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Abstract

A collection of simple closed Jordan curves in the plane lieda family ofpseudo-circles
if any two of its members intersect at most twice. A closedvewromposed of two subarcs
of distinct pseudo-circles is said to be ampty lensf the closed Jordan region that it bounds
does not intersect any other member of the family. We estalalilinear upper bound on the
number of empty lenses in an arrangement g@fseudo-circles with the property that any two
curves intersect precisely twice. We use this bound to shateny collection of -monotone
pseudo-circles can be cut into arcs so that any two intersect at most once; this improves
a previous bound of due to Tamaki and Tokuyama. If, in addition, the given cditat
admits an algebraic representation by three real paragntat satis es some simple condi-
tions, then the number of cuts can be further reduced to , Wwhere
is the inverse Ackermann function, ands a constant that depends on the the representation of
the pseudo-circles. For arbitrary collections of pseuoes, any two of which intersect ex-
actly twice, the number of necessary cuts reduces stilhéurto . As applications, we
obtain improved bounds for the number of incidences, theptexity of a single level, and the
complexity of many faces in arrangements of circles, ofwisie intersecting pseudo-circles,
of arbitrary -monotone pseudo-circles, of parabolas, and of homotkef@es of any xed
simply-shaped convex curve. We also obtain a variant of takaGSylvester theorem for ar-
rangements of pairwise intersecting pseudo-circles, amelalower bound on the number of
distinct distances under any well-behaved norm.
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1 Introduction

Thearrangemenbf a nite collection of geometric curves in , denoted as , Is the planar
subdivision induced by , whose vertices are the intersection points of the curves afhose edges
are the maximal connected portions of curves imot containing a vertex, and whose faces are
maximal connected portions of . Because of numerous applications and the rich geometric
structure that they possess, arrangements of curves,igbpet lines and segments, have been
widely studied [4].

A family of Jordan curves (resp., arcs) is called a familpséudo-linegresp. pseudo-segments
if every pair of curves intersect in at most one point and ttre@gs at that point. A collection of
closed Jordan curves is called a familypskeudo-circlesf every pair of them intersect at most twice.
If the curves of are graphs of continuous functions everywhere de ned os¢hef real numbers,
such that every two intersect at most twice, we call tips@udo-parabola$ Although many combi-
natorial results on arrangements of lines and segmentsaetagseudo-lines and pseudo-segments,
as they rely on the fact that any two curves intersect in attmios point, they rarely extend to ar-
rangements of curves in which a pair intersect in more thampomt. In the last few years, progress
has been made on analyzing arrangements of circles, ps@atks, or pseudo-parabolas by “cut-
ting” the curves into subarcs so that the resulting set isrlyaof pseudo-segments and by applying
results on pseudo-segments to the new arrangement; seeB[11%, 25, 29]. This paper continues
this line of study—it improves a number of previous resutisacrangements of pseudo-circles, and
extends a few of the recent results on arrangements of gifelg., those presented in [7, 8, 25]) to
arrangements of pseudo-circles.

Let be a nite set of pseudo-circles in the plane. Leand be two pseudo-circles in,
intersecting at two points . Alens formed by and is the union of two arcs, one ofand one
of ,bothdelimited by and . If isthe boundary ofaface of ,wecall anemptylens; is
called alens-facef it is contained in the interiors of bothand , and alune-faceif it is contained
in the interior of one of them and in the exterior of the oth8ee Figure 1. (We ignore, in the
remainder of the paper, the case wherées in the exteriors of both pseudo-circles, because there
can be only one suchfacein ) Let denote the number of empty lenses inA family of
lenses formed by the curves inis calledpairwise nonoverlappingf the (relative interiors of the)
arcs forming any two of them do not overlap. Let denote the maximum size of a family of

nonoverlapping lenses in. We de ne thecutting numbeiof , denoted by , as the minimum
number of arcs into which the curves ofhave to be cut so that any pair of resulting arcs intersect
at most once (i.e., these arcs form a collection of pseudoisats); thus when no
cuts need to be made. In this paper, we obtain improved boonds , and for

several special classes of pseudo-circles, and apply thettain bounds on various substructures
of

Previous results. Tamaki and Tokuyama [29] proved that for a family  of
pseudo-parabolas or pseudo-circles, and exhibited a loowerd of . Infact, their construc-
tion gives a lower bound on the number of empty lenses in amgement of circles or parabolas.
Subsequently, improved bounds on  and have been obtained for arrangements of circles.
Alon et al. [7] and Pinchasi [25] proved that for a set of pairwise intersecting
circles. If is an arbitrary collection of circles, then , for any , as shown

For simplicity, we assume that every tangency counts as mwarsections, i.e., if two pseudo-circles or pseudo-
parabolas are tangent at some point, but they do not properbg there, they do not have any other point in common.
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Figure 1. (i) A pseudo-circle supporting one lens-face and two lune-faces. (ii) A familysthaded) nonoverlapping
lenses.

lune-face

by Aronov and Sharir [8]. No better bound is known for the nembf empty lenses in an arbitrary

family of circles. However, when consists of unit circles, then [28, 32].

Moreover, can be lower-bounded by the number of pairs of circles pgivhose centers lie at

distance . (Any such pair of circles are tangent to each other, and waegard the tangency as

a degenerate empty lens.) As shown by Erdos [17], there egiections of such circles with
pairs at distance, for some constant, showing that

The analysis in [29] shows that the cutting number is proportional to for collections
of pseudo-parabolas or of pseudo-circles. Therefore ose ha for pseudo-parabolas
and pseudo-circles [29], and for circles. Using this bound on , Aronov
and Sharir [8] proved that the maximum number of incidencssvben a set of circles and a
set of pointsis , for any . Recently, following
a similar but more involved argument, Agarvwatlal.[1] proved a similar bound on the complexity
of distinct faces in an arrangement ofircles in the plané. An interesting consequence of the
results in [7, 25] is the following generalization of the Bsdter-Gallai theorem: In an arrangement
of pairwise intersecting circles, there always exists dexeincident upon at most three circles,
provided that the number of circles is suf ciently large athét they do not form a pencil. For
pairwise intersecting unit circles, the property holds wilee number of circles is at least ve
[7, 25].

New results. In this paper we rst obtain improved bounds on , and for var-
ious special classes of pseudo-circles, and then applg th&snds to several problems involving
arrangements of such pseudo-circles. Ldte a collection of pseudo-parabolas such that any two
have at least one point in common. We show that the numbengéteies in is at most

(for ). In fact, we prove the stronger result that the tangencplgfar such a collection

is bipartite and planar. Using this result, we prove that foraset of pairwise
intersecting pseudo-circles. Next, we show that for collections of pairwise
intersecting pseudo-parabolas. We then go on to study therglecase, in which not every pair of
curves intersect. We rst show, in Section 4, that for arbitrary collections of
pseudo-parabolas and for collections of -monotone pseudo-circles. This improves the general
bound of Tamaki and Tokuyama [29], and is based on a receut tddinchasi and Radoici¢ [26]
on the size of graphs drawn in the plane so that any pair ofsitige cycle of length 4 intersect an

2actually, the paper [1], having been written alongside vifte present paper, already exploits the slightly improved
bound derived here.



even number of times. Section 4 depends only on the resulBecton 2.1. In order to improve
this bound further, we need to make a few additional assumgton the geometric shape of the
given curves. Speci cally, we assume, in Section 5, thagddition to -monotonicity, the given
curves admit a 3-parameter algebraic representation dtiates some simple conditions (a notion
de ned more precisely in Section 5). Three important clagsfiecurves that satisfy these assump-
tions are the classes of circles, vertical parabolas (ofcime ), and of homothetic
copies of any xed simply-shaped convex curve. We show thate case of such a representation,

, where is the inverse Ackermann function ands a constant
depending on the algebraic parametrization;  for circles and vertical parabolas. This bound
gives a slightly improved bound on , compared to the bound proved in [8], for a family of
circles.

In Section 6, we apply the above results to several probldie.better bounds on the cutting
number lead to improved bounds on the complexity of levels, on thelmer of incidences
between points and curves, and on the complexity of mangfacarrangements of several classes
of pseudo-circles, including the cases of circles, pamgbairwise-intersecting pseudo-circles,
homothetic copies of a xed convex curve, and general psqatabolas and-monotone pseudo-
circles. The exact bounds are stated in Section 6. We alsinadeneralized Gallai-Sylvester re-
sult for arrangements of pairwise-intersecting pseuddes, and a new lower bound for the number
of distinct distances determined bypoints in the plane and induced by an arbitrary well-behaved
norm.

2 Pairwise Intersecting Pseudo-Circles

Let be a setof pseudo-circles, any two of which intersect in two points. Meve that ,
the number of empty lensesin  , is . The proof proceeds in three stages: First, we reduce
the problem to instances of counting the number of empty lenses in an agraagt of at most
pairwise intersecting pseudo-circles, all of whose interiare star shaped with respect to a xed
point . Next, we reduce the latter problem to counting the numbdaiagencies in a family of
pairwise intersecting pseudo-parabolas. Finally, we @rinat the number of such tangencies is
. For simplicity, we provide the proof in the reverse ordeect®n 2.1 proves a bound on the
number of tangencies in a family of pairwise intersectinguak-parabolas; this provides the main
geometric insight of this paper, on which all other resutesiauilt. Section 2.2 proves a bounds on
for a family  of pairwise-intersecting star-shaped pseudo-circlesydiryg the result in the
previous subsection; Section 2.3 supplies the nal reductand shows that the number of empty
lenses in a family of arbitrary pairwise-intersecting pbewircles can be counted using the result
obtained in Section 2.2.

2.1 Tangencies of pseudo-parabolas

Let beasetof pairwise intersectingseudo-parabolas.e., graphs of totally de ned continuous
functions, each pair of which intersect, either in exacthp trossing points or in exactly one point
of tangency, where no crossing occéirgve also assume that no three of these curves have a point

3The requirement that the number of intersections of eveinjeeexactly two can be relaxed to that of requiring that
every pair intersect at least once: A family satisfying thgger condition can easily be extended to a family that sstis
the former condition.



in common. This general position assumption is made in deimplify our analysis. Later on,
we will show how to extend our analysis to sets of curves thatrat in general position. Note
also that considering tangencies, rather than empty leisgest another simplifying step: Since no
three curves are concurrent, any tangency can be deforrteed small empty lens and vice versa.
Let denote the set of all tangencies between pairs of curves @ur goal is to bound the size of

We associate a graph with , whose vertices are the curves ofand whose edges connect
pairs of tangent curves. A pseudo-parabola is calledlower (resp.,uppe) if it forms a tangency
with another curve that lies above (resp., below) it. We ples¢hat a curve cannot be both
upper and lower because the two other curves forming thecégp tangencies with would have
to be disjoint, contrary to assumption. Henceis bipartite. In the remainder of this subsection we
show that is planar, and this will establish a linear upper bound orsthe of

The drawing rule. Let be a vertical line that lies to the left of all the vertices of . We

draw in the plane as follows. Each is represented by the point . Each edge

is drawn as a -monotone curve that connects the points . We use to
denote the arc drawn for . The arc has to navigate to the left or to the right of each ef th
intermediate vertices between and along .

We use the following rule for drawing an edge : Assume that lies below along .
Let denote thdeft wedgeformed by and , consisting of all points that lie above
and below and to the left of the tangency between them. Let be a curve so that lies
on between and . The curve has to exit . Ifits rst exit point (i.e., its leftmost
intersection with ) lieson then we draw to pass to the right of . Otherwise

we draw it to pass to the left of ; see Figure 2(i). Note that a tangency also counts as an@krit p
(with immediate re-entry back into the wedge). Except festhrequirements, the edge can
be drawn in an arbitrary-monotone manner.

We remark that the drawing rule perse is still somewhat tyit and does not necessarily
imply that the resulting drawing is non-crossing. Instatlas the property that every pair of edges
without a common vertex cross avennumber of times, which, using the Hanani-Tutte theorem,
implies that is indeed planar; see below for details.

0] (i)

Figure 2. (i) lllustrating the drawing rule. (ii) Drawing the graph for an arrangement of ve pairwise intersecting
pseudo-parabolas with three tangencies.

Lemma 2.1 Suppose that the following conditions hold for each quakirup of distinct
curves in , whose intersections withappear in this -increasing order:



(a) If and are edges of , then both and lie on the same side of the arc

(b) If and are edges of and the arc passes to the left (resp., right) of
, then the arc passes to the right (resp., left) of.

Then is planar.

Proof: Figure 3 shows the con gurations allowed and forbidden hyditions (a) and (b). We show
that the drawings of each pair of edges ofnvithout a common endpoint cross an even number of
times. (With additional care, this property can also be & for pairs of edges with a common
endpoint, as will be shown later. This extension is not ndddethe main result, Theorem 2.4, but
is needed for the analysis in Section 4 involving general@gegarabolas and-monotone pseudo-
circles.) This, combined with Hanani-Tutte's theorem [8dde also [16] and [23]), implies that
is planar. Clearly, it suf ces to check this for pairs of edd®vith distinct endpoints) for which the
-projections of their drawings have a nonempty intersectin this case, the projections are either
nestedas in case (a) of the condition in the lemmapartially overlapping as in case (b).

S1IRY:

allowed forbidden

Figure 3. The allowed and forbidden con gurations in conditions (ayigb).

Consider rst a pair of edges and , with nested projections, as in case
(a). Regard the drawing of as the graph of a continuous partial function , de ned over
the interval , and similarly for . Part (a) of the condition implies that eithers to the left

of atboth and ,or istotherightof atboth these points. Sinceand correspond to
graphs of functions that are de ned and continuous over , it follows that and intersectin
an even number of points.

Consider next a pair of edges and , with partially overlapping projec-
tions, as in case (b). Here, too, part (b) of the conditionliespthat either is to the left of at
both  and , or isto the right of at both these points. This implies, as above, thand
intersect in an even number of points.

This completes the proof of the lemma.

We next show that the conditions in Lemma 2.1 do indeed halddio drawing of .

Lemma 2.2 Let be four curves in , whose intercepts withappear in this increasing
order, and suppose that and are tangent pairs. Then it is impossible that the rst
exit points of and from the wedge are at opposite sides of the wedge.



Proof: Suppose to the contrary that such a con guration exists.nTle&cept for the respective
points of tangency, always lies above , and always lies above . This implies that if the
rst exit point of ~ from lies on , then the rst exit point of also has to lie on
contrary to assumption. Hence, the rst exit point oflies on  and, by symmetric reasoning, the
rst exit pointof  lieson . See Figure 4. Let denote the point of tangency of and . We
distinguish between two cases:

(@) passes below and passes above : See Figure 4 (i). In this case, the second intersec-
tion pointof and mustlie to the right of , for otherwise could not have passed below .
Similarly, the second intersection point of and also lies to the right of . This also implies
that and do not intersect to the left of , and that and also do not intersect to the left
of . Let (resp., ) denote the leftmost intersection point ofand (resp., of and ),
both lying to the right of . Suppose, without loss of generality, that lies to the left of
In this case, the second intersection ofand must lie to the right of . Indeed, otherwise
would become “trapped” inside the wedge because cannotcross and it has already
crossed at two points. The second intersection ofand  occurs to the left of . Now,
and cannot intersect to the leftof :  does not intersect to the left of its rst exit from

. Totheright of  and to the left of , remains below , which lies below
Finally, to the right of , lies below , which lies below (since it has already intersected
twice). This implies that cannot intersect at all, a contradiction, which shows that case (a) is
impossible.

@ (ii)

Figure 4. Edges of with nested projections: (i) passes below and passes above ; (ii)both and pass
on the same side of .

(b) Both and pass on the same side of : Without loss of generality, assume that they pass
above . SeeFigure 4 (ii). Then mustcross again and then cross, both within :
In this case, cannot cross to the left of , because to do so it must rst cross again, and
then it would get “trapped” inside the wedge . Butthen and cannot intersect at all:
We have argued that they cannot intersect to the left af To the right of this point, lies above

, Which lies above . This contradiction rules out case (b), and thus complétegtoof of the
lemma.

Lemma 2.3 Let be four curves in , whose intercepts withappear in this increasing
order, and suppose that and are tangent pairs. Then it is impossible that the rst
exit point of  from the wedge and the rst exit point of from the wedge

both lie on the bottom sides of the respective wedges, orligotim the top sides.

Proof: Suppose to the contrary that such a con guration exists. \Bgrsetry, we may assume,
without loss of generality, that both exit points lie on thetbm sides. That is, the exit point of



from lieson and the exit point of from lieson . See Figure 5.
By de nition, and do not intersect to the left of . So, occurs to the right of and, in
fact, also to the right of the second intersection point cdnd . Again, by assumption, and
do not intersect to the left of . Hence and also do not intersect to the left of , because

lies below . Butthen and cannotintersect at all, because to the right of,  lies above

, Which lies above . This contradiction completes the proof of the lemma.

Figure 5. Edges of with partially overlapping projections.

Lemmas 2.2 and 2.3 show that the conditions in Lemma 2.1 kold, is planar and bipartite
and thus has at most edges, for . Hence, we obtain the following.

Theorem 2.4 Let be a family of pairwise intersecting pseudo-parabolas in the plane, each
pair intersect either in exactly two crossing points or iraetty one point of noncrossing tangency.
Assume also that no three curves ofmeet at a common point. Then there are at most
tangencies between pairs of curves irfor

2.2 Empty lenses in star-shaped pseudo-circles

The main result of this subsection is:

Theorem 2.5 The number of empty lenses in an arrangement of pairwise intersecting
pseudo-circles, no pair of which are tangent and no threecaaent, so that all their interiors
are star shaped with respect to a pointis at most . This number is 3 for . Both
bounds are tight in the worst case.

The lower bound, for , is illustrated in Figure 6. It is easy to generalize thisstauction
for any . The case is trivial: A pair of intersecting circles form three empgnkes
(ignoring the unbounded face), of which two are lune-faceb@ne is a lens-face, containing

Assume then that . At most one empty lens contains We will show that the number of
empty lenses not containingis at most . By de nition, each of these lenses is a lune-face
(whereas the empty lens containingf any, is a lens-face).

We deform the pseudo-circles of, so as to turn each lune-face intdaagencybetween the
two corresponding pseudo-circles. This is easy to do, byrdehg the two pseudo-circles bounding
such an empty lens, using the facts that no two empty lensae ah arc or a vertex; see Figure 7 for
an illustration. We can deform the pseudo-circles in thismea without losing the star-shapedness

property.



Figure 6. Lower-bound construction: Five circles with a common iitiepoint forming seven empty lenses.

NN

Figure 7. Transforming an empty lens into a tangency.

Draw a generic ray that emanates from and does not pass through any vertex of ;

in particular, it does not pass through any empty lens, eaghneduced to a point of tangency

between the respective pseudo-circles. Without loss ofrgdity, assume that has orientation 0,

i.e., it points to the direction of the positiveaxis. Regard each curve ofas the graph of a function

in polar coordinates, and map the open interval  of orientations onto the real line (e.g., by
). This transforms into a collection of pairwise intersectinggseudo-parabolas

that is, graphs of totally de ned continuous functions, legair of which intersect exactly twice.

The ray is mapped to the vertical lines at

The problem has thus been reduced to that of bounding the euailtangencies among
pairwise intersecting pseudo-parabolas, no three of waiehconcurrent. By Theorem 2.4, the
number of tangencies is at most , for , SO0 the number of lune-faces is at most
This completes the overall proof of the theorem.

2.3 Reduction to pairwise intersecting star-shaped pseudaircles

Let be afamily of pseudo-circles, any two of which intersect each other ingoiats. We refer

to the interiors of these pseudo-circlegpasudo-disksWe bound by reducing the problem to

a constant number of subproblems, each of which is ultimatgluced to counting the number of
empty lenses in a family of pairwise intersecting star-glolgpseudo-circles. We continue to assume
that the curves in are in general position, as in the preceding subsection.

We need the following easy observation.

Lemma 2.6 Among any ve pseudo-disks bounded by the elements tfiere are at least three
that have a point in common.

Proof: Indeed, if this were false, then there would exist ve pseditks such that any two of them
intersect in an empty lens (in the arrangement of the veeaswonding boundary curves). This is

9



easily seen to imply (see, e.g., [22]) that the intersectjitaph of these disks can be drawn in a
crossing-free manner. However, this graph is, the complete graph with ve vertices, which is
not planar.

The following topological variant of Helly's theorem [19]as found by Molnar [24]. It can be
proved by a fairly straightforward induction.

Lemma 2.7 Any nite family of at least three simply connected regiamghie plane has a nonempty
simply connected intersection, provided that any two afnigsnbers have a connected intersection
and any three have a nonempty intersection. Consequeh#yintersection of any subfamily of
pseudo-disks bounded by elements @ either empty or simply connected and hence contractible.

Let be integers. We say that a familyof sets has the propertyif among every

members of there are that have a point in common. We say that a family of seis pierced
by a set if every member of contains at least one element of The set is often called a
transversalof . Fix . Alon and Kleitman [6] proved that there exists a transversa
of size at most for any nite family of convex sets in  with the -property.
Recently, Alonet al.[5] extended this result to any nite family of open regions in-space with
the property that the intersection of every subfamily ofs either empty or contractible. Their
result, combined with Lemmas 2.6 and 2.7, implies the falhgwy

Corollary 2.8 There is an absolute constantsuch that any family of pseudo-disks bounded by
pairwise intersecting pseudo-circles can be pierced by@itm points.

Fix a set of points that pierces all pseudo-disks bounded by the element
of .Let consistof all elements of that contain in their interior, for

It suf ces to derive an upper bound on the number of emptydsriermed by pairs of pseudo-
circles belonging to the same class, and on the number of empty lenses formed by pairs of
pseudo-circles belonging to two xed classes . We begin by considering the rst case and
then reduce the second case to the rst one.

Let be afamily of pseudo-circles, so that any two of them intetraad each of them contains
the origin in its interior. We wish to bound . Obviously, there exists at most one empty
lens-face formed by elements of, namely, the face containing Therefore, it is suf cient to
bound the number of lune-faces determined byThe combinatorial structureof an arrangement
is its face lattice. We call two arrangemetambinatorially equivalent if the face lattices of their
arrangements are isomorphic. For a fageve say that an edgebounding is pointinginside
(resp.,outsidg if isinthe interior (resp., the exterior) of the pseudo-disioge boundary includes

We need the following technical lemma to prove the main tesul
Lemma 2.9 Let be a family of pseudo-circles such that all of them have aerimt point
in common. Then the union of any set of pseudo-disks boundd#uebkelements of is simply
connected.

Proof: For any , let  denote the pseudo-disk bounded by Using stereographic projec-
tion, we can map each into a simply connected region of a sphere touching the plane at,

10



where the center of projection is the point antipodal to . Clearly, we have

The sets form a collection of pseudo-disks in the “punctured” sphere ,
isomorphic to the plane, and they all containThus, applying Lemma 2.7 (clearly, the intersection
of two pseudo-disks is always connected), we obtain thatigie-hand side of the above equation
is simply connected. Therefore, is also simply connected, which implies that the
union of the pseudo-disks bounded by the elements isfsimply connected.

By Lemma 2.9, consists of only one (unbounded) cell in . An immediate
corollary of the above lemma is the following.

Corollary 2.10 Every bounded face of has an edge that points inside.

Proof: Let be abounded face of . Denotingby and ,for , the edges of
and the respective pseudo-disks whose boundaries coh&sia edges, and assuming that every
is pointing outside, we obtain thatlies in the exterior of all pseudo-disks , for .
However, this would imply that is a bounded cell of the complement of , contradicting
Lemma 2.9, which states that is a simply connected bounded set.

We now prove the main technical result of this subsection.

Lemma2.11Let be a nite family of pseudo-circles in general position, Bubat all of them
have an interior point in common. Then there exists a combinatorially equivalamiily  of
pseudo-circles, all of which are star-shaped with respect t

0 @

Figure 8. Converting into a star-shaped family by a counterclockwise topoldgseaeep: (i) The original curves; (ii)
The transformed curves.

Proof: We perform an “angular” topological sweep of  with respect to by a semi-in nite arc
that has as an endpoint, and intersects, at any time, each pseude-ofr exactly once. The

ordering of the intersections ofwith the members of gives a permutation of , and the sweep

produces a circular sequenceof permutations, each differing from the preceding one byapsof

11



two adjacent elements. We then construct a familpf pseudo-circles, all of which are star-shaped
with respect to , so that the angular sweep of by aray emanating from produces the same
sequence ; this will imply that  is combinatorially equivalent to .

First we show how to construct an initial instance of the eurvLet be the cell of
containing . Clearly, all edges of point inside. Start drawing a curvefrom so that it rst
crosses an edge of , pointing inside . Let denote the cell on the other side of and let

be an edge of this cell pointing inside; clearly, . Extend through until it crosses .
Proceeding in this way, we reach, afteisteps, the unique unbounded cell ; see Figure 8(i).
This follows by noting that at each step we exit a differergymo-disk, and never enter into any
pseudo-disk. Let denote the pseudo-circle whose boundary containClearly, the se-
guence , Where is the curve containing the edge is a permutation of .

The following claim shows that there always exists a “loqalBve that advances the sweep of
the curve around . Itis reminiscent of a similar result given in [21].

Claim A There exist two consecutive edges that are crossed by and have a common
endpoint counterclockwise tq i.e., the triangular region enclosed by , and is contained
in a face of and lies (locally) on the counterclockwise side of

@ (i)

Figure9. (i) and have a common endpoint counterclockwise i) advancing the sweep curve.

Proof: Let , for each , denote the index of the rst element of that intersects
counterclockwise to. Let  denote the triangular region bounded by and . We say
that is positive(resp.,negative, if (resp., ). Let be the smallest integer for

which  is positive, and put ; see Figure 9(i). Observe that is positive, so is well

de ned. No curve whose index is greater thagan intersect because such a curve would have
to intersect at more than two points (it has to “enter” and “leave”through , but to reach the

entry point it has to cross once more, counterclockwise to). Since , it follows that if
then and satisfy the property in the claim. The proof is completed bting that

this is the only possible case: If then cannot exit  at all, which is impossible.

Indeed, cannot intersect any curve of in the interior of , because then would be

positive, as the index of any curve intersecting the intesfo is smaller than . If exits

by intersecting , then again would be positive. Finally, cannot exit by crossing

because . This contradiction implies that , and the claim holds with

Assume that and share an endpoint counterclockwise to. Now x a pair of points
, close to the points wherecrosses  and lying outside , and continuously sweep the
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portion of the curve between and , keeping the other parts xed, pushing the crossing points
with towards , and nally pull it through , so that no longer intersects ; see Figure 9(ii).

In this new position, meets before it meets . We obtain a new permutation, which is the
same as except that the positions of and are swapped.

We repeat the above procedure for the new curve€ontinuing in this manner, we obtain a
sequence of permutations of the elements of, corresponding to the different
orders in which crosses the curves.

We now construct a family of pseudo-circles that realize dhme sequence if we sweep
their arrangement by a ray aroundThis is done similar to the procedure described by Goodman
and Pollack [18] for realizing aallowable sequence by an arrangement of pseudo-lines. Roughly
speaking, we draw concentric circles around , and draw aray from for each
permutation in . If is obtained from by swapping and , we erase small arcs of

and near their intersection points with  and connect the endpoints of the two erased
arcs by two crossing segments; see Figure 8(ii). Letlenote the set of curves, obtained by
modifying the circles in this manner. By construction, each curve inis star-shaped
with respectto and produces the sequenceif we sweep it around with a ray. By induction
on the length of , one can show that and are combinatorially equivalent, which implies that

is a family of pseudo-circles, any pair of which intersecexactly two points.

Lemma 2.11 implies that the number of empty lenses iis the same as that in . Hence, by
Theorem 2.5, we obtain the following.

Corollary 2.12 Let be afamily of pairwise-intersecting pseudo-circles in general positio
whose common interior is not empty. Then . For ,

We are now ready to prove the main result of this section.

Theorem 2.13Let be a family of pairwise-intersecting pseudo-circles in general positio
Then

Proof: By Corollary 2.8, there exists a covering of by subsets, so that all the
pseudo-circles in contain a point in their common interior, for . Corollary 2.12
implies that the number of empty lenses induced by two pseurdtes within the same family is
at most , for a total of at most . It thus remains to consider the case in which the given
family of pairwise intersecting pseudo-circles is the unad two subfamilies :
such that the interiors of all pseudo-circles in(resp., in ) contain the common point (resp.,

), but no circle of contains in its interior and no circle of contains in its interior. We
wish to bound the number of “bichromatic” empty lenses, eepty lenses in formed
by a pseudo-circle in and a pseudo-circle in . Any bichromatic lune-face in must
contain either or , so there can be at most two such faces. Thus, it suf ces tadthe number
of bichromaticlens-faces

Apply an inversion of the plane with respect to Then each bichromatic lens-face is mapped
into a lune-face, which lies outside the incident pseudckeiof and inside the incident pseudo-
circleof  Moreover, all the pseudo-circles of both families now conta in their interior. Hence,
by Theorem 2.5, the number of these lune-faces (that is,riaal lens-faces) is at most :
for ;itis 2 for . Summing this bound over all pairs of sets in the covering,ttieorem
follows.
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2.4 Pairwise nonoverlapping lenses

Let be afamily of pairwise-intersecting pseudo-parabolas or pseudoesiiiolgeneral position,
and let be a family of pairwise nonoverlapping lenses in . In this subsection, we obtain the
following bound for the size of .

Theorem 2.14 Let be a family of pairwise-intersecting pseudo-parabolas or pseudo-esdh
general position. Then the maximum size of a family of pagwionoverlapping lenses in  is

We begin by considering the case of pseudo-parabolas; westi@mv that the other case can be
reduced to this case, using the analysis given in the pnegeslibsections. We rst prove several
lemmas.

Lemma2.15Let and be as above, and assume further that the lenses Irave pairwise
disjoint interiors. Then

Proof: For each lens , let  denote the number of edges of that lie in the interior of
(i.e., the region bounded by), and set . We prove the lemma by induction on the
value of . If , i.e., all lenses in are empty, then the lemma follows from Theorem 2.13.
Suppose

Let be alensin with , and let  be the interior of . Let be the
pseudo-parabolas forming, and let and be the two arcs forming . Let be
a curve that intersects ; clearly, cannot be fully contained in , so it must cross . Up

to symmetry, there are two possible kinds of intersectidween and

@ , and

(i) intersects both and . In this case, either intersects each of at a single point, or it
intersects each of them at two points.

Suppose s crossed by a curve of type (i). Let be the lens formed by and
We replace with  in . See Figure 10(i). The new set still consists of lenses with pairwise
disjoint interiors, so in particular the lenses inare still pairwise nonoverlapping. Moreover, the
interior of  is strictly contained in  and contains fewer edges of than , so
The lemma now holds by the induction hypothesis. We may teaarae that no curve of type 0]
crosses , so all these curves are of type (ii). In this case, we defoon |, thereby shrinking
to an empty lens betweenand . For example, we can replaceby an arc that proceeds parallel
to and outside , and connects two points on close to the endpoints of, except for a small
region where the new crosses twice, forming a small empty lens; see Figure 10(ii). Sinng/o
curves of type (ii) cross , it is easy to check that is still a collection of pairwise-intersecting
pseudo-parabolas. Moreover, since the lensesadre pairwise nonoverlapping and no pair of them
share an endpoint, the deformation ofan be done in such a way that no other lens ia affected.
The lens s replaced by the new lens formed between and the modi ed . Since ,
we have reduced the size of , and the claim follows by the induction hypothesis. This ptetes
the proof of the lemma.
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® (i)

Figure 10. (i) Replacing by a “smaller” lens if it intersects a type (i) curve. (ii) $fking  to an empty lens when
it is crossed only by type (i) curves.

A pair of lenses in is calledcrossingif an arc of intersects an arc of . (Note that
a pair of lenses may be nonoverlapping and yet crossing.)irA pa of lenses in is said to be
nestedf both arcs of are fully contained in the interior of. Let be the number of crossing
pairs of lenses in, and let be the number of nested pairs of lenses in

Lemma?2.16 Let , , and be asabove. Then
(1)

Proof: If contains a pair of crossing or nested lenses, remove onemwffitom . This decreases

by 1 and by at least 1, so if (1) holds for the new, it also holds for the original set.
Repeat this step until has no pair of crossing or nested lenses. Every pair of lengédse new)
must have disjoint interiors. The lemma is then an immediatesequence of Lemma 2.15.

We next derive upper bounds for and . The rst bound is easy:
Lemma 2.17

Proof: We charge each crossing pair of lenses in  to an intersection point of some arc
bounding and some arc bounding. Since the lenses of are pairwise nonoverlapping, it easily
follows that such an intersection point can be charged at mos times (it is charged at most once
if the crossing occurs at a point in the relative interior afsaof both lenses), and this implies the
lemma.

We next derive an upper bound for, with the following twist:

Lemma 2.18 Let be some threshold integer parameter, and suppose that eashoff is
crossed by at mostcurves of . Then

Proof: Fix a lens . Let be a lens that contains in its interior, i.e., is a nested
pair. Pick any point on  (e.qg., its left vertex), and draw an upward vertical rafyjom ; must
cross the upper boundary of It cannot cross more thanother curves before hitting because any
such curve has to crosgas mentioned in the proof of Lemma 2.15, no curve can be éahtained
in the interior of a lens of ). Because of the nonoverlap of the lenses @nd the general position
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assumption, the crossing point  uniquely identi es . This implies that at most lenses in
can contain , thereby implying that the number of nested pairs of lensesis

Proof of Theorem 2.14:Continue to assume thatis a collection of pairwise intersecting pseudo-
parabolas, and let be a family of pairwise nonoverlapping lenses in . Let be any xed
threshold parameter, which will be determined later. Firsimove from all lenses which are
intersected by at leastcurves of . Any such lens contains points of intersection of at legstirs

of curves of . Since these lenses are pairwise nonoverlapping, andahere intersection
points, the number of such “heavily intersected” lensed im@st . So, we may assume
that each remaining lens inis crossed by at mostcurves of .

Draw a random sample of curves from , where each curve is chosen independently with
probability , to be determined shortly. The expected number of curvesign , and the expected
size of the subset of lenses of that survive in (i.e., both curves bounding the lens are
chosenin )is . Here refers to the set after removal, within , of the heavily intersected
lenses. The expected numberof nested pairs in is (any such pair must be counted
in  for the whole arrangement, and its probability of surviving is ). Similarly, the expected
number  of crossing pairs in s . By Lemmas 2.16 (appliedto ), 2.17, and
2.18, we have

for an appropriate constant That is, we have

Choose , to obtain . Adding the bound on the number of
heavy lenses, we conclude that the size of the whdke

By choosing , we obtain , thereby completing the proof of the theorem for
the case of pseudo-parabolas.

Suppose next that is a collection of pairwise intersecting pseudo-circlese &pply the se-
guence of reductions used in Section 2, and keep track offtétte”“of each lens in , ensuring
that they remain pairwise nonoverlapping. The transfoionateffected by Lemma 2.11 and The-
orem 2.13 clearly do not violate this property. Moreoverewhve pass to the subcollections or

, the remaining lenses continue to be pairwise nonoventappiinally, “opening-up” the
pseudo-circles into pseudo-parabolas by cutting them avitty may destroy some lenses qfbut
the number of lenses of that are cut by the ray is clearly only , so we can remove them from

and consider only the surviving lenses, to which the ansliysit presented can be applied.

2.5 Cutting pairwise intersecting pseudo-circles into psgdo-segments

Let be afamily of pairwise intersecting pseudo-parabolas or pseudo-sithkgt are not neces-
sarily in general position. (This is the rst time that wedtalegenerate situations as well.) Recall
that denotes the minimum number of subarcs into which the curvesrieed to be cut so that
any two arcs intersect at most once. As noted, the analySiarofiki and Tokuyama [29] implies
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that . Hence, if the curves in are in general position, Theorem 2.14 implies that

Remark. For the analysis of [29] to apply, one has to assume that tiepties of that are needed
for the derivation of a bound on  also hold for any (random) sample of For example, here
we assume that every pair of curves inintersect, and this clearly holds for any subset ofin
later applications similar hereditary behavior also hdsaweri ed, but we will not do it explicitly,
as it will trivially hold in all cases.

Handling degeneracies. Suppose that the curves in are in degenerate position. For technical
reasons, we assume that, for the case of pseudo-circlesuthes are -monotone. We will rst
deform them into a collection of curves in general positithen apply Theorem 2.14 to obtain the
bound on , for the deformed collection , then apply the analysis of Tamaki and
Tokuyama to cut the curves of into pseudo-segments, and nally deform the cut curves
of , together with the cutting points, back to their originatjtion.

In more detail, we proceed as follows. Lebe a point at which at least three curves ofire
incident or at least two curves of are tangent; any number of pairs of curves incident toay
be tangent to each other af Draw a small axis-parallel rectangle centered at, so that
(i) the interior of does not contain any vertex of  except for ; (ii) each curve incident to
intersects in exactly two points, which lie on the left and right edges paind (iii) no curve that
is not incident to intersects . The -monotonicity and continuity of the curves of are easily
seen to imply that such aexists. For each curvethat is incident to , we replace the (connected)
portion of inside by the pair of straight segments connectintp the two points of . See
Figure 11(i).

[0) (ii)

Figure 11. Perturbing arrangements in degenerate position: (i) @itaning the curves in the vicinity of a degenerate
point . (ii) Deforming the curves near. (Note that and cross at , while every other pair is tangent af)

For each curve passing through, let  (resp., ) denote the intersection of with the
left (resp., right) edge of. Order the curves incident toas , SO that appear
in this increasing -order along the left edge of. Replace by a sequence of distinct points
lying on the vertical line passing through and arranged along it in this decreasing
-order. For each , replace the portion of within by the two straight segments
connecting and to ;see Figure 11(ii).

It is easily veri ed that (i) each pair of original curves thaere tangent at are replaced by
a pair of curves that cross twice withinand (ii) each pair of original curves that crossed atre

“Note that it may be the case that and are two pairs of tangent curves atbut and arenot
tangent; see Figure 11(i).
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replaced by a pair of curves that cross once withinThis implies that the resulting curves are
still a family of pairwise-intersecting pseudo-parabotas -monotone pseudo-circles, and, with
an appropriate choice of the points , the portions of these curves withinare in general
position.

We repeat this perturbation in the neighborhood of eachtpbat is incident to at least three
curves or to at least one tangent pair. The nal perturbetectibn is still a family of pairwise
intersecting pseudo-parabolas emonotone pseudo-circles, and they are now in generaliposit
Applying, as above, the analysis of Tamaki and Tokuyama dmilem 2.14, we can cut the curves
in into pseudo-segments. Moreover, the cuts can be made in such thatafor any
curve incident to a degenerate point its perturbed version is cut within the corresponding
surrounding rectangle only if  participates in a lens that is fully contained in, which is
equivalent to the original curvebeing tangent to some other curve(s) at

Finally, after having cut the perturbed curves, we deforemtiback to their original positions.
If a perturbed curve was cut within some rectangle, we cut the original curve at the center
itself. It is easily veri ed that the resulting collectiori arcs is indeed a family of pseudo-segments.
No two arcs are tangent to each other (in their relative imtg), but an endpoint of an arc may lie
on (the relative interior of) another arc. We summarize #éimalysis in the following theorem.

Theorem 2.19Let be a collection of pairwise intersecting pseudo-parabolas oimonotone
pseudo-circles, not necessarily in general position. Then . ( -monotonicity need
not be assumed for pseudo-circles in general position.)

3 Bichromatic Lenses in Pseudo-Parabolas and Their Elimingon

In this section we consider the followirtichromaticextension of the problems involving empty
and pairwise-nonoverlapping lenses, which is required msia technical tool in the analysis of
the general case, treated in Section 5, where not all paitiseofjiven pseudo-circles necessarily
intersect. (We remark, though, that we handle in Sectionl¥ cgrtain special classes of pseudo-
circles and pseudo-parabolas.)

We consider in this section only the case of pseudo-parapalaich is simpler to handle. The
case of pseudo-circles will be treated indirectly in Saecttto Moreover, we return to our initial
assumption that the given curves are in general positiolgeBerate cases will be treated later on.
Let be a family of pseudo-parabolas in general position, where and
each pseudo-parabola ofintersects every pseudo-parabola ofwice; a pair of pseudo-parabolas
within ~ (or ) may be disjoint. A lens formed by a pseudo-parabola befantp and another
belonging to is calledbichromatic

We rst extend Theorem 2.4 to the bichromatic case, and shaithe number of empty bichro-
matic lenses, in the setup assumed above, is . Then we obtain a bound of on the max-
imum size of a family of bichromatic pairwise nonoverlagpienses. These results are obtained
by pruning away some curves from so that the remaining curves are pairwise intersecting nan
lens in the family under consideration is lost. More speailyg, we proceed as follows.

Theorem 3.1 Let be a family of pseudo-parabolas in general position, where

and each pseudo-parabola ofintersects every pseudo-parabola otwice. Then the number of
empty bichromatic lensesin s
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Proof: It suf ces to estimate the number of empty bichromatic lenfgmed by some and
by some so that lies above within the lens. The complementary set of empty bichromatic
lenses is analyzed in a fully symmetric manner.

We apply the following pruning process to the curves oflLet be two disjoint curves in
so that lies fully below . Then no empty bichromatic lens of the kind under considmmat
can be formed betweenand any pseudo-parabola , because then and would have to
be disjoint; see Figure 12(i). Hence, we may removieom  without affecting the number of
empty bichromatic lenses under consideration. Similaffly,and are two disjoint curves in ,
with lying fully below , then, for similar reasons, no empty bichromatic lens ofkine under
consideration can be formed betweeand any pseudo-parabola ; see Figure 12 (ii). Hence,
may be removed from without affecting the number of lenses that we are after.

(i)

Figure 12. Discarding one of the nested pseudo-parabolas: if)discarded, (ii) is discarded.

We keep applying this pruning process until all pairs of rignimg curves in intersect
each other. By Theorem 2.4, the number of empty lenses in is . As discussed above,
this completes the proof of the theorem.

In order to bound the maximum number of bichromatic pairwisaoverlapping lenses in,
we need the following lemma.

Lemma 3.2 Let be a family of pseudo-parabolas in general position, where
and each pseudo-parabola of intersects every pseudo-parabola oftwice. Let be a family of
pairwise-nonoverlapping bichromatic lenses in  that have pairwise disjoint interiors. Then

Figure 13. Transforming a lens into an empty lens.

Proof: As earlier, it suf ces to estimate the number of lenses ithat are formed by some

and by some so that lies above within the lens. As in the proof of Theorem 3.1, we argue
that if there are two disjoint curves sothat lies fully below ,then can be pruned away.
Let be a lens formed by and by some curve . Let be the arc of forming . Since

lies fully above and thus above , the curve must intersect at two points. Replace by the
lens , formed between and . Since the lenses in have disjoint interiors, is not a member
of , and, after the replacement, is still a family of bichromatic lenses with pairwise-digjo
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interiors (and thus pairwise nonoverlapping), of the saize $1ence, by applying this replacement
rule to each lens in formed along , we construct a family of pairwise-nonoverlapping lenses i
which no lens is bounded by, so we delete from . Hence, we can assume that all pairs of
curves in intersect. By applying a symmetric rule for pruning the aswof , we can assume
that every pair in also intersect. Since every two curves inntersect, the lemma follows from
Theorem 2.4.

By proceeding as in Section 2.4 but using the above lemmeadstf Lemma 2.15, we obtain
the following result.

Lemma 3.3 Let be a family of pseudo-parabolas in general position, where
and each pseudo-parabola of intersects every pseudo-parabola oftwice. Let be a family of
pairwise-nonoverlapping bichromatic lenses in . Then the size of is

As a result, we obtain the main result of this section.

Theorem 3.4 Let be afamily of pseudo-parabolas, not necessarily in general position,
where and each pseudo-parabola of intersects every pseudo-parabola oftwice.
Then one can cut the curves irinto arcs, so that each arc lying on a curve ofintersects
every arc lying on a curve of at most once.

Proof: If the curves are in general position, this is an immediatelary of the analysis of [29],
in a similar manner to the application in Section 2.5. (Asaetad there, we need to verify that the
conditions assumed in the theorem also hold for subsets of, which is clearly the case.) If
and are in degenerate position, we apply the perturbation sehes®d in Section 2.5. It is easily
checked that this scheme maintains the property that eawgh tu intersects every curve in, so
the bound on the number of cuts remains in this case too.

4 Improving the Tamaki-Tokuyama Bound

In this section we improve the bound of Tamaki and Tokuyan® f@ arbitrary collections of
pseudo-parabolas ormonotone pseudo-circles, and show that in these cases.

4.1 The case of pseudo-parabolas

Theorem 4.1 Let be a family of pseudo-parabolas (not necessarily in general positiomen

Proof: Let us rst assume that the given collection is in generalifpms, and handle the degenerate
case towards the end of the proof, as in the preceding secti@t be a collection of pseudo-
parabolas in general position, and lelbe a family of pairwise nonoverlapping lenses inConsider
the graph as in Section 2.1. We draw in the plane using the same drawing rule
described in Section 23.We partition into two subsets of size at most each so

>We make a small technical modi cation in the statement ofrthe: the wedge is now de ned to terminate
on the right at the left intersection point of and  (rather than at their tangency, as in Section 2.1).
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that for all , liesabove . Let be the bipartite subgraph of in which
. Then

By re ning the rule described in Section 2.1 we draw so that the drawings of every pair of
edges in that belong to a cycle of length intersect an even number of times. By a result of
Pinchasi and Radoicit [26], a graph orvertices with this property has at most edges. Put

, Wwhere the maximum is taken over all sete®f pseudo-parabolas in general
position. Since , we obtain the recurrence

whose solution is . This implies that . This, plus the analysis in [29]
implies that

Figure 14. lllustrating the re ned drawing rule for the plane embedgiof . The lenses of all appear along the
bottommost curve, and each empty circle designates theridfioint of a lens, and the apex of the corresponding wedge.

We rst describe how to re ne the drawing of . The drawing rule of Section 2.1 only speci es
how the edges of have to “navigate” around intermediate vertices along twical line , but
the rule does not specify the order in which edges emanate &oertex. Let be a vertex of
the drawn graph . Let be all the vertices above that are connected to it by an edge.
For each , let  be the -coordinate of the leftmost intersection point betweeand
Order the 's so that whenever . We then draw the edges o)
that they emanate from upward in this clockwise order. See Figure®4.

Symmetrically, for any given vertex let denote all the vertices below that
are connected to it by an edge. Order them, as above, in tho{gght order of the leftmost
intersection points between and . We draw the edges so that
they emanate from downward in this counterclockwise order. We call two eddes ocadjacent
if they share an endpoint.

Claim A The drawings of every pair of adjacent edges incross an even number of times.

Proof: We prove this only for two adjacent edges whose drawings g@tghfrom a common vertex
; the argument for edges that go downward is fully symmettit the other endpoints of these
edges be and , and assume, without loss of generality, thaties above

If the arc passes to the left of , then the leftmost intersection between and is
to the left of the leftmost intersection between and (clearly, both intersections exist); see
Figure 15(i). We claim that in this case lies to the left of the leftmost intersection between

®Note that in this gure, unlike Figure 2(ii), we do not drawetfenses as tangencies, since they need not be empty.
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and . Indeed, assume to the contrary that lies to the right of . Then mustintersect twice
to the left of and then intersect at least once to the left of . Moreover, since the lenses

and are nonoverlapping, the rightmost intersection of and must also lie to the
left of ; see Figure 15(i). But then, immediately to the right of, the curve is “trapped” in
the wedge , Since it has already intersected each of these curves.tWhie contradiction
implies that  lies to the left of , and our modi ed drawing rule thus implies that lies
clockwise to near . Regarding the two edges as graphs of functions, @ind using the
mean-value theorem, as in Section 2.1, we conclude that and intersect an even

number of times.

@ (i)

Figure 15. lllustrating the proof that adjacent edges ofintersect an even number of times. (i) The case where
passes to the left of . (ii) The case where passes to the right of .

If the arc passes to the right of then the leftmost intersection of and lies to
the left of the leftmost intersection of and . See Figure 15(ii). Then our modi ed drawing
rule implies that lies counterclockwise to near . Arguing as above, this implies
that these two edges intersect an even number of times, tinugleting the proof of our claim.

ClaimB If is a cycle of length four in , then the curves , and are pairwise
intersecting.

Proof: This clearly holds for each pair of curves whose correspungertices are adjacent in the
cycle, so the only pairs that need to be analyzed are the paiand the pair . We show that

must intersect each other, and the argument foris similar. Assume to the contrary that
and are disjoint and, without loss of generality, thaties always above. Trace the curve
from left to right. It starts above and it creates a lens with each ofand . Clearly, must
rst intersect , but then it cannot intersectbefore it intersects again, for otherwise the lenses

and would be overlapping. However, afterintersects for the second time, it cannot

intersect anymore, since now separates these two curves. See Figure 16 (i). Thisazbciion
implies that are pairwise intersecting.

Claim C If is a cycle of length four in , then the four lenses corresponding to the cycle
are empty with respect to the arrangement of these four surve

Proof: Consider any of these four lenses, say , and assume that eitheor intersects it. Since
the two cases are similar, we only consider the case whirersects . cannot intersect the
arc of that belongs to, for then and would be overlapping. It follows thatmust
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(i) (ii)

Figure 16. (i) All the pairs of curves that correspond to the given 4leyoust intersect. (ii) The lenses that correspond
to the 4-cycle are all empty relative to the four curves

intersect twice the arc of  that belongs to ; see Figure 16 (ii). In this case, sincatarts below
, must intersect once to the left of the lens and once to its right, in which case the two
lenses and are overlapping, a contradiction that implies the claim.

Finally, let be a cycle of length four in . By Claim A, the drawings of each of the
four pairs of adjacent edges intersect an even number o$tiByeClaims B and C, the lenses
and are empty in the family of the four pairwise intersecting ymk@ parabolas Lt
now follows from the analysis of Section 2.1 that the drawinf and intersect an
even number of times. Similarly, we can argue that the drgsviof and intersect
an even number of times, thereby implying that the drawirfgsvery pair of edges in the above
cycle intersect in an even number of times. Hence, , by the result in [26].

This completes the proof of the theorem for curves in geraltion. In the degenerate case
we proceed exactly as in Section 2.5, concluding that in these cases too.

4.2 The case of pseudo-circles

We next extend Theorem 4.1 to the case ahonotongiseudo-circles. The corresponding exten-
sion to the case of arbitrary pseudo-circles remains an ppasiem, although we expect it to hold
just as well. Let be a family of -monotone pseudo-circles. For any closed and bounded
monotone Jordan curvein the plane, denote by (resp., ) the leftmost (resp., rightmost) point
of , assuming these points to be well de ned. The points partition into two -monotone
arcs, calledipperandlower arcs and denoted as  , respectively; see Figure 17 (i).

L -

0] (ii)

Figure 17. Converting a pseudo-circle into two pseudo-parabolas.

We convert into a family of pseudo-parabolas. For each , we extend its upper arc
to an -monotone curve by adding a downward (almost vertical) ray(resp., ) of suf ciently
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large positive (resp., negative) slope from(resp., ); all rays emanating from the left (resp., right)
endpoints of the pseudo-circles are parallel. Similarlyextend every to an -monotone curve
by attaching upward (almost vertical) raysand to and |, respectively. We assume that

the rays are chosen suf ciently steep so that a downwarg (repward) ray intersects a pseudo-
disk of only if it lies vertically below (resp., above) the apex okthay. If -coordinates of
the left (or right) endpoints are are not all distinct, thea dvaw the rays as earlier, but they have
slightly different slopes. For example, we draw the rayss follows. We sort the left endpoints of
all the curves in in nondecreasing order of theircoordinates. If two endpoints have the same

-coordinates, then we sort them in nonincreasing ordereif thcoordinates. If two curves have
the same left endpoint, i.e., they are tangent at their tefpeints and one of the curves lies inside
the other, then the left endpoint of the outer curve appeats Let  be the resulting sequence of
left endpoints. We choose a suf ciently large slopeas above, and a suf ciently small parameter

. For the th left endpoint in , we draw a downward ray of slope . The interiors of
these rays are pairwise disjoint, and they are parallellf@ractical purposes. We do the same for
the other three types of rays to handle degeneracies. We rowe that the resulting curves form a
family of pseudo-parabolas.

Lemma4.2 Let be a nite family of -monotone pseudo-circles. Then is
a family of pseudo-parabolas.

Proof: For simplcity we prove the lemma for the case in which theoordinates of the extremal
points on the curves of are all distinct. With a little care, the proof can be extahttethe general
case. Let and be two pseudo-circles in. We rstprove that and intersect in at most two
points. For simplicity, for a curve , we will use to denote the rays and , respectively.
Without loss of generality assume thatlies to the left of ;thenthe ray does notintersect .
There are three cases to consider:

Case (A): lies to the right of : In this case the only intersection between and  is
between the rays and (see Figure 18 (A)).

AN TN

(B.3) (C.1) (C.2)

(B.1)

Figure 18. Two extended upper arcs intersect at most twice: (Aies to the left of ; (B) lies above : (B.1)

intersect at two points or they intersect at one point buies to the right of ; (B.2) and intersect at one
pointand liestothe leftof ;(B.3) and donotintersect. (C) liesbelow :(C.1) and intersectat
two points and liesto the leftof ;(C.2) and intersect at one point; (C.3) and do not intersect.

Case (B): lies above . Inthis case intersects , so we show that there is at most one
additional intersection point between and . If and intersect at two points or if and

intersect at one point but lies to the right of , then and intersect in at least four points
(see Figure 18 (B.1)), contradicting the assumption th& a family of pseudo-circles. If and
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intersect at one point and lies to the left of (and, necessarily, below ), then neither
intersects ( liestotherightof )nor intersects ( liesbelow );see Figure 18 (B.2).
Hence, there are only two intersection points betweerand

If and do notintersect, then cannot intersect , as it lies below . Hence, only
may intersect (if liestothe right of ), thereby showing that there are at most two intersection
points between and ; see Figure 18 (B.3).

Case (C): lies below . Inthis case does not intersect . If intersects  at two
points and lies to the right of ,then and intersect in at least four points, a contradiction (the
situation is similar to that shown in Figure 18 (B.1)). If yhiatersect at two points but lies to
the left of |, then neither intersects nor intersects , so there are at most two intersection
points between ; see Figure 18 (C.1).

If and intersect at one point, then cannot intersect (see Figure 18 (C.2)), so the
number of intersection points between and is easily seen to be at most two. Finally, if
and do not intersect, then there is at most one intersectiondsriw and , namely between

and (if liestothe right of ); see Figure 18 (C.3).

Hence, in all cases, there are at most two intersectionpbietiveen and . A symmetric
argument shows that and  also intersect at most twice. Finally, a similar case ans|lyde-
picted in Figure 19, shows that and also intersect at most twice. We leave it to the reader to
Il'in the fairly straightforward details, similar to thosgiven above.

= M

(C1) (C.2) (C.3)

Figure 19. An extended upper arc and an extended lower arc intersecbstttmice: (A) lies to the left of ; (B)

lies above : (B.1) intersect at two points; (B.2) and intersect at one point; (B.3) and do not
intersect. (C) liesbelow :(C.1) and intersect at two points (an impossible con guration); (C.2 and
intersect at one point; (C.3) and do not intersect.

Theorem 4.3 Let  be an arbitrary family of -monotone pseudo-circles in the plane. Then

Proof: Assume rst that the curves in are in general position. Let be a family of pairwise-
nonoverlapping lenses in. We convert into a family of  pseudo-
parabolas, as described above. There are at mdsinses in that contain or  of some curve

on its boundary, as the lenses irare nonoverlapping. Any remaining lens lies on the upper
or the lower arc of a pseudo-circle in, and therefore it lies in the transformed collectiorof
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pseudo-parabolas. By Theorem 4.1, the number of such lénses . Hence,
which implies the claim for curves in general position. Tlase of degenerate position is handled
exactly as in Section 2.5.

5 Curves with -Parameter Algebraic Representation

In this section we further improve the bound obtained in ttevipus section, and derive a bound
close to for a few important special cases, in which the curves pesadmt we term as a

-parameter algebraic representatioAs in Sections 2 and 4, we rst prove the bound for pseudo-
parabolas and then reduce the case of pseudo-circles tof thetudo-parabolas.

5.1 The case of pseudo-parabolas

Let be afamily of pseudo-parabolas. We say thahas a -parameter algebraic representation
if isa nite subset of some in nite family of pseudo-parabolas so that each curve can
be represented by a triple of real parameters , which we regard as a point , SO that
the following three conditions are satis ed.

(AP1) For each point in the plane, the locus of all curves in that pass through is, under the
assumed parametrization, a 2-dimensional surface patch,iwhich is a semialgebraic set
of constant description complexjtiye., it is de ned as a Boolean combination of a constant
number of polynomial equations and inequalities of cortstaximum degree. For any two
distinct points and in the plane, the locus of all curves in that pass through both
and is, under the assumed parametrizationsdimensional semialgebraic curve of constant
description complexity.

(AP2) For each curve , the set of all curves that intersect maps to a -dimensional
semialgebraic set of constant description complexity. The boundary of, denoted by
, is the locus of all curves in that are tangent to (and, being pseudo-parabolas, do not
meet at any other point); partitions into two regions, one of which is and the other
consists of points representing curves that are disjoamh fr.

(AP3) Each curve in is a semialgebraic set of constant description compleritihé plane, and
the family is closed under translations.

We remark that condition (AP1) is not needed for obtainingriuts on and . tis
used for obtaining improved bounds for the number of inai@srbetween points and the curves in
, and for the complexity of many faces in ; see Section 6 for details. The classveftical
parabolas, given by equations of the form , is an example of pseudo-parabolas
having a -parameter algebraic representation, where each parasba@aresented by the triple of
its coef cients.

Suppose then that is a xed collection of pseudo-parabolas that have a 3-patamalgebraic
representation, and let be a family of pseudo-parabolas.

Our plan of attack, similar to those employed in [7, 8], isé@dmpose thitersection graph
of (whose edges represent all intersecting pairs of curve$ into a union of complete bipartite
graphs , SO that, for each , , intersects . We then use Theorem 3.4 to
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derive an upper bound on the number of cuts needed to elienatidbichromatic lenses in
We repeat this process for each complete bipartite graph , and add up the numbers of cuts
to derive the overall bound on

In more detail, we proceed as follows. Let , and . We
describe arecursive scheme to generate the desired t@gitiomposition of the intersection graph
of . At each step, we have two families , of size and , respectively. Let
denote the minimum number of cuts needed to eliminate dfirbioatic lenses in . Set

where the maximum is taken over all families of and pseudo-
parabolas of , respectively. Set . We need to introduce a few concepts before
beginning with the analysis of

For any constant integer, let denote the maximum length of Davenport-Schinzel se-
quences of order composed of symbols [27]. Put . In what follows, we
sometimes drop the parameterand write simply as . Assuming to be even, we have

, Where is the extremely slowly growing inverse Ackermann function
See [27] for more details. Let be a simply connected region of constant description com-
plexity. For a set of surfaces in , we de ne the conict list of with respectto to
be the set of surfaces that intersediut do not contain . Each surface in either crosses, or it
is tangent to .

Lemma 5.1 For any and for any given parameter ,

— - )

where is a constant that depends on the familyand is an absolute constant.

Proof. Let be two families of and pseudo-parabolas, respectively. Let
. For a parameter ,a -cutting of the arrangement is a decomposition
of  into relatively open and simply connected cells of dimensio , each having constant

description complexity, so that the size of the con ict ligteach cell with respect to is at most
. Since each is a two-dimensional algebraic set of constant descripgtamplexity, it follows

from the results in [2, 3] that there exists a -cutting of size , Where is 2 plus
the maximum number , over all quadruples of curves in , of
vertical lines that pass through both intersection curves and in . More
precisely, is the number of connected components of the union of alkthedical

lines; equivalently, it is the number of connected comptmet the intersection of the vertical
projections of and

We construct sucha  -cutting of . For each cell , let :
If , we cut further into subcells (e.g., by planes parallel to some germkrection),
each containing at most ~ points. The number of cells remain asymptotically . For
each (new) cell , let , .e., any curve in intersects all curves of
(if , then is tangentto all curvesin ), andlet be the set of curves corresponding
to the coniict list of  with respect to .

It follows by construction that

27



Since every pair of pseudo-parabolas in intersect, by Theorem 3.4,

. Since and (the latter in-
equality holds for the original cells of, before any cell with two many points of has been split,
and it thus also holds for each split cell), we have . This completes the

proof of the lemma.

Flipping the roles of and , i.e., mapping to a set of points and to a set of surfaces in
, and applying the same decomposition scheme, we obtain

— — 3)
Substituting (3) into the right-hand side of (2), we obtain

Choosing , we obtain

(4)

for an appropriate constant . We claim that the solution of this recurrence is

®)
where is a suf ciently large constant. This can be proved by induton , as follows. We
may assume that (5) holds for all , where is a suf ciently large constant that satis es
for all . Plugging (5) into (4), we obtain, for ,

provided that the constant is chosen suf ciently large. This establishes the induttiep and
thus proves (5). Recall that , Where is the inverse Ackermann function and
is a constant. Putting

and using the fact that, initially, , we obtain the following main result of this section:

Theorem 5.2 Let be a collection of pseudo-parabolas that admits a 3-paramedgebraic repre-
sentation. Then , for any subset of elements of , and for some constant
parameter that depends on the algebraic representation of the cunves i

Remark. In what follows, we will sometimes raise to some xed power, or multiply it by

a polylogarithmic factor, or replace by some xed power of . These operations do not change
the asymptotic form of the expression—they merely affeet cbnstant of proportionality in the
exponent. For the sake of simplicity, we use the notation to denote these modi ed expressions
as well. We allow ourselves this freedom because we strdmgjigve that the factor is just
an esoteric artifact of our analysis, and has nothing to db thie real bound, which we conjecture
to be
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5.2 The case of vertical parabolas

As a rst application of Theorem 5.2, consider the familyof vertical parabolas, each of which is

given by an equation of the form . Every vertical parabola has a natural 3-parameter
representation, by the triple of its coef cients, and trivially satis es (AP3).
For a xed point , the set of vertical parabolas passing

through is the plane

which is obviously a two-dimensional semialgebraic setafstant description complexity. Sim-
ilarly, the locus of parabolas that pass through two distpaints is either empty or a 1-
dimensional curve of constant description complexity. §AP1) is satis ed.

Finally, for a xed parabola , another vertical parabola
is tangent to if and only if

Hence, the surface is given by the equation

(6)

which is a quadric in , and thus (AP2) is also satis ed. In order to estimate theiealf
, recall that satis es the following condition: Given any four curves ,
there are at most intersection points between the-projections of the intersection curves
and

It follows from (6) that the intersection curve of two surfaces and s a planar curve,
whose projection on the -plane ( ) is a quadric. Hence, the projections of and  on the
-plane intersect in at most four points, implying that  and . Letting

we obtain the following.

Theorem 5.3 Let be a set of vertical parabolas in the plane; then

5.3 The case of pseudo-circles

We now prove a near -bound on the maximum number of pairwise-nonoverlappimgéds for

a few special classes of pseudo-circles. In addition to ¢melition of -parameter algebraic rep-
resentation, which we de ne in a slightly different mannee also require, as in Section 4, that
the pseudo-circles be-monotone We say that an in nite family of -monotone pseudo-circles
has a -parameter algebraic representatiaghevery curve can be represented by a triple of real
parameters , Which we regard as a point , S0 that the following three conditions are
satis ed.

(AC1) For each point in the plane, the locus of all curves in that pass through is, under the
assumed parametrization, a 2-dimensional semialgebgaic ®f constant description com-
plexity. For any two distinct points and in the plane, the locus of all curves inthat pass
through both and is, under the assumed parametrization-dimensional semialgebraic
curve of constant description complexity.
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(AC2) For each curve , the locus of all curves whose upper (resp., lower) arc intersects
the upper arc of at two points is a -dimensional semialgebraic set (resp., ) of
constant description complexity. The same also holds ®tdatver arc  of .

(AC3) Each curve in is a semialgebraic set of constant description compleritshé plane, and
the family is closed under translations.

Let be afamily of -monotone pseudo-circles having a 3-parameter algel@piesentation,
and let be a subset of pseudo-circles. We replace by the collection

, where  (resp., ) is the extension of the upper portion (resp., the lower portion ) of

, as de ned in Section 4. By Lemma 4.2,is a collection of pseudo-parabolas. By Theorem 5.2,
, for an appropriate constant parameterWe now cut the curves in at

the same points where their top or bottom boundaries have digen , and, in addition, cut each
curve at the two extreme points . It follows trivially that the resulting subarcs form a
collection of pseudo-segments. We thus have:

Theorem 5.4 Let  be a collection of pseudo-circles that satis es (AC1)—(ACBhen

, forany subset of elements of , and for some constant parametethat depends
on

5.4 The case of circles

The most obvious application of Theorem 5.4 is to the familyof all circles in the plane.

trivially satis es condition (AC3). We map each circle to the point
. The set of points corresponding to circles that pass
through a xed point is the region

which is a 2-dimensional cone in 3-space. Moreover, usirtgredard transformation [14], we can
map these surfaces into planes, without changing the incapattern between points and surfaces.
Similarly, the locus of circles that pass through two digtipoints  is, in the new representation,
the line of intersection of the two corresponding planesndde (AC1) is satis ed.

Concerning condition (AC2), it is straightforward to verithat the set of (points in  repre-
senting) circles that satisfy the condition that their upgre, say, intersect the upper arc of a xed
given circle at two points, is a semialgebraic set of coriaiascription complexity (an explicit ex-
pression for this set is given in Appendix A). However, medalculations that exploit this condition
to derive a recurrence similar to that in Lemma 5.1, yieldufims on the) constants and that
are somewhat high. Using a more sophisticated, but someedhaus, analysis, one can lower the
constants to and . The details of this analysis are given in Appendix A.

Writing, as above, for , we thus obtain:

Theorem 5.5 Let be a set of circles in the plane; then

5.5 The case of homothetic copies of a strictly convex curve

Theorem 5.4 can also be applied to the familpf homothetic copies of a xed strictly convex curve
having constant description complexity. First, as alreaotgd in [22], is indeed a family of
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pseudo-circles (this does not necessarily hold iis not strictly convex). Clearly, condition (AC3)
is satis ed. Each homothetic copy of has the form

for some triple of real parameters , . We represent each copy by the corresponding
triple . Condition (AC1) is easy to establish: For a xed pointthe condition
is equivalent to- , Which clearly de nes a semialgebraic surface

patch of constant description complexity.

Forapair of distinct points, each homothetic copy ofthat passes throughand satis es
- , — . Hence isachord of . Since is strictly convex,
for each xed there is auniquechord equal to , SO are also uniquely determined.
Hence the locus of copies of that pass through and is a 1-dimensional curves, which clearly
has constant description complexity.

Figure 20. Upper arcs of two homothetic copies of intersecting at two points.

Establishing condition (AC2) is a bit more technical. Foxad homothetic copy
of , the condition that another homothetic copy be such that, say, its upper arc meets
the upper arc of at two points, can be expressed by the following predicate:

There exist such that and each of lies above both
lines and , where (resp., ) is the line connecting the leftmost and rightmost
points of  (resp., ).

See Figure 20. Using the fact that is a semialgebraic set of constant description compleiity,
follows that the above predicate also de nes a semialgelseii of constant description complexity;
see [9, 10] for properties of real semialgebraic sets thptyirthis claim. Theorem 5.4 thus implies
the following.

Theorem 5.6 Let  be a strictly convex curve of constant description compleaind let be a
set of homothetic copies of . Then , for some constant that depends on

6 Applications

The preceding results have numerous applications to prablavolving incidences, many faces,
levels, distinct distances, and results of the Gallai-Sster type, which extend (and also slightly
improve) similar applications obtained for the case oflesdn [1, 7, 8].
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6.1 Levels

Given a collection of curves, théevelof a point is de ned to be the number of intersection
points between the relatively-open downward vertical napaeating from and the curves of .
The th levelof , for a xed parameter, is the (closure of the) locus of all points on the curves
of , whose level is exactly. The -level consists of portions of edges of , delimited either

at vertices of or at points that lie above anextremal point of some curve. The complexity
of the -level is the number of edge portions that constitute thellev

The main tool for establishing bounds on the complexity @élg in arrangements of curves is
an upper bound, given by Chan [11, Theorem 2.1], on the codtplef a level in an arrangement
of extendiblepseudo-segments, which is a collection ehonotone bounded curves, each of which
is contained in some unboundedmonotone curve, so that the collection of these extens®ns
family of pseudo-lines (in particular, each pair of the or& curves intersect at most once).

Chan showed that the complexity of a level in an arrangemfent extendible pseudo-segments

with intersecting pairs is . Chan also showed that a collection of -monotone
pseudo-segments can be turned, by further cutting the gigendo-segments into subsegments,
into a collection of extendible pseudo-segments.

Thus, the bounds on  lead to the following result (where, in part (b), the extrgddthmic
factor incurred in turning our pseudo-segments into extdadoseudo-segments, as well as the
power  to which we raise the number of pseudo-segments, are alosioriiee factor ).

Theorem 6.1 (a) Let be a set of pseudo-parabolas or -monotone pseudo-circles. Then the
maximum complexity of a level in s

(b) If, in addition, admits a 3-parameter algebraic representation that sass(AP1)—(AP3)
for the case of pseudo-parabolas, or (AC1)—(AC3) for the cdgpseudo-circles, then the maximum
complexity of a single level is , Where is a constant that depends on the algebraic
representation of the curves in; for circles and vertical parabolas.

(c) If all curves in  are pairwise intersecting, then the bound improves to
(with no further assumption on these curves).

Remark. Recently, Chan [11] has studied the complexity of levelsriaragements of graphs of

polynomials of constant maximum degree . His bound relies on cutting the given graphs into
subarcs that constitute a collection of pseudo-segmeritishwis achieved by repeated differenti-

ation of the given polynomials, eventually reducing to tmelglem of cutting an arrangement of

pseudo-parabolas (actually, of pseudo-parabolic arts)pseudo-segments. In the earlier confer-
ence version of his paper, the bound on the number of theedesirts was obtained by applying

the Tamaki-Tokuyama result as a “black box.” In the new wersLhan uses a more sophisticated
variant of the Tamaki-Tokuyama technique, which leads forovied bounds on the number of cuts.
It is not clear whether our new bounds can be used to furthgrawe his new bounds.

The above theorem implies the following result in the areliétic geometry, which improves
upon an earlier bound given in [29]. This problem was one efrtiotivations for the initial study
of Tamaki and Tokuyama [29].

Corollary 6.2 Let be a set of points in the plane, each moving along some line with a xed
velocity. For each time, let and be the pair of points of whose distance is the median
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distance at time. The number of times in which this median pair changes is . The
same bound applies to any xed quantile.

6.2 Incidences and marked faces

Let beasetof curvesinthe plane, and letbe a set of pointsin the plane. Two closely related
and widely studied problems concern two kinds of interachetween and : (i) Assuming that

the points of lie on curves of |, let denote the number afcidencesetween and ,
i.e., the number of pairs such that . (i) Assuming that no point of lies on
any curve of |, let denote the sum of the complexities of the faces of that contain

at least one point of ; the complexity of a face is the number of edges of on its boundary.
The results in [1, 8] imply the following bounds.

Lemma 6.3 Let be a set of curves in the plane, and let be a set of points in the plane.
Then

Hence, Theorems 3.4, 4.3, 5.2, and 5.4 imply the following.

Theorem 6.4 (a) Let be a set of pairwise-intersecting pseudo-circles, anda set of points
in the plane. Then

(b) Let be a set of pseudo-parabolas or -monotone pseudo-circles, anda set of points
in the plane. Then

We note that these bounds are worst-case tight when theemst iominates the last term, which is
the case when is larger than or in part (a), and larger than  or in part

(b).

Similarly, if is a set of pseudo-parabolas or -monotone pseudo-circles that are not
pairwise intersecting but admit a 3-parameter algebrgicesentation with corresponding param-
eter , as above, then we can obtain the following bounds by plugdimeorems 3.4 and 4.3 into
Lemma 6.3.

(7)

As above, these bounds are worst-case tight whes suf ciently large (larger than roughly )

[1, 8]. We can improve these bounds for smaller values pby exploiting properties (AP1) or
(AC1) of the de nition of 3-parameter algebraic represénta following the approaches in [1, 8].
We describe the argument for the case of incidences andybdiscuss how to handle the case of
marked faces.

We map the pseudo-circles to points in , and the points in to surfaces in
so that incidences between points and curves correspomgtittences between the dual surfaces
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and points, and so that one halfspace bounded by the surfam@mresponds to pseudo-circles that
contain the point in their interior. Let  be the resulting set of surfaces in, and let  be the
resulting set of points in .

We x a parameter . Roughly speaking, as in [1, 8], we wish to compute a -cutting
of . However, since we are dealing with an arrangement of sesfatstead an arrangement of
planes, a -cutting for  is not a cell complex and the incidence structure betweeand

is more involved. Consequently we rely on a random-samgiggment similar to the one in [13].

Sampling lemma. For a subset , we de ne a partition of  into relatively
open and simply connected, -, -, and -dimensional cells, which is very similar to the verti-
cal decomposition of [13, 15]. Speci cally, we add all vertices and edges of into
For each (open)-face of , we compute the vertical decomposition of , as described
in [13], and add the relatively open edges and pseudo-teigieeto . (The newly created vertices,
which lie on the edges of, are not added to.) Finally, for each (open)-face of , we
compute its vertical decomposition as described in [13],\aa add the vertical edges;faces, and

-dimensional pseudo-prisms tqg none of these cells lie in any surface of Let be the
set of vertices and edges of , which were added to, let be the set of -dimensional
cells that lie in exactly one surface of and let be the set of vertical edges that were added
to inthe last step. For each cell , let , ,
where is the conict list of  (with respect to ), and . Set

, , and . The result in [15] implies that , Where
is the function de ned in Section 5.1.

Lemma 6.5 For a given parameter , there exists a set of surfaces with the
following properties:

0] and — , for any
(i)
(i) — , for any
Proof: We choose a random subset of size , for a suf ciently large constant parameter

, Where each subset is chosen with equal probability. Sinisea partition of
By the theory of -nets, an appropriate choice ofyuarantees that, with high probability,

, for any [20]. This proves part (i). As for (ii), observe that if , fora
vertex or edge in ,then is also a vertex or an edge, respectively, in the arrangeai¢ne
intersection curves . Since this arrangement has  vertices and edges, the
bound in part (ii) follows. A vertical edge does not lie in any surface of, therefore by the
theory of -nets and with an appropriate choice of with high probability, for
all such 's. Similarly, one can argue that for each cell , as such a cell
lies in exactly one surface of. See [13, 20] for details. This completes the proof of thentem

34



Bounding incidences. Let be a subset of satisfying the conditions of Lemma 6.5. We
compute as de ned above. Then

Since each point in  lies on every curve in  and two curves in intersect in at most two
points, implies that . Hence,

Note that , for any -dimensional cell , and for any -
dimensional cell because, by conditions (AC1) and (AP1), two surfaces iatgralong a
-dimensional curve. Hence,

In order to bound , we re ne the cells of as follows. If for

a cell , we split it further so that each new cell contains at most points. The

number of re ned cells in the resulting partition is still . Therefore, using the bound

(7) for , we obtain

Hence,

We choose , Which is in the range when L f
we take , and if we take . It follows easily, as in [8], that

where is a constant depending on the representation.of

Bounding the complexity of marked faces. We use the approach in [1] to prove an improved
bound on the complexity of marked faces. There is one sigmtdifference in the proof for this
case compared with the case of incidences. Here we niietizachical cutting of . The best
known algorithm for computing such a hierarchical -cutting returns a cutting of size ,

for any . Plugging this weaker bound on the size of hierarchicairystin the analysis of [1],
the bound on the marked faces increases by a factor . We refer the reader to the papers just

"For a set of surfaces, a -cutting of is calledhierarchicalif there exist a constant and a sequence of
cuttings , for ,Where isa -cutting of and each cell of lies inside a cell
of
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cited for further details, and omit the description of thedinmations of the analysis given there that
need to be performed.

Putting everything together, we obtain the following résoh the number of incidences and the
complexity of marked faces.

Theorem 6.6 Let be a set of pseudo-parabolas or -monotone pseudo-circles that admit a
3-parameter algebraic representation, and lebe a set of points in the plane.

0] , Where is a constant depending
on the representation, and

(i) , for any

If the pseudo-parabolas or pseudo-circles irare also pairwise intersecting, then (we do not need
to require that the pseudo-circles bemonotone in this case)

(iii) , and

(iv) , for any

For the cases of circles and of vertical parabolas, theastesurfaces are (or can be transformed
into) planes, so there is no extra factor, and ef cient hierarchical cuttings can be constedc
(for the analysis of many faces). Hence, the analysis in][{tigdds the following improved bounds.
(The bound in Theorem 6.7(ii) has actually been proven irf¢ilthe case of circles; we state it
here for the sake of completeness.)

Theorem 6.7 Let  be a set of circles or vertical parabolas and a set of points in the
plane. Then

0) , and

(i)

In addition, if the curves in are pairwise intersecting, then

(iii) , and

(iv)

Remark. Using a standard sampling technique, such as the one uséd & 11], we can also

obtain versions of these bounds that are sensitive to théeunf intersecting pairs of the given
curves (for parts (i) and (ii) of both theorems).

6.3 Distinct distances under arbitrary norms

An interesting application of Theorem 6.6(i) is the followiresult.
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Theorem 6.8 Let  be a compact strictly convex centrally symmetric semitatgie region in the
plane, of constant description complexity, which we regerthe unit ball ofanorm . Then any
set of distinct points in the plane determines at least distinct -distances,
where is a constant that depends on. (If is not centrally symmetric, it de nes a convex
distance function, and the same lower bound applies in thé& ¢oo.) This is also a lower bound
on the number of distinct -distances that can be attained from a single point of

Proof: The proof proceeds by considering homothetic copies of , shifted to each point of
and scaled by the possible distinct -distances that the points in determine. There are
incidences between these curves and the points.ofJsing Theorem 6.6(i), the bound follows
easily (here too the constant in the exponent of the exmnessr is changed).

Remarks. (1) The proof technique is identical to an older proof fortidist distances under the
Euclidean metric, given in [13, Section 5.4]. Meanwhiles tound for the Euclidean case has been
substantially improved (see [30] for the current “recordiiit, as far as we know, the problem has
not been considered at all for more general metrics.

(2) Theorem 6.8 is false if is not strictly convex. For example, let be the unit ball of the -
norm, and let be the set of vertices of the ~ integer lattice. There are only ~ distinct
-distances among the points of

6.4 A generalized Gallai-Sylvester theorem

A collection of pseudo-circles is called @encil if there are two points and which belong
to every pseudo-circle in . In this case of course and are the only intersection points of
pseudo-circles from .

In [7] it is shown (Theorem 4.1) that if is a family of pairwise intersecting circles which
is not a pencil, and is large enough, then there exists an intersection pointugir which at most
three circles from pass. This is a weak analogue to the celebrated Gallai-Sglvé&heorem for
lines in the plane. The only tool, apart from Euler's formulehich is used in the proof of this
theorem in [7] is a linear bound on the number of empty lenseated by a family of pairwise
intersecting circles in the plane. In view of Theorem 2.1Bicl generalizes this bound for pseudo-
circles we can now generalize the result in [7] as follows:

Theorem 6.9 Let be a family of pairwise intersecting pseudo-circles in the plane. Ifs
suf ciently large and is not a pencil, then there exists an intersection pointdeot to at most
three pseudo-circles of .

7 Conclusion and Open Problems

In this paper we obtained a variety of results involving En# arrangements of pseudo-circles,
with numerous applications to incidences, levels, and dexity of many faces in arrangements of
circles, vertical parabolas, homothetic copies of a xedwax curve, pairwise intersecting pseudo-
circles, and arbitrary pseudo-parabolas andonotone pseudo-circles. We also obtained a Gallai-
Sylvester result for arrangements of pairwise-intersgcfiseudo-circles, and a new lower bound

37



on the number of distinct distances in the plane under farbjitrary norms. The main tool that
facilitated the derivation of all these results is the sofma&surprising property that the tangency
graph in a family of pairwise intersecting pseudo-parab@alanar (Theorem 2.4).

The paper leaves many problems unanswered. We mention & tee more signi cant ones:

(i) Obtain tight (or improved) bounds for the number of paggvnonoverlapping lenses in an

arrangement of pairwise intersecting pseudo-circles. We conjecturetti@atipper bound of
, given in Theorem 2.14, is not tight, and that the correctiolds or near-linear.

(i) Obtain tight (or improved) bounds for the number of egnfenses in an arrangement of

arbitrary circles or more general classes of pseudo-sircldere is a gap between the lower

bound , which follows from the construction of incidences between points
and lines, and which can be realized by circles, and the uppemndboti , given
in Theorem 5.2 and Corollary 5.5. Even improving the uppemiabto , for the case

of circles, seems a challenging open problem. A related amdehn problem is to obtain
an improved bound for the number of pairwise nonoverlappémges (and for the cutting
number) in an arrangement ofarbitrary circles.

(iii) One annoying aspect of our analysis is the differeneésMeen the analysis of pairwise in-

tersecting pseudo-circles, which is purely topological aequires no further assumptions
concerning the shape of the pseudo-circles, and the asay$he general case, in which
we require -monotonicity and 3-parameter algebraic representat{éw.least for pseudo-
parabolas, the weaker bound of holds in general.) It would be interesting and instruc-
tive to nd a purely topological way of tackling the generabplem involving pseudo-circles.
For example, can one obtain a bound close to , or even any bound smaller than the
general bound of [29] (whichis purely topological), for the number of empty lenses
in an arbitrary arrangement of pseudo-circles, withoutrngto make any assumption con-
cerning their shape? Assumingmonotonicity, can the bound in Theorem 4.1 be
further improved?
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Appendix A: Analysis of the Case of Circles

In this appendix, we show how to re ne the upper bound on , in the case of circles, so that
the associated constantis 4, and thus and

LemmaA.1 Let and be two circles in the plane, with and
and . The upper arcs and intersect at two points if and only if the following conditio
holds (see Figure 21 (i)):

(Uu) : and lieinside ,and intersects .

Proof: If and intersect attwo points then both centers lie below the lingpassing through
and . Moreover, the portion of the smaller disk (the disk boudihe smaller circle) below
is contained in the corresponding portion of the bigger désid the center of the smaller disk is
closer to . This is easily seen to imply (UU). Conversely, if (UU) holtteen both intersection
points lie on  or both lie on  (because the endpoints of both arcs lie inside Translate
vertically downward until its center has the sameoordinate as that of . In this position  and
continue to lie inside , and the two circles must be disjoint (any intersection poin  must
have a matching symmetric point on, which would produce at least 4 intersection points). This
is easily seen to imply that the original is also disjoint from , so the two intersection points
must lie on , and, since , they must also lie on .
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[0} (i)

Figure 21. (i) lllustration of condition (UU). (ii) lllustration of cadition (UL).

LemmaA.2 Let and be two circles in the plane, with and
The arcs and intersect at two points if and only if the following conditibiolds (see Flg-
ure 21 (ii)):

(UL) , and lie outside and lie outside , and intersects

Proof: Suppose that and intersect at two points . Then the portion of between and

lies inside , and the portion of between and liesinside . This is easily seen to imply that
each of the -extreme points , and lies outside the other circle. Moreover, the center
of  (resp., ) lies below (resp., above) the line passing througdnd , implying that

Hence (UL) holds. Conversely, if (UL) holds then both ingatson points must lie on the same arc
(upper or lower) of , and on the same arc (upper or lower) of However, in view of Lemma A.1,

it cannot be the case that both arcs are upper or that botlaadswer. Hence one arc is upper and
one is lower, and the condition is easily seen to imply that the upper arc is ofand the
lower arc is of

Fix a circle . Then by Lemma A.1, the locus  of circles whose
upper arc intersects at two points is given by , wheré

This implies that is a semialgebraic set of constant description complex@ymmetrically,
it follows that and the corresponding regions for are also semialgebraic sets of constant
description complexity. We thus conclude that for some integer. However,
the surfaces bounding these regions are quadrics, sortteriséction curves are in general of degree
four, and a naive bound on the number of intersection poietiwéen the -projections of a pair of

such curves is , yielding . For mostly aesthetic reasons, we set out to improve
this bound to , where

Let denote the minimum number of cuts needed to eliminate afirbioatic upper-
upper lenses in (lenses formed by the upper arcs of one circle irand one in ). Put

8The condition for the intersection of two circles is that thgtance between their centers be larger than the differenc
between the radii and smaller than their sum. In what follows only use the rst inequality, because the second is
implied by the additional condition that one circle contapoints of the other in its interior. This simpli cation do@ot
hold, though, when we consider intersections between lawdrupper arcs.
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. For , set , where the maximum is taken
over all pairs of families of circles and of sizes at most and , respectively, so that

for , ho constraint is imposed onand

for , we require that the radius of each circle irbe greater than or equal to the radius
of each circle in ; and

for , we require the same condition on the radii as for , and also that the-
coordinate of the center of each circle irbe smaller than or equal to thecoordinate of the
center of each circle in .

We set , and our task is to bound

Sort the circles in inincreasing order of their radii, and let be the subsets of the circles
with the smallest and largest radii, respectively. We clearly have

from which we deduce the recurrence
- - - ®)

Next we estimate . Let and be two setsof and circles, respectively, so that the radius
of each circle in is greater than or equal to the radius of every circle inSort the circles in
in increasing order of the-coordinate of their centers, and splitinto two subsets

, consisting respectively of the circles with the lowest and the highest
-coordinates. Put : : , and . We clearly
have
the fourth term, , is 0, because all pairs of circles in violate condition (UU).
Put , . Hence, we obtain the recurrence

— — (9)

where the conditions onand follow from the construction.

We next bound , where a more complex recurrence is needed. Laind be two sets
of and circles, respectively, so that for any , with and
, the following condition holds:

(CO) and

If the upper arc of a circle intersects the upper arc of
at two points, then by Lemma A.1, the following two conditsaaiso hold:

(C1) and lie inside ;

(C2) and intersect.
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Fix a circle in . The locus of all circles that satisfy (C1) with
is the region

and
which is bounded by the pair of surfaces
(10)
(11)
On the other hand, if we x a circle in , then the locus of all circles
that satisfy (C1) with is the region
and
which is bounded by the pair of surfaces
12)
(13)
Finally, for a xed circle in or ,the locus of all circles that

satisfy (C2) with , given that they already satisfy (C1), is bounded by theasearf(as already
remarked, only one of the two inequalities that represetarsection between circles need to be
considered)

or

(14)

An important observation is that the bound on the paramei®farge because we consider in-
tersection curves of “mixed” pairs of surfaces from amorgygbssible types (10)—(14). However, if
we only consider pairs of surfaces of the same type, say efi4), the corresponding intersection
curves arglane quadricsso the number of intersection points between the projestid two such
curves is at most 4, as in the case of vertical parabolasi¢@ex2). Our approach is thus to enforce
the conditions (C1)—(C2) in two stages, where the rst stag®rces (C1) and the second enforces
(C2). This will suf ce to reduce to 2.

In more detail, we proceed as follows. For , set , where the
maximum is taken over all pairs of families of circlesand  of sizes at most and , respectively,
that satisfy (C0O)—(C( ). We set . Recall that our task is to bound
Bounding . We rst observe that . Indeed, if every pair of circles in

satisfy (C0)—(C2), i.e., the upper arcs of every pair irgersat two points, then the bound
follows by considering the collection of extended uppesartthe circles in , and applying

Lemma 4.2 and Theorem 3.4, as argued in Section 5.3.
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Bounding . Next, we apply the analysis in the proof of Lemma 5.1 to tharayement

of the surfaces , for or . Choosing a parameter , we obtain the
recurrence
with . Indeed, the overhead term bounds the minimum number ofradded to eliminate

all bichromatic upper-upper lenses between pairs of subémof circles that satisfy (C2) (where
one subfamily corresponds to all circles in, say,whose representing points lie in some cell
of the relevant cutting, and the other subfamily corresgaidall circles whose associated
surface fully encloses ), in addition to (C0)—(C1) which are satis ed, by assumptiby all
pairs of circles in . Here , because we are dealing here only with surfaces of the form

, and, as already remarked, the intersection curve of twh surfaces is a plane quadric, so,
as argued in Section 5.2, the projections of two such intésecurves on the -plane intersect in
at most four points, thereby implying that and . The same analysis as in
Section 5.1 now shows that

(15)

Bounding . This is achieved by a similar process of interleaved reoarsin which we
keep ipping the roles of and . However, this can be done so that one of the two recursiys ste
is performed in the plane (and only one in three dimensidBggci cally, we have:

Lemma A.3 For any and for any parameter ,
— — — (16)
for some positive constant.

Proof: Let and be two families of circles of size and , respectively, so that every pair
in satisfy condition (C0). We need to “enforce” condition (Céamely, that the leftmost
and rightmost points of a circle in lie inside a circle in . This can be done via the following
cutting-based patrtitioning in the plane, where each circle is mapped to the two
respective points : , and the circles of remain as they are.

We compute a -cutting of of size . For each , let
or Cf , we partition into subcells, each of which contains at most
points. The number of new cellsremains . Foreach new cell , let
and . Since is a cutting, we have for each

To bound , we rst sum up the recursive terms . Let be a pair
that needs to be counted in but has not been counted in this recursive manner. Let
be the cells of the cutting that contain , respectively. Then both cells  are fully contained
in the interior of . This suggests the following approach to completing thentotliake each pair

of cells of the cutting, and put and ,
. The number of remaining pairs that need to be counted isttbusded by
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However, every pair of sets in this sum also satisfy (C1)hsostim is at most
This completes the proof of the lemma.

We also need a dual partitioning scheme for the “ipped” vemsof the recursion, in which
the circles of are mapped into points and those ofinto surfaces. Here, unlike the preceding
partition, we need to use the 3-dimensional representafitime circles:

Lemma A.4 For any and for any parameter )
- — — a7
for some integer constantand some positive constant.

Proof: Let and be two families of circles of size and , respectively, which satisfy condition

(C0). We now map each circle to the point , using the 3-parameter
representation of . Let . We compute a -cutting of of size

, for some appropriate constan? For each cell , set and
partition further, as needed, to ensure that, for any resulting subgel ; this does not
change the asymptotic bound on the number of cells. Set
and . Hence, we obtain the following recurrence
By construction, every pair satis es (C0)—(C1), which implies that

. Since and for each , we thus obtain, summing over

all cells of the cutting,

as asserted.

Combining (16) and (17), choosing and for an appropriate parameter
, and substituting the bound (15) on , we obtain the recurrence for appropriate values of
constants

Since the overhead term in the recurrence dominates its ¢g@neous solution, it can be shown
(by induction on ) that if we choose to be a suf ciently large constant, then the solution to the
recurrence is

®Curiously, for the collection of surfaces , which follows by the same reasoning used for the
surfaces . However, this extra property is not needed in this step ofmalysis.
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Bounding and . We now return to the rst two stages of divide and conquer.
Substituting the bound for in (9), we obtain a recurrence in which each instance inngha
total of circles is replaced by two instances, each involving a tftal circles. This
readily implies that the recurrence solves to

Substituting this bound into (8), we again obtain a simptareence for which also solves
to

We have thus shown that the minimum number of cuts neededninate all upper-upper lenses
in a set of circles is . A fully symmetric argument yields the same bound for the
number of cuts needed to eliminate all lower-lower lensed,iaremains to bound the number of
cuts needed to eliminate upper-lower lenses. For this we tteearry out a similar analysis, based
on the condition (UL) in Lemma A.2. The analysis is indeedheatsimilar, and we do not spell it
out in detail. We only comment on several technical diffeemnthat arise:

(1) Atthe bottommost recursive stage, we enforce the ciamdibat a pair of circles
and intersect. Here we need to enforce both inequalities, thatdistance
between the centers be at least the difference betweendheana at most their sum. The
corresponding surfaces, withxed and varying, are

Fortunately, the intersection curve of any pair of thesdases is still a plane quadric, and
the preceding analysis can be easily adapted to keep theeta equal to 4 (and to 2) in
this case too.

(2) We now need only one stage of a simple divide-and-condgoenforce the condition ,
but we need two stages to enforce the conditions concerhagdints , and
one stage enforcing that , lie outside , and the other stage enforcing that, lie
outside . Both stages are carried out exactly as above.

The modi ed analysis thus yields a bound of for the minimum number of cuts
needed to eliminate all upper-lower lenses in a sef circles, showing, at long last, that
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