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tWe prove that, for every family F of n semi-algebrai
 sets in Rd of 
onstant des
ription
omplexity, there exists a positive 
onstant " that depends on the maximum 
omplexity of theelements of F , and two subfamilies F1;F2 � F with at least "n elements ea
h, su
h that eitherevery element of F1 interse
ts all elements of F2 or no element of F1 interse
ts any element ofF2. This implies the existen
e of another 
onstant Æ su
h that F has a subset F 0 � F with nÆelements, so that either every pair of elements of F 0 interse
t ea
h other or the elements of F 0 arepairwise disjoint. The same results hold when the interse
tion relation is repla
ed by any othersemi-algebrai
 relation. We apply these results to settle several problems in dis
rete geometryand in Ramsey theory.1 Introdu
tionComplete bipartite intera
tion in graph theory and in geometry. Let V (G) and E(G)denote the vertex set and the edge set of a graph G, respe
tively. Let H be a �xed graph on kverti
es. Erd}os, Hajnal and Pa
h [EHP00℄ proved that every graph G with n verti
es, whi
h does not
ontain an indu
ed subgraph isomorphi
 to H, has two disjoint subsets of verti
es V1; V2 � V (G),su
h that jV1j; jV2j � 12n1=(k�1), and either all edges between V1 and V2 belong to G, or no edgebetween V1 and V2 belongs to G.Note that the weaker result, where the sizes of V1; V2 are roughly log n, instead of n1=(k�1), holdsfor any n-vertex graph, and immediately follows from Ramsey's theorem [ES35℄. A related result ofErd}os and Hajnal [EH89℄ guarantees the existen
e of a 
omplete or an empty indu
ed subgraph withe
plog n verti
es, where 
 = 
(H) > 0 is a 
onstant. See [G97, APS01℄ for details 
on
erning the wellknown 
onje
ture that this bound 
an be further improved to n
, for some 
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The result of [EHP00℄ has many geometri
 appli
ations, where G en
odes some pattern of inter-a
tion between geometri
 entities, and where one only needs to �nd an appropriate forbidden graphH. For example, it is well known [EET76, PS01℄ that, as k tends to in�nity, almost all graphs with kverti
es 
annot be obtained as the interse
tion graph of a family F of ar
wise 
onne
ted sets in theplane. Therefore, there exists a 
onstant Æ > 0 su
h that every family F of ar
wise 
onne
ted setsin the plane has two subfamilies F1;F2 � F with at least nÆ elements ea
h, su
h that either everyelement of F1 interse
ts all elements of F2 or no element of F1 interse
ts any element of F2.In the spe
ial 
ase when F 
onsists of straight-line segments, Pa
h and Solymosi [PS01℄ improvedthe lower bound in the last statement from nÆ to "n. As we will show, this improvement also appliesto the 
ase of general ar
s, provided they have 
onstant des
ription 
omplexity (see below).The goal of this paper is to show that in many geometri
 appli
ations, that involve a family F ofn geometri
 obje
ts and a relation R on F , one 
an �nd subfamilies F1;F2 of linear size, su
h thateither F1�F2 is fully 
ontained in R, or F1�F2 is disjoint from R. As a 
onsequen
e, we show thatone 
an �nd a single subfamily F 0 � F of size nÆ, for some 
onstant Æ that depends on the problem
hara
teristi
s, su
h that either every pair of distin
t elements in F 0�F 0 belongs to R, or every pairof distin
t elements in F 0 �F 0 does not belong to R.We present a few appli
ations of these general results. They in
lude subsets of line segments,ar
s, disks, or more general regions in the plane (or in higher �xed dimension), su
h that either everypair of elements in the two subsets interse
t ea
h other, or every pair of elements are disjoint; subsetsof lines in 3-spa
e, su
h that all lines in one subset pass above all lines in the se
ond subset; and afew additional appli
ations.Complete bipartite intera
tion in a general semi-algebrai
 setting. A real semi-algebrai
set in Rd is the lo
us of all points that satisfy a given �nite Boolean 
ombination of polynomialequations and inequalities in the d 
oordinates. We say that the des
ription 
omplexity of su
h aset is at most � if the number of equations and inequalities is at most �, and ea
h of them hasdegree at most �. We refer to su
h a representation as a quanti�er-free representation, and note thatsemi-algebrai
 sets 
an also be de�ned using quanti�ers involving additional variables, but thesequanti�ers 
an always be eliminated and yield a more expli
it, quanti�er-free representation of theset. See [BCR98, BPR03℄ for details 
on
erning semi-algebrai
 sets, in
luding quanti�er eliminationin su
h sets.In what follows, we are given a family F of semi-algebrai
 sets of 
onstant des
ription 
omplexity,and a relation R on F � F . We assume that R is also semi-algebrai
, in the following sense. Sin
ethe sets of F have 
onstant des
ription 
omplexity, there exists a 
onstant q, su
h that ea
h setf 2 F 
an be represented by a point f� in Rq (say, the point whose 
oordinates are the 
oeÆ
ientsof the monomials in the polynomials that de�ne f). Then we say that R is semi-algebrai
 if its
orresponding representationR� = f(f�; g�) 2 R2q j f; g 2 F ; (f; g) 2 Rgis a semi-algebrai
 set.The main general result of this paper is the following.Theorem 1.1. Let F be a family of n semi-algebrai
 sets in Rd of 
onstant des
ription 
omplexity,and let R � F �F be a �xed semi-algebrai
 relation on F . Then there exist a 
onstant " > 0, whi
hdepends only on the maximum des
ription 
omplexity of the sets in F and of R, and two subfamiliesF1;F2 � F with at least "n elements ea
h, su
h that either F1 �F2 � R, or (F1 �F2) \R = ;.2



A typi
al appli
ation of Theorem 1.1 is with R being the interse
tion relation. It is easy toverify that this relation is indeed semi-algebrai
, as will be detailed in Se
tion 4. Thus we obtaintwo subfamilies F1;F2 � F with at least "n elements ea
h, su
h that either every element of F1interse
ts all the elements of F2, or no element of F1 interse
ts any element of F2.We remark that Theorem 1.1 also holds if we have two sets F ;G of semi-algebrai
 sets of 
onstantdes
ription 
omplexity, and a semi-algebrai
 relation R � F � G. In this 
ase we obtain " > 0,and subsets F1 � F , G1 � G, with jF1j � "jFj, jG1j � "jGj, su
h that either F1 � G1 � R, or(F1 � G1) \ R = ;. This remark 
arries over to essentially all the appli
ations established in thispaper.A natural extension of Theorem 1.1 is to the 
ase where R is symmetri
, and we seek a singlesubset F 0 � F su
h that either every pair of distin
t elements in F 0 satisfy R, or no su
h pair satisfyR. It turns out that this extension is a 
orollary of Theorem 1.1, ex
ept that we 
an no longerguarantee that F 0 has linear size. Spe
i�
ally, we show:Theorem 1.2. Let F and R be as in Theorem 1.1, so that R is symmetri
. Then there exist a
onstant Æ > 0, whi
h depends only on the maximum des
ription 
omplexity of the sets in F and ofR, and a subfamily F 0 � F with at least nÆ elements, su
h that either every pair of distin
t elementsof F 0 belongs to R, or no su
h pair belongs to R.Let us 
all an n-vertex graph t-Ramsey if it 
ontains no 
lique and no independent set of size atleast t. The known quantitative proofs of Ramsey Theorem, like the one given in [ES35℄, show thatno n-vertex graph is 12 log2 n-Ramsey. As shown by Erd}os [E47℄ in one of the �rst appli
ations of theprobabilisti
 method, this is tight, up to a 
onstant fa
tor, namely, there are n-vertex graphs whi
hare 2 log2 n-Ramsey. Despite the simpli
ity of Erd}os' proof, there is no 
onstru
tive version of it,in the sense that there is no known deterministi
 algorithm that 
onstru
ts a C log n-Ramsey graphon n verti
es, where C is any absolute 
onstant, in time whi
h is polynomial in n. The problem of�nding su
h an expli
it 
onstru
tion re
eived a 
onsiderable amount of attention, but is still wideopen. Theorem 1.2 above shows that su
h a 
onstru
tion 
annot be given by de�ning the graphusing a semi-algebrai
 relation on a family of semi-algebrai
 sets of 
onstant des
ription 
omplexityin �xed dimension. In fa
t, any n-vertex graph 
onstru
ted in su
h a way will ne
essarily have a
lique or an independent set of size at least nÆ for some Æ > 0. This 
an be viewed as a partialexplanation of the fa
t that expli
it 
onstru
tions of O(log n)-Ramsey graphs have so far remainedelusive.In parti
ular, the above implies that if the verti
es of a graph are given by n ve
tors in Rd,and the adja
en
y relation is determined by the signs of some �xed set of (symmetri
) polynomialsevaluated at the 
orresponding ve
tors, the resulting graph 
annot be t-Ramsey for any t = no(1):This (nearly) settles a 
onje
ture of Babai [B76℄, and improves a previous result of the �rst author[A90℄ that showed that su
h graphs 
annot be t-Ramsey for t = eo(plog n).The problem of �nding expli
it 
onstru
tions of graphs Gn on n verti
es so that neither Gnnor its 
omplement 
ontain large 
omplete bipartite graphs with equal 
olor 
lasses is even more
hallenging than that of �nding expli
it t(n)-Ramsey graphs for some slowly growing fun
tions t(n).In fa
t, there is no known expli
it 
onstru
tion of a graph G on n verti
es su
h that neither G not its
omplement 
ontain a 
omplete bipartite graph with 
olor 
lasses of size n1=2�" ea
h, for any " > 0.Constru
tions of this type may yield interesting appli
ations in the pro
ess of extra
ting randombits from weak sour
es of randomness, and have thus been 
onsidered by various resear
hers, withno real su

ess. See [PR04℄ for the best known polynomial time 
onstru
tion. Here, too, Theorem1.1 
an be viewed as a partial explanation of the fa
t that su
h expli
it 
onstru
tions have so far3



remained elusive.All the spe
i�
 geometri
 appli
ations that are established in this paper, as well as many othersimilar results, follow easily from Theorem 1.1 or from its 
orollary Theorem 1.2. We present twoproofs of Theorem 1.1. The �rst proof uses a standard linearization pro
ess (see [AM94℄) to transformthe elements of F into ve
tors in a higher-dimensional spa
e, and the relation R to the set of all pairsof ve
tors with a nonnegative s
alar produ
t. One then applies the beautiful partition theorem of Yaoand Yao [YY85℄ (see below for details), to derive the following \linearized" version of Theorem 1.1.Theorem 1.3. Let U and V be �nite multisets of ve
tors in Rd . Then there are subsets U 0 � Uand V 0 � V su
h that jU 0j � 12d+1 jU j, jV 0j � 12d+1 jV j, and either hu; vi � 0 for all u 2 U 0, v 2 V 0, orhu; vi < 0 for all u 2 U 0, v 2 V 0.The se
ond proof of Theorem 1.1 uses more advan
ed ma
hinery from geometri
 range sear
hing,notably the results of Agarwal and Matou�sek [AM94℄ on range sear
hing with semi-algebrai
 sets. Theresulting proof is somewhat simpler, more general, and more dire
t (sin
e it uses heavier ma
hinery),but supplies, in some 
ases, weaker estimates of the 
onstants " and Æ.Although both proofs use fairly standard ma
hinery from real algebrai
 geometry, they are some-what involved be
ause they aim to establish Theorem 1.1 in full generality. However, in mostappli
ations, the linearization pro
ess used in the �rst proof is easy to do \by hand", and the rela-tion R is just a 
onjun
tion of (what be
ome bilinear) inequalities. In su
h 
ases the proof be
omesmu
h simpler, and there is no need to expli
itly involve the theory of semi-algebrai
 sets. We willpresent dire
t derivations of several instan
es of the theorem, in
luding the interse
tion relations forline segments and disks in the plane, and for the above/below relation for lines in 3-spa
e.Appli
ations.Interse
ting segments, disks, and regions. We �rst give an alternative and simpler proof ofthe result of Pa
h and Solymosi [PS01℄. That is, we show that, if S is a family of segments in generalposition in the plane, then there exist two subfamilies S1; S2 � S of linear size, su
h that eitherevery segment in S1 
rosses all segments in S2, or no segment in S1 
rosses any segment in S2. Asa 
onsequen
e, any set S of n segments in general position in the plane has a subset S0 of at leastnÆ segments, so that either every pair of them interse
t or no su
h pair interse
t. The 
onstantsappearing in these bounds substantially improve those given in [PS01℄.We then demonstrate the generality of our approa
h by �rst obtaining similar results for theinterse
tion relation between disks in the plane, where the linearization 
an also be done \by hand".In fa
t, as has already been mentioned, the result 
ontinues to hold for the interse
tion relation of anyfamily of simply shaped regions in the plane or in any �xed dimension, and we 
on
lude this set ofappli
ations by formulating and proving it for arbitrary semi-algebrai
 sets (of 
onstant des
ription
omplexity).Lines in 3-spa
e. Using the fa
t that there exists no perfe
t weaving pattern of �ve lines in R3[PPW93℄, Erd}os, Hajnal and Pa
h [EHP00℄ proved that there exists a positive 
onstant Æ su
h thatevery family L of n straight lines in general position in 3-spa
e has two subfamilies L1;L2 � L withat least nÆ elements ea
h, su
h that every element of L1 passes above all elements of L2. They haveraised the question whether one 
an repla
e the bound nÆ by "n. In Se
tion 5, we answer their4



question in the aÆrmative. Spe
i�
ally, we show in Theorem 5.1 that any family L of n straightlines in general position in 3-spa
e has two subfamilies L1;L2 � L with at least n=64 elements ea
h,su
h that every element of L1 passes above all elements of L2.Erd}os, Hajnal and Pa
h [EHP00℄ also raised the question whether there exists a positive 
onstantÆ su
h that every family L of n straight lines in general position in 3-spa
e 
ontains a tournamenton k � nÆ lines, that is, a sequen
e `1; `2; : : : ; `k of k � nÆ lines, su
h that `i passes above `j for alli < j. We answer this question in the aÆrmative as well, with Æ = 1=6; it is an easy 
orollary ofTheorem 5.1, or rather a spe
ialized version of Theorem 1.2.Mis
ellaneous results. Clearly, the te
hnique in this paper 
an be applied to a wide variety ofsimilar relations. Here are two representative appli
ations:(a) Let C be a set of n 
ir
les in 3-spa
e. Then there exist two subsets C1; C2 of C of linear size,su
h that either every pair in C1�C2 form a link, or no su
h pair form a link. Moreover, C 
ontainsa subset C 0 of at least nÆ 
ir
les, for some 
onstant Æ, su
h that either every pair of distin
t 
ir
lesin C 0 form a link, or no su
h pair form a link.(b) Two line segments in the plane are in T -position if the line 
ontaining one of the segmentsinterse
ts the other segment. A segment T -graph is a graph whose verti
es are a 
olle
tion of pairwisedisjoint line segments in the plane, where two verti
es are adja
ent i� the 
orresponding segmentsare in T -position. The study of segment T -graphs has been motivated by the investigation of 
ertainproblems on 
ommon transversals for families of disjoint segments in the plane. In [AKS90℄ it isshown that some graphs are not segment T -graphs. Our results here imply the following strongerstatement, showing that typi
al graphs are not segment T -graphs: Any segment T -graph 
ontainstwo linear-size subsets of verti
es, so that either every vertex of the �rst set is adja
ent to everyvertex of the se
ond, or no vertex of the �rst set is adja
ent to any vertex of the se
ond.The paper is organized as follows. In Se
tion 2 we present the proof of Theorem 1.3, and thendes
ribe the �rst proof of Theorem 1.1 and the derivation of its 
orollary, Theorem 1.2, in Se
tion 3.The se
ond proof is given later, in Se
tion 6. We �rst present the appli
ations to interse
tingsegments, disks, and regions (Se
tion 4), and to lines in 3-spa
e passing above one another (Se
tion 5).In many of these appli
ations, the �rst proof 
an be applied with the linearization done expli
itly\by hand". The �nal se
tion, Se
tion 7, 
ontains a brief dis
ussion of the other problems mentionedabove, together with some 
on
luding remarks.2 Proof of Theorem 1.3A major tool in our analysis is the following result of Yao and Yao [YY85℄, that has been an importantstepping stone in the early development of the theory of geometri
 range sear
hing, and whose proofuses the Borsuk-Ulam theorem (see, e.g., [M03℄).Theorem 2.1 (Yao and Yao [YY85℄). Given a 
ontinuous and everywhere positive density fun
-tion on Rd , one 
an partition Rd into 2d regions, ea
h with mass equal to 12d , su
h that everyhyperplane in Rd must avoid at least one of the regions.Moreover, the partition of Rd yielded by the theorem is su
h that ea
h region is a 
onvex poly-hedral 
one, and all 
ones have a 
ommon apex (the 
enter in [YY85℄).5



It is an immediate 
orollary of the dis
rete version of the Yao-Yao theorem that, given a �niteset V of ve
tors in Rd , one 
an partition Rd into 2d 
onvex polyhedral 
ones with a 
ommon apex
, su
h that the 
losure of ea
h 
one 
ontains at least jV j2d ve
tors of V . In addition, this partitionhas the property that any 
losed halfspa
e fully 
ontains one of the 
ones, and any open halfspa
e
ontains one of the 
ones, possibly without its apex 
.Let us now turn to the proof of Theorem 1.3. Observe that we may assume that at most jU j2d ofthe ve
tors in U are equal to 0, and that at most jV j2d of the ve
tors in V are equal to 
. Otherwise,Theorem 1.3 follows readily.To ea
h ve
tor 0 6= u 2 U we assign the hyperplane Hu = fx 2 Rd : hu; xi = 0g. It indu
es apartition of Rd into the two halfspa
esH+u = fx 2 Rd : hu; xi � 0g;H�u = fx 2 Rd : hu; xi < 0g:There are two possible 
ases:Case 1. For at least half of the positive halfspa
es, H+u 
ontains a 
one of the partition. In this
ase at least 12d of those halfspa
es 
ontain the same 
one, so they all 
ontain the endpoints of allthe ve
tors in a subset of V of size jV j2d . Thus, we have found a subset U 0 � U of size 12d+1 jU j and asubset V 0 � V of size jV j2d , su
h that hu; vi � 0 for every u 2 U 0; v 2 V 0.Case 2. For at least half of the negative halfspa
es, H�u 
ontains a 
one minus the 
enter 
.In this 
ase at least 12d of those halfspa
es 
ontain the same 
one (minus its apex). We denotethe ve
tors whose endpoints lie in this 
one (ex
luding the ve
tors equal to 
) by V 0. Clearly,jV 0j � 12d (1 � 12d )jV j > 12d+1 jV j. Let U 0 denote the set of nonzero ve
tors u 2 U su
h that H�u
ontains all the endpoints of the ve
tors of V 0. Then jU 0j � 12d (1� 12d )jU j > 12d+1 jU j, and any pair ofve
tors u 2 U 0 and v 2 V 0 satisfy hu; vi < 0. 2Remark: If all the elements of U are distin
t and all the elements of V are distin
t, as will bethe 
ase in most of our appli
ations, then the sizes of the sets U 0; V 0 yielded by the theorem are atleast 12d jU j � 1 and 12d jV j � 1, respe
tively. In addition, if the elements of U and V are in generalposition, again, a situation that holds in most of our appli
ations, then the sizes of U 0; V 0 slightlyfurther improve to 12d jU j and 12d jV j, respe
tively.3 First Proof of Theorem 1.1We re
ap the dis
ussion in the introdu
tion: Sin
e ea
h of the semi-algebrai
 sets in F has des
ription
omplexity � �, there exists a 
onstant q = q(�), su
h that ea
h f 2 F 
an be parametrized as apoint f� 2 Rq . Let F� denote the set of these points. In addition, the relation R 
an be mappedinto a semi-algebrai
 set R� in R2q . More pre
isely, for any pair of sets f; g 2 F , we 
an expressthe 
ondition (f; g) 2 R as a Boolean 
ombination of polynomial equations and inequalities in the
oordinates of the points f�; g�, and this de�nes the representation R�. For ea
h g 2 F , let �gdenote the set ff� 2 Rq j (f�; g�) 2 R�g.The next step is to transform the problem further so that the polynomials appearing in thede�nition of any of the sets �g be
ome linear. This linearization pro
ess is fairly standard, and isdes
ribed in detail by Agarwal and Matou�sek [AM94℄. It results in an embedding ' of Rq as analgebrai
 variety within some spa
e RQ of larger dimension Q, and a transformation, whi
h we also6



denote by ', of ea
h set �g into a polyhedral region in RQ . More spe
i�
ally, the Boolean 
ombinationthat de�nes �g remains the same, and ea
h of the equations and inequalities that appear there ismapped into a bilinear equation or inequality.We �rst repla
e ea
h equation of the form P = 0 in the de�nition of R� by the two inequalitiesP � 0 and P � 0. Suppose that there are now k bilinear inequalities in the de�nition of R�. We runa k-step pro
ess, where the j-th step starts with two subsets F 0j�1;F 00j�1 of F , and extra
ts from themsubsets F 0j � F 0j�1, F 00j � F 00j�1, su
h that jF 0j j � 12Q+1 jF 0j�1j, jF 00j j � 12Q+1 jF 00j�1j, and either everypair (f; g) 2 F 0j � F 00j is su
h that (f�; g�) satisfy the j-th inequality in the de�nition of R�, or nosu
h pair satisfy this inequality. Starting the pro
ess with F 00;F 000 := F , it is then 
lear that the �nalpair of subsets F 0k;F 00k are su
h that jF 0kj; jF 00k j � 12k(Q+1) jFj, and either every pair (f; g) 2 F 0k � F 00ksatisfy R, or none of these pairs satisfy R. This is be
ause ea
h of the inequalities that appear inthe representation of R� has a �xed sign for every pair f�; g�, with (f; g) 2 F 0k � F 00k . Sin
e R onlydepends on these signs, the 
laim follows. This 
ompletes the proof of the theorem. 2Remark: By the remark at the end of the pre
eding se
tion, if we assume that the sets in F are ingeneral position, we 
an improve the 
onstant 12k(Q+1) yielded by the proof to 12kQ .3.1 Proof of Theorem 1.2De�ne a family of perfe
t graphs G as follows: the trivial graph with one vertex belongs to thefamily, and if two graphs H1;H2 belong to the family, then so does their disjoint union, and theirjoin (that is, the graph obtained from their disjoint union by adding all edges between verti
es of H1and verti
es of H2). The family G is the family of all 
omplement redu
ible graphs, or 
ographs forshort; see, e.g., [CPS85℄. Obviously, every indu
ed subgraph of a 
ograph is also a 
ograph, and itis easy to prove by indu
tion that every 
ograph is perfe
t, that is, the 
hromati
 number of everyindu
ed subgraph of it is equal to the size of the largest 
lique in this subgraph. It follows thatany 
ograph on m verti
es 
ontains either a 
lique or an independent set of size at least pm, sin
eif it 
ontains no 
lique of size pm its 
hromati
 number is at most pm and hen
e it 
ontains anindependent set of size at least pm.Suppose, now, that F and R are as in Theorem 1.1, so that R is symmetri
. Let G be a graphwhose n verti
es are the members of F , where two su
h verti
es f; g are adja
ent if and only if(f; g) 2 R. Let h(t) denote the largest number h su
h that any indu
ed subgraph of G on t verti
es
ontains an indu
ed subgraph on h verti
es whi
h is a member of G. Clearly h(1) = 1. In addition,we 
laim that there exists an " > 0 that depends only on the the maximum des
ription 
omplexityof the elements of F and of R, so that for every t, h(t) � 2h("t). Indeed, in any indu
ed subgraphof G with t verti
es we 
an �nd, by Theorem 1.1, two disjoint sets of verti
es F1;F2, ea
h of sizeat least "t, su
h that either G 
ontains all edges 
onne
ting a member of F1 and a member of F2,or it 
ontains none of these edges. (Note that the theorem does not ensure that the two sets F1;F2are disjoint, but this 
an 
learly be ensured by repla
ing, if needed, ea
h set Fi by a subset of halfits size, so that the two subsets are disjoint.) By de�nition, the indu
ed subgraph of G on Fi, fori = 1; 2, 
ontains an indu
ed subgraph Hi on at least h("t) verti
es, and the desired 
laim followsfrom the de�nition of the 
lass G of 
ographs. Solving the re
urren
e, we 
on
lude that h(n) � n
 ,where 
 = log(1=") 2 > 0 depends only on the maximum des
ription 
omplexity of the members ofF and of R, implying that our graph G 
ontains an indu
ed subgraph on at least n
 verti
es thatbelongs to G. By the dis
ussion in the beginning of the proof, this implies that G 
ontains either a
lique or an independent set of size at least n
=2, implying the assertion of the theorem. 27



sL
sRtL tRstFigure 1: Interse
tion of the segments s and t.4 Crossing Patterns of Segments, Disks, and RegionsIn deriving the �rst two resuls, we 
onstru
t the 
orresponding linearization expli
itly, and relydire
tly on Theorem 1.3, thereby bypassing the general Theorem 1.1.4.1 Crossing segments.We �rst provide an alternative proof of the result of Pa
h and Solymosi [PS01℄, with 
onsiderablyimproved 
onstants.Theorem 4.1 ([PS01℄). Let S be a family of segments in general position in the plane. Then thereexist two subfamilies S1; S2 � S, su
h that jS1j; jS2j � 1213 jSj, and either every segment in S1 
rossesall segments in S2, or no segment in S1 
rosses any segment in S2.Proof: We may assume that no segment in S is verti
al. We split S into two subsets S0; S00 of equalsize, su
h that the slope of every segment in S0 is smaller than the slopes of all segments in S00.Represent ea
h segment s 2 S by the pair (sL; sR) of its left and right endpoints. Let s 2 S0; t 2S00. Then s \ t 6= ; if and only if (see [dBvKOS00℄ and Figure 1)Left-Turn(sL; sR; tL) < 0Left-Turn(sL; sR; tR) > 0Left-Turn(tL; tR; sL) > 0Left-Turn(tL; tR; sR) < 0; (1)where Left-Turn(a; b; 
) = ������ 1 xa ya1 xb yb1 x
 y
 ������ :We next rewrite ea
h of the 
onditions in (1) as an inequality involving the s
alar produ
t of a ve
torthat depends on s and a ve
tor that depends on t. For example, the �rst inequality 
an be rewrittenas hu1(s); v1(t)i > 0, whereu1(s) = (xsLysR � ysLxsR ; ysR � ysL ; xsR � xsL)v1(t) = (�1; xtL ; �ytL);and similarly for the other inequalities, where we rewrite the j-th inequality, for j = 2; 3; 4, ashuj(s); vj(t)i > 0, with uj(s) and vj(t) appropriately de�ned.8



To enfor
e all inequalities in (1), we apply Theorem 1.3 four times, where in ea
h step we enfor
eone of the inequalities. In the �rst step we map S0 to the set U1 = fu1(s) j s 2 S0g, and mapS00 to the set V1 = fv1(t) j t 2 S00g. Applying Theorem 1.3 to these sets, and using the generalposition assumption, we 
on
lude that there exist subsets S01 � S0, S001 � S00, su
h that jS01j � 18 jS0j,jS001 j � 18 jS00j, and either every pair of segments (s; t) 2 S01 � S001 satisfy the �rst inequality in (1), orno su
h pair of segments satisfy it. In the latter 
ase, no segment of S01 interse
ts any segment ofS001 and we are done. In the former 
ase, we pro
eed to the next pruning step with S01 and S001 , andextra
t from them subsets S02; S002 su
h that either all pairs in S02 � S002 satisfy the se
ond inequalityin (1), or no su
h pair satisfy it. Continuing this pro
ess for at most two more steps, we end up withsubsets S1 � S0, S2 � S00, su
h that jS1j � �18�4 jSj2 = 1213 jSj, jS2j � 1213 jSj, and either every pair ofsegments (s; t) 2 S1 � S2 interse
t ea
h other, or all su
h pairs are disjoint. 2We remark that our 
onstant 
 = 1213 is mu
h larger than the one provided by the analysis of[PS01℄, and the new proof is 
on
eptually simpler.4.2 Crossing disks.Our approa
h 
an be easily applied to prove Ramsey-type results of this kind for families of othergeometri
 obje
ts. For example, we have:Theorem 4.2. Let S be a family of disks in the plane. Then there exist two subfamilies S1; S2 � S,su
h that jS1j; jS2j � 1210 jSj, and either every disk in S1 interse
ts all the disks in S2, or every diskin S1 is disjoint from all the disks in S2.Proof: Represent a disk d by the 
oordinates (xd; yd) of its 
enter and by its radius rd. Then a pairof disks s; t 2 S interse
t ea
h other if and only if hu(s); v(t)i � 0, whereu(s) = ( �x2s; 2xs; �1; �y2s ; 2ys; �1; r2s ; 2rs; 1 )v(t) = ( 1; xt; x2t ; 1; yt; y2t ; 1; rt; r2t ):The assertion now follows from Theorem 1.3, applied in 9-spa
e. 24.3 Crossing regions.Finally, we 
onsider the 
rossing pattern of general semi-algebrai
 sets, and show:Theorem 4.3. Let F be a family of semi-algebrai
 sets of 
onstant des
ription 
omplexity in Rd .Then there exist " > 0 that depends on the maximum des
ription 
omplexity of the sets in F , andtwo subfamilies F 0;F 00 � F , su
h that jF 0j; jF 00j � "jFj, and either every element of F 0 interse
ts allthe elements of F 00, or no element of F 0 interse
ts any element of F 00.Proof: This is an immediate appli
ation of Theorem 1.1, with the relation R de�ned as f(f; g) 2F � F j f \ g 6= ;g. We need to show that R is indeed semi-algebrai
, in the sense de�ned in theintrodu
tion. Following the notation in that de�nition, let q be a 
onstant dimension su
h that theelements of F and of G 
an be represented as points in Rq . Then we 
an represent R asR� = f(f�:g�) 2 R2q j f 2 F ; g 2 G; and 9x 2 Rd j x 2 f and x 2 gg:9



This is 
learly a semi-algebrai
 set in R2q . We 
an apply quanti�er elimination (see, e.g., Theorem2.74 of [BPR03℄) to rewrite R� as a quanti�er-free semi-algebrai
 set. Then, for ea
h g 2 G, the
orresponding region �g = ff� j (f�; g�) 2 R�gis also given as a quanti�er-free semi-algebrai
 set, and all these sets have 
onstant des
ription
omplexity. The theorem is now an immediate 
orollary of Theorem 1.1. 2By a similar reasoning, Theorem 1.2 implies the following:Theorem 4.4. Let F be a family of semi-algebrai
 sets of 
onstant des
ription 
omplexity in Rd .Then there exist Æ > 0 that depends on the maximum des
ription 
omplexity of the sets in F , and asubfamily F 0 � F of size at least nÆ, su
h that either every element of F 0 interse
ts all other elementsof F 0, or no element of F 0 interse
ts any other element of F 0.Remark: Clearly, Theorem 4.4 also applies to the two spe
ial 
ases studied above. For the 
ase ofsegments, we obtain a subset S0 of at least n1=26 segments, so that either all of them are pairwise
rossing, or all of them are pairwise disjoint. For the 
ase of disks, the 
orresponding subset has atleast n1=20 disks. A related result by Aronov et al. [AEG+94℄ 
onsiders the set of all �n2� segmentsthat 
onne
t n points in the plane in general position, and shows the existen
e of a subset of 
(n1=2)segments, every pair of whi
h interse
t.5 Lines in Spa
eIn this se
tion we show the following result.Theorem 5.1. Any family L of n straight lines in general position in 3-spa
e has two subfamiliesL1;L2 � L with at least n=64 elements ea
h, su
h that every element of L1 passes above all elementsof L2.We exploit a standard representation of lines, using Pl�u
ker 
oordinates (see [CEG+96℄), whi
hwe brie
y review here for the 
onvenien
e of the reader. Let ` be an oriented line in R3 , and leta, b be two points on ` su
h that ` is oriented from a to b. Let [a0; a1; a2; a3℄, [b0; b1; b2; b3℄ be thehomogeneous 
oordinates of a and b, with a0; b0 being the homogenizing weights.1 The Pl�u
ker
oordinates of ` are the six real numbers�(`) = [�01; �02; �12; �03; �13; �23℄;where �ij = aibj � ajbi, for 0 � i < j � 3. The most important property of this representationis that in
iden
e between lines is a bilinear predi
ate. Spe
i�
ally, de�ne a se
ond set of Pl�u
ker
oordinates by $(`) = [�23;��13; �03; �12;��02; �01℄:Then `(1) is in
ident to `(2) if and only if their Pl�u
ker 
oordinates satisfy the relationship`(1) � `(2) := h�(`(1)); $(`(2))i = �(1)01 �(2)23 ��(1)02 �(2)13 +�(1)12 �(2)03 +�(1)03 �(2)12 ��(1)13 �(2)02 +�(1)23 �(2)01 = 0; (2)where �(1) = �(`(1)) and �(2) = �(`(2)).1This means that when a0 6= 0, the Cartesian 
oordinates of a are (a1=a0; a2=a0; a3=a0), and similarly for b.10



The Pl�u
ker 
oordinates are homogeneous, and yield a mapping of lines in 3-spa
e to points in thereal proje
tive 5-spa
e. If we assume that the given lines are in general position, we 
an normalizethe Pl�u
ker 
oordinates by setting the homogenizing weights a0; b0 to 1, thus obtaining points in R5 .With some 
are, we 
an then use the �-relation to express the relation that one line passes aboveanother. Spe
i�
ally, under this normalization, the sign of `(1) � `(2) is positive if and only if theorientation of `(1) relative to `(2), namely, the orientation of the simplex ab
d, is positive. Denote by�̀ the proje
tion of a nonverti
al line ` onto the xy-plane. If we assume that neither `(1) nor `(2) isverti
al, and if we orient them so that �̀(2) lies 
lo
kwise to �̀(1), then `(1) � `(2) > 0 if and only if `(2)passes above `(1).Now, we are ready to prove Theorem 5.1. Orient the lines of L so that their xy-proje
tionsare oriented from left to right. Let L+ (resp., L�) denote the subset of the n=2 lines of L whosexy-proje
tions have the largest (resp., smallest) slopes. Set U := f�(`) j ` 2 L+g and V := f$(`) j` 2 L�g. By Theorem 1.3, and the fa
t that our lines are all distin
t and in general position, thereexist subsets L1 � L+, L2 � L�, ea
h of size at least 125 � n2 = n64 , su
h that either `(1) � `(2) > 0 forevery pair `(1) 2 L1, `(2) 2 L2, or `(1) � `(2) < 0 for every pair `(1) 2 L1, `(2) 2 L2. (We do not haveequality sin
e we have assumed that the lines are in general position). In other words, either everyline of L2 passes above all the lines of L1, or every line of L2 passes below all the lines of L1. This
ompletes the proof of Theorem 5.1. 2Let f(n) denote the largest integer so that any 
olle
tion of n lines in general position in 3-spa
e
ontains a tournament of f(n) lines, as de�ned in the introdu
tion. Then, by Theorem 5.1, we havef(n) � 2f(n=64). Solving the re
urren
e, we get f(n) � n1=6. This yields an aÆrmative answer tothe question of Erd}os et al. [EHP00℄:Corollary 5.2. Every family L of n straight lines in general position in 3-spa
e 
ontains k � n1=6elements `1; `2; : : : ; `k, su
h that `i passes above `j for all i < j.6 Se
ond Proof of Theorem 1.1As in the introdu
tion, we represent the elements of F as points in Rq , represent the relation R as asemi-algebrai
 set in R2q , and 
onstru
t the regions �f , for f 2 F . For the 
onvenien
e of the proof,we slightly modify this notation, and 
onsider the problem in the following setup. We have a set Fof points in Rq , and a family G of semi-algebrai
 sets of 
onstant des
ription 
omplexity in Rq . Thegoal is to show the existen
e of linear-size subsets F 0 � F , G0 � G, su
h that either f 2 g for everypair (f; g) 2 F 0 � G0, or f =2 g for every pair (f; g) 2 F 0 � G0. Put m := jFj and n := jGj.The arrangement A(G) of G is the de
omposition of Rq into relatively open maximal 
onne
tedsets (
ells), su
h that ea
h 
ell is 
ontained in a �xed subset of elements of G and avoids all the otherelements (see [SA95℄). Sin
e the elements of G have 
onstant des
ription 
omplexity, the standardtheory of real algebrai
 geometry (see [BPR03℄) implies that the 
omplexity of A(G), namely, thenumber of 
ells in this de
omposition, is O(nq), with a 
onstant of proportionality that depends onq and on the maximum 
omplexity of the elements of G.We �x a 
onstant parameter r, 
hoose a random sample G0 of r elements of G, and 
onstru
t thearrangement A(G0). Next, we 
onstru
t the verti
al de
omposition Ak(G0) of A(G0), whi
h yieldsa de
omposition of ea
h 
ell of A(G0) into sub
ells of 
onstant des
ription 
omplexity (whi
h, ingeneral, is mu
h larger than the 
omplexity of the elements of G, but still a 
onstant); see [SA95℄for more details 
on
erning verti
al de
ompositions. As shown in [CEGS89℄, and enhan
ed by the11



re
ent improvement of [K01℄, the number of 
ells in Ak(G0) is at most 
r2 for q = 2, at most 
r3�(r)for q = 3, where �(r) is an extremely slowly growing fun
tion of r related to the inverse A
kermannfun
tion, and at most 
r2q�4+", for any " > 0, for q � 4, where in all 
ases 
 is a 
onstant thatdepends on q and on the des
ription 
omplexity of the elements of G (and on " for q � 4). We
ontinue the proof assuming that q � 4. The other 
ases 
an be handled in a similar (and simpler)manner.Let � be a 
ell of Ak(G0), and let g 2 G. We say that g 
rosses � if g \ � 6= ; but g does notfully 
ontain � . The standard theory of random sampling (see, e.g., [AE98℄) implies that, with highprobability, ea
h 
ell of Ak(G0) is 
rossed by (i.e., interse
ts but not 
ontained in) at most 
1nr log relements of G, where 
1 is a 
onstant that depends on q and on the des
ription 
omplexity of theelements of G (but is independent of r). Let us then assume that G0 does indeed satisfy this property.For ea
h 
ell � of Ak(G0), let G� be the subset of the elements of G that 
ross � , and set F� := F\� .There must exist a 
ell � satisfying jF� j � m
r2q�4+" . Then every element g 2 G n G� either fully
ontains � or is disjoint from � . Setting� = 1
r2q�4+" ;� = 12 �1� 
1r log r� � 12 ;we 
on
lude that there exist a subset F 0 = F� of at least �m elements of F , and a subset G0 of atleast �n elements of G, su
h that either ea
h element of F 0 is 
ontained in every element of G0, or noelement of F 0 is 
ontained in any element of G0. 2Dis
ussion. The se
ond proof of Theorem 1.1 has several advantages over the pre
eding one:(a) The new analysis does not depend on a linearization of the elements of G, and is thereforemore general than the pre
eding one. Su
h a linearization is easy to obtain when ea
h element ofG is de�ned by a single polynomial equality or inequality, but when ea
h element of G is de�nedby a Boolean 
ombination of 
onstraints, su
h a linearization may be diÆ
ult to obtain, withoutresorting to additional levels of de
omposition. See, e.g., the 
ase of 
rossing segments in the plane(Theorem 4.1), where the linearization-based te
hnique had to be applied four levels in su

ession.(b) It is also interesting to note that the size of G0 
an be guaranteed to be almost half the size of G.It is not 
lear whi
h of the two approa
hes yields a larger bound on the size of F 0. The advantageof the pre
eding analysis is that there are no additional hidden 
onstants in the fra
tions 12d+1 (or12d ), whereas the 
onstant 
 in the present analysis is typi
ally quite large. On the other hand, thedimension d in the pre
eding approa
h depends on the linearization of the elements of G and 
an bemu
h larger than the dimension q of the ambient spa
e in whi
h F is naturally de�ned.(
) From a histori
al perspe
tive, the theorem of Yao and Yao is a pre
ursor to the more generaland advan
ed de
omposition methods that have been later developed for range sear
hing and relatedappli
ations, and that we have used in the se
ond proof. Problems that 
an be redu
ed to the setupwhere the Yao-Yao result 
an be applied bene�t from this simpler and more elegant de
omposition,but the new te
hniques allow us to extend the analysis to 
onsiderably more general situations.
12



7 Mis
ellaneous Appli
ations and Con
lusionTheorem 1.1 easily implies the statement about segment T -graphs mentioned in the introdu
tion:there exists an " > 0 su
h that every 
olle
tion S of n segments in the plane 
ontains two subsetsS1; S2, ea
h of size at least "n, su
h that either every s1 2 S1 and s2 2 S2 are in T -position, or nos1 2 S1, s2 2 S2 are in T -position. Indeed, the 
ondition of being in T -position 
an be expressed asthe 
onjun
tion of just the �rst two inequalities in (1), and the proof is then just a simpli�ed variantof the proof of Theorem 4.1, yielding the 
onstant " = 127 . By a similar reasoning, one 
an dedu
efrom Theorem 1.1 that every 
olle
tion of n 
ir
les in 3-spa
e 
ontains two subsets C1; C2 of linearsize su
h that either every pair in C1 � C2 form a link, or no su
h pair form a link. Many othervariants of our general results 
an be similarly established.Let P be a family of semi-algebrai
 sets in Rd . De�ne its 
rossing density, Æ(P), as the numberof 
rossing pairs (p; p0) in P � P, divided by jPj2. Clearly, we have 0 � Æ(P) � 1. Similarly, de�nethe non-
rossing density, �Æ(P). Then we 
an use the 
ombinatorial ma
hinery of Pa
h and Solymosiwhi
h is based on the regularity lemma of Szemer�edi (see Theorem 3.3 in [PS01℄), 
ombined withTheorem 1.1, and obtain the following density Ramsey-type results for semi-algebrai
 sets.Corollary 7.1. Let P be a family of n semi-algebrai
 sets of 
onstant des
ription 
omplexity inRd , su
h that Æ(P) � 
 > 0. Then there exist a 
onstant " > 0, depending on 
 and on themaximum des
ription 
omplexity of the sets in P, and two disjoint subfamilies P 0;P 00 � P, su
h thatjP 0j; jP 00j � "n, and every set in P 0 
rosses all the sets in P 00.Corollary 7.2. Let P be a family of n semi-algebrai
 sets of 
onstant des
ription 
omplexity in Rd ,su
h that �Æ(P) � 
 > 0. Then there exist a 
onstant " > 0, depending on 
 and on the maximumdes
ription 
omplexity of sets in P, and two disjoint subfamilies P 0;P 00 � P, su
h that jP 0j; jP 00j � "n,and no set in P 0 
rosses any set in P 00.As above, these density Ramsey-type results 
an be extended to 
ases where the interse
tionrelation is repla
ed by any other semi-algebrai
 relation.The lower estimate for the 
ardinalities of U 0; V 0 in Theorem 1.3 
ontains a 12d+1 -fa
tor. Thisexponentially small fa
tor is indeed needed, though we do not know if the base of the exponent istight. That is, there are examples of two sets U; V � Rd of n points ea
h, su
h that the 
on
lusionof the theorem does not hold for any two subsets U 0 � U; V 0 � V of sizes bigger than n
d forsome 
 > 1. One simple example is obtained by taking U = V = f+1;�1gd. If there are areU 0; V 0 su
h that hu; vi � 0 for all u 2 U 0; v 2 V 0 we 
an repla
e V 0 by �V 0 and 
on
lude thathu; vi � 0 for all u 2 U 0; v 2 V 0. As this holds in the se
ond possible 
on
lusion of the theorem aswell, we 
an assume that this is always the 
ase. This means that the Hamming distan
e betweenea
h member of U 0 and ea
h member of V 0 is at least d=2, implying, by the known isoperimetri
inequality for the Hamming 
ube (see [H66℄), that minfjU 0j; jV 0jg � Pd=4i=0 �di� � 2H(1=4)d, whereH(x) = �x log2 x � (1 � x) log2(1 � x) is the binary entropy fun
tion. This gives the requiredexponential dependen
e on d (and if we wish to have a �xed d and large n we 
an simply dupli
ateevery point n=2d times). A somewhat better, similar, example 
an be obtained by using the usualisoperimetri
 inequality on the 
ontinuous unit sphere in Rd . It is known (see, e.g., [S03℄) that if wehave two sets on the unit sphere in Rd and the distan
e between them is at least f , we 
an repla
eea
h set by a 
ap of the same measures, where the 
enters of the 
aps are antipodal points, keepingthe distan
e at least f . It follows that if U 0; V 0 are two measurable sets on the unit sphere, andhu; vi � 0 for all u 2 U 0; v 2 V 0, then the relative measure of at least one of these sets is at most13



(1+o(1)p2 )d. By repeating the reasoning above and by letting U and V be two random sets on the unitsphere of size n ea
h, where n tends to in�nity, this implies that the assertion of Theorem 1.3 doesnot hold if we repla
e the n2d+1 estimate by more than n((1�o(1))p2)d . We omit the details.The Ramsey-type 
onje
ture of Erd}os and Hajnal, mentioned in the introdu
tion, that any graphon n verti
es whi
h does not 
ontain an indu
ed 
opy of some �xed graph H, 
ontains either a 
liqueor an independent set of size n
 for some 
 = 
(H) > 0, remains open. Theorem 1.2 shows that theassertion of this 
onje
ture holds for a wide 
lass of graphs de�ned by semi-algebrai
 relations of
onstant des
ription 
omplexity, and it may well be the 
ase that the assertion holds for additional
lasses of graphs de�ned by geometri
 
onditions. In parti
ular, as mentioned in the introdu
tion, itis known that interse
tion graphs of any family F of n ar
wise 
onne
ted sets in the plane 
ontainstwo subfamilies F1;F2 of size at least nÆ ea
h, so that either every element of F1 interse
ts everyelement of F2, or no element of F1 interse
ts any element of F2. It will be interesting to de
ide if astronger 
on
lusion holds: there is always one subfamily F 0 � F of size at least nÆ su
h that eitherevery two distin
t elements of F 0 interse
t, or no two distin
t elements of F 0 interse
t. This remainsopen.Referen
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