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tGiven a set of n blue and n red points in the plane, not all on aline, it is shown that there exists a bi
hromati
 line passing throughat most two blue points and at most two red points. There doesnot ne
essarily exist a line passing through pre
isely one blue andone red point. This result is extended to the 
ase when the numberof blue and red points are not the same.1 Introdu
tionA

ording to a 
elebrated result of Sylvester [S93℄ and Gallai [G44℄, anyset P of non-
ollinear points in the plane determines a so-
alled ordinaryline, i.e., a line passing through pre
isely two elements of P . Re
ently,Fukuda [F96, DSF98℄ 
onje
tured that this result 
an be generalized asfollows. Let R be a set of red points and let B be a set of blue points inthe plane, not all on a straight line. Assume that(i) R and B are separated by a straight line, and(ii) jRj and jBj di�er by at most one.Then there exists a bi
hromati
 ordinary line, i.e., a line passing throughpre
isely one red and one blue point. It is not hard to see that thisstatement does not remain true if we drop any of the above assumptions.(See Remarks 4.1-2.) The aim of the present note is to show that withoutmaking any spe
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Theorem 1. Given n blue points and N = 
n (
 � 1) red points in theplane, not all on a line, the number of bi
hromati
 lines passing throughat most 8
 points is at least 1=(25
2) times the total number of 
onne
tinglines. In parti
ular, there exists at least one su
h line.In the spe
ial 
ase N = n, we establish a somewhat stronger result.Theorem 2. Given n red and n blue points in the plane, not all on aline,(i) there exist more than n=2 bi
hromati
 lines that pass through at mosttwo red points and at most two blue points;(ii) the number of bi
hromati
 lines passing through at most six points isat least one tenth of the total number of 
onne
ting lines.The proofs are based on the following simple 
onsequen
e of Euler'sPolyhedral Formula (see e.g. [AZ98℄), whi
h immediately implies theSylvester-Gallai theorem.Lemma. Let P be a �nite non-
ollinear point set in the plane, and letli (i = 2; 3; : : :) denote the number of lines passing through pre
isely ielements of P . Then we haven�1Xi=2(i� 3)li � �3: 2We start with the proof of Theorem 2, be
ause it uses similar tri
ksbut requires less tedious 
omputations than the proof of Theorem 1. Theproof of Theorems 2 and 1 are presented in Se
tions 2 and 3, respe
tively,while the last se
tion 
ontains some 
onstru
tions and remarks.2 Proof of Theorem 2Let R and B be two disjoint n-element point sets in the plane, and assumethat not all elements of R [B are on the same line. We will refer to theelements of R and B, as red points and blue points, respe
tively.For any ordered pair of non-negative integers (i; j); i + j � 2, letlij denote the number of lines passing through pre
isely i red and j bluepoints. In parti
ular, the number of bi
hromati
 lines is Pi;j�1 lij . Setlij := 0, whenever i+ j � 1.The number of mono
hromati
 point pairs is equal toXi;j�0" i2!+  j2!# lij = 2 n2! = n2 � n:2



The number of bi
hromati
 point pairs isPi;j�0 ijlij = n2: Thus, we haveXi; j � 0i+ j � 2 " i2!+  j2!� ij# lij = �n: (1)The Lemma at the end of the previous se
tion implies thatXi; j � 0i+ j � 2 (i+ j � 3)lij � �3: (2)Adding up twi
e (1) and 1+" times (2), for some positive ", we obtainXi; j � 0i+ j � 2 h(i� j)2 + "(i + j � 3)� 3i lij � �2n� 3(1 + "): (3)For any i; j � 0 (i + j � 2), let 
ij denote the 
oeÆ
ient of lij in theabove inequality, so that Pi;j 
ijlij < 0.First, set " = 1. It is easy to verify that 
11 = �4; 
12 = 
21 = 
22 =�2, and that all other 
oeÆ
ients 
ij are non-negative. Therefore, (3)yields that �4l11 � 2l12 � 2l21 � 2l22 � �2n� 6:Consequently, 2l11 + l12 + l21 + l22 � n+ 3;whi
h proves part (i) of Theorem 2.To establish part (ii), set " = 3=5. Then
11 = �185 ; 
12 = 
21 = �2; 
22 = �125 ; 
23 = 
32 = �45 ; 
33 = �65 ;and all other 
oeÆ
ients are at least 2=5. Hen
e,Xi; j � 0i+ j � 2 
ijlij+4l11+125 l12+125 l21+145 l22+65 l23+65 l32+85 l33 � 25 � Xi; j � 0i+ j � 2 lij :Comparing the last inequality with (3), we obtain�2n�3�1 + 35�+4l11+125 l12+125 l21+145 l22+65 l23+65 l32+85 l33 � 25 � Xi; j � 0i+ j � 2 lij :3



That is,Xi; j � 02 � i+ j � 6 lij � l11 + 35 l12 + 35 l21 + 710 l22 + 310 l23 + 310 l32 + 25 l33� 110 � Xi;j�0 lij + n2 + 65 ;whi
h 
ompletes the proof of part (ii) of the theorem.3 Proof of Theorem 1Throughout this se
tion, let R and B denote �xed disjoint sets of N redand n � N blue points in the plane, respe
tively. Assume that not allelements of R [B are on the same line, and let 
 := N=n � 1.For any non-negative integers i; j; (i+j � 2), let lij denote the numberof lines passing through pre
isely i red and j blue points. Let lij := 0,whenever i+ j � 1.Assign a weight w to every unordered pair of points fp; qg 2 R [ B,as follows. Let w(fp; qg) = 8><>: 1 if p and q are red,
2 if p and q are blue,�
 otherwise.Clearly, the total weight of mono
hromati
 pairs is N2!+ 
2 n2! < N22 + 
2n22 :Writing the same quantity di�erently, we obtainXi;j�0 " i2!+ 
2 j2!# lij < N22 + 
2n22 :The total weight of bi
hromati
 pairs is�
 Xi;j�0 ijlij = �
Nn:
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Summing up the last two relations, and multiplying by 2, we getXi;j�0 h(i� 
j)2 � i� 
2ji lij < (N � 
n)2 = 0: (4)Suppose �rst that B is not 
ollinear. It follows from the Lemma inSe
tion 1, applied to B and R [B, respe
tively, thatXj�2(j � 3)Xi�0 lij < 0; (5)Xi; j � 0i+ j � 2 (i+ j � 3)lij < 0: (6)Let 0 < " < 1 be a 
onstant to be spe
i�ed later. Adding up (4), 2
2 � 2times (5) and 2� " times (6), we obtainXi � 2j = 0; 1 hi2 + i� 2
ij � "i+ (2� ")(j � 3)i lij � (2
� 2 + ")l11+ Xi � 0j � 2 h(i� 
j)2 + (1� ")i+ (
2 � ")j � 3(2
2 � ")i lij < 0: (7)Let 
ij denote the 
oeÆ
ient of lij in (7). It is easy to verify thatthese numbers satisfy the following 
onditions.1. 
i0; 
0j � " for every i � 2; j � 2.2. 
i1 > " for every i � 2
+ 2:3. 
i1 � � �
+ "�12 �2 + 2"� 4 for every 1 � i < 2
+ 2.4. Keeping k = i + j �xed, 
ij attains its minimum when j = j0 =2k�
+12
+2 . We have
k�j0;j0 = (
� ")k � (
� 1)24 � 6
2 + 3":Therefore, for any i � 1; j � 2,
ij � (
� ")(i + j)� (
� 1)24 � 6
2 + 3" � ";5



provided that i+ j is at leastk0 = 25
2 � 2
+ 1� 8"4(
 � ") : (8)5. On the other hand, if i � 1; j � 2 and i+ j < k0, it follows that
ij � (
� ")3 � (
� 1)24 � 6
2 + 3" = �25
2 � 14
+ 14 :Plugging these 
onditions into (7), we obtain" � 266664 Xi = 0j � 2 lij + Xi � 2j = 0 lij + Xi � 2
+ 2j = 1 lij + Xi � 1; j � 2i+ j � k0 lij377775� "�
+ "� 12 �2 � 2"+ 4#� X1 � i < 2
+ 2j = 1 lij�25
2 � 14
+ 14 � Xi � 1; j � 2i+ j < k0 lij < 0:Equivalently,"�
+ "� 12 �2 � "+ 4# � X1 � i < 2
+ 2j = 1 lij+ "25
2 � 14
 + 14 + "# � Xi � 1; j � 2i+ j < k0 lij > " � Xi � 0j � 0 lij :It 
an be shown by straightforward 
omputation that both 
oeÆ
ientson the left-hand side of the last inequality 
an be estimated from aboveby 25
2=4, so thatX1 � i < 2
+ 2j = 1 lij + Xi � 1; j � 2i+ j < k0 lij > 4"25
2 � Xi � 0j � 0 lij :Setting " = 1=4, say, in view of (8), the result follows.It remains to verify that Theorem 1 is also valid in the 
ase when allpoints of B are on a line `, i.e., when (5) does not hold. Let s denote the6



number of points of R whi
h belong to `. A

ording to our assumption,R [ B is not 
ollinear, so we have s < jRj = 
n. For any p 2 B, let l(p)denote the number of bi
hromati
 lines through p, di�erent from `, that
ontain at most 2
 red points. There are at least 
n�s�2
l(p) red pointsnot belonging to `, whose 
onne
ting lines with p pass through more than2
 red points. Thus, there are at least
n� s� 2
l(p)2
+ 1 �  2
+ 12 !pairs of red points not on ` su
h that the line indu
ed by them passesthrough p. Sin
e any su
h line 
an pass through at most one point of B,we obtain Xp2B 
n� s� 2
l(p)2
+ 1 �  2
+ 12 ! �  
n� s2 !;when
e Xp2B l(p) � 
2n2 � s24
2 :The total number L of 
onne
ting lines of R [B is at most 
n� s2 !+ (
n� s)(n+ s) + 1:Hen
e, the proportion of those bi
hromati
 
onne
ting lines whi
h 
ontainone blue point and at most 2
 red points isPp2B l(p)L � 18
2 :This 
ompletes the proof of Theorem 1.4 Con
luding remarksRe
all Fukuda's 
onje
ture mentioned in the �rst paragraph of the In-trodu
tion. It states that if R is a set of red points and B is a set ofblue points in the plane, not all on a line, and 
onditions (i) and (ii) aresatis�ed, then there is a straight line passing through pre
isely one redand one blue point. In this se
tion, we show that the above assumptionsare ne
essary.4.1. First we prove that Fukuda's 
onje
ture is false if we drop 
ondition(i). 7



Suppose that n is even, say, n = 2k. Let P be the vertex set ofa regular n-gon, and let Q be the set of interse
tion points of the lineat in�nity with all lines determined by two elements of P . Clearly, wehave jP j = jQj = n. Color P [Q with two 
olors, red and blue, so thatthe number of red points equals the number of blue points and everyordinary line (i.e., every line passing through pre
isely two points) ismono
hromati
.Noti
e that every ordinary line determined by P [Q passes throughone element of Q. Furthermore, for every pair of opposite verti
es p1; p2 2P , there is a unique point q 2 Q, su
h that p1q and p2q are ordinary lines.Pi
k bk2 
 pairs of opposite verti
es of P and the 
orresponding points onthe line at in�nity, and 
olor them red. Color the remaining dk2e pairs ofopposite verti
es of P and the 
orresponding points on the line at in�nityblue. Finally, 
olor the k un
olored points of Q so that to balan
e thenumber of red and blue points. Obviously, all ordinary lines determinedby P [Q are mono
hromati
.

Figure 1: R and B are not separated, and there is no bi
hromati
 ordinarylineIf we wish to avoid using points at in�nity, we 
an modify this 
on-stru
tion by applying a suitable proje
tive transformation (see Figure 1).Similar 
onstru
tions 
an be given in the 
ase when n > 3 is odd.Our 
onstru
tions also imply that in a 
ertain sense part (i) of Theo-rem 2 is best possible. However, it is possible that even without assuming(i) there always exists a bi
hromati
 line passing through at most threepoints.4.2. As is illustrated by the 6-element set depi
ted in Figure 2, Fukuda's
onje
ture does not remain true if we drop 
ondition (ii) guaranteeing8



that the number of red points di�er and the number of blue points ��erby at most one.

Figure 2: Unbalan
ed set of 6 points with no bi
hromati
 ordinary lineTo obtain some larger examples, let n = 2k and let R denote a regularn-gon. Let B 
onsist of all interse
tion points of the line at in�nity withthe lines indu
ed by the sides of R. Clearly, we have jBj = n=2 =k. Coloring all points o R and B with red and blue, respe
tively, weobtain an unbalan
ed example with twi
e as many red points as bluepoints su
h that they are separated by a straight line, but there exists nomono
hromati
 ordinary line. Again, if we wish, we 
an apply a suitableproje
tive transformation to get rid of all points at in�nity (see Figure3).

Figure 3: Twi
e as many red points as blue points, separated by a line4.3. One may think that the following statement, whi
h 
an be regardedas a dual 
ounterpart of Fukuda's 
onje
ture, is also true. Let R and Bnon-
ollinear point sets in the plane satisfying 
onditions (i) and (ii) in9



the �rst paragraph of the Introdu
tion. Then there is a mono
hromati
ordinary line, i.e., a line passing through pre
isely two points, whi
h havethe same 
olor.However, the above statement is false. Let k be a positive integer,and let R = f (1; i) : jij � k g [ f(1; 0)g;B = f (�1; i) : jij � k g [ f(0; 0)g;where (1; 0) denoted the interse
tion point of the x-axis with the line atin�nity. Obviously, R [ B determines no mono
hromati
 ordinary line.If we apply a suitable proje
tive transformation we get rid of the pointat in�nity (see Figure 4).

Figure 4: Balan
ed and separated set with no mono
hromati
 ordinarylineReferen
es[AZ98℄ M. Aigner and G. Ziegler, Proofs from the Book, Springer-Verlag,Berlin, 1998. 10
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