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Theorem 1 (K. Bezdek & R. Connely). Let C be a 
onne
ted family of(at least two) unit 
ir
les in the plane, no two of whi
h tou
h ea
h other.Then C determines at least n interse
tion points.Proof: Denote by m the number of interse
tion points determined by C. Giveweight 1 to every interse
tion point. Then equally distribute the weight ofea
h interse
tion point among the 
ir
les passing through it. Therefore, ifsay, k 
ir
les pass through a point P , then P gives a weight of 1k to everysu
h 
ir
le.We now analyze the weight of ea
h 
ir
le. Let C 2 C. Assume C 
ontainsk interse
tion points. Clearly, through every su
h interse
tion point P atmost k 
ir
les pass, for every 
ir
le through P interse
ts C in another uniquepoint. Hen
e C is given a total weight of at least 1. This shows that m � n.K. Bezdek and Connelly, (see [5℄), 
onsidered 
overings of the plane byunit disks. They noti
ed that the unit disks 
entered at the interse
tionpoints of the boundary 
ir
les of the original 
overing also form a 
overing ofthe plane. They 
onje
tured that this se
ond 
overing 
an not have smallerdensity than the original 
overing. They proved Theorem 1 above to settlethis 
onje
ture for the 
ase in whi
h no two of the disks in the 
overingtou
h ea
h other. Later, A. Bezdek (see [2℄ ) settled the 
onje
ture of K.Bezdek and R. Connelly in its full generality without requiring no tangen
y.A. Bezdek's argument was also weight distribution argument but slightlymore involved. While working out the details of his 8 pages long weightdistribution argument, A. Bezdek noti
ed that probably the right questionto ask is not the above one 
on
erning 
overings, but the following stated asa 
onje
ture (see [2℄. See also [3℄ for a related result):Conje
ture 2.: [A. Bezdek℄ There are at least n� 1 interse
tion points ina 
onne
ted family of n unit 
ir
les in the plane.A se
ond and very important part of his 
onje
ture was also a list of 
asesin whi
h there is equality. He 
onje
tured that his list was 
omplete.The proof of Theorem 1 does not apply here be
ause now 
ir
les areallowed to tou
h. This small di�eren
e 
reates a huge diÆ
ulty. In fa
t, astraight forward impli
ation of the above argument to this 
ase will give alower bound of n2 interse
tion points. This indeed 
an be attained if C is aunion of disjoint pairs of tou
hing 
ir
les.In this paper we prove the �rst part of A. Bezdek's 
onje
ture, stated inthe next theorem. The se
ond part of the 
onje
ture is still open.2



Theorem 3. Let C be a 
onne
ted family of n unit 
ir
les in the plane andlet P be the set of their interse
tion points. Then jPj � n� 1,

Figure 1: A 
onne
ted family of n = 11 
ir
les that determine just 10 inter-se
tion points.Figure 1 shows one example illustrating that Theorem 3 is tight. For afurther dis
ussion of the extremal 
ases see [2℄. It is instru
tive to note thatin Theorem 1 almost no geometri
 property of unit 
ir
les was required. Thetheorem would hold (and the same proof will go through) for any 
olle
tionof simple 
losed 
urves, as long as no three 
urves share two points of inter-se
tion in 
ommon and every two 
urves are either disjoint or interse
t attwo points. This is no longer true for Theorem 3. Here we will rely on inti-mate geometri
 properties of the unit 
ir
le. Figure 2 shows an example of a
onne
ted 
olle
tion of 8 
ir
les with just 6 interse
tion points. Observe thatno three 
ir
les share two 
ommon interse
tion points and no three 
ir
lestou
h at the same point. By 
onsidering a 
hain of n su
h 
on�gurationsea
h tou
hes its prede
essor at a point, we will obtain a 
onne
ted 
olle
tionof 8n 
ir
les with just 7n� 1 interse
tion points.3



Figure 2: A 
onne
ted family of n = 8 (non unit) 
ir
les that determine just6 interse
tion points.2 De�nitions and notationsBy a "
ir
le", we always mean " a unit 
ir
le". We'll refer to points by
apital letters and to 
ir
les by lower-
ase letters. For a point P and a 
ir
le
, whenever we write P 2 
 we mean that P 2 P lies on 
 2 C, if P is notne
essarily in P or 
 is not ne
essarily in C, we will mention it expli
itly.The degree of a point P 2 P, denoted by degP , is the number of 
ir
lesfrom C that pass through P . Similarly, the degree of a 
ir
le 
 2 C, denotedby deg 
, is the number of interse
tion points from P that lie on C.Notation 4. Let P;Q 2 
.� P 
 is the point on 
 that is antipodal to P .� t(P; 
) is the 
ir
le that tou
hes 
 at the point P .4



� �!N 
P is the point of P that is the �rst to 
ome after P on 
 in the
lo
kwise dire
tion.�  �N 
P is the point of P that is the �rst to 
ome after P on 
 in the
ounter
lo
kwise dire
tion. (See Figure 3.)� ar

(PQ) is the open ar
 bounded between P and Q on 
 in the 
lo
kwisedire
tion. We say that ar

(PQ) is empty, if there are no points of Pon it.� disk(
) is the 
losed disk bounded by 
.� if Q 6= P 
 and Q 6= P , then 
(P;Q) denotes the only 
ir
le other than
 that passes through P and Q. t(P; 
)
Q = �!N 
P


(P;Q)


 �N 
P

P 

P

Figure 3: various notationsDe�nition 5. Let P 2 
� V al(P; 
) = 1degP � 1deg 
 .� (P; 
) is weak, if V al(P; 
) < 0.� (P; 
) is strong, if V al(P; 
) > 0.5



� P is 
-
onne
ted, if for every P 6= Q 2 P on 
, 
(P;Q) 2 C.(The intuition for the name is that when P is 
-
onne
ted, there are
ir
ular ar
s of 
ir
les in C n f
g 
onne
ting it to ea
h of the otherinterse
tion points on 
.)� P is semi-
-
onne
ted if for every Q 2 P on 
, whi
h is di�erent fromP and P 
, we have 
(P;Q) 2 C.Observe that V al(P; 
) < 0 i� P is 
-
onne
ted and t(P; 
) 2 C. In this
ase, degP = deg 
+ 1.3 The proof of theorem 3Theorem 3 is easily seen to be true when n = 1; 2; 3. Assume that Theorem 3is not true and let C be a 
ounterexample with minimum number n of 
ir
les.Proposition 6. Every interse
tion point P 2 P has degP � 3.Proof: Assume that through a point P only 
1; 
2 2 C pass. Let C2 � C bethe set of 
ir
les in the 
onne
ted 
omponent of S
2Cnf
1g 
 whi
h 
ontains
2. Denote C1 = C n C2, and observe that C1 is a 
onne
ted union of 
ir
les.Let n1 = jC1j, and n2 = n�n1 = jC2j. By the minimality of C, the 
ir
lesof C1 have at least n1�1 interse
tion points and the 
ir
les of C2 have at leastn2� 1 interse
tion points. Clearly, all those interse
tion points are di�erent.Therefore jPj � n1� 1+n2� 1+ 1 = n� 1, for we 
ount also the point P .Corollary 7. The degree of ea
h 
ir
le in C is at least two.Step 1 of the proof. Similar to the proof of Theorem 1, we giveevery interse
tion point in P a weight of 1 and we equally distribute theweight of ea
h interse
tion point among the 
ir
les whi
h pass through it.Therefore, for P 2 
, the weight that P 
ontributes to 
 is: w1(P; 
) = 1degP .The existen
e of weak 
ouples (P; 
) is the reason that we 
annot repeatthe arguments of Theorem 1, sin
e the total w1-weight on a 
ir
le, may besmaller than 1. But, the point of light here is that while some 
ouples (P; 
)are weak, other 
ouples (P 0; 
0) are strong. Therefore, we are able to transferweight from strong 
ouples to weak 
ouples to get on ea
h 
ir
le a total weightof at least 1. In parti
ular, we have the following observation.6



Observation 8. If (P; 
) is weak, then for every Q 2 
 (Q 6= P ), (Q; 
0) isstrong, where 
0 = 
(P;Q).(note that if (P; 
) is weak, then P 
 6= P)Proof: Every 
ir
le through Q, ex
ept for t(Q; 
0), interse
ts 
0 in a uniquepoint, other than P . It follows that degQ � deg 
0 + 1. Note that t(Q; 
0) 62C for otherwise it interse
ts 
 in the point P 
 in 
ontrast to that P is 
-
onne
ted. Also, note that t(P; 
) interse
ts 
0 in the point Q
0. There is no
ir
le, other than 
0, through Q and Q
0. Hen
e degQ � deg 
0 � 1.De�nition 9. Let 
 be a 
ir
le with deg 
 = 2 and P;Q 2 P are the inter-se
tion points on it. If deg 
(P;Q) is 4 or 5, then 
 is 
alled problemati
.Step 2 of the proof.In step 2 we de�ne a modi�ed weight w2(P; 
) for every pair (P; 
) whereP 2 
, P 2 P and 
 2 C with the property thatPP2
w2(P; 
) =PP2
w1(P; 
)where the sums are taken over all pairs P 2 P and 
 2 C su
h that P 2 
.We aim to show that PP2
w2(P; 
) � 1, for every 
ir
le 
 2 C whi
h is notproblemati
.De�nition 10. Let (P; 
) be a weak 
ouple and (Q; e) be a strong 
ouple. Wesay that (Q; e) settles (P; 
), if V al(P; 
) + V al(Q; e) � 0.De�nition 11. We say that (P; 
) 
lo
kwise-dominates (Q; e) and write(P; 
) �!1 (Q; e), if (P; 
) is weak, Q = �!N 
P , and e = 
(P;Q). We thensay that (Q; e) is 
lo
kwise-dominated by (P; 
).We say that (P; 
) 
ounter
lo
kwise-dominates (Q; e) and write (P; 
) �!2(Q; e), if (P; 
) is weak, Q = �N 
P , and e = 
(P;Q). We then say that (Q; e)is 
ounter
lo
kwise-dominated by (P; 
).If (P; 
) �!1 (Q; e) or (P; 
) �!2 (Q; e), we say that (P; 
) dominates(Q; e). We also say that (Q; e) is dominated by (P; 
). If (Q; e) is notdominated by any weak 
ouple, we say that (Q; e) is independent. (See Figure4.)Observation 12. Every strong 
ouple (Q; e) is dominated by at most twoweak 
ouples.De�nition 13. Let (P; 
) be a weak 
ouple, h = t(P; 
) 2 C. Suppose that7



e0 eP QQ0 
Figure 4: (P; 
) �!1 (Q; e) and (P; 
) �!2 (Q0; e0)1. there exist two 
ir
les d; e 2 C, that pass through P and interse
t in adi�erent point that lies in the interior of disk(h).2. there exists f 2 C that interse
ts h in two points, su
h that P lies inthe interior of disk(f), and no other 
ir
le in C but h passes through Pand one of the interse
tion points of f and h.Then (P; h) is 
alled the helper of (P; 
). (See Figure 5.)Observation 14. If (P; h) is the helper of (P; 
) then:1. (P; h) is independent.2. (P; h) is strong.Proof:1. If (P 0; 
0) dominates (P; h) then 
0 interse
ts h and 
 in the pointsP 0; P 0
0 respe
tively. Hen
e, P 0 is not 
0-
onne
ted, a 
ontradi
tion tothe assumption that (P 0; 
0) is weak.8



h
f ed

P

Figure 5: (P; h) is the helper of (P; 
)2. Denote degP = x. Sin
e the two 
ir
les (other than h) that passthrough P and the interse
tion points of f and h are not in C, deg h �x+ 1. Hen
e, (P; h) is strong.A short overview of the proof: The idea of the proof is to �ndthe right way (or just any way that works) to distribute the weight of the in-terse
tion points among the 
ir
les so that the total weight absorbed by ea
h
ir
le is at least 1. We do �nd su
h a way and de�ne the new distribution inDe�nition 15, where the quantities w2(P; 
) are de�ned. >From the de�nitionit will be very easy to see that PP;
w2(P; 
) = PP;
w1(P; 
) = jP j. It isthen a slightly tedious and very te
hni
al work to show that the new so 
alled'weights' satisfy the property that for every given 
ir
le 
,PP jP2
w2(P; 
) �1. Although very tedious, the important thing is that it works! The rest ofthe proof then follows as in the argument of Bezdek and Connely.We will now redistribute the weights w1(P; 
) of all 
ouples (P; 
), whereP 2 
, between themselves and 
all the resulting new weights w2(P; 
). This9



is done a

ording to 
ertain guide-lines (at �rst we de�ne wa(P; 
), wa0(P; 
),wb(P; 
), w
(P; 
), wd(P; 
), wd0(P; 
), we(P; 
) and then we de�ne w2(P; 
)):De�nition 15. � If nobody else wants it- take it all!a. If (P; 
) �!1 (Q; e) and if (Q; e) is dominated ex
lusively by (P; 
),then wa(P; 
) = V al(Q; e), wa(Q; e) = �V al(Q; e).a'. If (P; 
) �!2 (Q; e) and deg 
 � 3, and if (Q; e) is dominated ex-
lusively by (P; 
), then wa0(P; 
) = V al(Q; e), wa0(Q; e) = �V al(Q; e).� b. Two 
lo
kwise-dominations equally share the loot.If (P1; 
1) �!1 (Q; e) and (P2; 
2) �!1 (Q; e) then wb(P1; 
1) = 12V al(Q; e),wb(P2; 
2) = 12V al(Q; e) and wb(Q; e) = �V al(Q; e).� 
. Two 
ounter
lo
kwise-domination equally share the loot.If (P1; 
1) �!2 (Q; e) and (P2; 
2) �!2 (Q; e), then w
(P1; 
1) =12V al(Q; e), w
(P2; 
2) = 12V al(Q; e) and w
(Q; e) = �V al(Q; e).� Clo
kwise-domination wins 
ounter
lo
kwise-domination. If(P1; 
1) �!1 (Q; e) and (P2; 
2) �!2 (Q; e), then let D be equal thequantity minfV al(Q; e);�V al(P1; 
1)g.d. de�ne: wd(P1; 
1) = D, and wd(Q; e) = �V al(Q; e).d'. de�ne: wd0(P2; 
2) = V al(Q; e)�D.� e. A spe
ial bonus from the helper.If (P; 
) is weak and (P; h) is the helper of (P; 
), then we(P; 
) =V al(P; h) and we(P; h) = �V al(P; h).� For every pair P 2 P and 
 2 C, where P 2 
, we de�new2(P; 
) := w1(P; 
) + wa(P; 
) + wa0(P; 
) + wb(P; 
) ++ w
(P; 
) + wd(P; 
) + wd0(P; 
) + we(P; 
):where any value among wa(P; 
), wa0(P; 
), wb(P; 
), w
(P; 
), wd(P; 
),wd0(P; 
), and we(P; 
) is 
onsidered to be 0 unless it was spe
i�ed byany of the previous guide-lines.10



De�nition 16. A 
ouple (P; 
) is 
alled w2-satis�ed, if w2(P; 
) � 1deg 
 .In Proposition 20, the main proposition in the proof of Theorem 3, wewill show that if 
 is not problemati
, then PP2
w2(P; 
) � 1. To proveProposition 20 we need the following observation and two lemmata.Observation 17. Let (P; 
), (Q; e) be 
ouples s.t (P; 
) �!1 (Q; e) and (P; 
)is not w2 satis�ed. Then wa(P; 
) + wb(P; 
) + wd(P; 
) � 12 � V al(Q; e)Proof: Suppose that the inequality does not hold. Then there exist (P 0; 
0)satisfying (P 0; 
0) �!2 (Q; e) and wd(P; 
) = minfV al(Q; e);�V al(P; 
)g =�V al(P; 
). Hen
e, (P; 
) is w2 satis�ed, a 
ontradi
tion.Lemma 18. Let (P; 
) be a weak 
ouple, Q 2 
, d = 
(P;Q) su
h that (Q; d)does not settle (P; 
). Then: (Q; 
) is weak, and either deg d = deg 
 + 2 andQ is semi-d-
onne
ted, or 
 is problemati
, or both.Re
all that (Q; 
) is weak i� Q is 
-
onne
ted and t(Q; 
) 2 CProof: Let x = deg 
. Sin
e (P; 
) is weak, degP = x+1 and 
0 = t(P; 
) 2 C.Sin
e P is 
 
onne
ted, then t(Q; d) =2 C (for otherwise P 
 is an interse
tionpoint on 
). Let y = deg d and r = degQ. Observe that r � x + 1, andmoreover, y � r + 1.Sin
e (Q; d) does not settle (P; 
), we have:1x+ 1 � 1x + 1r � 1y < 0: (1)Sin
e y � r + 1, it follows that1x + 1 � 1x + 1y � 1 � 1y < 0:Therefore, we must have y � x + 2. Assume that y � x + 3, then this,together with r � x + 1, implies that1x + 1 � 1x + 1x+ 1 � 1x+ 3 < 0:>From this we 
on
lude that x = 2.Therefore, either y = x+ 2 (and then it is easy to see that r = x+ 1), orx = 2. 11



In the former 
ase, sin
e r = x + 1 and deg 
 = x, it follows that 
1 =t(Q; 
) 2 C, and that Q is 
 
onne
ted. This shows that (Q; 
) is weak. Thefa
t that Q is semi-d-
onne
ted follows from degQ = r = x + 1 = y � 1 =deg d� 1.In the latter 
ase (x = 2), if y � 6 (keeping in mind that r � x + 1 = 3)1x+1 � 1x + 1r � 1y � 0 
ontradi
ting (1). Hen
e, we 
on
lude that if x = 2,then either y = 4 or y = 5 (and thus 
 is problemati
). Here, again r = x+1and therefore (Q; 
) is weak.Lemma 19. Let (P; 
) be a week 
ouple, deg 
 � 3. Suppose that (P; 
) �!1(Q1; e1) and (P; 
) �!2 (Q2; e2). Then w1(P; 
)+V al(Q1; e1)+V al(Q2; e2) �1deg 
Proof: If (Q1; e1) or (Q2; e2) settles (P; 
) then we are done. Assume thenthat none of (Q1; e1) and (Q2; e2) settles (P; 
). Let x = deg 
. By Proposition18, deg e1 = deg e2 = x+ 2, and degQ1 = degQ2 = degP = x + 1.Therefore,w1(P; 
) = 1x + 1V al(Q1; e1) = 1x + 1 � 1x+ 2V al(Q2; e2) = 1x + 1 � 1x+ 2Therefore,w1(P; 
) + V al(Q1; e1) + V al(Q2; e2) = x+ 4x2 + 3x+ 2 :This expression is greater than or equal to 1x = 1deg 
 for every x � 2.We now move on to the main proposition:Proposition 20. For every 
ouple (P; 
) su
h that 
 is not problemati
, if(P; 
) is not w2-satis�ed, then PP2
w2(P; 
) � 1 .Note that proposition 20 implies that PP2
w2(P; 
) � 1 for every 
ir
le
 whi
h is not problemati
. 12



Proof: Let (P; 
) be a 
ouple su
h that 
 is not problemati
.If (P; 
) is not weak, then by de�nition 15, (P; 
) is w2-satis�ed. So, fromnow on, we assume that (P; 
) is weak.If all the 
ouples (Q; e) that are dominated by (P; 
), are dominated by(P; 
) alone, then there are two possibilities:� (I) (P; 
) is dominating a single 
ouple, (Q; e) whi
h is not dominatedby any other weak 
ouple. If (Q; e) settles (P; 
), then (P; 
) is w2-satis�ed and we are done. Otherwise, (Q; e) doesn't settle (P; 
). Sin
e(P; 
) is dominating a single 
ouple, deg 
 = 2. By Lemma 18, 
 isproblemati
, a 
ontradi
tion.� (II) (P; 
) is dominating two 
ouples (Q1; e1) and (Q2; e2), and none ofthem is not dominated by any other weak 
ouple. Then, by Lemma19, (P; 
) is w2-satis�ed.Therefore, we may assume that there is additional weak 
ouple, (P1; 
1)su
h that both (P; 
) and (P1; 
1) dominate the same 
ouple, say (Q; e).Then, e = 
(P;Q) = 
1(P1; Q).We 
laim that exa
tly one of ar

(PQ) and ar

1(P1Q) has length greaterthan � while the other has length smaller than �.Suppose to the 
ontrary that both ar

(PQ) and ar

1(P1Q) have lengthsgreater than �. Let Q0 = Qe. Then both points P and P1 must either lieon ar
e(Q0Q), or on ar
e(QQ0). Assume without loss of generality that theyboth lie on ar
e(Q0Q) and P1 2 ar
e(PQ). Then t(P1; 
1) interse
ts bothar

(PQ) and ar

(QP ) in 
ontrast to fa
t that one of them must be emptyin order for (P; 
) to dominate (Q; e).We argue similarly if both ar

(PQ) and ar

1(P1Q) have lengths smallerthan �.We will assume without loss of generality that the length of ar

(PQ) issmaller than � and the length of ar

1(P1Q) is greater than �. At the sametime, be
ause of the asymmetry, we will have to prove that if (P; 
) is notw2-satis�ed, then PP 02
w2(P 0; 
) � 1 and if (P1; 
1) is not w2-satis�ed, thenPP 02
1 w2(P 0; 
1) � 1We 
onsider two main 
ases: (1) 
 and 
1 interse
t in two points (one ofwhi
h is Q); (2) 
 and 
1 tou
h at the point Q.
ase (1): 
 and 
1 interse
t in two points.13



Let Q and R be those points. We �rst show that Q = �!N 
P . Indeed, as-sume not, then Q = �N 
P and Q = �!N 
1P1. We 
on
lude that ar

(QP ) andar

1(P1Q) are empty. Therefore, degQ = 3, as any additional 
ir
le throughQ, other than 
; 
1; e, interse
ts either ar

(QP ) or ar

1(P1Q) or both. Sim-ilarly, degR = 3, sin
e every 
ir
le through R, other than 
; 
1; 
(P;R),interse
ts either ar

(QP ) or ar

1(P1Q). Hen
e, by 
onsidering C n f
; 
1g,we get a 
onne
ted 
olle
tion of n�2 
ir
les without Q and R as interse
tionpoints (see Figure 6). This is a 
ontradi
tion to the minimality of C.
P1P R

Q 
1
Figure 6: the 
ase where ar

(QP ) and ar

1(P1Q) are emptyQ = �!N 
P implies that R lies outside disk(e) and Q =  �N 
1P1. Hen
e,ar

(PQ) and ar

1(QP1) must be empty.We 
laim that both ar
s ar

1(RQ) and ar

(QR) are empty. We showthis for ar

1(RQ) (the argument for ar

(QR) is symmetri
). Assume thatar

1(RQ) is not empty and let S 2 ar

1(RQ) be su
h that ar

1(SQ) isempty. As P1 is 
1-
onne
ted, the 
ir
le 
1(P1; S) 2 C interse
ts 
 at a pointS 0. Now, sin
e P is 
-
onne
ted, 
(P; S 0) 2 C will interse
t 
1 at a point S 00on ar

1(SQ). A 
ontradi
tion. (See Figure 7.)We will therefore assume that ar

(QR) and ar

1(RQ) are empty. Letd = 
(P;R) = 
1(P1; R) and re
all that e = 
(P;Q) = 
1(P1; Q).There are two sub-
ases to be 
onsidered, deg 
1 > 3 and deg 
1 = 3:14
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Figure 7: ar

1(RQ) and ar

(QR) must be emptyCase 1.1. deg 
1 > 3In this 
ase, let Q1 = �!N 
1P1, e1 = 
1(P1; Q1).Let Q0 = Q
1, R0 = R
1, and P 01 = P1
1 . Sin
e (P1; 
1) and (P; 
) areweak, P1 is 
1-
onne
ted and P is 
-
onne
ted.1.1(i) We 
laim that (P1; 
1) is w2-satis�ed.First, we show that (Q1; e1) settles (P1; 
1). Indeed, otherwise, by Lemma18, Q1 is 
1 
onne
ted. We will now obtain a 
ontradi
tion by 
onsideringall possible lo
ations of Q1 on 
1.� Q1 
annot be equal to R0 or Q0 or P 01, be
ause otherwise it is not 
1-
onne
ted.� Q1 
annot be equal to R, as deg 
1 > 3.� Q1 
annot belong to ar

1(P1Q0) n fR0g, for otherwise, sin
e it is 
1-
onne
ted, 
1(Q;Q1) 2 C. But 
1(Q;Q1) interse
ts ar

(PR), whi
hmust be empty.� Q1 
an not belong to ar

1(Q0P 01). Sin
e otherwise, 
1(Q;Q1) interse
tsar

(RP 
) in a point, L, and then 
(P; L) interse
ts ar

1(QP1), whi
his empty. 15



� Q1 =2 ar

1(P 01R). Sin
e otherwise 
1(P1; Q1) would interse
t ar

(PQ),whi
h is empty.We 
on
lude that (Q1; e1) settles (P1; 
1).Sin
e (P1; 
1) �!1 (Q1; e1), if (Q1; e1) is ex
lusively dominated by (P1; 
1),or if it is 
ounter
lo
kwise dominated by additional weak 
ouple, then (P1; 
1)is w2-satis�ed. We show here that even when there exists additional weak
ouple (P 0; 
0) s.t (P 0; 
0) �!1 (Q1; e1), we still have that (P1; 
1) is w2-satis�ed.Let (P 0; 
0) be a weak 
ouple di�erent from (P; 
), s.t (P 0; 
0) �!1 (Q1; e1)(see Figure 8). (P 0; 
0) �!1 (Q1; e1) implies that 
0 = t(Q1; 
1) and also thatP 0 is the interse
tion point of e1 and 
0.
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Figure 8: the 
ase where deg 
1 > 3 and (P 0; 
0) �!1 (Q1; e1)Our purpose is to show that degQ1 = 3. If we 
an show this our argumentwill 
ontinue as follows: deg e1 � 5 be
ause 
0, 
1, and t(P1; 
1) interse
t e1in four points, while e or d interse
t e1 in at least one more di�erent point.Hen
e, degQ1 = 3 implies that V al(Q1; e1) � 13 � 15 = 215 and sin
edeg 
1 � 4 (whi
h implies jV al(P1; 
1)j � 14 � 15 = 120), we have:wb(P1; 
1) = 12 � V al(Q1; e1) � 115 � jV al(P1; 
1)jThis implies that (P1; 
1) is w2-satis�ed.16



We will now show that degQ1 = 3. Note that Q1 2 ar

1(P1P 01) (forotherwise 
1(P1; Q1) interse
ts ar

(PQ)). Moreover, (P 0; 
0) �!1 (Q1; e1)implies that deg 
1 = 4, be
ause for every X 2 ar

1(Q1P 01), 
1(P1; X) inter-se
ts ar

0(P 0Q1), whi
h is empty.If degQ1 > 3, then 
1(Q1; Q) 2 C or 
1(Q1; R) 2 C.Suppose �rst that 
1(Q1; Q) 2 C. Note that the interse
tion point of
1(Q1; Q) and d whi
h lies inside disk(
1), is of degree 2. This is be
ause anythird 
ir
le passing through it interse
ts 
1 at a point di�erent fromQ1; P1; Q,and R. This is a 
ontradi
tion to deg 
1 = 4.Suppose that 
1(Q1; R) 2 C. Then, 
1(Q1; R) interse
ts ar

0(P 0Q1) whi
his empty.We 
on
lude that degQ1 = 3, hen
e (P1; 
1) is w2-satis�ed. We now moveon to take 
are of (P; 
).1.1(ii) We 
laim that if (P; 
) is not w2-satis�ed, then PP2
w2(P; 
) �1. Suppose that (P; 
) is not w2-satis�ed. Sin
e (P; 
) �!1 (Q; e) and(P1; 
1) �!2 (Q; e), then it follows from De�nition 15 part (d) that if (Q; e)settles (P; 
), then (P; 
) is w2-satis�ed.Hen
e, we assume that (Q; e) doesn't settle (P; 
). By Lemma 18, Q is
-
onne
ted.We 
laim that deg 
 is 3 or 4 and if deg 
 = 4 then S,the forth point on 
(other than P ,Q, and R) is R00 = R
.Indeed, keeping in mind that Q is 
-
onne
ted, this follows by 
onsideringthe possible lo
ations of an interse
tion point S on 
.� S 
annot belong to ar

(PR) sin
e it is empty.� S 
annot belong to the ar
 ar

(RP 00) sin
e otherwise, 
(P; S) wouldinterse
t ar

1(QP1), whi
h is empty.� S 
annot belong to ar

(P 00Q00) sin
e otherwise, 
(Q; S) 2 C as Q is
-
onne
ted. 
(Q; S) interse
ts 
1 at a point L on ar

(P 01R), but then
1(P1; L) interse
ts ar

(PQ) whi
h is empty.� S 
annot belong to ar

(Q00P )nfR00g sin
e otherwise 
(Q; S) interse
tsar

1(RP1), whi
h is empty.Let Q2 = �N 
P and e2 = 
(P;Q2). Then (P; 
) �!2 (Q2; e2).If (Q2; e2) is dominated ex
lusively by (P; 
), then by Lemma 19 andDe�nition 15, parts (a) and (d), (P; 
) is w2-satis�ed.17



So assume that there exists additional 
ouple, (P3; 
3), that also domi-nates (Q2; e2).Let P 00 = P 
, Q00 = Q
, R00 = R
. We know that Q2 = R00 or Q2 = R.1.1(ii) Sub-
ase a. Q2 = R00. Then deg 
 = 4, w1(P; 
) = 15 . We showthat (P; 
) is w2-satis�ed by showing that w
(P; 
) + wd(P; 
) � 120 (hen
e,w2(P; 
) � 15 + 120 = 14).Estimation of wd(P; 
). Re
all that (P; 
) �!1 (Q; e), and observe thatsin
e deg 
 = 4, we have degQ = 5. (See Figure 9.) Hen
e, V al(Q; e) �15 � 16 = 130 . By De�nition 15 part (d), wd(P; 
) � 130 .
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Figure 9: the 
ase where deg 
1 > 3 and Q2 = R00Estimation of w
(P; 
). Re
all that (P; 
) �!2 (R00; e2). Sin
e R is on 
 , wehave degR00 � 4. Hen
e, V al(R00; e2) � 14 � 15 = 120 . Re
all that (P3; 
3) alsodominates (R00; e2). We show here that (P3; 
3) �!2 (R00; e2) and hen
e, byDe�nition 15 part (
), w
(P; 
) � 12 � 120 = 140 . Indeed (P3; 
3) �!2 (R00; e2),sin
e otherwise (P3; 
3) �!1 (R00; e2) and so ar

3(P3R00) is empty. But, 
3tou
hes 
 (otherwise, there is a �fth point on 
) and so, 
(Q;R00) interse
tsar

3(P3R00), a 
ontradi
tion.We get: w
(P; 
) + wd(P; 
) � 130 + 140 = 7120 > 120 .1.1(ii) Sub-
ase b. Q2 = R. 18



In this 
ase e2 = d, deg 
 = 3, and 
3 = t(R; 
). Observe that (P3; 
3) �!2(R; d). (See Figure 10.)
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Figure 10: the 
ase where deg 
1 > 3 and Q2 = RWe will show that PP 02
 w2(P 0; 
) � 1. We �rst 
onsider w2(P; 
).Estimation of w
(P; 
). We know that (P; 
) �!2 (R; d)). Moreover,degR = 4, whi
h implies V al(R; d) � 14 � 15 = 120 . Sin
e (P3; 
3) �!2 (R; d),by De�nition 15 part (
), w
(P; 
) � 12 � 120 = 140 .Estimation of wd(P; 
). We know that (P; 
) �!1 (Q; e). degQ � 4, whi
himplies V al(Q; e) � 14 � 15 = 120 . Sin
e (P1; 
1) �!2 (Q; e), by De�nition 15part (d), wd(P; 
) � 120 .We 
an now �nd an estimate for w2(P; 
) (re
all that w1(P; 
) = 14),w2(P; 
) � 14 + 140 + 120 = 39120 .Next we estimate w2(Q; 
).Estimation of we(Q; 
) Denote h = t(P3; 
3). Sin
e h 
annot interse
tar

(PR) or ar

1(RP1), we have h = t(Q; 
). Sin
e deg 
 = 3 it is easy to
he
k that (Q; h) is strong and moreover, it is the helper of (Q; 
). Note thatdegQ = 4. Also, note that deg h � 6 be
ause the two tou
hing 
ir
les 
1and t(P1; 
1) interse
t h in 4 points while the 
ir
les d and e interse
t h in19



additional 2 points. Hen
e, V al(Q; h) � 14 � 16 = 112 and by De�nition 15part (e), we(Q; 
) = V al(Q; h) � 112 .Estimation of wa(Q; 
) + wb(Q; 
) + wd(Q; 
). We know that (Q; 
) �!1(R; d). Moreover, degR = 4 and hen
e V al(R; d) � 14� 15 = 120 . By De�nition15 parts (a), (b), and (d), wa(Q; 
) + wb(Q; 
) + wd(Q; 
) � 12 � 120 = 140 .Estimation of wa0(Q; 
) + w
(Q; 
). We know that (Q; 
) �!2 (P; e). Wehave degP = 4 and hen
e V al(P; e) � 14 � 15 = 120 . If additional weak 
ouple(P 0; 
0) dominates (P; e), then sin
e deg 
 = 3, we have 
0 = t(P; 
). Cir
le dinterse
ts ar

0(P 0P ) and hen
e, (P 0; 
0) �!2 (P; e). By De�nition 15 parts(a) and (
), wa0(Q; 
) + w
(Q; 
) � 12 � 120 = 140 .We 
an now estimate w2(Q; 
). Sin
e w1(Q; 
) = 14 , we have w2(Q; 
) �14 + 140 + 140 + 112 = 46120 .Finally, we estimate w2(R; 
).Estimation of wa(R; 
) + wb(R; 
) + wd(R; 
). We know that (R; 
) �!1(P; d). Now, degP = 4 and hen
e V al(P; d) � 14 � 15 = 120 . By De�nition 15parts (a), (b), and (d), wa(R; 
) + wb(R; 
) + wd(R; 
) � 12 � 120 = 140 .Estimation of wa0(R; 
) + wd0(R; 
). We know that (R; 
) �!2 (Q; 
1).Moreover, degQ = 4 and hen
e V al(Q; 
1) � 14 � 15 = 120 . If additional weak
ouple (P 0; 
0) dominates (Q; 
1), then sin
e ar

1(QP1) is empty, we haveP 0 = P1 and 
0 = e. We show here that � 130 � V al(P1; e) < 0, and then byDe�nition 15 part (d'), wa0(Q; 
)+wd0(Q; 
) � 120� 130 = 160 . Indeed, deg e � 5be
ause the 
ir
les 
 and 
1 interse
t e in three points, while h and t(P1; 
1)interse
t e in additional two points. Hen
e, � 130 = 15 � 16 � V al(P1; e) < 0.We 
an now estimate w2(R; 
): Sin
e w1(R; 
) = 14 , we have w2(R; 
) �14 + 140 + 160 = 35120 .We 
on
lude that PP 02
w2(P 0; 
) = 35120 + 46120 + 39120 = 1.Case 1.2. deg 
1 = 3.In this 
ase �!N 
1P1 = R. Re
all that d = 
1(P1; R) = 
(P;R)1.2(i)We 
laim that (P; 
) is w2-satis�ed. Indeed, observe that (Q; e) settles(P; 
), sin
e otherwise, by Proposition 18, t(Q; 
) 2 C (see Figure 11). But,t(Q; 
) interse
ts 
1 at a point di�erent from P1; Q, and R, 
ontradi
ting theassumption that deg 
1 = 3.Sin
e (P; 
) �!1 (Q; e), (P1; 
1) �!2 (Q; e), and (Q; e) settles (P; 
), we
on
lude that wd(P; 
) = jV al(P; 
)j. Hen
e, (P; 
) is w2-satis�ed.1.2(ii)We 
laim that if (P1; 
1) is not w2-satis�ed, thenPP 02
1 w2(P 0; 
1) �1. 20
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Figure 11: (P; 
) is w2-satis�ed when deg 
1 = 3We 
onsider two sub-
ases: degQ = 3, degQ = 4.1.2(ii) Sub-
ase a. degQ = 3.In this 
ase (see Figure 12) we show here that (P1; 
1) is w2-satis�ed.Estimation of wa(P1; 
1). Re
all that (P1; 
1) �!1 (R; d). deg 
1 = 3 im-plies that degR � 4 and hen
e, V al(R; d) � 14 � 15 = 120 . Note that there isno weak 
ouple (P2; 
2), other than (P1; 
1), that 
lo
kwise-dominates (R; d).Indeed, suppose to the 
ontrary that (P2; 
2) dominates (R; d). (P2; 
2) is dif-ferent from (P; 
) be
ause if (P; 
) dominates (R; d), then (P; 
) �!2 (R; d).Sin
e deg 
1 = 3, we have 
2 = t(R; 
1), and P2 is the interse
tion point of 
2and d di�erent from R. Sin
e (P2; 
2) is weak, then g = t(P2; 
2) 2 C. Ob-serve that P 2 disk(g) (be
ause the length of ar
d(RP ) is less than �). Thisimplies that g = t(Q; 
1), sin
e otherwise g would interse
t one of the emptyar
s ar

(PQ) and ar

(QR)). t(Q; 
1) 2 C is a 
ontradi
tion to degQ = 3.We 
on
lude that wa(P1; 
1) + wd(P1; 
1) � 120 .Estimation of wd0(P1; 
1). Re
all that (P1; 
1) �!2 (Q; e). degQ = 3implies that V al(Q; e) � 13 � 14 = 112 .If (P1; 
1) is w2-satis�ed, then we are done. Otherwise, (P1; 
1) is not w2-satis�ed, whi
h implies that 
2 = t(R; 
1) 2 C. The reason for this, is thatif 
2 =2 C, then (P1; 
1) dominates (R; d) ex
lusively or (P; 
) �!2 (R; d).21
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Figure 12: deg 
1 = 3 and degQ = 3Also, 
2 =2 C implies that degR = 3 and hen
e V al(R; d) � 112 . Hen
e,wa(P1; 
1) + wd(P1; 
1) � 112 and so, (P1; 
1) is w2-satis�ed.
2 = t(R; 
1) 2 C implies that deg 
 � 4. Hen
e, jV al(P; 
)j � 14 � 15 = 120 .Thus, we have:wd0(P1; 
1) � 112 � 120 = 130 .We 
an now estimate w2(P1; 
1): w2(P1; 
1) � 14 + 120 + 130 = 13 , namely(P1; 
1) is w2-satis�ed.1.2(ii) Sub-
ase b. degQ = 4. Here we show that if (P1; 
1) is not w2-satis�ed, then PP 02
1 w2(P 0; 
1) � 1.As in sub-
ase a, 
2 = t(R; 
1) 2 C. Let P2 be the interse
tion point of 
2and d other than R. Let P3 be the interse
tion point of 
2 and 
 other thanR. Let h = t(Q; 
1) and e = 
1(P1; Q) = 
(P;Q). (See Figure 13.)Sin
e degQ = 4, h 2 C. Observe also that P3 = Q
, whi
h implies that hinterse
ts 
 at a point di�erent from P3. Hen
e, deg 
 � 5.We will show that PP 02
1 w2(P 0; 
1) � 1. To this end, we �rst estimatew2(P1; 
1).Estimation of wa(P1; 
1) + wb(P1; 
1). Re
all that (P1; 
1) �!1 (R; d).22
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Figure 13: deg 
1 = 3 and degQ = 4Now degR = 4, whi
h implies V al(R; d) � 14 � 15 = 120 . By De�nition 15,wb(P1; 
1) � 12 � 120 = 140 .Estimation of wd0(P1; 
1). Re
all that (P1; 
1) �!2 (Q; e)). Now degQ � 4,whi
h implies V al(Q; e) � 14 � 15 = 120 . Note that (P; 
) �!1 (Q; e) and sin
edeg 
 � 5, jV al(P; 
)j � 15� 16 = 130 . By De�nition 15, wd0(P; 
) � 120� 130 = 160 .We 
an now estimate w2(P1; 
1). Sin
e w1(P1; 
1) = 14 , w2(P1; 
1) � 14 +140 + 160 = 35120 .Next, we estimate w2(Q; 
1).Estimation of we(Q; 
1). Re
all that h = t(Q; 
1). Sin
e deg 
1 = 3, it iseasy to 
he
k that (Q; h) is strong and moreover, it is the helper of (Q; 
).Note that degh � 6 be
ause the two tou
hing 
ir
les 
 and t(P; 
) interse
t hin four points while the 
ir
les d and e interse
t h at two additional di�erentpoints. Hen
e, V al(Q; h) � 14 � 16 = 112 and by De�nition 15, we(Q; 
) =V al(Q; h) � 112 .Estimation of wa0(Q; 
1)+w
(Q; 
1). Re
all that (Q; 
1) �!2 (R; 
). degR =4 and hen
e V al(R; d) � 14� 15 = 120 . Sin
e deg 
1 = 3, if additional weak 
ou-ple (P 0; 
0) dominates (R; 
), then 
0 = 
2, P 0 = P3 and (P3; 
2) �!2 (R; 
).By De�nition 15, wa0(Q; 
1) + w
(Q; 
1) � 12 � 120 = 140 .23



Estimation of wa(Q; 
1) + wb(Q; 
1). (Q; 
1) �!1 (P1; e) and degP1 = 4,hen
e V al(P1; e) � 14 � 15 = 120 . By De�nition 15, wa(Q; 
1) + wb(Q; 
1) �12 � 120 = 140 .We 
an now estimate w2(Q; 
1). Sin
e w1(Q; 
) = 14 , we have: w2(Q; 
1) �14 + 140 + 140 + 112 = 46120 .Finally we estimate w2(R; 
1).Estimation of wa0(R; 
1) + w
(R; 
1). (R; 
1) �!2 (P1; d) and degP1 = 4,hen
e V al(P; d) � 14 � 15 = 120 .Suppose that additional weak 
ouple (P 0; 
0) dominates (P1; d). Then,as deg 
1 = 3, we have 
0 = t(P1; 
1), and P 0 is the interse
tion point of dand 
0 whi
h is not P1. Moreover (P 0; 
0) �!2 (P1; d). By De�nition 15,wa0(R; 
1) + w
(R; 
1) � 12 � 120 = 140 .Estimation of wa(R; 
1) + wd(R; 
1). (R; 
1) �!1 (Q; 
) and degQ = 4,hen
e V al(Q; 
) � 14 � 15 = 120 .Suppose that additional weak 
ouple (P 0; 
0) dominates (Q; 
). Then, asdeg 
1 = 3, we have 
0 = e, P 0 = P , and (P; e) �!2 (Q; 
).By De�nition 15, wa(R; 
1) + wd(R; 
1) � 120 .We 
an now estimatew2(R; 
1). Sin
ew1(R; 
1) = 14 , we have: w2(R; 
1) �14 + 140 + 120 = 39120 .We 
on
lude that PP 02
1 w2(P 0; 
1) = 35120 + 46120 + 39120 = 1.Case (2). We now move to analyze the 
ase where 
 and 
1 tou
h ea
hother at the point Q. Observe that we may assume that deg 
; deg 
1 � 3.Indeed, assume for instan
e that deg 
 = 2. In this 
ase degP = degQ = 3.Observe that C n f
; eg is a 
onne
ted 
olle
tion of 
ir
les that 
ontradi
tsthe minimality of C. The 
ase where deg 
1 = 2 is symmetri
.Next, we will distinguish four 
ases, namely, where either (P; 
) �!1(Q; e) or (P; 
) �!2 (Q; e) and either (P1; 
1) �!1 (Q; e) or (P1; 
1) �!2(Q; e).Case 2.1: (P; 
) �!1 (Q; e) and (P1; 
1) �!1 (Q; e).Let Q1 = �N 
1P1 and e1 = 
1(P1; Q1). Then (P1; 
1) �!2 (Q1; e1).Let Q2 = �N 
P and e2 = 
(P;Q2). Then (P; 
) �!2 (Q2; e2).First, we prove that degQ � 4. Otherwise, let f be a 
ir
le that passesthrough Q, whi
h is di�erent from 
; 
1, and e. Let F be the interse
tionpoint of f and 
 whi
h is not Q (see Figure 14). Observe that F 2 ar

(Q00P ),where Q00 = Q
 (otherwise, f interse
ts ar

1(P1Q) whi
h is empty).24
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Figure 14: 
ase 2.1: degQ � 4Observe that ar

(QF ) is empty. Indeed, suppose G 2 ar

(QF ) s.t.ar

(QG) is empty. Observe that G must lie on ar

(P 00P ), where P 00 = 
P ,sin
e otherwise 
(P;G) interse
ts either ar

(PQ) or ar

1(P1Q) whi
h areempty. Now, 
(P;G) interse
ts f in a point L inside disk(
). degL = 2, forany third 
ir
le through L interse
ts ar

(PQ) or ar

(QG). Sin
e any pointin P has a degree of at least three, this is a 
ontradi
tion.Sin
e f is an arbitrary 
ir
le that passes through Q, whi
h is not 
; 
1, ore, our 
laim that ar

(QF ) is empty implies that degQ � 4.In what follows we show that (i): (P; 
) is w2-satis�ed, and (ii): if (P1; 
1)is not w2-satis�ed, then PP2
1 w2(P; 
1) � 1.2.1(i). We 
laim that (P; 
) is w2-satis�ed.In order to prove this, we need to 
onsider two sub-
ases: degQ = 4 anddegQ = 3.2.1(i) Sub-
ase a. degQ = 4.Let f and F be as de�ned above: f is the 
ir
le that passes through Q,and is di�erent from 
; 
1; e and F is the interse
tion point of f and 
 whi
his not Q (see Figure 15).Our 
laim that ar

(QF ) is empty implies that h = t(P; 
) is the helperof (P; 
). The reason for this is that P 2 disk(f) and f interse
ts h in twopoints, L and M s.t. there is no 
ir
le of C passing through P and one of25
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Figure 15: 
ase 2.1 (i) a: degQ = 4those points (sin
e otherwise this 
ir
le would interse
ts ar

(QF )).Suppose that degP = x. x � 4 be
ause deg 
 � 3. Also, jV al(P; 
)j =1x�1 � 1x .Here we show that (P; 
) is w2-satis�ed:Estimation of wb(P; 
): Re
all that (P; 
) �!1 (Q; e). Observe thatdeg e � x + 1. There are two reasons for this. One is that P1 = P e and theother is that t(P; e) =2 C (be
ause t(P; e) interse
t 
 in the point Q00 and sin
eF 2 ar

(Q00P ), Q00 2 ar

(QF ), whi
h is is empty).Sin
e degQ = 4, V al(Q; e) � 14 � 1x+1 . Re
all that (P1; 
1) �!1 (Q; e),hen
e, wb(P; 
) = 12 � V al(Q; e) � 12 � (14 � 1x+1)Estimation of we(P; 
): Sin
e no 
ir
le of C passes through P and oneof the two interse
tion points of f and h, we have deg h � x + 1. Hen
e, wehave: we(P; 
) = V al(P; h) � 1x � 1x+1 .Estimation of wa0(P; 
) + w
(P; 
): Re
all that (P; 
) �!2 (Q2; e2).Sin
e degP = x, degQ2 � x and hen
e, V al(Q2; e) � 1x � 1x+1 .We 
laim that wa0(P; 
) + w
(P; 
) � 12 � V al(Q2; e2) � 12 � ( 1x � 1x+1).It is enough to show that if (P2; 
2) is a weak 
ouple, di�erent from (P; 
),that dominates (Q2; e2), then (P2; 
2) �!2 (Q2; e2).Indeed, suppose that (P2; 
2) is a weak 
ouple, di�erent from (P; 
), s.t26



(P2; 
2) �!1 (Q2; e2). Then 
2 interse
ts ar

(QF ) whi
h is empty. Toobserve that indeed 
2 interse
ts ar

(QF ), note that the 
ir
les e2 and 
interse
t in two points that lie in the interior of disk(f). This implies thatF lies in the interior of disk(e2(Q2; T )), where T is the interse
tion point ofe2 and f , that lies outside disk(h).Hen
e, (P2; 
2) �!2 (Q2; e2).Estimation of w2(P; 
):w2(P; 
) � wb(P; 
) + we(P; 
) + wa0(P; 
) + w
(P; 
) �� 12 � (14 � 1x + 1) + 1x � 1x+ 1 + 12 � (1x � 1x+ 1)The right hand side is greater than 1x�1 � 1x , for every x � 4.Hen
e, w2(P; 
) > 1x�1 = 1deg 
 , whi
h implies that (P; 
) is w2-satis�ed.2.1(i) Sub-
ase b. degQ = 3.Assume �rst that degP = 4, then deg 
 = 3. Sin
e degQ = 3, and 
; 
1,and e pass through Q, there is no 
ir
le in C passing through Q2 and Q.Hen
e, degQ2 � 3. Sin
e the degree of any interse
tion point is at leastthree, we have degQ2 = 3 and 
2 = t(Q2; 
) 2 C. Let P2 be the interse
tionpoint of 
2 and e2 (see Figure 16).degQ2 = 3 implies that V al(Q2; e2) � 13 � 14 = 112 .It also implies that if (P3; 
3) is a weak 
ouple, di�erent from (P; 
), thatdominates (Q2; e2), then P3 = P2 and 
3 = 
2. We 
onsider two 
ases:t(P2; 
2) =2 C and t(P2; 
2) 2 C.If t(P2; 
2) =2 C, then (P; 
) dominates ex
lusively (Q2; e2). Hen
e,jV al(P; 
)j � 13 � 14 = 112 � V al(Q2; e2) = wa0(P; 
)This implies that (P; 
) is w2-satis�ed.If t(P2; 
2) 2 C, then we take the 
ir
les 
; e; e2 out of C and get a new
onne
ted family of n � 3 
ir
les without the interse
tion points Q;P;Q2, a
ontradi
tion to the minimality of C.It is left to 
onsider the 
ase degP � 5. Let g be a 
ir
le through P otherthan 
; t(P; 
); e, and e2.Estimation of wb(P; 
): Re
all that (P; 
) �!1 (Q; e)). The four 
ir
les
; 
1; t(P; 
), and t(P1; 
1), interse
t e in four points, while e2 and g interse
t27
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Figure 16: 
ase 2.1 (i) b: degQ = 3e in at least one more di�erent point. Hen
e, deg e � 5 and V al(Q; e) �13 � 15 = 215 . Sin
e both (P; 
) �!1 (Q; e) and (P1; 
1) �!1 (Q; e), wehave wb(P; 
) � 12 � 215 = 115 . Using the above and degP � 5, we have:jV al(P; 
)j � 14 � 15 = 120 < 115 � wb(P; 
).We 
on
lude that (P; 
) is w2-satis�ed.2.1(ii). We 
laim that (P1; 
1) is w2-satis�ed, or that PP2
1 w2(P; 
1) � 1.Re
all that Q1 = �N 
1P1, e1 = 
1(P1; Q1), and (P1; 
1) �!2 (Q1; e1).If (Q1; e1) settles (P1; 
1) and (P1; 
1) dominates (Q1; e1) ex
lusively, then(P1; 
1) is w2-satis�ed. So, assume that (Q1; e1) does not settle (P1; 
1) orthat (Q1; e1) is dominated by additional weak 
ouple (P 0; 
0).Let L be the interse
tion point of e1 and h whi
h lies inside disk(e). LetE be the interse
tion point of e and e1, that is di�erent from P1.If (Q1; e1) does not settle (P1; 
1), then, by Lemma 18, Q1 is semi e1-
onne
ted, hen
e if L 6= Q1, then e1(L;Q1) 2 C.If (Q1; e1) is dominated by additional weak 
ouple (P2; 
2), then P2 2ar
e1(Q1E)[fEg, sin
e otherwise e interse
ts both ar

2(Q1P2) and ar

2(P2Q1),whi
h 
ontradi
ts the assumption that (P2; 
2) dominates (Q1; e1).28



Note that in ea
h of these two 
ases, there exists a 
ir
le g 2 C that passesthrough Q1 and a point on ar
e1(Q1E) [ fEg (see Figure 17).

1e

P1Q
 P
t(P1; 
1)h e1E L Q1d gFigure 17: 
ase 2.1(ii)The above implies that Q1 lies on h = t(P; 
). Sin
e otherwise, L 6= Q1and hen
e, g does not pass through E. We 
laim that g interse
ts ar

1(P1Q)whi
h is empty, a 
ontradi
tion. To verify that indeed g interse
ts ar

1(P1Q),observe that the 
ir
le e1(Q1; E) passes through Q, whi
h implies that any
ir
le g that passes through Q1 and a point on ar
e1(Q1E), satis�es Q 2disk(g). Hen
e, g interse
ts ar

1(P1Q).We 
laim that the 
ir
les 
; 
1; h mutually tou
h ea
h other. If the 
ir
les
; 
1; h do not mutually tou
h ea
h other, then h interse
ts 
1 in two points,Q1 and additional point, say M . Let g = 
1(P1;M) (see Figure 18).Re
all that E is the interse
tion point of e and e1 that is not P1.Sin
e Q1 is semi-e1-
onne
ted or that (Q1; e1) is dominated by additionalweak 
ouple (P 0; 
0), there is a 
ir
le d 2 C passing through Q1 and a pointR, whi
h is either E or is lying on ar
e1(Q1E). If d 6= 
1(Q1; Q) = e1(Q1; E),then d interse
ts ar

1(P1Q), whi
h is empty. Therefore, d = 
1(Q1; Q) =e1(Q1; E). d interse
ts g at a point T of degree 2, be
ause every 
ir
le throughT , other than d; g, would interse
t ar

1(Q1P1) or ar

1(P1Q), that are empty.This is a 
ontradi
tion. 29



We 
on
lude that the 
ir
les 
; 
1, and h mutually tou
h ea
h other.By arguments similar to those above, the 
ir
le d = 
1(Q1; Q) = e1(Q1; E)is in C. Moreover, if (P 0; 
0) is a weak 
ouple, di�erent from (P1; 
1), thatdominates (Q1; e1), then P 0 = E and 
0 = d and (E; d) �!1 (Q1; e1).Note that degQ1 = 4, sin
e any 
ir
le through Q1, other than 
1; e1; h,and d, interse
ts ar

(PQ), ar

1(P1Q) or ar

1(Q1P1), that are empty. Re
allthat degQ � 4 (we showed this at the beginning of 
ase 2.1), but sin
e d 2 C,we have degQ = 4.
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Figure 18: 
ase 2.1(ii), sub-
ases a' and b'We 
onsider two sub-
ases: deg 
1 � 4 and deg 
1 = 3:2.1(ii) Sub-
ase a: deg 
1 � 4. Then, jV al(P1; 
1)j � 14 � 15 = 120 . LetS be a point on 
1, other than P1; Q, and Q1, then S 2 ar

1(QQ1). Lets = 
1(P1; S) (see Figure 19).s and d interse
t at a point T inside disk(
1). Any 
ir
le through T ,other than s or d, will 
ross 
1 on ar

1(Q1P1) or ar

1(P1Q) that are empty.Therefore, degT = 2, a 
ontradi
tion.2.1(ii) Sub-
ase b: deg 
1 = 3 (see Figure 19).30
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TFigure 19: 
ase 2.1 (ii)We show that in this 
ase PP2
1 w2(P; 
1) � 1.Estimation of wb(P1; 
1): Re
all that (P1; 
1) �!1 (Q; e)). deg e � 5and degQ = 4, hen
e V al(Q; e) � 120 . Sin
e (P; 
) �!1 (Q; e), wb(P1; 
1) =12 � V al(Q; e) � 140 .Estimation of wa0(P1; 
1)+wd0(P1; 
1): Re
all that (P1; 
1) �!2 (Q1; e1).deg e1 � 5 and degQ1 = 4, hen
e V al(Q1; e1) � 120 . Re
all that if (P 0; 
0) isadditional weak 
ouple that dominates (Q1; e1), then P 0 = E and 
0 = d and(E; d) �!1 (Q1; e1). deg d � 5, hen
e jV al(E; d)j � 15 � 16 = 130 .By De�nition 15 part (d'), wa0(P1; 
1) + wd0(P1; 
1) � 120 � 130 = 160 .Estimation of w2(P1; 
1):w2(P1; 
1) � 14 + 160 + 140 = 35120 .Estimation of we(Q1; 
1): Observe that degQ1 = 4 implies that (Q1; h)is the helper of (Q1; 
1). Denote the interse
tion point of d and 
 by R.Then observe that deg h � 6 (the 
ir
les e1; 
1; 
; 
(P;R) interse
t h in fourpoints , while e; d interse
t h in two more di�erent points). Sin
e degQ1 = 4,we(Q1; 
1) = V al(Q1; h) � 14 � 16 = 112 .Estimation of wa(Q1; 
1)+wd(Q1; 
1): Re
all that (Q1; 
1) �!1 (P1; e1).Sin
e degP1 = 4, V al(P1; e1) � 14 � 15 = 120 , and wa(P1; 
1)+wd(P1; 
1) �31



12 � V al(P1; e1) � 140 .Estimation of wa0(Q1; 
1)+w
(Q1; 
1): Re
all that (Q1; 
1) �!2 (Q; d).Sin
e degQ = 4, V al(Q; d) � 14 � 15 = 120 .If (P 0; 
0) is additional weak 
ouple that dominates (Q; d), then P 0 =R and 
0 = 
. Sin
e otherwise, P 0 2 ar
d(QR) and hen
e 
0 interse
tsar

1(P1Q), whi
h is empty. Observe that in this 
ase (R; 
) �!2 (Q; d).Hen
e, we have: wa0(Q1; 
1) + w
(Q1; 
1) � 12 � 120 = 140 .Estimation of w2(Q1; 
1):w2(Q1; 
1) � 14 + 140 + 140 + 112 = 46120 .Estimation of wa(Q; 
1) + wd(Q; 
1): Re
all that (Q; 
1) �!1 (Q1; d).Sin
e degQ1 = 4, V al(Q1; d) � 14 � 15 = 120 . If (P 0; 
0) is additional weak 
ou-ple that dominates (Q1; d), then P 0 = E and 
0 = e1. Sin
e otherwise, P 0 2ar
d(EQ1) and hen
e 
0 interse
ts ar

1(P1Q), whi
h is empty. Observe thatin this 
ase, (E; e1) �!2 (Q1; d). Hen
e, we have: wa(Q; 
1)+wd(Q; 
1) � 120 .Estimation of wa0(Q; 
1) + w
(Q; 
1): Re
all that (Q; 
1) �!2 (P1; e).Sin
e degP1 = 4, V al(P1; e) � 14 � 15 = 120 . Let f = t(P1; 
1) and denoteby L, the interse
tion point of f and e, that is di�erent from P1.If (P 0; 
0) is additional weak 
ouple that dominates (P1; e), then P 0 =L and 
1 = f . Sin
e otherwise, P 0 2 ar
e(LP1) and hen
e 
0 interse
tsar

1(P1Q), whi
h is empty. Observe that in this 
ase, (L; f) �!2 (P1; e).Hen
e, we have: wa0(Q; 
1) + w
(Q; 
1) � 12 � 120 = 140 .Estimation of w2(Q1; 
1): w2(Q; 
1) � 14 + 140 + 120 = 39120 .We 
on
lude that PP2
1 w2(P; 
1) � 39120 + 46120 + 35120 = 1.Case 2.2: (P; 
) �!2 (Q; e) and (P1; 
1) �!2 (Q; e).Most of the arguments in this 
ase are similar to those of 
ase 2.1. Nev-ertheless, the two 
ases are not symmetri
 and hen
e, for the 
ompletenessof the proof we do not skip this 
ase.Let Q1 = �!N 
P , e1 = 
(P;Q1). then (P; 
) �!1 (Q1; e1).Let Q2 = �!N 
1P1, e2 = 
1(P1; Q2), then (P1; 
1) �!1 (Q2; e2).By arguments as in 
ase 2.1, we show that degQ � 4.If degQ = 4, let f be the forth 
ir
le through Q (beside 
; 
1; e) andlet F be the interse
tion point of f and 
1 whi
h is not Q. As in 
ase 2.1,ar

1(FQ) is empty.In the followings we show that (i): (P1; 
1) is w2-satis�ed and (ii): if (P; 
)is not w2-satis�ed, then PP 02
 w2(P 0; 
) � 1.32



2.2(i). We 
laim that (P1; 
1) is w2-satis�ed.In order to prove this we need to 
onsider two sub-
ases: degQ = 4 anddegQ = 3.2.2(i) Sub-
ase a. degQ = 4.Let f and F be de�ned as above. As in 
ase 2.1, our 
laim that ar

1(FQ)is empty implies that h := t(P1; 
1) is the helper of (P1; 
1).Suppose that degP1 = x. x � 4 be
ause deg 
1 � 3. Also, jV al(P1; 
1)j =1x�1 � 1x .Here we show that (P1; 
1) is w2-satis�ed:Estimation of w
(P1; 
1): Re
all that (P1; 
1) �!2 (Q; e).As in 
ase 2.1, deg e � x+ 1.Sin
e degQ = 4, V al(Q; e) � 14 � 1x+1 . Re
all also that (P; 
) �!2 (Q; e),hen
e, w
(P1; 
1) = 12 � V al(Q; e) � 12 � (14 � 1x+1)Estimation of we(P1; 
1): Sin
e no 
ir
le of C passes through P1 and oneof the two interse
tion points of f and h, we have deg h � x+ 1. Therefore,we(P1; 
1) = V al(P1; h) � 1x � 1x+1 .Estimation of wa(P1; 
1)+wb(P1; 
1)+wd(P1; 
1): Re
all that (P1; 
1) �!1(Q2; e2).Sin
e degP1 = x, degQ2 � x and hen
e, V al(Q2; e2) � 1x � 1x+1 .We assume that (P1; 
1) is not w2-satis�ed (otherwise, we are done), andso, by Observation 17, wa(P1; 
1)+wb(P1; 
1)+wd(P1; 
1) � 12�V al(Q2; e2) �12 � ( 1x � 1x+1).We are now ready to estimate w2(P1; 
1).w2(P1; 
1) � w
(P1; 
1) + we(P1; 
1) + wa(P1; 
1) + wb(P1; 
1) + wd(P1; 
1) �� 12 � (14 � 1x+ 1) + 1x � 1x + 1 + 12 � (1x � 1x + 1): (2)The right hand side of (2) is greater than or equal to 1x�1 � 1x , for everyx � 4.Hen
e, w2(P1; 
1) � 1x�1 = 1de 
1 . This implies that (P1; 
1) is w2-satis�ed.2.2(i) Sub-
ase b. degQ = 3. Our purpose is to prove that (P1; 
1) isw2-satis�ed. We use similar arguments to those of 
ase 2.1, to show that ifthis is not the 
ase, then degP1 � 5.Let g be a 
ir
le through P1 other than 
1; t(P1; 
1); e; e2.33



Estimation of w
(P1; 
1): Re
all that (P1; 
1) �!2 (Q; e). The four
ir
les 
; 
1; t(P; 
); and t(P1; 
1), interse
t e in four points, while e2 and ginterse
t e at least at one more additional point. Hen
e, deg e � 5 andV al(Q; e) � 13� 15 = 215 . Sin
e both (P; 
) �!2 (Q; e) and (P1; 
1) �!2 (Q; e),we have w
(P1; 
1) � 12 � 215 = 115 . Using this and degP1 � 5, we get:jV al(P1; 
1)j � 14 � 15 = 120 < 115 � w
(P1; 
1).We 
on
lude that (P1; 
1) is w2-satis�ed.2.2(ii). We 
laim that if (P; 
) is not w2-satis�ed, thenPP 02
 w2(P 0; 
) �1. Re
all that h := t(P1; 
1), Q1 = �!N 
P , e1 = 
(P;Q1) and (P; 
) �!1(Q1; e1). E is the interse
tion point of e and e1 that is di�erent from P .If (Q1; e1) settles (P; 
) and (P; 
) dominates (Q1; e1) ex
lusively, then(P; 
) is w2-satis�ed. So, assume that (Q1; e1) does not settle (P; 
) or that(Q1; e1) is dominated by additional weak 
ouple (P2; 
2).Using arguments as in 
ase 2.1, we 
an show that the 
ir
les 
; 
1; and hmutually tou
h ea
h other and that the 
ir
le d = 
(Q1; Q) = e1(Q1; E) is inC. Moreover, if (P2; 
2) is a weak 
ouple, di�erent from (P; 
), that dominates(Q1; e1), then P2 = E and 
2 = d and (E; d) �!2 (Q1; e1).Note that degQ1 = 4, sin
e any 
ir
le through Q1, other than 
; e1; h;and d, would interse
t the empty ar
s ar

1(QP1), ar

(Q1P ) or ar

(QP ).Re
all that degQ � 4 (we mentioned this at the beginning of 
ase 2.2),but sin
e d 2 C, degQ = 4.We 
onsider two sub-
ases: deg 
 � 4 and deg 
 = 3:2.2(ii) Sub-
ase a deg 
 � 4. In this 
ase jV al(P; 
)j � 14� 15 = 120 . Let S bea point on 
, other than P;Q; and Q1. Then S 2 ar

(Q1Q). Let s = 
(P; S).Note that deg e1 � 6 (t(P; 
); 
; and h interse
t e1 in four points , while eand s interse
t e1 in two more di�erent points). Sin
e degQ1 = 4, we haveV al(Q1; e1) � 14 � 16 = 112 .Re
all that if (P2; 
2) is additional weak 
ouple that dominates (Q1; e1),then P2 = E, 
2 = d, and (E; d) �!2 (Q1; e1).Hen
e, by De�nition 15 part (d), wa(P; 
)+wd(P; 
) � jV al(P; 
)j. Namely,(P; 
) is w2-satis�ed.2.2(ii) Sub-
ase b deg 
 = 3. We show that in this 
ase, PP 02
w2(P 0; 
) �1. 34



Estimation of w
(P; 
): Re
all that (P; 
) �!2 (Q; e). deg e � 5and degQ = 4, hen
e V al(Q; e) � 120 . Sin
e both (P; 
) �!2 (Q; e) and(P1; 
1) �!2 (Q; e), we have w
(P; 
) = 12 � V al(Q; e) � 140 .Estimation of wa(P; 
) + wd(P; 
): Re
all that (P; 
) �!1 (Q1; e1).deg e1 � 5 and degQ1 = 4, hen
e V al(Q1; e1) � 120 .Re
all that if (P2; 
2) is additional weak 
ouple that dominates (Q1; e1),then P2 = E, 
2 = d and (E; d) �!2 (Q1; e1). Therefore, by De�nition 15,wa(P; 
) + wd(P; 
) � 120 .We are now ready to estimate w2(P; 
):w2(P; 
) � 14 + 140 + 120 = 39120 .Estimation of we(Q1; 
) :Observe that degQ1 = 4 implies that (Q1; h) is the helper of (Q1; 
).Denote the interse
tion point of d and 
1 by R. Then observe that deg h � 6(the 
ir
les e1; 
1; 
, and 
1(P1; R) interse
t h in four points , while e andd interse
t h in two more di�erent points). Sin
e degQ1 = 4, we havewe(Q1; 
) = V al(Q1; h) � 14 � 16 = 112 .Estimation of wa0(Q1; 
) + wd0(Q1; 
): Re
all that (Q1; 
) �!2 (P; e1).Sin
e degP1 = 4, we have V al(P1; e1) � 14 � 15 = 120 .deg 
 = 3 and therefore, if (P2; 
2) is additional weak 
ouple that domi-nates (P; e1), then P2 must be the interse
tion point of e1 and t(P; 
) that isdi�erent from P . We have 
2 = t(P; 
), and (P2; 
2) �!2 (P; e1) and hen
e,wa0(Q1; 
) + wd0(Q1; 
) � 12 � V al(P; e1) � 140 .Estimation of wa(Q1; 
) + wb(Q1; 
): Re
all that (Q1; 
) �!1 (Q; d).Sin
e degQ = 4, we have V al(Q; d) � 14 � 15 = 120 .Therefore, wa(Q1; 
) + wb(Q1; 
) � 12 � 120 = 140We are now ready to estimate w2(Q1; 
):w2(Q1; 
) � 14 + 140 + 140 + 112 = 46120 .Finally, we will estimate w2(Q; 
).Estimation of wa0(Q; 
) + wd0(Q; 
): Re
all that (Q; 
) �!2 (Q1; d).Sin
e degQ1 = 4, we have V al(Q1; d) � 14 � 15 = 120 .If (P2; 
2) is additional weak 
ouple that dominates (Q1; d), then P2 = Eand 
2 = e1. Indeed, sin
e otherwise P2 2 ar
d(Q1E) and hen
e 
2 wouldinterse
t ar

(QP ), whi
h is empty.Observe that in this 
ase, (E; e1) �!1 (Q1; d). Sin
e deg e1 � 5, we havejV al(E; e1)j � 15 � 16 = 130 . Therefore, wa(Q; 
1) + wd(Q; 
1) � 120 � 130 = 160 .Estimation of wa(Q; 
) + wb(Q; 
): Re
all that (Q; 
) �!1 (P; e).Sin
e degP = 4, we have V al(P; e) � 14 � 15 = 120 . Therefore wa(Q; 
) +wb(Q; 
) � 12 � 120 = 140 . 35



We are now ready to estimate w2(Q; 
): w2(Q; 
) � 14 + 140 + 160 = 35120 .We 
on
lude that PP 02
w2(P 0; 
) � 39120 + 46120 + 35120 = 1.Case 2.3: (P; 
) �!1 (Q; e) and (P1; 
1) �!2 (Q; e).Let Q1 = �!N 
1P1, e1 = 
1(P1; Q1). then (P1; 
1) �!1 (Q1; e1). LetQ0 = Q
1, P 01 = P1
1, Q00 = Q
 P 00 = P 
.2.3(i) We 
laim that (P1; 
1) is w2-satis�ed.First, we show that (Q1; e1) settles (P1; 
1). If (Q1; e1) doesn't settle(P1; 
1), then Q1 is 
1-
onne
ted and we get a 
ontradi
tion by 
onsideringall possible lo
ations of Q1 on 
1:� Q1 =2 ar

1(P1Q0). Sin
e otherwise, 
1(Q;Q1) interse
ts ar

(PQ) ,whi
h is empty.� Q1 6= Q0 . Sin
e otherwise, Q1 is not 
1-
onne
ted.� Q1 =2 ar

1(Q0P 01). Sin
e otherwise, 
1(Q;Q1) interse
ts ar

(QP 00) in apoint, say L, but then 
(P; L) interse
ts ar

1(QP1) whi
h is empty.� Q1 6= P 01 . Sin
e otherwise, Q1 and P1 are not 
1-
onne
ted.� Q1 =2 ar

1(P 01Q). Sin
e otherwise, 
1(P1; Q1) interse
ts ar

(PQ) ,whi
h is empty.� Q1 6= Q. Sin
e otherwise, deg 
1 = 2.Note that sin
e P1 is always 
1-
onne
ted, the �fth argument above im-plies that ar

1(P 01Q) is empty. We 
on
lude that (Q1; e1) settles (P1; 
1).Therefore, If (Q1; e1) is dominated ex
lusively by (P1; 
1), or if (Q1; e1) is
ounter
lo
kwise dominated by additional 
ouple, then (P1; 
1) isw2-satis�ed.We 
laim that (Q1; e1) is not 
lo
kwise dominated by any 
ouple, ex
eptfor (P1; 
1). To see this, assume there is a weak 
ouple (P2; 
2), di�erent from(P1; 
1), su
h that (P2; 
2) �!1 (P1; 
1). Then, 
2 = t(Q1; 
1) and P2 is theinterse
tion point of the 
ir
les 
2, e1 that is di�erent from Q1. Moreover,t(P2; 
2) 2 C (see Figure 20).Note that ar

1(Q1P 01) is empty. Sin
e otherwise, let L 2 ar

1(Q1P 01).Sin
e Q1 2 ar

1(PP 0), 
1(P1; L) interse
ts ar

2(P2Q1), whi
h is empty.Sin
e both ar

1(Q1P 01) and ar

1(P 01Q) are empty (and P 01 =2 P), deg 
1 =3. 36
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Figure 20: 
ase 2.3 (i)We have shown that Q1 is not 
1-
onne
ted, hen
e 
1(Q1; Q) =2 C, whi
himplies that degQ1 = 3 and degQ = 3.Sin
e t(P2; 
2); t(P1; 
1); t(P; 
) 2 C, and ar

1(Q1Q) is empty, if we takethe 
ir
les 
1; e1; e out of C, we are left with a 
onne
ted family of 
ir
leswith n � 3 
ir
les. This family of 
ir
les doesn't have Q1; P1; Q as interse
-tion points, a 
ontradi
tion to the minimality of C. Con
lude that (P1; 
1) isw2-satis�ed.2.3(ii) We 
laim that (P; 
) is w2-satis�ed.If (Q; e) settles (P; 
), then sin
e (P; 
) �!1 (Q; e) and (P1; 
1) �!2(Q; e), (P; 
) is w2-satis�ed. Otherwise, (Q; e) doesn't settle (P; 
) and hen
eby Lemma 18, Q is 
-
onne
ted.Re
all that deg 
 � 3. Let L 6= Q;P be a point on 
.Using the 
-
onne
tivity of P andQ, we get a 
ontradi
tion by 
onsideringall possible lo
ations of L on 
 (see Figure 21):� L =2 ar

(Q00P ). Sin
e otherwise, 
(Q;L) interse
ts ar

1(QP1) , whi
his empty.� L 6= Q00 . Sin
e otherwise, Q is not 
-
onne
ted.37
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e


1
P1


 P 01Figure 21: 
ase 2.3 (ii)� L =2 ar

(P 00Q00). Sin
e otherwise, 
(Q;L) interse
ts ar

1(P 01Q) in apoint, say M , but then 
1(P1;M) interse
ts ar

(PQ) whi
h is empty.� L 6= P 00 . Sin
e otherwise, P is not 
-
onne
ted.� L =2 ar

(QP 00). Sin
e otherwise, 
(P; L) interse
ts ar

1(QP1) , whi
his empty.We 
on
lude that (P; 
) is w2-satis�ed as required.Case 2.4: (P; 
) �!2 (Q; e) and (P1; 
1) �!1 (Q; e).Let Q1 = �N 
1P1, e1 = 
1(P1; Q1). then (P1; 
1) �!2 (Q1; e1).Let Q2 = �!N 
P , e2 = 
(P;Q2), then (P; 
) �!1 (Q2; e2). (See Figure 22).Note that degQ = 3, for every 
ir
le through Q other than 
; 
1; e inter-se
ts ar

(QP ) or ar

1(P1Q).Also, deg e � 6, be
ause 
; 
1; t(P; 
); t(P1; 
1) interse
t e in four points,while 
(P;Q2) and 
1(P1; Q1) interse
t e in two more di�erent points. Tosee that these two points are indeed di�erent, let L be the tou
hing point oft(P; 
) and t(P1; 
1) (whi
h also lies on e). Then, 
(P;Q2) interse
ts ar
e(LP1)and 
1(P1; Q1) interse
ts ar
e(PL). The two ar
s are disjoint.38
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Figure 22: 
ase 2.4Hen
e, V al(Q; e) � 13�16 = 16 . deg 
1; deg 
 � 3 implies that jV al(P1; 
1)j �13 � 14 = 112 and jV al(P; 
)j � 112 .Sin
e (P; 
) �!2 (Q; e), (P1; 
1) �!1 (Q; e), we have:wd(P1; 
1) = jV al(P1; 
1)jwd0(P; 
) = V al(Q; e)� jV al(P1; 
1)j � 16 � 112 = 112 � jV al(P; 
)jand hen
e, both (P; 
) and (P1; 
1) are w2-satis�edProposition 20 shows that if a 
ir
le 
 is not problemati
, then its w2-weight (i.e. PP2
w2(P; 
)) is at least one.Proposition 21 bellow, 
ompletes the proof of Theorem 3. It shows that if
 is a problemati
 
ir
le with P;Q 2 P the two interse
tion points on it, andd = 
(P;Q), then we 
an transfer the extra w2-weight from d in the amountofPP2d w2(P; d)� 1 � 13 to 
 to make up for the de�
ien
y of w2-weight on
 and at the same time keep the total w2 weight of d to greater than or equalto 1 (in fa
t equal to 1). It also shows that the extra w2-weight on su
h d is"used" ex
lusively by su
h 
.Both propositions imply that we 
an distribute the initial weight (whi
his equal to jPj), su
h that the total weight on every 
ir
le is at least one.39



So, we 
an use the same argument as in the proof of Theorem 1 to 
on
ludeTheorem 3.Proposition 21. Let 
 be a problemati
 
ir
le with P;Q 2 P the two inter-se
tion points on it, and let d = 
(P;Q) with deg d equals to 4 or 5. Then,� a. All the 
ouples (X; d) with P;Q 6= X 2 d, are independent, and(P; d), (Q; d) are dominated only by (Q; 
), (P; 
), respe
tively. Also,none of the 
ouples (X; d) with X 2 d, is the helper of a weak 
ouple.� b. PP2d 1degP � 113 .� 
. 
 is the only problemati
 
ir
le 
rossing d at two points.Proof: suppose w.l.o.g. that the 
lo
kwise distan
e from P to Q is less than�. Let A := Qd be the interse
tion point of t(P; 
) with d whi
h is not P ,and B := P d, the interse
tion point of t(Q; 
) with d whi
h is not Q. Denote
0 = t(P; 
), 
00 = t(Q; 
). We 
onsider the two 
ases: deg d = 4 and deg d = 5.Case a. deg d = 4. Sin
e degA � 3 and degB � 3, either d(A;B) 2 C,or t(A; d); t(B; d) 2 C or both. In the �rst 
ase (see Figure 23), we take 
 andd out of C. The new 
olle
tion of 
ir
les is 
onne
ted, has n � 2 
ir
les anddoes not have P;Q as interse
tion points, a 
ontradi
tion to the minimalityof C.Therefore, we assume the latter 
ase (see Figure 24), that is, t(A; d); t(B; d) 2C and d(A;B) =2 C. Then, degA = degP = degQ = degB = 3. Hen
e,PP2d 1degP = 113 .Moreover, none of the 
ouples (X; d) where X 2 fA; P;Q;Bg, is thehelper of a weak 
ouple, be
ause (X; d) being a helper of somebody impliesdegX � 4.We show here that the 
ouples (A; d), (B; d) are independent, and (P; d),(Q; d) are dominated only by (Q; 
), (P; 
), respe
tively:� (A; d) is independent. If not, then (P; 
0) dominates (A; d). This isimpossible, sin
e t(A; d) interse
ts 
0 in the point P 
0, whi
h impliesthat P is not 
0-
onne
ted and hen
e, (P; 
0) is not weak.� (P; d) is not dominated by (A; 
0). Otherwise, d(A;B) = t(A; 
0) 2 C,a 
ontradi
tion. 40
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Figure 23: 
 is problemati
, deg d = 4 and d(A;B) 2 C� (Q; d) is not dominated by (B; 
00), sin
e otherwise d(A;B) = t(B; 
00) 2C, a 
ontradi
tion.� (B; d) is independent. Indeed, only (Q; 
00) 
an dominate (B; d), how-ever, (Q; 
00) is not weak.It is also easy to see that none of the 
ir
les 
0 and 
00 is problemati
,as both 
ontain at least 3 interse
tion points ea
h. This proves part (
) ofProposition 21.Case b. deg d = 5. Let L be the �fth point of d. If d(L;A); d(L;B) 2 Cor d(A;B) 2 C, then as in the former 
ase, we get a 
ontradi
tion tothe minimality of C by 
onsidering C 0 = C n f
; dg. Sin
e deg 
 = 2,d(L; P ); d(L;Q) =2 C. But, degL � 3 and so, either d(L;A) 2 C, ord(L;B) 2 C.W.l.o.g. assume that e := d(L;A) 2 C, d(L;B) =2 C. Also, d(A;B) =2 C,d(L; P ); d(L;Q) =2 C and in addition, t(B; d); t(L; d) 2 C, be
ause degB � 3and degL � 3. (See Figure 25.)Then, degA = 3 or 4; degL = degP = degQ = degB = 3. Hen
e,PP2d 1degP > 113 . 41
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Figure 24: 
 is problemati
, deg d = 4 and d(A;B) is not in CWe 
laim that none of the 
ouples (X; d) with X 2 d, is the helper of aweak 
ouple. Indeed, the only 
andidate of being a helper is (A; d) (in the 
asedegA = 4). Suppose that (A; d) is the helper of (A; t(A; d)), then e interse
ts
0 in a point that lies in the interior of disk(d). Hen
e, L 2 ar
d(BQ). Then,we take 
; d out of C. The new 
olle
tion is 
onne
ted, and by the sameargument, as in the 
ase deg d = 4, we get a 
ontradi
tion to the minimalityof C.We show here that all the 
ouples (X; d) with P;Q 6= X 2 d, are inde-pendent, and (P; d), (Q; d) are dominated only by (Q; 
), (P; 
), respe
tively:� (B; d) is independent. Otherwise, (Q; 
00) dominates (B; d). This isimpossible, sin
e t(B; d) interse
ts 
00 at the point Q
00 , whi
h impliesthat (Q; 
00) is not weak.� (Q; d) is not dominated by (B; 
00). Otherwise, d(A;B) = t(B; 
00) 2 C,a 
ontradi
tion.� (P; d) is not dominated by (A; 
0). Otherwise, d(A;B) = t(A; 
0) 2 C,a 
ontradi
tion. 42
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Figure 25: 
 is problemati
 and deg d = 5� (L; d) is independent. Otherwise, (A; e) dominates (L; d), where e =d(A;L). Then t(A; e) interse
ts d at point Ld, whi
h is di�erent thanA;B;Q; P , a 
ontradi
tion to deg d = 5.� (A; d) is independent. Otherwise, there are two 
ases:1. (L; e) dominates (A; d). Then, t(L; e) interse
ts 
 in two points,one of them is Q and the other one is di�erent from P (otherwisethere will be three di�erent 
ir
les 
; d; t(L; e) passing through thesame two points, P;Q), a 
ontradi
tion to deg 
 = 2.2. (P; 
0) dominates (A; d). Let M be the interse
tion point of e and
0, whi
h is not A (there is su
h point be
ause L 6= B and soe 6= t(A; 
0)). Sin
e (P; 
0) is weak, P is 
0-
onne
ted, but 
0(P;M)interse
ts 
 in a point , di�erent from P;Q. A 
ontradi
tion todeg 
 = 2.It is also easy to see that none of the 
ir
les 
0; 
00, and e are problemati
,43



as ea
h of these 
ir
les 
ontains at least 3 interse
tion points ea
h. Thisproves part (
) of Proposition 21.4 A 
ounter-example to a di�erent 
onje
-ture of BezdekWhile working out the argument in this paper we realized a 
ounter-exampleto a 
onje
ture made by A. Bezdek. Bezdek 
onje
tured ([4℄) that any �nite
onne
ted 
olle
tion of at least two unit 
ir
les in the plane determines aninterse
tion point through whi
h at most 3 
ir
les pass. Figure 26 shows a
on�guration of 13 unit 
ir
les where through ea
h interse
tion point at least4 
ir
les pass.

Figure 26: a 
on�guration of unit 
ir
les where through every interse
tionpoint at least 4 
ir
les passIt is interesting to note that it is an easy 
onsequen
e of Euler's formulathat any 
onne
ted 
olle
tion of at least two unit 
ir
les in the plane deter-mines an interse
tion point through whi
h at most 5 
ir
les pass. On theother hand it is shown in [6℄ that any �nite 
olle
tion of at least �ve pairwise44



interse
tion unit 
ir
les in the plane determines an interse
tion point throughwhi
h exa
tly two 
ir
les pass, as was 
onje
ture by A. Bezdek. For a gen-eral 
olle
tion of pairwise interse
ting unit 
ir
les it is shown in [1℄ that anybig enough 
olle
tion of pairwise interse
ting 
ir
les in the plane not all passthrough same pair of point and not all tou
h at the same point, determinean interse
tion point through whi
h at most 3 
ir
les pass.Referen
es[1℄ N. Alon, H. Last, R. Pin
hasi, and M. Sharir, On the 
omplexity of ar-rangements of 
ir
les in the plane, Dis
rete and Computational Geometry,26 (2001), 465{492[2℄ A. Bezdek, On the density of dual 
ir
le 
overings, Geometriae Dedi
ata33 (1990), 227{238[3℄ A. Bezdek, On the interse
tion points of unit 
ir
les, Amereri
an Math-emati
al Monthly 99 (1992), 779{780[4℄ A. Bezdek, In
iden
e problems for points and unit 
ir
les, in Paul Erd}osand His Mathemati
s (A. Sali, M. Simonovits and V.T. S�os, Eds.), Bu-dapest (1999), 33{36[5℄ K. Bezdek and R. Connelly, Interse
tion points, Annales Univ. S
i. Bu-dapest, Se
t. Math 31 (1988), 115{127[6℄ R. Pin
hasi, Gallai-Sylvester Theorem for Pairwise Interse
ting Unit Cir-
les, Dis
rete and Computational Geometry, 28 (2002), 607{624
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