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Abstract

Let C be a family of n different unit circles in the plane. We
show that C determines at least n — ¢ intersection points, where ¢
is the number of connected components in |J,co C. This proves a
conjecture of A. Bezdek.

1 Introduction

Let C be a family of n unit circles in the plane, no two of which touch
each other. Assume further that there are no isolated circles (i.e., every
circle intersects at least one other circle from C). A beautiful argument of
K. Bezdek and R. Connely shows that C determines at least n intersection
points. We bring their proof here, both for its ingenuity and for its relation
to what we further wish to prove in this paper.
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Theorem 1 (K. Bezdek & R. Connely). Let C be a connected family of
(at least two) unit circles in the plane, no two of which touch each other.
Then C determines at least n intersection points.

Proof: Denote by m the number of intersection points determined by C. Give
weight 1 to every intersection point. Then equally distribute the weight of
each intersection point among the circles passing through it. Therefore, if
say, k circles pass through a point P, then P gives a weight of % to every
such circle.

We now analyze the weight of each circle. Let C' € C. Assume C contains
k intersection points. Clearly, through every such intersection point P at
most k circles pass, for every circle through P intersects C' in another unique
point. Hence C'is given a total weight of at least 1. This shows that m > n.
|

K. Bezdek and Connelly, (see [5]), considered coverings of the plane by
unit disks. They noticed that the unit disks centered at the intersection
points of the boundary circles of the original covering also form a covering of
the plane. They conjectured that this second covering can not have smaller
density than the original covering. They proved Theorem 1 above to settle
this conjecture for the case in which no two of the disks in the covering
touch each other. Later, A. Bezdek (see [2] ) settled the conjecture of K.
Bezdek and R. Connelly in its full generality without requiring no tangency.
A. Bezdek’s argument was also weight distribution argument but slightly
more involved. While working out the details of his 8 pages long weight
distribution argument, A. Bezdek noticed that probably the right question
to ask is not the above one concerning coverings, but the following stated as
a conjecture (see [2]. See also [3] for a related result):

Conjecture 2.: [A. Bezdek| There are at least n — 1 intersection points in
a connected family of n unit circles in the plane.

A second and very important part of his conjecture was also a list of cases
in which there is equality. He conjectured that his list was complete.

The proof of Theorem 1 does not apply here because now circles are
allowed to touch. This small difference creates a huge difficulty. In fact, a
straight forward implication of the above argument to this case will give a
lower bound of 7 intersection points. This indeed can be attained if C is a
union of disjoint pairs of touching circles.

In this paper we prove the first part of A. Bezdek’s conjecture, stated in
the next theorem. The second part of the conjecture is still open.



Theorem 3. Let C be a connected family of n unit circles in the plane and
let P be the set of their intersection points. Then |P| >mn — 1,

Figure 1: A connected family of n = 11 circles that determine just 10 inter-
section points.

Figure 1 shows one example illustrating that Theorem 3 is tight. For a
further discussion of the extremal cases see [2]. It is instructive to note that
in Theorem 1 almost no geometric property of unit circles was required. The
theorem would hold (and the same proof will go through) for any collection
of simple closed curves, as long as no three curves share two points of inter-
section in common and every two curves are either disjoint or intersect at
two points. This is no longer true for Theorem 3. Here we will rely on inti-
mate geometric properties of the unit circle. Figure 2 shows an example of a
connected collection of 8 circles with just 6 intersection points. Observe that
no three circles share two common intersection points and no three circles
touch at the same point. By considering a chain of n such configurations
each touches its predecessor at a point, we will obtain a connected collection
of 8n circles with just 7n — 1 intersection points.



Figure 2: A connected family of n = 8 (non unit) circles that determine just
6 intersection points.

2 Definitions and notations

”

By a "circle”, we always mean ” a unit circle”. We'll refer to points by
capital letters and to circles by lower-case letters. For a point P and a circle
¢, whenever we write P € ¢ we mean that P € P lies on ¢ € C, if P is not
necessarily in P or ¢ is not necessarily in C, we will mention it explicitly.

The degree of a point P € P, denoted by deg P, is the number of circles
from C that pass through P. Similarly, the degree of a circle ¢ € C, denoted
by degc, is the number of intersection points from P that lie on C.

Notation 4. Let P,() € c.
e P is the point on c that is antipodal to P.

e (P, c) is the circle that touches ¢ at the point P.



. ﬁCP is the point of P that is the first to come after P on c in the
clockwise direction.

. WCP is the point of P that is the first to come after P on ¢ in the
counterclockwise direction. (See Figure 3.)

e arc.(PQ) is the open arc bounded between P and Q on ¢ in the clockwise
direction. We say that arc.(PQ) is empty, if there are no points of P
on it.

e disk(c) is the closed disk bounded by c.

e ifQ# P and Q # P, then ¢(P, Q) denotes the only circle other than
¢ that passes through P and ().

Figure 3: various notations

Definition 5. Let P € ¢
_ 1 1
* Val(P,c) = degp  dege’
e (P, c) is weak, if Val(P,c) < 0.

e (P, c) is strong, if Val(P,c) > 0.
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e P is c-connected, if for every P # Q € P on ¢, ¢(P,Q) € C.

(The intuition for the name is that when P is c-connected, there are
circular arcs of circles in C \ {c} connecting it to each of the other
intersection points on c.)

e P is semi-c-connected if for every Q) € P on ¢, which is different from
P and P°, we have &@(P,Q) € C.

Observe that Val(P,c¢) < 0 iff P is c-connected and t(P,¢) € C. In this
case, deg P = degc+ 1.

3 The proof of theorem 3

Theorem 3 is easily seen to be true when n = 1,2, 3. Assume that Theorem 3
is not true and let C be a counterexample with minimum number n of circles.

Proposition 6. Fvery intersection point P € P has deg P > 3.

Proof: Assume that through a point P only ¢i,co € C pass. Let C; C C be
the set of circles in the connected component of |J.cc\ .,y ¢ which contains
¢5. Denote C; = C \ Cy, and observe that C; is a connected union of circles.
Let ny = |Cy|, and ny = n —ny = |Cy|. By the minimality of C, the circles
of C; have at least ny — 1 intersection points and the circles of Cy have at least
no — 1 intersection points. Clearly, all those intersection points are different.
Therefore |P| > n; —1+4+mny—1+4+1=n—1, for we count also the point P. 1

Corollary 7. The degree of each circle in C is at least two.

Step 1 of the pI'OOf. Similar to the proof of Theorem 1, we give
every intersection point in P a weight of 1 and we equally distribute the
weight of each intersection point among the circles which pass through it.
Therefore, for P € ¢, the weight that P contributes to ¢ is: wy (P, ¢) = delgp'

The existence of weak couples (P, c) is the reason that we cannot repeat
the arguments of Theorem 1, since the total w-weight on a circle, may be
smaller than 1. But, the point of light here is that while some couples (P, ¢)
are weak, other couples (P’ ¢') are strong. Therefore, we are able to transfer
weight from strong couples to weak couples to get on each circle a total weight
of at least 1. In particular, we have the following observation.




Observation 8. If (P, c) is weak, then for every Q € ¢ (Q # P), (Q,c') is
strong, where ¢ =¢(P, Q).

(note that if (P, ¢) is weak, then P° # P)
Proof: Every circle through @, except for ¢(Q, '), intersects ¢’ in a unique
point, other than P. It follows that deg@ < degc + 1. Note that t(Q, ) ¢
C for otherwise it intersects ¢ in the point P° in contrast to that P is c-

connected. Also, note that #(P, ¢) intersects ¢’ in the point Q°. There is no
circle, other than ¢, through Q and Q°. Hence deg@Q < degc’ — 1. i

Definition 9. Let ¢ be a circle with degc = 2 and P,(Q € P are the inter-
section points on it. If degc(P,Q) is 4 or 5, then c¢ is called problematic.

Step 2 of the proof.

In step 2 we define a modified weight wq (P, ¢) for every pair (P, c) where
P € ¢, P € Pandc € C with the property that > . ws(P,c) =) p., wi(P,c)
where the sums are taken over all pairs P € P and ¢ € C such that P € c.
We aim to show that ), ws(P,c) > 1, for every circle ¢ € C which is not
problematic.

Definition 10. Let (P, ¢) be a weak couple and (Q, €) be a strong couple. We
say that (Q, e) settles (P, c), if Val(P,c) + Val(Q,e) >0

Definition 11. We say that (P,c) clockwise-dominates (Q,e) and write
(P,c) —1 (Q,e), if (P,c) is weak, Q = ﬁcp, and e = ¢(P,Q). We then
say that (@, e) is clockwise-dominated by (P, c).

We say that (P, ¢) counterclockwise-dominates (@, e) and write (P, c) —»
(Q,e), if (P,c) is weak, Q = WCP, and e = ¢(P, Q). We then say that (Q,e)
is counterclockwise-dominated by (P, c).

If (P,c) —1 (Q,e) or (P,c) —9 (Q,e), we say that (P,c¢) dominates
(Q,e). We also say that (Q,e) is dominated by (P,c). If (Q,e) is not
dominated by any weak couple, we say that (@), e) is independent. (See Figure

4.)

Observation 12. FEvery strong couple (Q,e) is dominated by at most two
weak couples.

Definition 13. Let (P, ¢) be a weak couple, h = t(P,c) € C. Suppose that



Figure 4: (P,c¢) — (Q,e) and (P, ¢) —5 (Q', €)

1. there exist two circles d,e € C, that pass through P and intersect in a
different point that lies in the interior of disk(h).

2. there exists f € C that intersects h in two points, such that P lies in
the interior of disk(f), and no other circle in C but h passes through P
and one of the intersection points of f and h.

Then (P, h) is called the helper of (P,c). (See Figure 5.)

Observation 14. If (P, h) is the helper of (P, c) then:
1. (P, h) is independent.
2. (P, h) is strong.

Proof:

1. If (P',¢') dominates (P,h) then ¢ intersects h and ¢ in the points

P', P’ respectively. Hence, P’ is not ¢-connected, a contradiction to
the assumption that (P’, ') is weak.



Figure 5: (P, h) is the helper of (P, c)

2. Denote deg P = z. Since the two circles (other than h) that pass
through P and the intersection points of f and h are not in C, degh >
x + 1. Hence, (P, h) is strong.

A short overview of the proof: The idea of the proof is to find
the right way (or just any way that works) to distribute the weight of the in-
tersection points among the circles so that the total weight absorbed by each
circle is at least 1. We do find such a way and define the new distribution in
Definition 15, where the quantities wo (P, ¢) are defined. ;From the definition
it will be very easy to see that ), ws(P,c) = > p wi(P,c) = |P[. It is
then a slightly tedious and very technical work to show that the new so called
'weights’ satisfy the property that for every given circle ¢, ZP‘PEC wy(P,c) >
1. Although very tedious, the important thing is that it works! The rest of
the proof then follows as in the argument of Bezdek and Connely.

We will now redistribute the weights w (P, ¢) of all couples (P, ¢), where
P € ¢, between themselves and call the resulting new weights wsy(P, ¢). This



is done according to certain guide-lines (at first we define w, (P, ¢), wq (P, c),
wy(P; ¢), we(P,c), wa(P,c), wa(P,c), we(P,c) and then we define wy(P,c)):
Definition 15. e If nobody else wants it- take it all!

a. If (P,c) —1 (Q,e) and if (Q,e) is dominated exclusively by (P,c),
then wy(P,c) = Val(Q,e), w,(Q,e) = =Val(Q,e).

a’. If (P,c) —9 (Q,e) and dege > 3, and if (Q,e) is dominated ez-
clusively by (P, c), then wy (P, c) = Val(Q,e), wy (Q,e) = =Val(Q,e).

e b. Two clockwise-dominations equally share the loot.
If (Pr,c1) —1 (Q,€) and (Py, c3) —1 (Q, e) then wy(Pr,cq) = %Val(Q,e),
wy(Py, c3) = %Val(Q, e) and wy(Q,e) = —Val(Q,e).

e c. Two counterclockwise-domination equally share the loot.
If (P,c1) —9 (Q,€) and (Py,co) —>9 (Q,€), then w.(P,c;) =
%VGZ(Q, 6), wc(PQa 02) = %VGZ(Q, 6) and wc(Q: 6) = _Val(Qa 6).

e Clockwise-domination wins counterclockwise-domination. If
(P1,c1) —1 (Q,e) and (Py,co) —o (Q,€), then let D be equal the
quantity min{Val(Q,e), —Val(Py,¢;)}.

d. define: wqy(Pr,c1) = D, and wqe(Q,e) = —Val(Q,e).
d’. define: wy (P, ) = Val(Q,e) — D.

e e. A special bonus from the helper.

If (P,c) is weak and (P, h) is the helper of (P,c), then w.(P,c) =
Val(P,h) and w.(P,h) = —=Val(P,h).

e For every pair P € P and ¢ € C, where P € ¢, we define
wo(P,c) = wi(P,c)+ wy(P,c)+ wy (P, c) 4+ wy(P,c) +
+  w(P,¢) + wa(P,c) + wag (P, c) + w(P,c).

where any value among w, (P, ¢), wy (P, c), wy(P,c), w.(P,c), wy(P, c),
wy (P, ¢), and w.(P,c) is considered to be 0 unless it was specified by
any of the previous gquide-lines.
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Definition 16. A couple (P, c) is called wo-satisfied, if wo(P,c) > ﬁgc'

In Proposition 20, the main proposition in the proof of Theorem 3, we
will show that if ¢ is not problematic, then ) ,_ wy(P,c) > 1. To prove
Proposition 20 we need the following observation and two lemmata.

Observation 17. Let (P, ¢), (Q,e) be couples s.t (P,¢) —1 (Q,¢e) and (P, c)
is not wy satisfied. Then w, (P, c) + wy(P,c) + wa(P,c) > 3 x Val(Q, €)

Proof: Suppose that the inequality does not hold. Then there exist (P’, )
satisfying (P',¢') —9 (Q, €) and wy(P,c¢) = min{Val(Q,e),—Val(P,c)} =
—Val(P, c). Hence, (P, c) is ws satisfied, a contradiction. N

Lemma 18. Let (P, c) be a weak couple, Q € ¢, d =¢(P, Q) such that (Q,d)
does not settle (P, c). Then: (Q,c) is weak, and either degd = degc + 2 and
Q 1s semi-d-connected, or ¢ is problematic, or both.

Recall that (@, ¢) is weak iff @) is c-connected and #(Q, c) € C
Proof: Let z = dege. Since (P, ¢) is weak, deg P = x+1 and ¢ = (P, c) € C.
Since P is ¢ connected, then ¢(Q, d) ¢ C (for otherwise P is an intersection
point on ¢). Let y = degd and r = deg@. Observe that r < z + 1, and
moreover, y > 1 + 1.

Since (@, d) does not settle (P, c), we have:

1 1 1 1
S 4S - <o. 1
T+l 2 7y (1)

Since y > r + 1, it follows that

1 1 1 1
-t — =<0
r+1 = y—1 y

Therefore, we must have y > = + 2. Assume that y > x + 3, then this,
together with » < x 4 1, implies that

1 1 1 1

- — — <0
z+1 :c+:c+1 Tz +3

.From this we conclude that x = 2.
Therefore, either y = 2 4 2 (and then it is easy to see that r = x + 1), or
T = 2.
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In the former case, since r = x + 1 and degc = z, it follows that ¢; =
t(Q,c) € C, and that @ is ¢ connected. This shows that (Q, ¢) is weak. The
fact that @ is semi-d-connected follows from deg@ =r=x+1=y -1 =
degd — 1.

In the latter case (z = 2), if y > 6 (keeping in mind that r <z + 1 = 3)
-ty i > 0 contradicting (1). Hence, we conclude that if z = 2,
then either y = 4 or y = 5 (and thus ¢ is problematic). Here, again r = x + 1

and therefore (Q, ¢) is weak. I

Lemma 19. Let (P, c) be a week couple, dege > 3. Suppose that (P, c) —
(Q1,e1) and (P,c) —5 (Qq,€3). Then wy(P,c)+Val(Q1,e1)+Val(Qo,ez) >

1
degc

Proof: If (Qq,e1) or (Qa,es) settles (P, c¢) then we are done. Assume then

that none of (Q1, e1) and (Qs, e2) settles (P, ¢). Let x = dege. By Proposition

18, dege; = deges = x + 2, and deg Q1 = deg s = deg P = x + 1.
Therefore,

1
P =
wi(Pe) r+1
1 1
Val = —
al(@1e1) r+1 x+42
1 1
Val = - —
al(@s, ¢2) r+1 z+2
Therefore,
x+4
wl(P, C) + Val(Ql, 61) + Val(QQ, 62) = m
This expression is greater than or equal to % = delgc for every x > 2. 11

We now move on to the main proposition:

Proposition 20. For every couple (P, c) such that ¢ is not problematic, if
(P, c) is not wy-satisfied, then Y p . wo(Pyc) > 1 .

Note that proposition 20 implies that 3, . ws(P,c) > 1 for every circle
¢ which is not problematic.

12



Proof: Let (P, ¢) be a couple such that ¢ is not problematic.

If (P, ¢) is not weak, then by definition 15, (P, ¢) is wy-satisfied. So, from
now on, we assume that (P, ¢) is weak.

If all the couples (@, e) that are dominated by (P, ¢), are dominated by
(P, c) alone, then there are two possibilities:

e (I) (P, c) is dominating a single couple, (@), e) which is not dominated
by any other weak couple. If (Q,e) settles (P, c), then (P,¢) is wy-
satisfied and we are done. Otherwise, (@, e) doesn’t settle (P, c). Since
(P, c) is dominating a single couple, dege = 2. By Lemma 18, ¢ is
problematic, a contradiction.

e (IT) (P, ¢) is dominating two couples (Q1,e;) and (@2, e3), and none of
them is not dominated by any other weak couple. Then, by Lemma
19, (P, c) is wo-satisfied.

Therefore, we may assume that there is additional weak couple, (Py,¢;)
such that both (P, ¢) and (P, ¢;) dominate the same couple, say (Q,e).

Then, e =¢(P,Q) = ¢ (P, Q).

We claim that exactly one of arc.(PQ) and arc., (P1Q) has length greater
than 7 while the other has length smaller than 7.

Suppose to the contrary that both arc.(PQ) and arc,, (P;Q) have lengths
greater than 7. Let Q' = Q°. Then both points P and P, must either lie
on arc,(Q'Q), or on arc.(QQ'). Assume without loss of generality that they
both lie on arc.(Q'Q) and P; € arc.(PQ). Then t(Py,c;) intersects both
arc.(PQ) and arc.(QP) in contrast to fact that one of them must be empty
in order for (P, c) to dominate (Q,e).

We argue similarly if both arc.(PQ) and arc,, (P;@Q) have lengths smaller
than 7.

We will assume without loss of generality that the length of arc.(PQ) is
smaller than 7 and the length of arc., (P;Q) is greater than 7. At the same
time, because of the asymmetry, we will have to prove that if (P,c) is not
wo-satisfied, then Y, . wa(P',¢) > 1 and if (Py, ¢1) is not wy-satisfied, then
Dopree, W2(P' ) > 1

We consider two main cases: (1) ¢ and ¢ intersect in two points (one of
which is @); (2) ¢ and ¢; touch at the point Q.

case (1): ¢ and ¢; intersect in two points.
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Let @ and R be those points. We first show that ) = ﬁCP. Indeed, as-
sume not, then @) = WCP and ) = N)cl P;. We conclude that arc.(QP) and
arc., (P1@Q) are empty. Therefore, deg Q = 3, as any additional circle through
@, other than ¢, ¢y, e, intersects either arc.(QP) or arc., (P,Q) or both. Sim-
ilarly, deg R = 3, since every circle through R, other than ¢, ¢i,¢(P, R),
intersects either arc.(QP) or arc., (Pi()). Hence, by considering C \ {c, ¢},
we get a connected collection of n — 2 circles without () and R as intersection
points (see Figure 6). This is a contradiction to the minimality of C.

Figure 6: the case where arc.(QP) and arc., (P1Q) are empty

Q = N)CP implies that R lies outside disk(e) and @ = WclPl. Hence,
arc.(PQ) and arc., (QP;) must be empty.

We claim that both arcs arc., (RQ) and arc.(QR) are empty. We show
this for arc., (RQ) (the argument for arc.(QR) is symmetric). Assume that
arc., (RQ) is not empty and let S € arc., (RQ) be such that arc., (SQ) is
empty. As P; is ¢;-connected, the circle (P, S) € C intersects ¢ at a point
S’. Now, since P is c-connected, ¢(P,S’) € C will intersect ¢; at a point S”
on arce, (SQ). A contradiction. (See Figure 7.)

We will therefore assume that arc.(QR) and arc., (RQ) are empty. Let
d =¢(P, R) =¢;(P, R) and recall that e =¢(P, Q) = ¢(P1, Q).

There are two sub-cases to be considered, degc; > 3 and degc; = 3:
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Figure 7: arc., (RQ) and arc.(QR) must be empty

Case 1.1. degc; > 3

In this case, let Q; = NzclPl, er = (Pr, Q).

Let Q' = Q”, R = R", and P, = P,"". Since (P;,¢;) and (P, ¢) are
weak, P; is ¢i-connected and P is c-connected.
1.1(i) We claim that (P, ¢1) is we-satisfied.

First, we show that (Q, e) settles (P, ¢;). Indeed, otherwise, by Lemma
18, @4 is ¢; connected. We will now obtain a contradiction by considering
all possible locations of ()1 on c¢;.

e (; cannot be equal to R’ or Q' or P/, because otherwise it is not ¢;-
connected.

e ()1 cannot be equal to R, as degc; > 3.

e (); cannot belong to arc., (P,@Q') \ {R'}, for otherwise, since it is ¢;-
connected, ¢1(Q, Q1) € C. But ¢(Q, Q) intersects arc.(PR), which
must be empty.

e @ can not belong to arc,, (Q'P]). Since otherwise, ¢1(Q, Q1) intersects
arc,(RP") in a point, L, and then &(P, L) intersects arc,, (QP;), which
is empty.
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e (); ¢ arc.,(P/R). Since otherwise ¢;(P;, Q1) would intersect arc.(PQ),
which is empty.

We conclude that (Qq,e;) settles (P, ;).

Since (Py,¢1) —1 (Q1,€1), if (Q1, e1) is exclusively dominated by (P, ¢;),
or if it is counterclockwise dominated by additional weak couple, then (Py, ¢;)
is wy-satisfied. We show here that even when there exists additional weak
couple (P',c) st (P',c¢') —1 (Q1,€1), we still have that (P, ¢;) is wo-
satisfied.

Let (P', ') be a weak couple different from (P, ¢), s.t (P, ') —1 (Q1,€1)
(see Figure 8). (P', ') —>1 (Q1, 1) implies that ¢ = ¢(Q1, ¢1) and also that
P’ is the intersection point of e; and .

Figure 8: the case where degc; > 3 and (P', ') — (Q1,€1)

Our purpose is to show that deg (); = 3. If we can show this our argument
will continue as follows: dege; > 5 because ¢, ¢;, and t(P;, ¢;) intersect e;
in four points, while e or d intersect e; in at least one more different point.

Hence, deg@, = 3 implies that Val(Q;,e;) > £+ — 1 = Z and since

3 5 15

degc; > 4 (which implies [Val(Py, )| < § — 3 = 55), we have:

1
’LUb(Pl,Cl) = 5 X Val(Ql,el) Z Z |Val(P1,cl)|

This implies that (P, ¢;) is we-satisfied.
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We will now show that deg@; = 3. Note that @, € arc,., (PiP;) (for
otherwise ¢;(P;, Q1) intersects arc.(PQ)). Moreover, (P',c) —1 (Q1,€1)
implies that degc; = 4, because for every X € arc,, (Q1P]), ¢1(Py, X) inter-
sects arcy (P'Q)q), which is empty.

If deg @1 > 3, then &7(Q1,Q) € C or &(Q1, R) € C.

Suppose first that ¢7(Q1,Q) € C. Note that the intersection point of
¢1(Q1, Q) and d which lies inside disk(c;), is of degree 2. This is because any
third circle passing through it intersects ¢; at a point different from @4, P;, @),
and R. This is a contradiction to degc; = 4.

Suppose that ¢7(Q1, R) € C. Then, ¢;(Q1, R) intersects arcy (P'Q) which
is empty.

We conclude that deg Q1 = 3, hence (Py, ¢;) is wy-satisfied. We now move
on to take care of (P,c).

1.1(ii) We claim that if (P, c) is not wy-satisfied, then ) ,_ wy(P,c) >
1. Suppose that (P,c) is not wsp-satisfied. Since (P,c¢) —1 (Q,e) and
(P1,¢1) —9 (Q, ), then it follows from Definition 15 part (d) that if (Q,e)
settles (P, ¢), then (P, c) is wo-satisfied.

Hence, we assume that (@, e) doesn’t settle (P,¢). By Lemma 18, @ is
c-connected.

We claim that degc is 3 or 4 and if degec = 4 then S,the forth point on ¢
(other than P,Q, and R) is R" = R

Indeed, keeping in mind that () is c-connected, this follows by considering
the possible locations of an intersection point S on c.

e S cannot belong to arc.(PR) since it is empty.

e S cannot belong to the arc arc.(RP") since otherwise, ¢(P,S) would
intersect arc., (QP;), which is empty.

e S cannot belong to arc.(P"Q") since otherwise, ¢(Q,S) € C as @ is
c-connected. ¢(Q,S) intersects ¢; at a point L on arc.(P|R), but then
¢1(Py, L) intersects arc.(P@) which is empty.

e S cannot belong to arc.(Q"P) \ {R"} since otherwise ¢((Q), S) intersects
arc., (RP;), which is empty.

Let QQ = WCP and ey = E(P, QQ) Then (P, C) —9 (QQ, 62).
If (Q2,es) is dominated exclusively by (P, ¢), then by Lemma 19 and
Definition 15, parts (a) and (d), (P, ¢) is wo-satisfied.
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So assume that there exists additional couple, (P, ¢3), that also domi-
nates (@2, €3).

Let P"=P°, Q" =Q°, R" = R°. We know that Q, = R" or Q» = R.
1.1(ii) Sub-case a. @, = R". Then degc = 4, wy(P,¢) = . We show
that (P, c) is ws-satisfied by showing that w.(P,¢) 4+ wq(P,¢) > 55 (hence,
wy(Pyc) > £+ 55 = 7).
Estimation of wy(P,c). Recall that (P,¢) —; (Q,€), and observe that

since degc = 4, we have deg@ = 5. (See Figure 9.) Hence, Val(Q,e) >
+ — ¢ = 55 By Definition 15 part (d), wa(P,c) > 5.

Figure 9: the case where degc¢; > 3 and Q3 = R”

Estimation of w.(P, c). Recall that (P,¢) —5 (R",e3). Since Rison ¢, we
have deg R" < 4. Hence, Val(R", es) > i — % = % Recall that (Ps, c3) also
dominates (R",e5). We show here that (Ps, c3) —o (R", e3) and hence, by
Definition 15 part (¢), we(P,¢) > 3 X 55 = 7=. Indeed (P, c3) — (R", €2),
since otherwise (Ps,c3) —1 (R",ey) and so arce,(PsR") is empty. But, c3
touches ¢ (otherwise, there is a fifth point on ¢) and so, ¢(Q, R") intersects
arc., (P3R"), a contradiction.
We get: we(P,c¢) + wq(P,c) > o + 4+ = 15 > =
1.1(ii) Sub-case b. ), = R.



In this case es = d, degc = 3, and ¢3 = t(R, ¢). Observe that (Ps, c3) —o
(R,d). (See Figure 10.)

Figure 10: the case where degecy > 3 and Q2 = R

We will show that ), .. wo(P',c) > 1. We first consider w, (P, c).
Estimation of w.(P,c¢). We know that (P,¢) —» (R,d)). Moreover,
deg R = 4, which implies Val(R,d) > + — + = 5. Since (Ps, ¢3) — (R, d),
by Definition 15 part (c), w.(P,¢) > § X 55 = 15.
Estimation of wy(P, ¢). We know that (P,¢) — (Q,e). deg@ < 4, which

implies Val(Q,e) > i - % = 21—0 Since (P, ¢1) — (Q,€), by Definition 15
part (d), wg(P,c) > 5.

We can now find an estimate for ws(P,c) (recall that wi(P,c) = }),
wa(P,c) > 1+ 15 + 55 = 5.

Next we estimate w(Q, ).
Estimation of w.(Q,c) Denote h = t(Ps,c3). Since h cannot intersect
arc.(PR) or arc, (RP;), we have h = t(Q, c). Since degc = 3 it is easy to
check that (@, h) is strong and moreover, it is the helper of (@, ¢). Note that
deg@ = 4. Also, note that degh > 6 because the two touching circles ¢;
and t(Py, c1) intersect h in 4 points while the circles d and e intersect h in
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% = % and by Definition 15

additional 2 points. Hence, Val(Q,h) > 1
part (e), we(Q,c) = Val(Q, h) > 35
Estimation of w,(Q,c) + wy(Q, ¢) + wa(Q, ¢). We know that (Q,c) —

(R, d). Moreover, deg R = 4 and hence Val(R,d) > ;—+ By Definition
15 parts (a), (b), and (d), w,(Q, ¢) + wy(Q, )+wd(Q, ) I — %.
Estimation of w, (Q,c) + w.(Q,c). We know that (Q, ) (P e). We

have deg P = 4 and hence Val(P,e) > { — + = 5. If additional Weak couple
(P', ) dominates (P, e), then since degc = 3, we have ¢ = ¢(P, ¢). Circle d
intersects arcy (P'P) and hence, (P’ ) o (P,e). By Definition 15 parts
() and (), we (Q. ) + we(@c) > & x & = W
We can now estimate wsy(Q, ¢). Slnce w1 (Q,¢) = 1, we have wy(Q, ¢) >
1 + 1 + 1 + 1 _ 46
4720 T a0 T2 T 120
Finally, we estimate wq(R, c).
Estimation of w,(R,c) + wy(R,c) + wq(R, c). We know that (R,c) —

(P,d). Now, deg P = 4 and hence Val(P,d) > { — + = ({ By Deﬁnltlon 15
parts (a), (b) and (d), w,(R, ¢) +wy(R, ¢) —|—wd(R c) 5 X o5 = 15
Estimation of w,(R,c) + wy(R,c). We know that (R c) s (Q,c1).

Moreover, deg @@ = 4 and hence Val(Q,c;) > i - % = %. If additional weak
couple (P’ ') dominates (Q,c¢;), then since arce, (QP;) is empty, we have
P' = P, and ¢ = e. We show here that — < Val(Py,e) < 0, and then by

Definition 15 part (d’), we (@, ¢) +wa (Q, ) > 55— 35 = g5- Indeed, dege > 5
because the circles ¢ and ¢; intersect e in three pomts While h and t(Py,c;)
intersect e in additional two points. Hence, —% =< — = < Val(Py,e) < 0.

1

We can now estimate wq(R, ¢): Since w;(R, c) = 4

1 + 1 + 1 _ 35
47710 T 120°
We conclude that ZP,EC wy(P', c) = 13250 +

We have wo (R, c) >

46 39 __
120 + 120 — L.

Case 1.2. degc; = 3.

In this case ﬁcl P, = R. Recall that d = ¢ (P, R) =¢(P, R)
1.2(i) We claim that (P, ¢) is wy-satisfied. Indeed, observe that (Q, e) settles
(P, c), since otherwise, by Proposition 18, ¢(Q,c) € C (see Figure 11). But,
t(Q, ¢) intersects ¢; at a point different from Py, @, and R, contradicting the
assumption that dege; = 3.

Since (P,c) —1 (Q,e), (P1,c1) —2 (Q,€), and (Q, e) settles (P, c), we
conclude that wy(P,c) = [Val(P,c)|. Hence, (P, c) is wy-satisfied.
1.2(ii) We claim that if (P, ¢;) is not wy-satisfied, then Y5, wa (P’ e1) >
1.
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Figure 11: (P, c) is wo-satisfied when degec; = 3

We consider two sub-cases: deg () = 3, deg () = 4.
1.2(ii) Sub-case a. deg(@ = 3.

In this case (see Figure 12) we show here that (P, ¢;) is wo-satisfied.
Estimation of w,(Pi,ci). Recall that (P, ¢;) —1 (R,d). dege; = 3 im-
plies that deg R < 4 and hence, Val(R,d) > i — % = 21—0 Note that there is
no weak couple (Py, ¢3), other than (P, ¢1), that clockwise-dominates (R, d).
Indeed, suppose to the contrary that (P, ¢o) dominates (R, d). (P, co) is dif-
ferent from (P, ¢) because if (P, ¢) dominates (R, d), then (P, ¢) —9 (R, d).
Since degc; = 3, we have ¢y = t(R, ¢;), and P, is the intersection point of ¢,
and d different from R. Since (P, ¢y) is weak, then g = (P, o) € C. Ob-
serve that P € disk(g) (because the length of arcy(RP) is less than 7). This
implies that g = t(Q, ¢1), since otherwise g would intersect one of the empty
arcs arc.(PQ) and arc.(QR)). t(Q,c;) € C is a contradiction to deg @) = 3.

We conclude that w, (P, ¢1) + wa(Pr,cq) > %.
Estimation of wy (P, c1). Recall that (Pi,c;) —2 (Q,e). deg@Q = 3
implies that Val(Q,e) > % — % = %

If (P, c1) is wo-satisfied, then we are done. Otherwise, (P, ¢1) is not wy-
satisfied, which implies that ¢ = t(R,¢;) € C. The reason for this, is that

if ¢ ¢ C, then (Py,c;) dominates (R,d) exclusively or (P,¢) —y (R, d).
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Figure 12: degc; = 3 and deg@ = 3

Also, ¢y ¢ C implies that deg R = 3 and hence Val(R,d) > % Hence,
wo(Py,c1) + wyq(Pr,cr) > % and so, (P, cy) is wo-satisfied.

¢; = t(R, ¢1) € C implies that degc > 4. Hence, |Val(P,c)| < ;-1 = 5.
Thus, we have:

wy (Pr,c1) > 15— 56 = 55

We can now estimate wy(Py,c1): wo(Py, ) > i + 21—0 + 35 = %, namely
(Py,¢q) is wy-satisfied.

1.2(ii) Sub-case b. deg(@ = 4. Here we show that if (P, ;) is not wo-
satisfied, then ), . wy(P' er) > 1.

As in sub-case a, c; = t(R, ¢1) € C. Let P, be the intersection point of ¢,
and d other than R. Let P3 be the intersection point of ¢, and ¢ other than
R. Let h =t(Q, 1) and e = &(P1,Q) = ¢(P, Q). (See Figure 13.)

Since deg ) = 4, h € C. Observe also that Py = Q°, which implies that h
intersects ¢ at a point different from P;. Hence, degc > 5.

We will show that ). .. wa(P',c;) > 1. To this end, we first estimate
’LUQ(Pl, Cl).

Estimation of w,(Pi,c1) + wy(Py,c1). Recall that (P, c;) — (R, d).
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Figure 13: degecy = 3 and deg@Q =4

Now deg R = 4, which implies Val(R,d) > 7 —
’LUb(Pl,Cl) > % X % = 41—0
Estimation of wg (Py, ¢1). Recall that (Py,¢1) — (Q,€)). Now deg @ < 4,
which implies Val(Q, ¢) > 1 — 1 = 55. Note that (P,¢) — (Q,e) and since
degc > 5, |Val(P,c)| < $—% = 55. By Definition 15, wa (P, ¢) > 55—35 = z5-
We can now estimate wq(Py, ¢p). Since wq (P, ¢1) = i, wy(Py,cp) > i—i—
W = 10
Next, we estimate wq(Q, ¢1).
Estimation of w.(Q,c;). Recall that h = #(Q, ¢;). Since degec; = 3, it is
easy to check that (@, h) is strong and moreover, it is the helper of (Q,c).
Note that degh > 6 because the two touching circles ¢ and (P, ¢) intersect h
in four points while the circles d and e intersect h at two additional different
points. Hence, Val(Q,h) > i — é = % and by Definition 15, w.(Q,c) =
Val(Q,h) > .
Estimation of w, (Q, ¢1)+w.(Q, ¢;). Recall that (Q, ¢;) —9 (R, ¢). degR =
4 and hence Val(R,d) > +—+ = 55. Since deg¢; = 3, if additional weak cou-
ple (P', ') dominates (R, c), then ¢ = ¢y, P' = P3 and (P3,¢3) —2 (R, ¢).

By Definition 15, wy (Q, ¢1) + we(Q, ¢1) > 3 X 55 = 5.

11 _ 1 iti
7 — 5 = 55- By Definition 15,

1
5
e
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Estimation of w,(Q,
hence Val(Pl, e) > 1
2 X 0 = B
We can now estimate wy(Q, ¢1). Since wy(Q, ¢) = i, we have: wy(Q, ¢1) >
ro 1, 1 46
1730 T30 T 12 T 120
Finally we estimate wq(R, ¢1).
Estimation of w, (R, c¢;) + w.(R,c1). (R,c1) — (P1,d) and deg P, = 4,
hence Val(P,d) > 1 — £ = 5.
Suppose that additional weak couple (P’ ¢') dominates (P;,d). Then,
as dege; = 3, we have ¢ = t(P;,¢;), and P’ is the intersection point of d

and ¢ which is not P;. Moreover (P',c) —4 (P1,d). By Definition 15,

c) + wb(Q,Cl)' (Qacl) —1 (Plae) and degpl - 47

)
+ = 5. By Definition 15, w,(Q, ¢1) + wy(Q, ¢1) >

wa/(R, Cl) + wC(R, Cl) > = X % — ﬁ
Estimation of wa(R 61) + wy(R,¢1). (R,c1) —1 (Q,¢) and deg@ = 4,
hence Val(Q,c) >  — % — 21_0

Suppose that addltlonal weak couple (P, ¢') dominates (@, ¢). Then, as
dege; = 3, we have ¢ =e, P'= P, and (P,e) —» (Q,¢).

By Definition 15, w,(R, ¢1) + wq(R, ¢1) > 21—0

We can now estimate wy (R, ¢1). Since wi(R, 1) = 7, we have: wy(R, ¢;) >
1 + 1 + 1 _ 39
1710 T 20 — 120

We conclude that Y- ., wa(P',¢1) = 355 +

—_

46 39 __
120 + 120 L.

Case (2). We now move to analyze the case where ¢ and ¢; touch each
other at the point (). Observe that we may assume that degc,degec; > 3.
Indeed, assume for instance that degec = 2. In this case deg P = deg ) = 3.
Observe that C \ {c,e} is a connected collection of circles that contradicts
the minimality of C. The case where degc; = 2 is symmetric.

Next, we will distinguish four cases, namely, where either (P, c¢) —
(Q,e) or (P,c) —5 (Q,e) and either (Py,¢;) —1 (Q,€) or (Pr,c1) —
(Q ).

Case 2.1: (P,c) — (Q,e) and (P, ¢;) —1 (Q, €).

Let Q1 = Wclpl and e; = ¢(P1, Q1). Then (P, c1) — (Q1,€1).

Let Q; = WCP and ey = ¢(P,Q3). Then (P,c) —9 (Q2, €3).

First, we prove that deg(@ < 4. Otherwise, let f be a circle that passes
through @, which is different from ¢, ¢, and e. Let F' be the intersection
point of f and ¢ which is not @ (see Figure 14). Observe that F' € arc.(Q"P),
where Q" = Q° (otherwise, f intersects arc,, (P;@) which is empty).
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Figure 14: case 2.1: deg@ < 4

Observe that arc.(QF) is empty. Indeed, suppose G € arc.(QF) s.t.
arc.(QG) is empty. Observe that G must lie on arc.(P"P), where P" =¢”,
since otherwise ¢(P, G) intersects either arc.(PQ) or arc., (P;@) which are
empty. Now, ¢(P, @) intersects f in a point L inside disk(c). deg L = 2, for
any third circle through L intersects arc.(PQ) or arc.(QG). Since any point
in P has a degree of at least three, this is a contradiction.

Since f is an arbitrary circle that passes through (), which is not ¢, ¢, or
e, our claim that arc.(QF) is empty implies that deg Q) < 4.

In what follows we show that (i): (P, ¢) is wy-satisfied, and (ii): if (Py, ¢;)
is not ws-satisfied, then ZPEQ wy(P,cy) > 1.

2.1(i). We claim that (P, ¢) is wq-satisfied.

In order to prove this, we need to consider two sub-cases: deg () = 4 and
deg ) = 3.

2.1(i) Sub-case a. deg(@ = 4.

Let f and F' be as defined above: f is the circle that passes through @,
and is different from ¢, ¢, e and F' is the intersection point of f and ¢ which
is not @) (see Figure 15).

Our claim that arc.(QF) is empty implies that h = ¢(P, ¢) is the helper
of (P,c). The reason for this is that P € disk(f) and f intersects h in two
points, L and M s.t. there is no circle of C passing through P and one of
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Figure 15: case 2.1 (i) a: deg@ = 4

those points (since otherwise this circle would intersects arc.(QF)).
Suppose that deg P = z. x > 4 because degc > 3. Also, |Val(P,¢c)| =
11

’ 1Hergﬁe we show that (P, c) is we-satisfied:

Estimation of wy(P,c): Recall that (P,¢) — (Q,e). Observe that
dege > x 4 1. There are two reasons for this. One is that P, = P and the
other is that ¢(P, e) ¢ C (because t(P, e) intersect ¢ in the point )" and since
F € arc.(Q"P), Q" € arc.(QF), which is is empty).

Since deg @ = 4, Val(Q,e) > i— —L Recall that (P, c;) — (Q,¢e),

r+1

hence, wy(P, ¢) = % x Val(Q,e) > % X (i — ZLH)

Estimation of w.(P,c): Since no circle of C passes through P and one
of the two intersection points of f and h, we have degh > = + 1. Hence, we

have: w,(P,¢) = Val(P,h) > 1 - :1%1—1
Estimation of wy (P, c) + w.(P,c): Recall that (P,¢) — (Q,€2).
Since deg P = z, deg Q2 < x and hence, Val(Q2,€e) > i - #1

We claim that w, (P, c) +w.(P,¢) > 5 x Val(Qz,e2) > 5 X (1 — 737)-
It is enough to show that if (Py, ¢3) is a weak couple, different from (P, ¢),
that dominates (QQ, 62), then (PQ, CQ) —9 (QQ, 62).

Indeed, suppose that (P»,cs) is a weak couple, different from (P, c), s.t
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(Py,co) —1 (Q2,€2). Then ¢y intersects arc.(QF) which is empty. To
observe that indeed ¢y intersects arc.(QF'), note that the circles ey and ¢
intersect in two points that lie in the interior of disk(f). This implies that
F lies in the interior of disk(€3(Q2, 7)), where T is the intersection point of
eo and f, that lies outside disk(h).

Hence, (Py, ) —2 (Q2, €2).
Estimation of wy (P, ¢):

wQ(Pac) > wb(P,c)+we(P,c)+wa/(P,c)+wc(P,c) >
S 1><(1 1 )+1 1 1><(1 1 )
-2 4 x+1 r wx+1 2 r x+1

The right hand side is greater than ﬁ — %, for every x > 4.

Hence, wq(P, c) > ﬁ = delgc’ which implies that (P, ¢) is wy-satisfied.

2.1(i) Sub-case b. deg@ = 3.

Assume first that deg P = 4, then degc = 3. Since deg ) = 3, and ¢, ¢y,
and e pass through (@), there is no circle in C passing through ), and Q.
Hence, deg@,; < 3. Since the degree of any intersection point is at least
three, we have deg Qs = 3 and ¢, = #(Q2,¢) € C. Let P, be the intersection
point of ¢y and ey (see Figure 16).

deg Qs = 3 implies that Val(Qs, es) > % - i = 112.

It also implies that if (P, ¢3) is a weak couple, different from (P, ¢), that
dominates (Q,€2), then P; = P, and ¢3 = ¢,. We consider two cases:
t(PQ, CQ) §é C and t(PQ, CQ) eC.

If t(Py, c2) ¢ C, then (P, c¢) dominates exclusively (@2, es). Hence,

Val(P,e)| < 5 — 5 = 15 < Val(@y,02) = wa (Prc)

This implies that (P, c) is wy-satisfied.

If t(Py,co) € C, then we take the circles ¢, e, es out of C and get a new
connected family of n — 3 circles without the intersection points @, P, ()2, a
contradiction to the minimality of C.

It is left to consider the case deg P > 5. Let g be a circle through P other
than ¢, t(P,c), e, and es.

Estimation of wy(P, ¢): Recall that (P,¢) —1 (@, ¢)). The four circles
¢, c1,t(P,c), and t(Py, ¢;), intersect e in four points, while e, and g intersect
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Figure 16: case 2.1 (i) b: deg@ = 3

e in at least one more different point. Hence, dege > 5 and Val(Q,e) >
L — L1 = 2 Since both (P,¢) —1 (Q,e) and (Pi,¢;) —1 (Q,e), we

375 15°
have wy(P,c) > % X % = % Using the above and deg P > 5, we have:
|[Val(P,c)| < i - % = % < % < wy(P,c).

We conclude that (P, ¢) is we-satisfied.

2.1(ii). We claim that (P, ¢;) is wo-satisfied, or that Y7, ws(P c) > 1.

Recall that Q; = WCIPI, e1 =6 (P, Q1), and (P, c1) —2 (Q1,€1).

If (Q1,e1) settles (P, ¢;) and (P, ¢;) dominates (Q, e1) exclusively, then
(Py,¢q) is wo-satisfied. So, assume that (Qq,e;) does not settle (P, cq) or
that (Q1, e1) is dominated by additional weak couple (P’, ).

Let L be the intersection point of e; and h which lies inside disk(e). Let
E be the intersection point of e and e;, that is different from P;.

If (Q1,e1) does not settle (P, cy), then, by Lemma 18, @ is semi e;-
connected, hence if L # @y, then e;(L, Q) € C.

If (Q1,e;) is dominated by additional weak couple (P, cy), then Py €
arc,, (@1 F)U{ E'}, since otherwise e intersects both arc.,(Q1 P») and arc,,(P,Q1),
which contradicts the assumption that (P, co) dominates (Q1, €;).
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Note that in each of these two cases, there exists a circle g € C that passes
through @), and a point on arc., (Q,E) U {E} (see Figure 17).

h j(Pl ,€1)

Figure 17: case 2.1(ii)

The above implies that @ lies on h = #(P,¢). Since otherwise, L #
and hence, g does not pass through E. We claim that g intersects arc,, (P;Q)
which is empty, a contradiction. To verify that indeed g intersects arc,, (P1Q),
observe that the circle €;(Q1, F) passes through @, which implies that any
circle g that passes through @; and a point on arc,, (QFE), satisfies ) €
disk(g). Hence, g intersects arc,, (P1Q).

We claim that the circles ¢, ¢;, h mutually touch each other. If the circles
¢, c1, h do not mutually touch each other, then A intersects c¢; in two points,
()1 and additional point, say M. Let g = ¢ (P, M) (see Figure 18).

Recall that E is the intersection point of e and e; that is not P;.

Since () is semi-ej-connected or that (@1, e1) is dominated by additional
weak couple (P, ¢), there is a circle d € C passing through @); and a point
R, which is either E or is lying on arc,, (Q1 EF). If d #¢1(Q1,Q) =& (Q1, E),
then d intersects arc., (P;Q), which is empty. Therefore, d = ¢(Q1,Q) =
e1(Q1, F). dintersects g at a point T of degree 2, because every circle through
T, other than d, g, would intersect arc., (@ P;) or arc., (P;@), that are empty.
This is a contradiction.
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We conclude that the circles ¢, ¢;, and h mutually touch each other.

By arguments similar to those above, the circle d = ¢1(Q1, Q) = €1(Q1, F)
is in C. Moreover, if (P’ ') is a weak couple, different from (P, ¢;), that
dominates (@1, e1), then P’ = E and ¢ = d and (E,d) — (Q1, e1).

Note that deg @)y = 4, since any circle through )¢, other than ¢y, ey, h,
and d, intersects arc.(PQ), arc., (P, Q) or arc., (Q1P;), that are empty. Recall
that deg @ < 4 (we showed this at the beginning of case 2.1), but since d € C,
we have deg () = 4.

Figure 18: case 2.1(ii), sub-cases a’ and b’

We consider two sub-cases: degc; > 4 and degc; = 3:

2.1(ii) Sub-case a: degc; > 4. Then, |Val(Pr,¢p)| <
S be a point on ¢y, other than P, Q, and )¢, then S €
s =¢i(P1,S) (see Figure 19).

s and d intersect at a point T inside disk(c;). Any circle through T,
other than s or d, will cross ¢; on arc.;(Q1P;) or arc., (P;@Q) that are empty.
Therefore, degT" = 2, a contradiction.

2.1(ii) Sub-case b: degc; = 3 (see Figure 19).
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Figure 19: case 2.1 (ii)

We show that in this case )., wa(P,e1) > 1.

Estimation of w,(Pi,ci): Recall that (Pi,c1) — (Q,€)). dege > 5
and deg @ = 4, hence Val(Q,e) > % Since (P, c¢) —1 (Q,€), wy(Py,c1) =
5 x Val(Q,e) > 5.

Estimation of wy (P, ¢1)+wa (Py, c1): Recall that (P, ¢1) —9 (Q1,€1).
dege; > 5 and deg @y = 4, hence Val(Q1,e1) > % Recall that if (P, ) is
additional weak couple that dominates (@1, e;), then P’ = E and ¢ = d and
(E,d) —1 (Q1,e1). degd > 5, hence [Val(E,d)| <1 — ¢ = 5.

By Definition 15 part (d’), wa (P, ¢1) + wa (Pr,¢1) > 55 — 35 = 55

Estimation of wy(Py, ¢;

wQ(Placl)Zi-'_Gl_g-'_ﬁ:%

Estimation of w,.(Q,c;): Observe that deg @, = 4 implies that (@4, h)
is the helper of (@Q,c;). Denote the intersection point of d and ¢ by R.
Then observe that degh > 6 (the circles eq, ¢y, ¢, ¢(P, R) intersect h in four
points , while e, d intersect h in two more different points). Since deg Q1 = 4,
we(Qr, 1) =Val(Qi,h) > 1 — + = 5.

Estimation of w,(Q1, ¢1)+wq(Q1, ¢1): Recall that (Qq,¢1) —1 (Pr,e1).

Since deg P, = 4, Val(Py,e) > i - % = %a and wq (P, ¢1) +wa(Pr, 1) >

),
):
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Lx Val(Py,e)) > L.
Estimation of w, (Q1,¢) —i—wc(Ql, c1): Recall that (Qq,¢1) —2 (Q,d).

Since deg @ =4, Val(Q,d) > § — + = &.
If (P',c) is additional Weak couple that dominates (Q,d), then P' =
R and ¢ = c¢. Since otherwise, P’ € arcy(QR) and hence ¢ intersects

arc., (P1@Q), which is empty. Observe that in this case (R,c) —9 (Q,d).
Hence, we have: wy (Q1,¢1) + we(Q1,¢1) > 5 X 55 = 5.

Estimation of wy(Q1, ¢1):

w(Quc) > i+ + w5+ 5= 1

Estimation of w,(Q,c;) + wd( c1): Recall that (Q,c1) —1 (@1, d).
Since deg @ =4, Val(Qy,d) > 1 — 2 = 5. If (P’ ') is additional weak cou-
ple that dominates (Q1, d), then P = E and ¢ = e;. Since otherwise, P’ €
arcg(EQ1) and hence ¢ intersects arc,, (P1Q), which is empty. Observe that
in this case, (E, e1) —» (Q1,d). Hence, we have: w,(Q, ¢1)+wq(Q, ¢1) > 5.

Estimation of wy (Q, ¢;) + w.(Q, cl) Recall that (Q,c1) — (P, )

Since deg P, = 4, Val(Py,e) > 1 — + = 5. Let f = ¢(Py,¢;) and denote
by L, the intersection point of f and e, that is different from P;.

If (P',¢) is additional weak couple that dominates (P;,e), then P’ =
L and ¢ = f. Since otherwise, P’ € arc.(LP;) and hence ¢ intersects
arc., (P1Q), which is empty. Observe that in this case, (L, f) —o (P1,¢).
Hence, we have: wy (Q, ¢1) + we(Q, ¢1) Z = >< = 4i.

Estimation of wy(Q1, c;): wy(Q, c;) > + ++ % =&

39 | 46
We conclude that Y, . ws(P,c1) > 555 —i— 2 +2=1

Case 2.2: (P,c) — (Q,e) and (P, c1) — (Q, €).

Most of the arguments in this case are similar to those of case 2.1. Nev-
ertheless, the two cases are not symmetric and hence, for the completeness
of the proof we do not skip this case.

Let Ql = ﬁCP, €1 = E(P, Ql) then (P, C) —1 (Ql,el).

Let Q2 = ﬁclpl, es =1 (Pr, Q). then (Pr,c1) —1 (Q2, €2).

By arguments as in case 2.1, we show that deg @) < 4.

If deg@ = 4, let f be the forth circle through @ (beside ¢, ¢;,€) and
let F' be the intersection point of f and ¢; which is not ). As in case 2.1,
arc., (F'Q) is empty.

In the followings we show that (i): (P, ¢1) is wo-satisfied and (ii): if (P, ¢)
is not wy-satisfied, then ), . wo(P',c) > 1.
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2.2(i). We claim that (P, ¢;) is wy-satisfied.

In order to prove this we need to consider two sub-cases: deg(@ = 4 and
deg @ = 3.
2.2(i) Sub-case a. deg@ = 4.

Let f and F' be defined as above. As in case 2.1, our claim that arc., (FQ)
is empty implies that h := (P, ¢1) is the helper of (P, ¢;).

Suppose that deg Py = x. x > 4 because degc¢; > 3. Also, |Val(Py,c)| =

1 1

r—1 z’
Here we show that (Py,¢;) is wo-satisfied:

Estimation of w.(Py,c;): Recall that (P, c;) —2 (@, €).
As in case 2.1, dege > x + 1.
Since deg @ =4, Val(Q,e) > i— —L_ Recall also that (P,c) —; (Q, ¢),

z+1

hence, w.(Py, c;) = % x Val(Q,e) > % % (% _ #1)

Estimation of w, (P, ¢;): Since no circle of C passes through P; and one
of the two intersection points of f and h, we have degh > x + 1. Therefore,

’U)e(Pl,Cl) = Val(Pl, h) Z % - %_1_1

Estimation of w, (P, ¢;)+wy( Py, ¢1)+wq( Py, ¢1): Recall that (P, ¢;) —
(Q?; 62)-
Since deg P, = x, deg Qs < z and hence, Val(Q, e3) > % — #1

We assume that (Py, ¢;) is not wp-satisfied (otherwise, we are done), and
so, by Observation 17, wy(Py, ¢1)+wy( Py, ¢1) +wq(Pr,eq) > %x Val(Qs, es) >
1, (1 1
2 % (5 = 71)-

We are now ready to estimate wq(Py, ¢y).

wa (P, c1)

AV

we(Pr,c1) +we(Prycr) +we(Pr,er) + wy(Pryer) +wa(Prycr) >
1 1 1 1 1 1 1 1

e =L P S (== . 2
2X(4 :I:+1)+x x+1+2x(x x—i—l) ()

vV

The right hand side of (2) is greater than or equal to - — 1, for every

—1 z
T > 4.
Hence, wq (P, ¢1) > ﬁ = L. This implies that (Py, c;) is ws-satisfied.

de c1

2.2(i) Sub-case b. deg@ = 3. Our purpose is to prove that (P, ¢p) is
wo-satisfied. We use similar arguments to those of case 2.1, to show that if
this is not the case, then deg P; > 5.

Let g be a circle through P; other than ¢, (P, ¢1), e, es.
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Estimation of w.(P;,c;): Recall that (P, ¢;) —2 (Q,e). The four
circles ¢, ¢1,t(P, c), and t(Py,¢;), intersect e in four points, while e; and g
intersect e at least at one more additional point. Hence, dege > 5 and

Val(Q,e) > %—% = % Since both (P, ¢) —5 (Q, e) and (P, ¢1) — (Q, €),

we have w.(Py,c) > % X % = % Using this and deg P, > 5, we get:
|Val(P1,cl)| S i - % == % < % S wc(Pl,cl).

We conclude that (P, ¢p) is we-satisfied.

2.2(ii). We claim that if (P, ¢) is not w,-satisfied, then ), . ws(P', c) >
1.

Recall that h := (P, c1), Q1 = NoP, er = &(P,Q1) and (P,¢) —3
(Q1,e1). E is the intersection point of e and e; that is different from P.

If (Q1,e1) settles (P,¢) and (P, ¢) dominates (Q1,e;) exclusively, then
(P, c) is wy-satisfied. So, assume that (Q1,e;) does not settle (P,c) or that
(Q1, 1) is dominated by additional weak couple (P, ).

Using arguments as in case 2.1, we can show that the circles ¢, ¢y, and h
mutually touch each other and that the circle d = ¢(Q1, Q) = €1(Q1, E) is in
C.

Moreover, if (Py, ¢) is a weak couple, different from (P, ¢), that dominates
(Q1,61), then P,=F and Cy = d and (E, d) —9 (Ql,el).

Note that deg )y = 4, since any circle through ), other than c, ey, h,
and d, would intersect the empty arcs arc., (QP;), arc.(Q,P) or arc.(QP).

Recall that deg @ < 4 (we mentioned this at the beginning of case 2.2),
but since d € C, deg @) = 4.

We consider two sub-cases: dege > 4 and dege = 3:

2.2(ii) Sub-case a degc > 4. In this case |Val(P,¢)| < ;1 —1 = 5. Let S be
a point on ¢, other than P, @), and @);. Then S € arc.(Q:Q). Let s =¢(P, S).

Note that dege; > 6 (¢(P,c), ¢, and h intersect e; in four points , while e
and s intersect e; in two more different points). Since deg )y = 4, we have
Val(Qy,e) > i —1l=1

6 12°
Recall that if (P, ¢s) is additional weak couple that dominates (Q1,e;),
then P, = E, Co = d, and (E, d) —2 (Ql,el).
Hence, by Definition 15 part (d), w,(P, ¢)+wq(P, ¢) > |Val(P, ¢)|. Namely,

(P, ¢) is wo-satisfied.

2.2(ii) Sub-case b degc = 3. We show that in this case, ), ., wa(P',c) >
1.
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Estimation of w.(P,c): Recall that (P,¢) —»
and deg@ = 4, hence Val(Q,e) > . Slnce both (P,
(Pr,c1) —» (@, €), we have w.(P,c) = 5 x Val(Q,e) > 4.

Estimation of w,(P,c) + wy(P, c) Recall that (P,c) —1 (Q1,¢€1).
dege; > 5 and deg @, = 4, hence Val(Qy,e;) > = 5

Recall that if (P, co) is additional weak couple that dominates (Q,e;),
then P, = E, ¢o = d and (E,d) —5 (Q,€1). Therefore, by Definition 15,
we (P, c) +wa(P,c) > 5.

We are now ready to estimate wq(P, ¢):

wa(P,¢) > 1+ 15 + 35 = 155

Estimation of w.(Qy,c¢) :

Observe that deg@; = 4 implies that (Qq,h) is the helper of (Q1,c).
Denote the intersection point of d and ¢; by R. Then observe that degh > 6
(the circles ey, ¢y, ¢, and ¢ (Py, R) intersect h in four points , while e and
d intersect h in two more different points). Since deg@; = 4, we have
we(Q1,¢) = Val(Q1,h) > { — § = 75

Estimation of w, (Ql, ¢) + wa (Q1, ¢): Recall that (Q1,¢) — (P, e1).

Since deg P, = 4, we have Val(Py,e1) > i — % = %.

degec = 3 and therefore, if (Ps, c3) is additional weak couple that domi-
nates (P, ey), then P, must be the intersection point of e; and #(P, ¢) that is
different from P. We have co = t(P,c), and (Py, cy) —>9 (P,e;1) and hence,
wa/(Ql, )—l—wd:(Ql, ) 5 X Val(P 61) > 410.

Estimation of wa(Ql, ¢) + wp(Q1, ¢): Recall that (Q1,¢) —1 (Q,d).

Since deg @ = 4, we have Val(Q, d) > l — 1=

Therefore, wa(Ql, ¢) + wp(Qr,¢) > 5 X o= =

We are now ready to estimate wg(Ql, c):

wy(Q1,€) 2 § + 35 + 3 + 13 = a0

Finally, we will estimate wq(Q), c).

Estimation of wy (Q,c) + wa(Q, ¢): Recall that (Q,c) — (Q1,d).

Since deg @1 = 4, we have Val(Qy,d) > l - % = 21—0

If (P, ¢5) is additional weak couple that dornlnates (Q1,d), then P, = F
and ¢y = e;. Indeed, since otherwise P, € arcy(Q;F) and hence ¢; would
intersect arc.(QP), which is empty.

Observe that in this case (E,e1) —1 (Q1,d). Since dege; > 5, we have

(Q,e). dege > 5
c) — (Q,e) and

N
O

5l= |I

\Val(E,er)| <+ — ¢ = 5. Therefore, w,(Q, ¢1) + wa(Q, 1) > 55 — 35 = 70
Estlmatlon of wa(Q, ¢) + wy(Q, ¢): Recall that (Q,c) — (P, e).

Since deg P = 4, we have Val(P,e) > 1 —

o P - 1 - % Therefore wa(Q, c) +
wy(Q,¢) > 3 X 35 = 15-

1
5
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We are now ready to estimate ws(Q, ¢): wa(Q,¢) > 1 + 41—0 + % = %50.
We conclude that Y p o wa(P' ) > 2 4 48 4 35—

Case 2.3: (P,¢) — (Q,e) and (P, ¢1) —2 (Q.€).
Let Q; = ﬁclpla e1 = (P, Q). then (P,c1) —1 (Q1,e1). Let

-C

Q=Q" P=P",Q=Q P'=P"

2.3(i) We claim that (P, ¢;) is wo-satisfied.

First, we show that (Q,e1) settles (P, ¢y). If (Qy,e1) doesn’t settle
(Py,¢1), then @q is ¢;-connected and we get a contradiction by considering
all possible locations of )1 on ¢;:

e ) ¢ arc, (P1Q'). Since otherwise, ¢1(Q, Q1) intersects arc.(PQ) ,
which is empty.

e ()1 # @' . Since otherwise, ), is not ¢;-connected.

e () ¢ arc., (Q'P{). Since otherwise, ¢1(Q, Q1) intersects arc.(QP") in a
point, say L, but then ¢(P, L) intersects arc., (QP;) which is empty.

e ()1 # P| . Since otherwise, (J; and P, are not ¢;-connected.

e () ¢ arc, (PjQ). Since otherwise, ¢i(Pi, () intersects arc.(PQ) ,
which is empty.

e (1 # (). Since otherwise, degc; = 2.

Note that since P; is always c¢;-connected, the fifth argument above im-
plies that arc., (P/Q) is empty. We conclude that (Qq,e1) settles (P, cq).
Therefore, If (Q1,e1) is dominated exclusively by (Py,¢;), or if (Qq,ep) is
counterclockwise dominated by additional couple, then (P, ¢;) is wy-satisfied.

We claim that (@1, e1) is not clockwise dominated by any couple, except
for (Py,¢p). To see this, assume there is a weak couple (P, ¢,), different from
(Py,¢1), such that (Py,c3) —1 (P, ¢1). Then, ¢o = t(Q1,¢1) and Py is the
intersection point of the circles ¢y, e; that is different from ;. Moreover,
t(Py, c9) € C (see Figure 20).

Note that arc., (Q1P]) is empty. Since otherwise, let L € arc., (Q1P]).
Since @ € arc., (PP'), ¢1(Py, L) intersects arc.,(P»Q1), which is empty.

Since both arc,, (Q1P]) and arc,, (P{Q) are empty (and P| ¢ P), degc; =
3.
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Figure 20: case 2.3 (i)

We have shown that @); is not ¢;-connected, hence ¢(Q1,Q) ¢ C, which
implies that deg )1 = 3 and deg () = 3.

Since t(Py, ¢o),t(Pr,c1),t(P,c) € C, and arc., (Q1Q) is empty, if we take
the circles ¢y, er,e out of C, we are left with a connected family of circles
with n — 3 circles. This family of circles doesn’t have ()1, P, () as intersec-
tion points, a contradiction to the minimality of C. Conclude that (P, ¢;) is
wo-satisfied.

2.3(ii) We claim that (P, c) is wo-satisfied.

If (Q,e) settles (P,c), then since (P,c) —1 (Q,e) and (P, ¢;) —o
(Q,e), (P,c) is we-satisfied. Otherwise, (Q,e) doesn’t settle (P, ¢) and hence
by Lemma 18, () is c-connected.

Recall that degc > 3. Let L # (), P be a point on c.

Using the c-connectivity of P and @), we get a contradiction by considering

all possible locations of L on ¢ (see Figure 21):

e [ ¢ arc.(Q"P). Since otherwise, ¢(Q, L) intersects arc., (QP;) , which
is empty.

e [ #£ Q" . Since otherwise, () is not c-connected.
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Figure 21: case 2.3 (ii)

e L ¢ arc.(P"Q"). Since otherwise, ¢(Q, L) intersects arc., (P{Q) in a
point, say M, but then ¢ (P, M) intersects arc.(PQ) which is empty.

e L # P" . Since otherwise, P is not c-connected.

e [ ¢ arc.(QP"). Since otherwise, ¢(P, L) intersects arc., (QP;) , which
is empty.

We conclude that (P, c¢) is we-satisfied as required.

Case 2.4: (P,c) — (Q,e) and (P, ;) —1 (Q,€).

Let Q1 = quh er =¢i(Pr,Q1). then (P, ci) —o (Q1, 1)

Let Q2 = N P, ea = ¢(P,Q3), then (P,¢) —1 (Qa,€2). (See Figure 22).

Note that deg () = 3, for every circle through @ other than ¢, ¢y, e inter-
sects arc.(QP) or arc., (P1Q).

Also, dege > 6, because ¢, cq,t(P,c),t(Py,c;) intersect e in four points,
while (P, Q2) and ¢ (P, Q) intersect e in two more different points. To
see that these two points are indeed different, let L be the touching point of
t(P,c) and t(Py, ¢;) (which also lies on e). Then, ¢(P, ();) intersects arc.(LP;)
and ¢7(P;, Q) intersects arc,(PL). The two arcs are disjoint.
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Figure 22: case 2.4

Hence, Val(Q,e) > 3—¢ = 3. degey, dege > 3implies that [Val(Py, ¢;)| <
s — 1 =15 and [Val(P,¢)| < 3.
Since (P,c) —2 (Q, €), (P1,¢1) —1 (@, €), we have:

’U)d(Pl, Cl) = \Val(Pl, Cl)‘
wy (P, c) =Val(Q,e) — [Val(Py,c1)| > § — 5 = 55 > |Val(P,¢)]
and hence, both (P, ¢) and (P, ¢;) are wy-satisfied

Proposition 20 shows that if a circle ¢ is not problematic, then its ws-
weight (i.e. ., wa(P, c)) is at least one.

Proposition 21 bellow, completes the proof of Theorem 3. It shows that if
¢ is a problematic circle with P, () € P the two intersection points on it, and
d =¢(P,Q), then we can transfer the extra wo-weight from d in the amount
of > pegwa(P,d) —12> % to ¢ to make up for the deficiency of wo-weight on
c and at the same time keep the total wy weight of d to greater than or equal
to 1 (in fact equal to 1). It also shows that the extra wo-weight on such d is
"used” exclusively by such c.

Both propositions imply that we can distribute the initial weight (which
is equal to |P|), such that the total weight on every circle is at least one.
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So, we can use the same argument as in the proof of Theorem 1 to conclude
Theorem 3.

Proposition 21. Let ¢ be a problematic circle with P, () € P the two inter-
section points on it, and let d =¢(P, Q) with degd equals to 4 or 5. Then,

e a. All the couples (X,d) with P,QQ # X € d, are independent, and
(P,d), (Q,d) are dominated only by (Q,c), (P,c), respectively. Also,
none of the couples (X, d) with X € d, is the helper of a weak couple.

1 1
[ ] b. ZPGd degP Z 1§
e c. c 1§ the only problematic circle crossing d at two points.

Proof: suppose w.l.o.g. that the clockwise distance from P to () is less than
m. Let A := @d be the intersection point of ¢(P, ¢) with d which is not P,

and B := ?d, the intersection point of ¢(Q), ¢) with d which is not @). Denote
d =t(P,c), " =t(Q,c). We consider the two cases: degd = 4 and degd = 5.

Case a. degd = 4. Since deg A > 3 and deg B > 3, either d(A, B) € C,
or t(A,d),t(B,d) € C or both. In the first case (see Figure 23), we take ¢ and
d out of C. The new collection of circles is connected, has n — 2 circles and
does not have P, () as intersection points, a contradiction to the minimality
of C.

Therefore, we assume the latter case (see Figure 24), that is, t(A, d), t(B, d) €
C and d(A,B) ¢ C. Then, degA = deg P = deg@ = deg B = 3. Hence,

1

S pes s = 14
Moreover, none of the couples (X,d) where X € {A, P,Q, B}, is the
helper of a weak couple, because (X, d) being a helper of somebody implies
deg X > 4.
We show here that the couples (A, d), (B, d) are independent, and (P, d),
(@, d) are dominated only by (@, ¢), (P, c), respectively:

e (A,d) is independent. If not, then (P,¢’) dominates (A,d). This is
impossible, since t(A,d) intersects ¢ in the point P°, which implies
that P is not ¢-connected and hence, (P, ') is not weak.

e (P,d) is not dominated by (A,c'). Otherwise, d(A, B) = t(A,¢) € C,

a contradiction.
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Figure 23: c is problematic, degd = 4 and d(A, B) € C

e (Q,d) is not dominated by (B, ¢"), since otherwise d(A, B) = t(B, ") €
C, a contradiction.

e (B,d) is independent. Indeed, only (@, ") can dominate (B, d), how-
ever, (@, ") is not weak.

It is also easy to see that none of the circles ¢ and ¢” is problematic,
as both contain at least 3 intersection points each. This proves part (c¢) of
Proposition 21.

Case b. degd = 5. Let L be the fifth point of d. If d(L, A),d(L, B) € C
or d(A,B) € C, then as in the former case, we get a contradiction to
the minimality of C by considering C' = C \ {c,d}. Since degc = 2,
d(L,P),d(L,Q) ¢ C. But, degL > 3 and so, either d(L,A) € C, or
d(L,B) €C.

W.l.o.g. assume that e := d(L, A) € C, d(L, B) ¢ C. Also, d(A, B) ¢ C,
d(L, P),d(L,Q) ¢ C and in addition, ¢(B,d),t(L,d) € C, because deg B > 3
and deg L > 3. (See Figure 25.)

Then, deg A = 3 or 4, degL = deg P = deg(@) = deg B = 3. Hence,

1 1
2ped dogp ~ 15
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Figure 24: ¢ is problematic, degd = 4 and d(A, B) is not in C

We claim that none of the couples (X, d) with X € d, is the helper of a
weak couple. Indeed, the only candidate of being a helper is (A, d) (in the case
deg A = 4). Suppose that (A, d) is the helper of (A,t(A, d)), then e intersects
¢ in a point that lies in the interior of disk(d). Hence, L € arc,(B(Q). Then,
we take ¢,d out of C. The new collection is connected, and by the same
argument, as in the case degd = 4, we get a contradiction to the minimality

of C.
We show here that all the couples (X, d) with P,Q # X € d, are inde-
pendent, and (P, d), (@, d) are dominated only by (Q, ¢), (P, c), respectively:

e (B,d) is independent. Otherwise, (Q,c") dominates (B,d). This is
impossible, since ¢(B,d) intersects ¢’ at the point Q° , which implies
that (Q, ") is not weak.

e (Q,d) is not dominated by (B, c"). Otherwise, d(A, B) = t(B,¢") € C,
a contradiction.

e (P,d) is not dominated by (A,c'). Otherwise, d(A, B) = t(A,¢) € C,
a contradiction.
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Figure 25: ¢ is problematic and degd = 5

e (L,d) is independent. Otherwise, (A, e) dominates (L, d), where e =

d(A,L). Then t(A,e) intersects d at point Z’, which is different than
A, B,Q, P, a contradiction to degd = 5.

e (A,d) is independent. Otherwise, there are two cases:

1. (L,e) dominates (A,d). Then, t(L,e) intersects ¢ in two points,
one of them is @) and the other one is different from P (otherwise
there will be three different circles ¢, d, t(L, e) passing through the
same two points, P, @), a contradiction to dege = 2.

2. (P, ) dominates (A, d). Let M be the intersection point of e and
', which is not A (there is such point because L # B and so
e # t(A,c)). Since (P, c) is weak, P is ¢-connected, but ¢(P, M)
intersects ¢ in a point , different from P,(). A contradiction to
degc = 2.

It is also easy to see that none of the circles ¢, ¢”, and e are problematic,
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as each of these circles contains at least 3 intersection points each. This
proves part (c¢) of Proposition 21. 1

4 A counter-example to a different conjec-
ture of Bezdek

While working out the argument in this paper we realized a counter-example
to a conjecture made by A. Bezdek. Bezdek conjectured ([4]) that any finite
connected collection of at least two unit circles in the plane determines an
intersection point through which at most 3 circles pass. Figure 26 shows a
configuration of 13 unit circles where through each intersection point at least
4 circles pass.

Figure 26: a configuration of unit circles where through every intersection
point at least 4 circles pass

It is interesting to note that it is an easy consequence of Euler’s formula
that any connected collection of at least two unit circles in the plane deter-
mines an intersection point through which at most 5 circles pass. On the
other hand it is shown in [6] that any finite collection of at least five pairwise
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intersection unit circles in the plane determines an intersection point through
which exactly two circles pass, as was conjecture by A. Bezdek. For a gen-
eral collection of pairwise intersecting unit circles it is shown in [1] that any
big enough collection of pairwise intersecting circles in the plane not all pass
through same pair of point and not all touch at the same point, determine
an intersection point through which at most 3 circles pass.
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