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Abstract

Let G be a topological graph with n vertices, i.e., a graph drawn in the plane with edges drawn
as simple Jordan curves. It is shown that, for any constants k,l, there exists another constant
C(k,1), such that if G has at least C(k,l)n edges, then it contains a k X [-gridlike configuration,
that is, it contains k + [ edges such that each of the first k edges crosses each of the last I edges.
Moreover, one can require the first k edges to be incident to the same vertex.

1 Introduction

A topological graph is a graph drawn in the plane with no loops or parallel edges so that its vertices
are represented by points, and its edges by Jordan curves connecting the corresponding points. The
points (resp., curves) representing the vertices (resp., edges) of the abstract graph are also called
vertices (resp., edges) of the resulting topological graph. If it is clear from the context, we will make
no notational distinction between the vertices (edges) of the underlying abstract graph, and the points
(curves) representing them in the plane. We assume that (i) the edges of a topological graph do not
pass through any vertex, (ii) if two edges share an interior point, then at this point they properly
cross, and (iii) no three edges cross at the same point. A topological graph is called simple if any pair
of its edges have at most one point in common (either a common endpoint or a crossing).

It follows from Euler’s Polyhedral Formula that every planar graph with n vertices has at most
3n — 6 edges. Equivalently, every topological graph G with n vertices and more than 3n — 6 edges has
a pair of crossing edges. This simple statement was generalized in several directions.
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Pach and Téth [PT97] proved that a simple topological graph of n vertices and more than (r +
2)(n — 3) edges must have r edges that cross the same edge. This bound is tight for r = 1,2, 3, but
can be substantially improved for large values of r.

Agarwal et al. [AAPPS97] proved that for some C > 0, every simple topological graph with n
vertices and more than Cn edges has three pairwise crossing edges. In [PRT02], it was shown, by
a much shorter argument, that the same assertion is true for all (not necessarily simple) topological
graphs. In [PRTO03], this result was further strengthened: for every integer » > 0, there exists a
constant C,. > 0, such that every topological graph with n vertices and more than C,.n edges has r + 2
edges such that the first two cross each other and both of them cross the remaining r edges.

In this note, we establish another generalization. A set of k + [ edges of a topological graph is said
to form a (k,1)-grid if each of the first k£ edges crosses all of the remaining ! edges. If, in addition, the
first k edges are incident to the same vertex, then the (k,1)-grid is called radial. If the last [ edges are
also incident to a vertex, then the grid is biradial.

Figure 1. A radial (4,5)-grid.

Theorem 1. For any k,l > 1, every topological graph with n vertices and more than 16 - 244 kn edges
contains a radial (k,1)-grid.

If we assume that G is a simple topological graph, the proof becomes simpler and the bound becomes
better.

Theorem 2. For any k,l > 1, every simple topological graph of n vertices and more than 8 - 24'kn
edges contains a radial (k,l)-grid.

In the special case when the vertices of the graph are in convex position, the edges are drawn by
straight-line segments, k = 2, and [ = 1, Theorem 2 has been established by Brass et al. [BKV03].

It follows from the results in [PPTT02] that, for any fixed k and [/, the maximum number of edges
of an z-monotone topological graph with n vertices that does not contain any biradial (k,[)-grid is
O(nlogn). We do not know whether this bound can be replaced by O(n). We cannot decide either
if, instead of requiring that the grid be radial or biradial, one can assume that all endpoints of the
participating edges are distinct.

It is an easy corollary of Theorem 2 that for any k,I > 1, there exists a constant ¢ = ¢g; such that
every simple topological graph with n vertices and more than cn edges contains a radial (k,1)-grid



whose first k& edges cross the remaining edges in the same order. This means that their arrangement
really looks like a grid with quadrilateral cells.

2 Proof of Theorem 1

Let G be a topological graph with n > 5§ vertices, containing no radial (k,!)-grid for some k,l > 0.
Assume without loss of generality that G is connected (as an abstract graph), otherwise we can argue
separately for its connected components and complete the proof by induction.

Let us redraw G, if necessary, so that the resulting topological graph G satisfies the following two
conditions:

(i) If two edges of G cross each other, then the corresponding edges also cross in G;

(ii) G has the minimum number of crossing points among all drawings with property (i).

It follows from property (i) that G cannot contain a radial (k,)-grid, because the corresponding
edges would form a radial (k,!)-grid in G.

Obviously, no edge of G intersects itself, otherwise we could reduce the number of crossings by
removing the loop. Suppose that G has two distinct edges, e and f, that meet at least twice (including
their common endpoint, in the case they have one). A simply connected region whose boundary is
composed of an arc of e and an arc of f is called a lens.

Claim 2.1. Every lens in G has a vertez in its interior.

Proof. Suppose, for a contradiction, that there is a lens £ that contains no vertex of G in its interior.
Consider a minimal lens ¢/ C £, by containment. Notice that by swapping the two sides of ¢/, we
could reduce the number of crossings without creating any new pair of crossing edges, contradicting
property (ii) above. O

The following property is a direct consequence of a result of Schaefer and Stefankovi¢ [SS01].

Claim 2.2. For any edge e of G and for any m > 0, every set of 2™ consecutive crossings along e
involves at least m distinct edges other than e. O

Since the abstract underlying graph of G and G is connected, we can choose a sequence of edges

€1,€2,...,en—1 € E(G) such that ej,es,...,e; form a tree T;, for every 1 < ¢ < n — 1. In particular,
€1,€2,...,e,_1 form a spanning tree 7,,_1 of G.

As in [PRTO02], we first construct a sequence of crossing-free topological graphs (trees), Ty, Ty, ...,
T,,_1, as follows. Let T} be defined as a topological graph of two vertices, consisting of the single edge
e1. Suppose that T; has already been defined for some 1 < ¢ < n — 1, and let v denote the endpoint of
e;+1 that does not belong to T;. Then we define ’fiﬂ as follows. Add to rf} the piece of e;11 between
v and its first crossing with 7;. More precisely, follow the edge e;+1 from v up to the point v’ where
it hits Tz for the first time, and denote this piece of e;11 by €;11. If v’ is a vertex of ’fi, then add v
and é;41 to T, and let Ti+1 be the resulting topological graph. If v’ is in the interior of an edge e of
T;, then introduce a new vertex at v'. It divides e into two edges, €’ and €. Add both of them to T,
and delete e. Also add v and é;,1, and let T}, be the resulting topological graph.



Figure 2. Constructing Tio from Tig

After completing n — 2 steps, we obtain a topological tree T := ’f’n,l, which (1) is crossing-free,
(2) has fewer than 2n vertices, (3) contains each vertex of G, and (4) has the property that each of its
edges is either a full edge, or a piece of an edge of G.

Next, we recursively construct another sequence of connected, crossing-free topological graphs,
Hl,Hg, ... H, = H. For every 1, let E; consist of all edges of G that have a piece which is an edge
of H;. We will refer to these edges as used edges at stage 1.

Set H; := T and E; := {e1,ea,...,en_1}. Suppose that we have already constructed H; and E;
for some 7 > 0.

Figure 3. A proper cut.

Let E; be the set of unused edges of G at this stage, that is, E; = E(G) \ E;. Every edge e € E;
may cross H; at several points. These crossing points divide e into several pieces, called segments. Let
S denote the set of all segments over all edges e € F;. To form Hz+1, we add one segment s € S to H;
as an edge. Each endpoint of s is either a vertex of HZ, or a point p on an edge e of H;. In the latter
case, p divides e into two segments, e’ and €”. Add p to H; as a vertex, and replace e with two edges,
e’ and €”. Denote the resulting topological graph by I~L(s) The segment s divides one of the cells of
H; into two cells. If each of these cells has at least 8 sides, including those along s, then we say that
s is a proper cut of H; (see Figure 3). Note that if we encounter both sides of an edge while walking



around the boundary of a cell, then this edge contributes 2 to the number of sides of the cell.
We distinguish two cases.
Case 1. There exists no s € S which is a proper cut of H;.

Set m := i, H := H;, E := E;, and the procedure terminates.
Case 2. There exists s € S which is a proper cut of H;.

Suppose that s is a segment of an unused edge e € E; at stage i. Set H;,1 := H;(s), Ei1q := E; U{e},
and proceed further to the next step.

Since G has finitely many edges, this procedure will terminate. Let E and E denote the set of
used and unused edges after the last stage, resp., i.e., E = E,, and E = E,,.

Claim 2.3. fl~has fewer than 8n edges. Consequently, the number of used edges of G after the last
stage satisfies |E| < 8n.

Proof. Let ¢; (resp., d;) be the number of edges (resp., cells) in H;. We know that e; < 2n and
01 = 1. For every i, we have ¢;41 < ¢; + 3 and ;41 = d; + 1, so that €, < 3m + 2n — 3, §,, = m.
On the other hand, each cell has at least 8 edges. This holds for H, = T, provided that n > 5,
and, by construction, it remains true as segments are added. So we have €, > 46,,. It follows that
3m + 2n — 3 > €, > 46,, = 4m. Thus, we obtain 2n — 3 > m. This implies that for the number of
edges of H we have €, < 8n.

The second statement follows from the fact that every used edge of G has a segment which is an
edge of H. O

It remains to estimate the number of unused edges of G at the final stage. For any vertex v of G,
let deg(v) be the number of unused edges of G incident to v, and let degy(v) be the degree of v in
H. Consider the cyclic order of the unused edges of G and the edges of H incident to v, in a small
neighborhood of v. We show that between any fixed pair of consecutive edges €’ and e” of H, there
are at most (2k — 2)244l unused edges of G in this sequence. Let E(e’,e”) be the set of all such unused
edges. An edge e € E(¢',€") is called long or short, according to whether it has altogether at least 4!
or fewer than 4! crossings with edges of H, respectively.

In what follows, we would like to distinguish between the two sides of the same edge. To this
end, orient the edges of H arbitrarily, and orient every element of E(¢,€e") away from v. If two
oriented edges, e and f, cross at a point p, we say that at this point e crosses f from left to right (or,
equivalently, f crosses e from right to left), if the direction of e at p can be obtained from the direction
of f at p by a clockwise turn through an angle less than .

For any long edge e = v € E(e!,e"), consider the first 4! crossings along e with the edges of H,
as we move from v towards w, and let (hj, ha,...,hy) be the list of the corresponding edges of H.
For any 1 < i < 4!, write t; = h; (resp., let t; = h)") if e crosses h; from left to right (resp., from right
to left). Finally, define the type of e = 01 as the ordered list (sequence) T'(e) = (t1,ta,...,t.).

The type of a short edge e = vw is defined similarly, except that now the list 7'(e) might be shorter
(because we do not have 4! crossings), and we add w to the list as a last element.

Claim 2.4. The number of types is at most 244"

Proof. Since there exists no proper cut of H, the two endpoints of each segment of an edge e =



v € E(e,€") are “close” to each other in the sense that their distance along the boundary of the
corresponding cell of H is at most 6. More precisely, if we fix the first i < 4! elements of the sequence
T(e), there are at most 24 possibilities how to select the (¢ + 1)-st element: in both directions we can
choose one of the edges supporting the 6 closest sides of the cell, or one of the 6 closest vertices as w
(if e = vw is short). Thus, the total number of possible types is at most 244, O

Claim 2.5. For any fized type, the number of edges in E(e',e") is at most 2k — 2.

Proof. The statement is trivial if the type corresponds to a short edge. Indeed, if two short edges
belonging to E(e',e"”) have the same type, then both of their endpoints coincide, which is impossible,
because our graph has no parallel edges.

Suppose now, in order to obtain a contradiction, that there are 2k —1 long edges, e1,€32,...,€9,_1 €
E(€',€e"), which have the same type (¢1,...,t4), where, for each j, t; = h;r or h; for some edge h; of

H.

For1<i<2k—1and1l<j<4! let eg denote the segment of e; between its (j — 1)-st and j-th
crossing with the edges of H. Let e} stand for for the segment of e; between v and the first crossing

of e; with an edge of H, as we move away from v. Furthermore, let & = U;*lzleg that is, the piece of

e; between v and its 4'-th crossing with the edges of H.
Clearly, for any fixed 1 < j < 4!, the segments eg, for 1 < i < 2k — 1, are pairwise non-crossing.

Indeed, otherwise, let j be the smallest number such that ez and ez, have a crossing p, for some i # 7'.
Then the lens enclosed by the pieces of €; and é;; between v and p would be vertex-free, contradicting

Claim 2.1. Therefore, the curves é1,€2,...,€ 1 “run parallel”, in the same order. More precisely,
if €1, €2, ..., €21 emanate from v in this clockwise order, then for each 1 < j < 4!, the segments
el, €}, ... el | meet the edge h; in the same order. See Figure 4.

)
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Figure 4. The edges eq, ea,e3 Tun parallel.

It follows from the definition that € participates in at least 4" crossings. By Claim 2.2, there
are at least 2[ distinct edges of G that cross €. Fix any one of them, e, and denote by x one of its



intersection points with éy.

It is sufficient to show that e must cross either every element of {€1, éa,...,€} or every element
of {€k,€xs1,---,E2, 1} Indeed, if this holds, then at least half of the 2I distinct edges of G that cross
e will also cross every element in one of the above sets. Thus, G will contain a radial (k,1)-grid,
contradicting our assumptions.

Suppose, in order to obtain a contradiction, that there are two arcs, €, and &,, 1 <a <k <b <
2k — 1, that do not cross e. For any 1 < j < 4!, let R7 denote the region bounded by €3, €}, and the
portions of h; 1 and hj between their intersection points with e, and ei.

By definition and by the previous observations, R’ fully contains ei, but it has no vertex of H in
its interior. Let j < k be the minimum integer such that e has a point in RJ. Since e cannot end in
R, it must meet one of its sides, belonging e}, eg, hj_1, or hj. (We set hg := v. Note also that R!
has only three sides.) By definition, e cannot meet el and eg. It is also impossible that e enters and
leaves R7 through its side belonging to hj, because then, within RJ it would form an empty lens with
hj, contradicting Claim 2.1. Thus, if j > 1, then e must leave R’ through its side belonging to h;_1.
This implies that e must have a point in R/~! contradicting the minimality of j. On the other hand,
if 7 = 1, then e must end at hg = v. However, in this case, the portions of e and e, between v and
x would form an empty lens within the region R' UR? U --- U RY. This contradiction completes the
proof of Claim 2.5. O

Figure 5. Any edge of G that crosses €3 must also cross either &, and &3, or &4 and és.

Now we return to the proof of Theorem 1. Recall that E and E denote the sets of used and unused
edges of G at the last stage, respectively. Thus, combining the last three claims, we obtain

\E(Q)| = |E|+|E| < |E|+|E(H)| < (244’(2k —2) + 1) \E(H)| < (2441(% —2)+ 1) 8n < 16-24% kn,



as required.

3 Proof of Theorem 2

We only sketch the proof, since it is a specialization of the previous one. Let G be a simple connected
topological graph with n vertices that does not contain a radial (k,1)-grid.

In contrast to the previous proof, now we do not have to build another topological graph, (:7, since
G is simple, i.e., any pair of edges of G cross at most once. Thus, we can follow the previous argument
with G = G.

Construct a topological graph H in exactly the same way as in the previous proof, and define the
sets of used and unused edges as before. Obviously, Claim 2.3 remains true.

Now we estimate the number of unused edges of G. For any vertex v of G, let deg(v) denote the
number of unused edges of G incident to v, and let degz(v) denote the degree of v in H. As before,
consider a small neighborhood of v, and list the unused edges of G and the edges of H incident to v in
the order as they emanate from v. Now we can show that between any two consecutive edges €’ and
e’ of H, there are fewer than 24'k unused edges of G: Let E(e',e") denote the set of all such edges.
For each e € E(e',e"), consider the first I crossings of e with the edges of H, and let T'(e) denote the
sequence of the corresponding edges of H. As before, T'(e) is called the type of e. As before, edges
with fewer crossings with H have shorter types; they list all these crossings and terminate at the other
endpoint of the edge. Instead of Claims 2.4 and 2.5, now we obtain

Claim 3.1. The number of different types is at most 24'. O
Claim 3.2. For any fized type, E(e',e") has at most k — 1 elements.

Proof. The case of short edges is argued as above. Suppose, for the sake of contradiction, that
there are k elements, e, e, ..., e, incident to v, that “run parallel” for at least [ steps, i.e., we have
T =T(e1) = T(e2) = ... = T(ex). Since G is simple, the | edges of G corresponding to T are all
distinct. Thus, we have found a radial (k,[)-grid in G, the desired contradiction. O

Now the proof can be completed in exactly the same way as before.
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