = A(l). Combining this with B(l) = 2kwe obtain the desired result, namely, A(l) +B(l)=2 = I(C). �The following 
orollary is thus an immediate 
onsequen
e of Lemma 2.3.Corollary 2.4. Let P be a 
onvex polygon and let C1; C2; : : : ; Ct be vertex disjointtangen
y paths for P . Let G denote the set of verti
es of all paths together. For everydire
ted line l that tou
hes P , so that P is 
ontained in the open half-plane to the leftof l, we have AG(l) +BG(l)=2 = tXi=1 I(Ci): �The next lemma relates between tangen
y paths and the property of skipping kfor a 
ertain value of k.Lemma 2.5. Let P be a 
onvex polygon and let J � P be a �nite set of points. LetC1; : : : ; Ct be a 
olle
tion of vertex disjoint tangen
y paths for P , with the propertythat every edge of P is 
ontained in at least one edge of some tangen
y path. Let Gdenote the set of verti
es of all paths together. Then the set S = G [ vert(P ) [ Jskips k = I(C1) + : : :+ I(Ct).Proof. Let l be a dire
ted line determined by S. It is enough to show that thenumber of points of S in the open half-plane to the right of l is di�erent from k.Let l0 be the dire
ted line with the same dire
tion as that of l, su
h that l0 tou
hesP and P is 
ontained in the 
losed half-plane to the left of l0 (see Figure 2).Case 1. l = l0. Then by Corollary 2.4, AG(l)+BG(l)=2 = k. Observe that BG(l) > 0.Indeed, this is true if l 
ontains an edge of P be
ause then there is an edge of sometangen
y path Ci that lies on l. If l tou
hes P at a vertex then it must pass throughat least one more point of S whi
h therefore belongs to G. It follows that AG(l) < k.However, AG(l) is exa
tly the number of points of S in the open half-plane to theright of l.Case 2. l is to the left of l0. Then the number of points of G in the open half-planeto the right of l is at least AG(l0) + BG(l0) � AG(l0) + BG(l0)=2 = k. Moreover, sin
el0 passes through at least one vertex of P , we obtain that the number of points of Gin the open half-plane to the right of l is at least k + 1.Case 3. l is to the right of l0. Then the number of points of S that are on or to theright of l is at most AG(l0) � k. However, l passes through at least two points of S,and therefore the number of points of G in the open half-plane to the right of l is atmost k � 2. � 5
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Figure 4: Lemma 2.5We 
an impose another simple 
ondition on the tangen
y paths C1; : : : Ct in Lemma2.5, so that the resulting set S skips two 
onse
utive values:Lemma 2.6. Let P be a 
onvex polygon and let J � P be a �nite set of points. LetC1; : : : ; Ct be a 
olle
tion of vertex disjoint tangen
y paths for P , with the followingtwo properties:� Every edge of P is 
ontained in at least two edges of some tangen
y paths.� Every edge of a tangen
y path is 
ollinear with at least one more edge of a(possibly another) tangen
y path.Let G denote the set of verti
es of all paths together. Then S = G [ vert(P ) [ Jskips k and k � 1, where k = I(C1) + : : :+ I(Ct).Proof. The proof goes exa
tly along the same lines as the proof of Lemma 2.5.Ex
ept that now whenever B(l0) > 0 we may 
on
lude that B(l0) � 4.The example in Figure 5 shows su
h a 
ase where the polygon P is the innerregular 7-gon. �3 Constru
tion of Large Skippable SetsIn this se
tion we will use Lemma 2.5 to 
onstru
t arbitrary large skippable sets. Wewill also show that fkg is skippable for every k � 2, by 
onstru
ting suitable arbitrarylarge sets of points that do not have a k-edge for a �xed value of k � 2. This is thegoal of our next theorem. 6



We will need the following terminology in the sequel. If P is a 
onvex polygon,then a diagonal of P is a segment 
onne
ting two verti
es of P . We say that theorder of that diagonal is k, if one of the open half-planes bounded by the line that
ontains this diagonal, in
ludes pre
isely k � 1 verti
es of P . Thus for example, anedge of P is a diagonal of order 1.For a 
onvex polygon P and a point x outside P , the angle at whi
h x sees P isthe angle between the two tangents to P that pass through x.It easy to see (and also follows immediately from Claim 4.1 in [PP1℄) that f0gand f1g are not skippable. In other words, every non-
ollinear set of points S, that islarge enough, must have a 0-edge and a 1-edge (in fa
t one 
an drop the 'large enough'
ondition here). In view of this we 
an now 
hara
terize pre
isely the skippable setsthat 
onsist of one element only.Theorem 3.1. The set fkg is skippable i� k � 2.Proof. We already observed the 'only if' part. For the 'if' part �x some k � 2.Let Q be a regular (2k + 1)-gon in the plane. Denote the verti
es of Q in a 
y
li

ounter
lo
kwise order by x0; x1; : : : ; x2k. Start from x0 and draw a segment to xkand from there to x2k and from there to x3k and so forth, where the indi
es are takenmodulo 2k + 1. Sin
e k and 2k + 1 are relatively prime, we will obtain a 
losed pathC of length 2k + 1. This path is in fa
t 
ombined from the diagonals of Q of orderk. The interse
tions of all half-planes bounded by those diagonals and 
ontain the
enter of Q, form a smaller 
opy of a (2k + 1)-gon that we denote by P . Let J be anarbitrary large set of points inside P .P; J , and C satisfy the 
onditions of Lemma 2.5. Therefore S = vert(P ) [ J [vert(Q) skips I(C). This index is easy to 
al
ulate. Every vertex of Q sees P at anangle of �=(2k + 1). Therefore, the index of the path C with respe
t to any pointinside P is I(C) = (2k+1)(���=(2k+1))2� = k. �Remark. The 
onstru
tion in the proof of Theorem 3.1 was in fa
t suggested mu
hearlier by Perles. The present notion of a tangen
y path gives us a 
onvenient envi-ronment for presenting an elegant proof for the validity of the 
onstru
tion.Using Lemma 2.5 as our main tool, we 
an also show very easily that there arearbitrary large skippable sets. This is the 
ontent of the next theorem. We will omitthe very spe
i�
 details of the 
onstru
tion, but in
lude enough for the reader to beable to 
omplete the proof.Theorem 3.2. There are arbitrary large skippable sets.Proof. We start with a set G1 that skips just one value k1 and 
onstru
ted just likein the proof of Theorem 3.1. The 
onstru
tion 
onsists of a polygon P1 together withsome points outside. We may add any number of points inside P1 to get a larger setthat also skips k1. 7



Our 
onstru
tion for the proof of Theorem 3.2 is re
ursive. Assume that we havealready 
onstru
ted a set Gn that skips the values k1; : : : ; kn. Assume thatGn in
ludesthe set of verti
es of a regular polygon Pn, su
h that no matter how many points weadd to Gn inside Pn, the resulting set will still skip k1; : : : ; kn.To 
onstru
t Gn+1 we will add points to Gn but only inside the polygon Pn. Weadd a very small 
opy of a set that skips say k = 5 and is 
onstru
ted just like inthe proof of Theorem 3.1. Namely, we add the set of verti
es of an 11-gon plus theinterse
tion of every two of its 
onse
utive diagonals of order 5. These interse
tionpoints are the verti
es of another (smaller) 11-gon that we denote by Pn+1. Then weadd a set S of additional points outside (but very 
lose to) Pn+1, so that they arestill inside Pn, and su
h that Gn [ S may be regarded as a vertex disjoint union oftangen
y paths for Pn+1. One 
an easily be 
onvin
ed that this 
an be done by addingat most say 10 extra points for ea
h point of Gn. We thus get a resulting set Gn+1that 
an be regarded as Gn together with some extra points inside Pn, and thereforeit still skips k1; : : : ; kn. However it 
an also be regarded as a union of tangen
y pathsfor Pn+1 and thus skips another value that we denote by kn+1. This value must begreater than kn sin
e the sum of the indi
es of all tangen
y paths to Pn+1 is 
learlygreater than that of the tangen
y paths for Pn. Moreover, we 
an add any numberof points inside Pn+1 and the resulting set of points will still skip k1; : : : ; kn+1. Thisshows that fk1; : : : ; kn+1g is skippable, and also 
on
ludes the indu
tion step. �Observe that the 
onstru
tion brought in the proof of Theorem 3.2 is exponentialin the number of values that are skipped. This is 
lear from the proof. We 
an thusin general 
onstru
t arbitrary large sets of points G that skip 
(log jGj) values of k.It is interesting to note that the totally di�erent 
onstru
tion by Kupitz and Perles ofarbitrary large sets G that skip the values jGj; jGj�1; : : : ; jGj� log 2jGj is yet anotherexample of a di�erent nature for a set of n elements that skips roughly log n valuesbetween 1 and n. It is not known what is the maximum number of values (between 1and n) that a non-
ollinear set of points of 
ardinality n 
an skip. A nontrivial (with
onstant multiplier less than 1) linear upper bound follows from the result in [PP1℄,whi
h says that a non-
ollinear set of points 
annot skip both k and k + 2, providedthat its 
ardinality is at least 2k + 4.We thus leave this question open with no 
onje
ture.Problem: What is the maximum number of values that a non-
ollinear set of npoints in the plane 
an skip?Of 
ourse, in terms of the order of magnitude, the answer 
an be anything betweenlog n and n.
8



Figure 5: A set of points that skips k = 4; 54 Skippable Sets of Two ElementsIn this se
tion we will 
hara
terize all skippable sets of two elements. It shown in[PP1℄ that fk; k+2g is not skippable for any k. If follows from Theorem 3.1 that anyset fk; lg that 
ontains either 0 or 1 is not skippable. We will show that apart fromanother two sets of two elements that are not skippable, all others are skippable.Theorem 4.1. For every k � 4, the set fk; k + 1g is skippable.Proof. We will use a 
onstru
tion that satis�es the 
onditions of Lemma 2.6. Fixk � 4. Let P be a regular (2k�1)-gon and let l0; : : : ; l2k�2 denote the lines 
ontainingthe edges of P in a 
y
li
 order. Let S1 denote the interse
tion points lj \ lj+2 forj = 0; : : : ; 2k � 1 (where the indi
es are taken modulo 2k � 1). S1 is in fa
t the setof verti
es of a regular (2k � 1)-gon that 
ontains P . Let S2 denote the interse
tionpoints lj \ lj+k�1 for j = 0; : : : ; 2k � 1. S2 is the set of verti
es of a regular (2k � 1)-gon that 
ontains S1 inside. Observe that we need k � 4 in order for S1, S2, and theverti
es of P to be pairwise di�erent.A 
areful look in the 
onstru
tion of S1 and S2 shows that ea
h of the sets S1 andS2 
an be regarded as a set of verti
es of a union of tangen
y paths for P . Moreover,every edge of P is 
ontained in (exa
tly) two edges of these tangen
y paths, andevery edge of a tangen
y path 
ontains an edge of P . The sum of the indi
es of thesetangen
y paths with respe
t to any point in P is also easy to 
al
ulate (keeping inmind that all the paths are 
ounter
lo
kwise oriented). Every point of S1 sees P atan angle of 4�=(2k�1) and every point of S2 sees P at an angle of 2(k�1)�=(2k�1).Therefore the sum of the indi
es of all paths with respe
t to P isP2k�1i=1 (� � 4�=(2k � 1)) +P2k�1i=1 (� � 2(k � 1)�=(2k � 1))2� = k + 1:By Lemma 2.6, the set that 
onsists of the verti
es of P together with S1 and S2skips both k and k + 1. This is still true if we add an arbitrary number of pointsinside P . (Figure 5 shows the resulting 
onstru
tion in Theorem 4.1 for k = 4.) �9



Next we show, in Theorems 4.2 and 4.3, that the sets f2; 3g and f3; 4g are notskippable. In the proofs we use the method of 
ip arrays also known as allowablesequen
es, that was invented by Goodman and Polla
k (see e.g. [GP93℄). We referthe reader to the 
orresponding se
tion of [PP1℄ for a detailed des
ription and usefulnotation. Brie
y, one 
an en
ode a set of points G in the plane as a sequen
e of per-mutation on n elements. This is done by keeping tra
k of the order of the proje
tionsof the points from left to right on a dire
ted line that 
hanges its dire
tion graduately
ounter
lo
kwise until it reverses its dire
tion. If we number the points a

ordingto the order of their proje
tion on the line in its initial position, the re
orded dif-ferent ordering of the proje
tions of the points form a sequen
e of permutation onf1; : : : ; ng. The �rst permutation is the identity while the last is (n; n � 1; : : : ; 1).Ea
h permutation is obtained from its prede
essor by 
ipping a 
ontiguous blo
k ofmonotone in
reasing elements. Ea
h su
h 
ip 
orresponds to a line determined by theset of points. The important observation is that a 
ip of the blo
k [a; b℄ (namely, theelements in the pla
es a; a+ 1; : : : ; b in a permutation) represents a line, determinedby G, that passes through b � a + 1 points of G. This line has a � 1 points of Gin one open half-plane bounded by it and n � b points of G in the other. Anotherimportant property of the sequen
e of permutations is that any pair of elements fromf1; 2; : : : ; ng 
hange order exa
tly on
e.Theorem 4.2. If G is a non-
ollinear set of at least 8 points in the plane, then G
annot skip both k = 2 and k = 3. In parti
ular, f2; 3g is not skippable.Proof. Assume to the 
ontrary that jGj � 8 and G does not have a 2-edge nor a3-edge. We 
arefully analyze the 
ip array of G. Let n = jGj. The 
ip array of G
onsists of a sequen
e of permutation in Sn. Ea
h permutation is obtained from itsprede
essor by 
ipping a 
ontiguous monotone in
reasing blo
k of elements. Observethat we are not allowed to 
ip blo
ks of the form [3; b℄ (where b > 3) nor [4; b℄ (whereb > 4). Indeed, su
h blo
ks represent a 2-edge or a 3-edge respe
tively of G.De�ne an interesting 
ip as a 
ip of a blo
k that 
ontains the blo
k [2; 5℄. Observethat, in view of the forbidden 
ips, the only way to take an element that is in oneof the �rst 4 pla
es of a permutation to a pla
e within [5; n℄ is by an interesting 
ip.The element 1 must eventually move to position n. Hen
e, there must be at least oneinteresting 
ip. The blo
k of the �rst interesting 
ip must be of the form [2; b℄ forsome b � 5, be
ause if it 
ontained the blo
k [1; 5℄ that would means that the 
onvexhull of G 
ontains an edge with at least 5 points and this implies easily that G hasan r-edge for every r < 5.Therefore, after the �rst interesting 
ip there is at least one element from f1; 2; 3; 4gthat remains in the region [1; 4℄. Sin
e jGj � 8, this element must eventually moveto the region [5; n℄. Therefore, there must be a se
ond interesting 
ip. The blo
k ofthe se
ond interesting 
ip will again 
ontain 3 elements from the region [1; 4℄. Thatimplies that at least 2 elements that took part in the �rst interesting 
ip will take partalso in the se
ond interesting 
ip. We rea
hed a 
ontradi
tion, as any two elementsmust 
hange order exa
tly on
e. � 10



Theorem 4.3. If G is a non-
ollinear set of at least 10 points, then G has either a3-edge or a 4-edge. In parti
ular, the set f3; 4g is not skippable.Proof. Assume to the 
ontrary that jGj � 10 and that G does not have a 3-edge nora 4-edge. On
e again we will make use of the 
ip array of the set G. Let n = jGj.This time the 
ips of blo
ks of the form [4; b℄ and [5; b℄ are not allowed. We will alsomake use of the observation that 
ips of blo
ks of the form [a; n � 4℄ and [a; n � 5℄are not allowed.We will 
all a 
ip interesting of type I, if the blo
k of this 
ip 
ontains [3; 6℄. A
ip will be 
alled interesting of type II, if the blo
k of the 
ip 
ontains [n� 5; n� 2℄.Observe that in view of the forbidden 
ips, an element 
an move from the region [1; 5℄to the region [6; n℄ (and vi
e versa) only by an interesting 
ip of type I. Similarly anelement 
an move from the region [n � 4; n℄ to the region [1; n� 5℄ (and vi
e versa)only by an interesting 
ip of type II.We 
laim that it is not possible to have a 
ip that is an interesting 
ip of bothtypes I and II. Indeed, this would ne
essarily mean that the blo
k of su
h a 
ip must
ontain the region [3; n� 2℄ in a permutation. This implies that G determines a linewith at least n�4 points, having at most two points in ea
h open half-plane boundedby it. It is easily seen by inspe
tion, taking in a

ount that jGj � 10, that G mustthen have either a 3-edge or a 4-edge.Just like in the proof of Theorem 4.2, there must be at least two interesting 
ips oftype I, and similarly two interesting 
ips of type II. Let us 
onsider the �rst interesting
ip of type I. This 
ip in
ludes three elements from f1; 2; 3; 4; 5g in the positions [3; 5℄.Right after this 
ip the elements in the region [3; 5℄ are in de
reasing order. Thereforethe se
ond interesting 
ip of type I may in
lude just one of them in its blo
k. Theother two elements must therefore be at the positions [1; 2℄ and remain untou
hedwhile the se
ond interesting 
ip happens. Right after the se
ond interesting 
ip wehave two elements in positions [1; 2℄ that already 
hanged order with ea
h other, andthree elements in positions [3; 5℄ every two of whi
h already 
hanged order. Thereforea third interesting 
ip of type I is not possible (for it must in
lude three elementsfrom the region [1; 5℄, no two of whi
h already 
hanged order). Similarly, there arejust two interesting 
ips of type II.Sin
e jGj � 10, the elements f1; 2; 3; 4; 5g must all end at the region [n�4; n℄. Weknow that three elements from f1; 2; 3; 4; 5g belong to the blo
k of the �rst interesting
ip. Those three elements must move from the region [1; n� 5℄ to [n� 4; n℄ and this
an be done only by interesting 
ips of type II. There are at most two interesting
ips of type II, and we obtain a 
ontradi
tion sin
e two of the three elements fromf1; 2; 3; 4; 5g that were 
ipped during the �rst interesting 
ip of type I, must be 
ippedduring the same interesting 
ip of type II. �The next theorem will 
omplete the pi
ture as for the skippable sets of two ele-ments.Theorem 4.4. For every k � 2 and every l � k + 3 the set fk; lg is skippable.11



Proof. For any k and l that satisfy the 
onditions in the theorem, we must showthat there are arbitrary large sets of points that do not have a k-edge nor an l-edge.We will make use of Lemma 2.5 to show the validity of our 
onstru
tion. Fixk � 2, and assume �rst that l = k + 3. Let Q1 be a regular (2k + 2)-gon. Let Q2be the regular (2k + 2)-gon whose verti
es are the interse
tion points of 
onse
utivediagonals of order k of Q1. Clearly, the verti
es of Q1 
an be regarded as the union ofverti
es of tangen
y paths for Q2. Ea
h vertex of Q1 sees Q2 at the angle of �=(k+1)thus the sum of the indi
es of all tangen
y paths is (2k+2)(���=(k+1))2� = k. Observe thatby the 
onstru
tion every edge of Q2 is 
ontained in an edge of some tangen
y path(just like in the proof of Theorem 3.1). Hen
e by Lemma 2.5, the set that 
onsistsof the union of the verti
es of Q1 and Q2 skips k. This remains true if we add pointsinside Q2. Let Q3 be the (2k + 2)-gon whose verti
es are the interse
tion points of
onse
utive diagonals of order 2 of Q2. Clearly, Q3 � Q2. The verti
es of Q2 
an beregarded as the set of verti
es of a union of tangen
y paths to Q3 and ea
h edge of Q3is 
ontained in one edge of a tangen
y some tangen
y path. Sin
e every point of Q2sees Q3 at angle �(k � 1)=(k + 1), the sum of the indi
es of these paths with respe
tto Q3 is (2k+2)(���(k�1)=(k+1))2� = 2. It is thus enough to show that we 
an add pointsinside Q2 but outside Q3 so that together with the points of Q1 they will 
onstitutethe vertex set of a union of tangen
y paths of a total index k + 1. This 
an indeedbe done. For every two opposite points of Q1 we add two points in Q2 nQ3 so thatthey form a tangen
y path to Q3 with index 1 for Q3. This is illustrated in Figure 4.

Figure 6: Theorem 4.4 (the 
ase k = 2 and l = k + 3 = 5)We thus obtained a set G that skips k and k + 3. This remains true if we addarbitrary number of points inside Q3. This shows that fk; k + 3g is skippable. Ifl > k+3 we add to G l tangen
y paths of index 1 that are 
ontained in Q2 nQ3. This12




ompletes the proof of the theorem. �We 
an now summarize our results in the following theorem that 
hara
terizes allskippable sets of two elements.Theorem 4.5. Let k < l be nonnegative integers. The set fk; lg is skippable i� oneof the following two 
onditions is satis�ed:� k � 2 and l � k + 3, or� k � 4 and l = k + 1Referen
es[GP84℄ J. F. Goodman and R. Polla
k, On the number of k-sets of a set of n pointsin the plane, J. Combin. Theory Ser. A, 36 (1984), 101-104.[GP93℄ J. E. Goodman and R. Polla
k, Allowable sequen
es and order types in dis-
rete and 
omputational geometry, Chapter V in: New Trends in Dis
rete andComputational Geometry (J. Pa
h, ed.), Springer-Verlag, Berlin, 1993, 103{134.[K93℄ Y. S. Kupitz, Separation of a �nite set in Rd by spanned hyper-planes, Com-binatori
a, 13 (1993), 249-258.[K94℄ Y. S. Kupitz, Spanned k-supporting hyper-planes of �nite sets in Rd, J. Com-bin. Theory Ser. A, 65 (1994), 117-136.[KP℄ Y. S. Kupitz and M. A. Perles, personal 
ommuni
ation.[PP1℄ M. A. Perles and R. Pin
hasi, Large sets must have either a k-edge or a (k+2)-edge. Towards a theory of geometri
 graphs, 225{232, Contemp. Math., 342,Amer. Math. So
., Providen
e, RI, 2004.
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