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Abstra
tContinuing and extending the analysis in a previous paper [14℄, we establishseveral 
ombinatorial results on the 
omplexity of arrangements of 
ir
les in theplane. The main results are a 
olle
tion of partial solutions to the 
onje
turethat (a) any arrangement of unit 
ir
les with at least one interse
ting pair hasa vertex in
ident to at most 3 
ir
les, and (b) any arrangement of 
ir
les ofarbitrary radii with at least one interse
ting pair has a vertex in
ident to atmost 3 
ir
les, under appropriate assumptions on the number of interse
tingpairs of 
ir
les (see below for a more pre
ise statement).1 Introdu
tionIn this paper we study the 
ombinatorial 
omplexity of arrangements of 
ir
les in theplane. The main motivation for our study is the following 
onje
ture, whose parts(a) and (b) have been posed by Andras Bezdek for the 
ase of unit 
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also [3, 4℄ for related 
onje
tures), and parts (
) and (d) are extensions to the 
aseof arbitrary 
ir
les. This 
onje
ture extends the 
lassi
al Sylvester-Gallai's problem(see [12℄) to the 
ase of 
ir
les.Conje
ture 1.1. (a) Let C be a �nite family of unit 
ir
les in the plane, at leasttwo of whi
h interse
t. Then there exists an interse
tion point that is in
identto at most three 
ir
les of C.(b) Same as (a), under the additional assumption that every pair of 
ir
les of Cinterse
t.(
) Let C be a �nite family of arbitrary 
ir
les in the plane, su
h that at least two ofthem interse
t and the number P of interse
ting pairs satis�es P � �jCjq, where� is a suÆ
iently large 
onstant and where q is the maximum size of a pen
ilof C, namely, a subset all of whose elements are in
ident to the same pair ofpoints. Then there exists an interse
tion point that is in
ident to at most three
ir
les of C.(d) Let C be a �nite family of arbitrary 
ir
les in the plane, su
h that every pair of
ir
les in C interse
t, and su
h that C is not a single pen
il. Then there existsan interse
tion point that is in
ident to at most three 
ir
les of C.Conje
ture 1.1(b) has been proven in a pre
eding paper of Pin
hasi [14℄. In fa
t, ithas been shown there that if C 
onsists of at least 5 pairwise-interse
ting unit 
ir
lesthen there exists an interse
tion point in
ident to just two 
ir
les. That paper alsogives an example of 4 pairwise-interse
ting unit 
ir
les where every interse
tion pointis in
ident to 3 
ir
les. This is done as follows. Choose three points on one 
ir
le, a,su
h that they form an a
ute triangle. Let b; 
 and d be the three unit 
ir
les di�erentfrom a and passing through pairs of these three points. It is not hard to show thatb; 
 and d pass through a 
ommon point.This example 
an be extended to yield a family of any number of unit 
ir
les (notevery pair of whi
h interse
t) where every interse
tion point is in
ident to 3 
ir
les,and where the interse
tion graph of the 
ir
les is 
onne
ted. For example, one 
anbuild larger \tree-like" examples by repeatedly adding triplets of unit 
ir
les usingthe following pro
edure: Consider �rst that ar
 of, say b whi
h lies outside of a; 
and d, then 
hoose three points 
lose to ea
h other on this ar
, so that the three unit
ir
les e; f and g, whi
h are di�erent from b and pass through pairs of the sele
tedpoints are disjoint from a; 
 and d. Noti
e that every interse
tion point determinedby the family fa; b; : : : ; gg has degree three.Another simple 
onstru
tion pro
eeds as follows. Let R be a rhombus of edgelength 2 and with angles > 60Æ and 
onsider a simple 
onne
ted 
luster of 
ongruent
opies of R glued to ea
h other in an edge-to-edge manner. The unit 
ir
les whi
hare 
entered at the verti
es and at the midpoints of these rhombi form a family ofunit 
ir
les where ea
h interse
tion point has degree three. One 
an also add tripletsof unit 
ir
les to this arrangement, in the same way des
ribed above, to obtain more
ompli
ated examples with the same property.40



Finally, we note that it is mu
h easier to establish the existen
e of a vertex in
identto no more than �ve 
ir
les (in all versions of the 
onje
ture). Su
h an argument isgiven in [7℄. However, redu
ing \�ve" to \four" (let alone \three", as in the 
onje
ture)is not easy.In this paper we prove various spe
ial 
ases of the other three parts of Conje
-ture 1.1.We �rst study Conje
ture 1.1(d), and prove it in the 
ase that n, the size of C, issuÆ
iently large (see Theorem 4.1). We then ta
kle Conje
ture 1.1(a), and prove itin the 
ase that n is suÆ
iently large and the number of pairs of interse
ting 
ir
lesin C is at least �n, for an appropriate absolute positive 
onstant � (see Theorem 4.5).Finally, we give a proof of Conje
ture 1.1(
), under the stronger assumption thatP � �jCj(q + jCj1=3) for an appropriate absolute 
onstant � (see Theorem 4.8). Wealso note that part (
) of the 
onje
ture fails if P � jCjq=2 (see a remark at the endof Se
tion 4).Some of the te
hni
al tools that we develop for our solutions are, in our opinion,of independent interest. The main set of tools deals with fa
es of degree 2 in thearrangement A(C) of C. With the possible ex
eption of the unbounded fa
e, thesefa
es are either `lenses' (
ontained in the interiors of the two in
ident 
ir
les) or `lunes'(
ontained in the interior of one in
ident 
ir
le and in the exterior of the other). Wederive various upper bounds for the number of these fa
es: In 
ase (b), it was shownin [14℄ that the number of lunes is at most three1 and the number of lenses is atmost n. In 
ase (d), we show that the number of lunes is at most 2n � 2 and thenumber of lenses is at most 18n. In 
ase (a), we show that the number of lenses isat most O(n4=3 logn) (and the number of lunes is at most n). In 
ase (
), we showthat the number of lenses and lunes is O(n3=2+"), for any " > 0 (where the 
onstantof proportionality depends on ").The study of lenses and lunes has also been followed in [6℄, for similar goals. Itis also reminis
ent of the study of lenses in arrangements of `pseudo-parabolas' byTamaki and Tokuyama [19℄.Another 
olle
tion of results that may be of independent interest relates the num-ber V of verti
es in an arrangement of 
ir
les and the number P of interse
ting pairsof 
ir
les. Spe
i�
ally, we �rst show that in an arrangement of unit 
ir
les one alwayshas V = 
(P ) (see Theorem 5.1). The same result also holds for arrangements ofgeneral 
ir
les, provided that P � �jCj(q+ jCj1=3), for some suÆ
iently large 
onstant� (see Theorem 5.4).The paper is organized as follows. After introdu
ing some notations in Se
tion 2,we prove in Se
tion 3 the above-mentioned upper bounds on the number of lunes andlenses in the various kinds of arrangements of 
ir
les under 
onsideration.We then show, in Se
tion 4, the existen
e of an interse
tion point in
ident to1A
tually, this was shown under the additional assumption that A(C) does not 
ontain any vertexin
ident to just two 
ir
les. Nevertheless, re
ent unpublished work by Last and Pin
hasi show thatthis is true for any arrangement of pairwise-interse
ting unit 
ir
les.41



a lensa lune Figure 1: A lens and a luneat most 3 
ir
les, in the various arrangements of 
ir
les under 
onsideration, underappropriate additional 
onditions, as mentioned above.Finally, in Se
tion 5 we exploit the ma
hinery developed in the paper and prove,for an arrangement of n unit or arbitrary 
ir
les, that V = 
(P ) (for arbitrary 
ir
les,under the additional assumptions made above).2 PreliminariesThroughout this paper C denotes a �nite family of 
ir
les in the Eu
lidean plane.We usually denote a 
ir
le by the letter C, possibly with some modi�er (subs
riptor supers
ript). The 
losed disk bounded by that 
ir
le is denoted by D, and its
enter by o, with the same modi�er.De�nition 2.1. Let C be a family of 
ir
les in the plane. Let C1; C2 be two 
ir
les inC that interse
t at two distin
t points, A and B. We 
all D1 \D2 a lens if no 
ir
lein C n fC1; C2g meets (D1 \D2) n fA;Bg. We then say that both C1 and C2 supportthat lens (see �gure 1).We 
all D1 n intD2 a lune if no 
ir
le in C nfC1; C2g meets (D1 n intD2)nfA;Bg.We then 
all C1 n intD2 the longer ar
 of the lune and say that C1 supports the longerar
 of that lune.Whenever we refer to two interse
ting 
ir
les we mean two 
ir
les that eitherinterse
t at two distin
t points or are tangent.For a 
ir
le C and points a; b on C whi
h are not antipodal, we denote by _C(ab)the 
losed smaller ar
 of C delimited by a and b.For two distin
t points a and b in the plane, we denote by ab the line through a42



and b. We denote by �!ab the 
losed ray that emanates from a and 
ontains b. The
losed line segment between a and b is denoted by [ab℄.Let p; q; r be three non
ollinear distin
t points in the plane. We denote by \pqrthe 
losed 
onvex region bounded by the rays �!qp and �!qr. The angular measure of\pqr is denoted by ℄pqr. Therefore 0 < ℄pqr < �.In a previous paper [14℄ and in more re
ent unpublished work by Last and Pin
hasi,the following result is proved.Theorem 2.2 (Pin
hasi [14℄). A family of n pairwise interse
ting unit 
ir
les inthe plane determines at most 3 lunes and at most n lenses.In the following se
tion, we will extend this result for more general arrangementsof 
ir
les.3 Bounding the Number of Lunes and Lenses inArrangements of Cir
lesIn this se
tion we obtain upper bounds on the number of lunes and lenses in var-ious types of arrangements of 
ir
les: arrangements of pairwise-interse
ting 
ir
les,arrangements of unit 
ir
les, and arrangements of arbitrary 
ir
les (in the two latter
ases, not every pair of 
ir
les is interse
ting). These results, besides being of inde-pendent interest, are needed for showing that su
h arrangements, under additionalassumptions, must 
ontain verti
es in
ident to at most three 
ir
les.3.1 The number of lunes in a family of pairwise-interse
ting
ir
lesIn this subse
tion we prove the following theorem.Theorem 3.1. A family of n pairwise interse
ting 
ir
les in the plane determines atmost 2n� 2 lunes.De�nition 3.2. Let C be a family of 
ir
les. We say that C is a pen
il if either thereare two distin
t points that belong to every 
ir
le in C, or the 
ir
les in C are pairwisetangent at a 
ommon point P . We sometimes refer to the latter 
ase as a degeneratepen
il.Observe that if C is a non-degenerate pen
il then it determines exa
tly 2n � 2lunes. This shows that Theorem 3.1 is tight in the worst 
ase.Let C be a family of n pairwise interseting 
ir
les in the plane. De�ne a graph Gwhose verti
es are the 
enters of the 
ir
les in C, and whose edges 
onne
t pairs of43




enters whose asso
iated 
ir
les support the same lune. By drawing the edges of Gas straight segments, we obtain a plane embedding of this graph.Observe that unless C is a pen
il, there are no multiple edges in G. Indeed,suppose to the 
ontrary that there exist C1; C2 2 C su
h that both L1 = D1 n intD2and L2 = D2 n intD1 are lunes. Denote the interse
tion points of C1 and C2 by a; b.These points partition C1 into two ar
s, one of whi
h is the outer ar
 of L1 and theother is the inner ar
 of L2. Hen
e neither of the relative interiors of these ar
s meetsanother 
ir
le, so all 
ir
les in C pass through a and b.Lemma 3.3. G is planar.Proof: We will show that the plane embedding of G de�ned above has no pair of
rossing edges. This will be a spe
ial 
ase of the following more general lemma, whi
hwill be needed when we shall later 
onsider families that are not pairwise interse
ting.Lemma 3.4. Let C1; C2; C3; C4 be four distin
t 
ir
les, su
h that both L1 = D2nintD1and L2 = D4 n intD3 are lunes, and su
h that all pairs of these 
ir
les, with thepossible ex
eption of the pair (C2; C4), are interse
ting. Then the line segments [o1o2℄and [o3o4℄ do not interse
t.Remark: The proof of Lemma 3.4 applies also to the 
ase where some of the in-terse
ting 
ir
les may be tangent to ea
h other. When reading the proof below, thereader should keep in mind that the two points of interse
tion of a pair of 
ir
les may
oin
ide.Proof of Lemma 3.4: We need the following simple observation:Observation 3.5. Let C1 and C2 be two interse
ting 
ir
les, and denote by p the
enter of the ar
 C1 \D2. Then o2 lies on the ray �!o1p.Sin
e L1 is a lune, either D3 
ontains L1 or D3 is disjoint from the interior of L1;the same two possibilities hold for D4. We 
onsider the following sub
ases:Case 1: D3 is disjoint from the interior of L1. We have to show that o4 does not lieinside the 
onvex unbounded region K that is bounded by the rays ��!o3o1, ��!o3o2 and bythe line segment [o1o2℄. Denote by a; b the interse
tion points of C1 and C2. Denoteby p the interse
tion point of ��!o3o1 with C1 that lies outside D3. The point p is thefarthest point from o3 on C1 (see Figure 2). It suÆ
es to show that o4 is not inside\o2o1p.Let 
 be the ar
 C1\D3. Clearly, p =2 
. Let q be the midpoint of the ar
 C1\D2;it is the interse
tion point of ��!o1o2 with C1. Sin
e D3 is disjoint from the interior ofL1, we have q =2 
. Denote by Æ the ar
 C1 \D4. Observe that Æ � 
, for otherwiseC1 would interse
t the interior of D4 n intD3, 
ontradi
ting the assumption that L2 isa lune. Hen
e, by Observation 3.5, o4 is on a ray that emanates from o1 and 
rosses
. We 
laim that 
, and thus Æ too, is disjoint from _C1(pq). To show this, denote byr the midpoint of 
; 
learly, r is the point on C1 antipodal to p. Re
all that both p44
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pFigure 2: Case 1 in the proof of Lemma 3.4
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Figure 3: Case 2 in the proof of Lemma 3.4and q do not lie in 
. Therefore, if 
 \ _C1(pq) 6= ;, then 
 � _C1(pq). This howeveris impossible, sin
e p and r are antipodal points on C1 and thus 
annot both lie in_C1(pq).Hen
e, o4 does not lie on any of the rays that emanate from o1 and 
ross _C1(pq),i.e, o4 =2 \o2o1p.Case 2: D3 � L1 and D4 is disjoint from the interior of L1. Rotate the plane sothat the line o1o2 be
omes horizontal, and o2 is to the right of o1. Without loss ofgenerality, assume that o3 is in the 
losed halfplane above o1o2. We have to show thato4 does not lie inside the 
onvex unbounded region K that is bounded by the rays��!o3o1, ��!o3o2 and by the line segment [o1o2℄. Denote by a; b the interse
tion points of C1and C2, so that a is below o1o2. Denote by p the interse
tion point of ��!o3o2 with C2that lies outside D3; this point is farthest from o3 along C2.Denote by u and v the interse
tion points of C3 and C2, so that a; u; v; b are in
lo
kwise order along C2 (see Figure 3).Denote by Æ the ar
 C1 \D4. Denote by x; y the interse
tion points of C3 and C1,45



so that x; u; v; y are in 
lo
kwise order along C3 (by assumption, both u; v lie insideC1, so no interleaving of x; y with u; v is possible). Denote by 
 the ar
 C1 \D3. Thepoints x and y are the endpoints of 
. Clearly, Æ � 
, for otherwise, arguing as above,C1 would interse
t the interior of D4 nD3, 
ontradi
ting the assumption that L2 is alune. Denote by q 2 C1 the interse
tion point of ��!o1o2 with C1; this is the midpoint ofthe ar
 C1 \D2.Assume to the 
ontrary that o4 lies inside the region K. Let r be the midpoint ofÆ. Sin
e o4 is below or on o1o2, we 
on
lude, by Observation 3.5, that r is also belowor on o1o2. Therefore, r 2 _C1(xq).Sin
e we assume that D4 is disjoint from the interior of L1, we have r 2 _C1(xa)and also Æ � _C1(xa).We next 
laim that D4 
annot 
ontain any of the points a; u; x as an interior point.Indeed, a 
annot be interior to D4, for otherwise D4 would interse
t the interior ofL1, whi
h is impossible. If x were interior to D4 then D4 would interse
t the interiorof the ar
 C1 nD3. Therefore, C1 would interse
t the interior of D4nD3, 
ontradi
tingthe assumption that L2 is a lune. Finally, if u were interior to D4 then D4 wouldinterse
t the interior of the ar
 C2 nD3. In this 
ase C2 would interse
t the interiorof D4 nD3, 
ontradi
ting the assumption that L2 is a lune.We may also assume that C3 \ D4, whi
h is the inner ar
 of L2, is 
ontained inD1. Otherwise, D1 would be disjoint from L2, so we 
ould apply Case 1, swit
hingthe roles of L1 and L2.Let e 2 D1 be one of the endpoints of the ar
 C3 \D4. Denote by � the regionbounded by _C1(xa); _C2(au); _C3(ux).From the 
onvexity of D4, the line segment [er℄ is 
ontained in D4. It interse
tsthe boundary of � at r and at another point f whi
h lies either on _C3(ux) or on_C2(au) (be
ause e 2 intD4).Assume �rst that f 2 _C3(ux). By the pre
eding 
laim, we have C3\D4 � _C3(ux).By Observation 3.5, o4 lies on a ray that emanates from o3 and 
rosses _C3(ux). Inother words, o4 2 \uo3x. Therefore, o4 =2 \po3o1, a 
ontradi
tion.Assume next that f 2 _C2(au). The pre
eding 
laim implies that C2\D4 � _C2(au).By Observation 3.5, o4 lies on a ray that emanates from o2 and 
rosses _C2(au).Therefore, o4 =2 \Po2o1, again a 
ontradi
tion.Case 3: D3 � L1 and D4 � L1. Again, rotate the plane so that the line o1o2 ishorizontal and o2 is to the right of o1, and assume that o3 is in the 
losed halfplaneabove o1o2. We have to show that o4 is not inside the 
onvex unbounded region Kthat is bounded by the rays ��!o3o1, ��!o3o2 and the line segment [o1o2℄.Note that in this 
ase C4 and C2 must interse
t. Indeed, we have assumed thatD4 � D2 n intD1. Thus, if C4 does not interset C2 then D4 � C2. But then, sin
e46



o1C1 o2C2q so3
C3

p
Figure 4: Case 3 in the proof of Lemma 3.4C2 nD3 6= ;, C2 has to interse
t the interior of L2 = D4 n intD3, whi
h is impossible.Denote by 
 the ar
 C2 \D4. Denote by p the interse
tion point of ��!o3o2 with C2that lies outside D3; this is the point on C2 farthest from o3.Clearly, p =2 D3. Sin
e L2 = D4 n intD3 is a lune, it follows that p =2 D4 (forotherwise C2 would have to interse
t the interior of L2). We 
on
lude that p =2 
.Denote by q; s the interse
tion points of o1o2 with C2, so that s is outside D1; thepoint s is the midpoint of the ar
 C2 nD1. Sin
e D4 � L1, we have s 2 
. Denoteby r the midpoint of 
. Sin
e o3 is above or on o1o2, p is below or on o1o2. Thepoint r 
annot lie on _C2(qp), for otherwise, sin
e p =2 
, the subar
 of 
 between rand s 
ontains the interse
tion of C2 with the 
losed halfplane above o1o2, whi
h isimpossible sin
e r is the midpoint of 
. Hen
e, o4, whi
h lies on �!o2r (by Observation3.5), is outside \po2o1. This 
ompletes the proof. 2The planarity of G already implies that C determines at most 3n�6 lunes (unlessC is a non-degenerate pen
il, in whi
h 
ase G 
ontains multiple edges; however, inthis 
ase C is easily seen to have exa
tly 2n�2 lunes). We 
an, however, improve thisbound and make it tight (2n � 2), by observing that G is almost a bipartite graph.This is the goal of the remainder of this se
tion.Claim 3.6. Let C;C1; C2 be three distin
t pairwise-interse
ting 
ir
les. Suppose thatL1 = D1 n intD and L2 = D n intD2 are lunes. Then C2 passes through the twointerse
tion points of C and C1. Moreover, the inner ar
 of L1 is the outer ar
 of L2.Proof: See Figure 5. Denote by a and b the interse
tion points of C and C1 (notethat a 6= b). The ar
 C2 \D is the inner ar
 of L2, hen
e C1 and C2 
annot interse
tinside the interior of D. The ar
 C1nD is the outer ar
 of L1, hen
e C1 and C2 
annotinterse
t outside D. Therefore C1 \ C2 � C, whi
h implies that C2 passes through aand b.For the se
ond part, observe that sin
e C2 passes through a and b, the outer ar
 ofL2 is either C \D1 (i.e., the inner ar
 of L1) or C nD1. Assume to the 
ontrary thatthe outer ar
 of L2 is C nD1. Then D2 
ontains C \D1 whi
h is the inner ar
 of L1.47



C1 a
b

C C2

Figure 5: The 
on�guration in Claim 3.6Sin
e L1 is a lune, D2 must 
ontain also the outer ar
 of L1 whi
h is C1 nD. Sin
eD nD2 is a lune, D2 must 
ontain C1 \D (for otherwise C1 interse
ts the interior ofD n D2). The last two 
ontainments imply that D2 � D1 whi
h is impossible sin
eC1 and C2 interse
t at a and b. 2Lemma 3.7. Suppose that C 2 C supports an inner ar
 of a lune L1, as well as anouter ar
 of a lune L2. Then either C is a pen
il or C supports exa
tly one inner ar
of a lune and one outer ar
 of a lune. Moreover, if C is not a pen
il then the innerar
 of L1 is the outer ar
 of L2.Proof: Write L1 = D1 n intD, L2 = D n intD2, for a (not ne
essarily distin
t) pair of
ir
les C1; C2 2 C. Denote by a and b the interse
tion points of C and C1. If C1 = C2then a; b are the only interse
tion points on C1 (as well as on C), be
ause C1 nD isthe outer ar
 of L1 and C1 \ D is the innner ar
 of L2. Hen
e C is a pen
il in this
ase. We may thus assume that C1 6= C2.By Claim 3.6, C2 passes through a; b and the inner ar
 of L1 is the outer ar
 ofL2. Denote that ar
 by d. If C 
ontains another inner or outer ar
 of some lune then,by the pre
eding argument, this ar
 equals d. However, d 
an be an inner ar
 of atmost one lune and an outer ar
 of at most one lune. 2Proof of Theorem 3.1: We prove the Theorem by indu
tion on n. The theorem
learly holds for n = 2. Assume that it holds for all n0 < n and 
onsider the 
ase ofn 
ir
les. Denote by C+ the set of all 
ir
les in C that support the outer ar
 of somelune. Denote by C� the set of all 
ir
les in C that support the inner ar
 of some lune.Case 1: C+ \ C� = ;. In this 
ase G is bipartite. As is well known, bipartite planargraphs on n verti
es have at most 2n� 4 edges, so the theorem holds in this 
ase.Case 2: C+\C� 6= ;. Let C be a 
ir
le in C+\C�. By Lemma 3.7, either C is a pen
ilor C supports exa
tly one inner ar
 of a lune L1 = D1 n intD and one outer ar
 of alune L2 = D nD2, and we have C \D1 = C n intD2. If C is a (non-degenerate) pen
ilthen 
learly it admits exa
tly 2n� 2 lunes. If C is not a pen
il then C 0 = C n fCg hasexa
tly one lune less than C; indeed, the lunes L1, L2 no longer exist, but instead we48



gained the lune D1nintD2. By the indu
tion hypothesis, there are at most 2(n�1)�2lunes in C 0 and therefore at most 2n � 3 � 2n � 2 lunes in C. This establishes theindu
tion step and thus 
ompletes the proof. 23.2 The number of lenses in a family of pairwise-interse
ting
ir
lesIn this subse
tion we prove the following theorem.Theorem 3.8. A family of n pairwise interse
ting 
ir
les in the plane determines atmost 18n lenses.Proof: Let C be a family of n pairwise interse
ting 
ir
les in the plane. We provethe theorem by indu
tion on n. The theorem 
learly holds for n � 36, be
ause thenumber of lenses is at most �n2� < 18n, for n � 36. Suppose that the theorem holdsfor all n0 < n and 
onsider the 
ase of n > 36 
ir
les.Lemma 3.9. There exists a point interior to at least n=9 of the disks bounded by
ir
les in C.Proof: Let C0 2 C be a 
ir
le that has the smallest radius r. Let D�0 be the disk ofradius 3r that is 
on
entri
 with C0. For any 
ir
le C 2 C n fC0g, the area of D \D�0is minimized when the radius of C is r and C is fully 
ontained in D�0. This minimumarea is �r2. Sin
e the area of D�0 is 9�r2, there is a point inside it that is interior toat least n=9 of the 
ir
les in C. 2Without loss of generality, assume that the origin, O, is interior to at least n=9 ofthe 
ir
les in C.We perform an inversion I of the plane with respe
t to O, e�e
ted by the mappingI(z) = 1=z, using the 
omplex number representation of the plane. This is a one-to-one 
ontinuous mapping from the plane (minus the origin) to itself. I maps 
ir
les,not passing through the origin, to 
ir
les. If C is a 
ir
le su
h that O =2 D then Imaps intD onto intI(C). If C is a 
ir
le su
h that O 2 D then I maps intD ontothe 
omplement of I(C).Observation 3.10. Assume that C1; C2 2 C, and O 2 intD1 nD2. Let C 01 = I(C1)and C 02 = I(C2). If D1 \D2 is a lens then D02 n intD01 is a lune.Denote by C 0 the set of all 
ir
les C 2 C su
h that O 2 D. We have jC 0j � n=9.Sin
e the interse
tion of all the disks bounded by the 
ir
les in C 0 has a nonemptyinterior, there is at most one lens that is supported by two 
ir
les in C 0. Denote by `the number of lenses supported by a 
ir
le in C 0 and a 
ir
le in CnC 0. After performingthe inversion I, we have, by Observation 3.10, at least ` lunes in the family I(C). ByTheorem 3.1, ` � 2n� 2. 49



By the indu
tion hypothesis, the family C n C 0 determines at most 18(1� 1=9)n =16n lenses. Hen
e, C determines at most 16n + (2n � 2) + 1 < 18n lenses. Thisestablishes the indu
tion step and thus 
ompletes the proof of the theorem. 2In Se
tion 3.4 we shall need the following extension of Theorem 3.8:Lemma 3.11. Let A and B be two families of 
ir
les in the plane, su
h that every
ir
le in A interse
ts every 
ir
le in B, and there is a point p that is interior to all thedisks bounding the 
ir
les of A. Then the number of lenses within the family A [ Bthat are supported by a 
ir
le of A and by a 
ir
le of B is O(jAj+ jBj).Proof: First note that we may assume, without loss of generality, that every pair of
ir
les in A interse
t. Indeed, if C1; C2 2 A and C1\C2 = ;, then, sin
e p 2 D1\D2,it must be the 
ase that one ofD1; D2 
ontains the other disk. Suppose that D1 � D2.We 
laim that there is no lens that is supported by C2 and by a 
ir
le in B. Indeed,assume that there exists C 2 B su
h that D \D2 is a lens. Sin
e C1 � D2, we haveC1 \ D � D2 \ D, whi
h means that the ar
 C1 \ D is 
ontained within the lensD2 \ D, whi
h 
ontradi
ts the de�nition of a lens. Therefore, we may ex
lude C2from A without de
reasing the number of lenses under 
onsideration. Hen
e we mayassume that every pair of 
ir
les in A interse
t.Perform an inversion map I with respe
t to p. By Observation 3.10, every lensthat is supported by a 
ir
le in A and a 
ir
le in B be
omes a lune, unless it 
ontainsthe point p. Moreover, the outer (resp. inner) ar
 of ea
h su
h lune is supported bythe image of a 
ir
le in B (resp. in A). Clearly, at most one lens 
an 
ontain p.Denote by I(A) and I(B) the two families that 
ontain the images of the 
ir
lesof A and of B, respe
tively, under the inversion I.Every pair of 
ir
les in I(A) interse
t, and ea
h 
ir
le of I(A) interse
ts every 
ir
leof I(B). De�ne a bipartite graph G whose verti
es are the 
ir
les in I(A)[ I(B), andwhose edges are the pairs (C;C 0), where C 2 I(A), C 0 2 I(B), and D0 n intD is alune within the family I(A) [ I(B). By Lemma 3.4, G is a planar graph. Hen
e, thenumber of edges of G, whi
h is equal to the number of lunes, the outer ar
 of whi
his supported by a 
ir
le from I(B) and the inner ar
 of whi
h is supported by a 
ir
lein I(A), is at most 2(jAj+ jBj)� 4. Adding the one possible lens that 
ontains p, weobtain the asserted bound. 23.3 The number of lenses in arrangements of unit 
ir
lesWe now 
onsider the 
ase of unit 
ir
les, and ta
kle Conje
ture 1.1(a).Our �rst result shows that the number of lenses in A(C) is subquadrati
. We notethat the weaker subquadrati
 bound O(n3=2) is easy to establish using a forbiddensubgraph argument. (An even weaker bound of O(n5=3) follows from the more generalresults of Tamaki and Tokuyama [19℄ mentioned in the introdu
tion.)Theorem 3.12. The number of lenses in A(C) is O(n4=3 logn).50



Proof: Let P denote the set of 
enters of the 
ir
les in C and let D be the set of disksof radius 2 
entered at the points of P (ea
h disk in D is 
on
entri
 with a 
ir
le ofC and its radius is twi
e as large).Let G be the bipartite 
ontainment subgraph of D � P ; that is, the edges of Gare all pairs (D; p) 2 D � P su
h that p 2 D. We apply the bat
hed range-sear
hingte
hnique of Katz and Sharir [11℄ to D and P . This te
hnique 
omputes G andrepresents it as the disjoint union of 
omplete bipartite graphs fDi � Pig, so thatPi(jDij+ jPij) = O(n4=3 logn).Note that for ea
h lens in
ident to 
ir
les C;C 0, the 
enter p0 of C 0 lies in the diskD of radius 2 
on
entri
 with C. Hen
e (D; p0) appears in one of the graphs Di� Pi.Hen
e it suÆ
es to show that the number of lenses `within' ea
h of the graphsDi � Pi is linear in jDij + jPij. (Note that a lens ' in A(C) is also a lens in thearrangement of any subset of C that 
ontains the two 
ir
les in
ident to '.) Morepre
isely, let Ci denote the set of 
ir
les in C that are 
on
entri
 with the disks in Di,and let �Ci denote the set of 
ir
les of C 
entered at the points of Pi. Our goal is toestimate the number of lenses in Ci [ �Ci.Sin
e every `bi
hromati
' pair of 
ir
les in Ci � �Ci interse
t, the 
enters of the
ir
les in Ci � �Ci all lie in some square R of side at most 8. We partition R into64 small subsquares, ea
h of side 1, and observe that any pair of 
ir
les 
entered atthe same subsquare interse
t ea
h other. Now, instead of 
onsidering the set Ci [ �Ci,
onsider the O(1) sets C(p)i [ �C(q)i , where C(p)i is the set of 
ir
les of Ci whose 
enters liein the p-th small subsquare, and �C(q)i is the set of 
ir
les of �Ci whose 
enters lie in theq-th small subsquare. Sin
e ea
h pair of 
ir
les in C(p)i [ �C(q)i interse
t, it follows fromTheorem 2.2 that the number of lenses in that set is O(jC(p)i j+ j �C(q)i j). Summing thesebounds over all p; q, we 
on
lude that the number of lenses in Ci [ �Ci is O(jCij+ j �Cij).This 
ompletes the proof of the theorem. 2Remark: We 
onje
ture that the real bound on the number of lenses is near-linear inn. However, proving su
h a bound is likely to be very hard. This is suggested by thefollowing 
onsideration. Let S be a set of n points in the plane, and let C be the familyof unit 
ir
les 
entered at the points of S. For a pair of points p; q 2 S, the distan
ejpqj is 2 if and only if the two 
ir
les 
entered at p and q are externally tangent toea
h other. If no two of these points of tangen
y 
oin
ide then, by perturbing thepoints of S slightly and randomly, we 
an ensure that at least a 
onstant fra
tion ofthe number of these tangen
ies be
ome lenses in the perturbed arrangement. Thebest known upper bound for the number of repeated distan
es in a set of n pointsin the plane is O(n4=3) [16℄ (see also [12, 13℄), whereas the best known 
onstru
tiongives only a slightly-superlinear number of repeated distan
es [12℄. This upper boundhas resisted any attempt of improvement for the past 15 years. Hen
e, improving ourbound on the number of lenses below O(n4=3) is likely to be hard. We feel 
on�dent,though, that it should not be too diÆ
ult to improve the bound to O(n4=3). (Wenote, though, that, be
ause of the issue of possibly 
oin
iding tangen
ies, the repeateddistan
es problem is not fully redu
ible to the lenses problem.)51



3.4 The number of lenses and lunes in arrangements of arbi-trary 
ir
lesIn this subse
tion we study general arrangements of 
ir
les of arbitrary radii in theplane, and ta
kle Conje
ture 1.1(d). We �rst have the following upper bound on thenumber of lenses and lunes in su
h an arrangement.Theorem 3.13. The number of lenses and lunes determined by a family of n 
ir
lesof arbitrary radii in the plane is O(n3=2+"), for any " > 0, where the 
onstant ofproportionality depends on ".Proof: Let C be a family of n 
ir
les of arbitrary radii. Let G be the interse
tiongraph of C. That is, the verti
es of G are the 
ir
les of C and the edges of G 
onne
tall interse
ting pairs of 
ir
les.We run a bat
hed range-sear
hing pro
edure for 
onstru
ting G and for represent-ing it as the disjoint union of a family of 
omplete bipartite graphs fAi � Big. Astandard way of doing this is as follows. Represent a 
ir
le C whose 
enter is at (a; b)and whose radius is r by the pointpC(a; b; r;�(r2 � a2 � b2)) 2 IR4;and by the pair of hyperplanesh+C : x4 = 2ax1 + 2bx2 + 2rx3 + (r2 � a2 � b2)h�C : x4 = 2ax1 + 2bx2 � 2rx3 + (r2 � a2 � b2):Note that a 
ir
le C of radius r 
entered at (a; b) and a 
ir
le C 0 of radius R 
enteredat (�; �) interse
t if and only if(R� r)2 � (a� �)2 + (b� �)2 � (R + r)2;or 2a� + 2b� + 2rR + (r2 � a2 � b2) � �(R2 � �2 � �2)and 2a� + 2b� � 2rR + (r2 � a2 � b2) � �(R2 � �2 � �2):In other words, they interse
t if and only if the point pC lies above h�C0 and belowh+C0 .Hen
e, the range sear
hing problem that we fa
e is: We have a set P of n points inIR4, all lying on the paraboloid � : x4 = x21+x22�x23, and a setW of n wedges, we wishto �nd a 
ompa
t representation of the set of all pairs of point-wedge 
ontainment.Applying standard range-sear
hing ma
hinery (see, e.g., [1, 2℄), we 
an representthe set of these pairs as the disjoint union of a family of 
omplete bipartite graphsfPi�Wig, su
h that the overall size of the vertex sets of these graphs is O(n3=2+"), forany " > 0, with the 
onstant of proportionality depending on ". We then transformea
h of the graphs Pi � Wi to the 
orresponding graph Ai � Bi, where Ai is the52



set of 
ir
les whose representing points are in Pi and Bi is the set of 
ir
les whoserepresenting wedges are in Wi.Clearly, if two of the given 
ir
les C;C 0 form a lens or a lune then they interse
t,so the pair (C;C 0) appears in one of the bipartite graphs Ai � Bi, and forms a lensor a lune in Ai [ Bi.Fix a graph Ai�Bi, and let us denote it as A�B for short. Note that ea
h 
ir
lein A interse
ts every 
ir
le in B, but there may be disjoint pairs of 
ir
les in A�Aand in B � B.Suppose that the smallest 
ir
le in A [ B is C 2 A, and let r be the radius ofC. We argue as in the proof of Lemma 3.9. That is, let D0 be the disk of radius 3r
on
entri
 with C. Ea
h 
ir
le C 0 2 B interse
ts C and has radius r0 � r, so, arguingas above, the interse
tion of D0 with the disk D0 that C 0 bounds has area at least�r2. Hen
e, we 
an pla
e O(1) points in D0 so that any su
h D0 
ontains at least oneof them. This implies that we 
an de
ompose B into O(1) families B(1); : : : ;B(p) sothat all the 
ir
les in the same family have a 
ommon point in their interiors.Lemma 3.11 implies that the number of `bi
hromati
' lenses in A[B(j) is O(jAj+jB(j)j). The analysis of lunes is a bit more involved. First, as implied by Lemma 3.4,the number of bi
hromati
 lunes whose inner ar
 is supported by a 
ir
le of B(j) andwhose outer ar
 is supported by a 
ir
le of A is O(jAj+ jB(j)j). (Note that, as in theproof of Lemma 3.11, we �rst argue that we may assume that every pair of 
ir
lesin B(j) interse
t; indeed, if this family 
ontains two 
ir
les C;C 0 su
h that C is fully
ontained in the interior of C 0, then, as is easily veri�ed, C 
annot support the innerar
 of any lune under 
onsideration, so it 
an be ignored.)It remains to 
onsider lunes whose inner ar
 is supported by a 
ir
le C 2 A andwhose outer ar
 is supported by a 
ir
le C 0 2 B(j). Suppose �rst that the radius of Cis smaller than or equal to the radius of C 0. Then the outer ar
 of the lune is largerthan half of C 0, and 
onsequently the number of these lunes is at most O(jB(j)j). Anyother lune under 
onsideration has its inner ar
 supported by a 
ir
le in A whoseradius is at least r. Let A0 denote the subset of these 
ir
les. Arguing as above,we 
an partition A0 into O(1) subfamilies, so that all 
ir
les in the same subfamilyhave a 
ommon point in their interiors. For ea
h su
h subfamily A00, Lemma 3.4 andthe analysis given in the pre
eding paragraph, imply that the number of bi
hromati
lunes under 
onsideration in A00 [ B(j) is O(jA00j + jB(j)j). Summing this over allthe subfamilies A00, we �nally obtain that the overall number of lenses and lunes inA [ B(j) is O(jAj+ jB(j)j).Summing this bound over the O(1) indi
es j, we 
on
lude that the number ofbi
hromati
 lenses and lunes in A [ B = Ai [ Bi is O(jAij + jBij). Summing thisbound over all bipartite graphs Ai � Bi in our de
omposition, we 
on
lude that theoverall number of lenses and lunes in C is O(n3=2+"), as asserted. 2We next derive the following strengthening of Theorem 3.13:Theorem 3.14. The number of lenses and lunes determined by a family of n 
ir
lesof arbitrary radii in the plane with P interse
ting pairs is O(n1=2�"P 1=2+" + n), for53



any " > 0, where the 
onstant of proportionality depends on ".Proof: Clearly, we only need to prove the theorem in the 
ase that P = o(n2), andwe may also assume that P > n, for otherwise the 
omplexity of the arrangementis O(n), so the theorem trivially holds in this 
ase. Put r = n2=P , and 
hoose arandom sample R of r 
ir
les of C. The expe
ted number of interse
ting pairs in Ris O(Pr2=n2) = O(r), whi
h implies that the expe
ted 
omplexity of A(R) is O(r).De
ompose A(R) into pseudo-trapezoids (as in [15℄). The "-net theory implies that,with high probability, ea
h pseudo-trapezoid is 
rossed by at most O(nr log r) 
ir
lesof C. We 
an thus assume that our sample R is su
h that the number of pseudo-trapezoids is O(r) and ea
h is 
rossed by at most O(nr log r) 
ir
les of C. For any lensor lune L in A(C) there exists a pseudo-trapezoid � su
h that L is also a lens or lunein A(C� ), where C� is the 
olle
tion of 
ir
les of C that 
ross � . By Theorem 3.13, thenumber of lenses and lunes in A(C� ) is O((n=r)3=2+"), for any " > 0. Hen
e, the totalnumber of lenses and lunes in A(C) isO(r) �O((n=r)3=2+") = O(n3=2+"=r1=2+") = O(n1=2�"P 1=2+");as asserted. 2Remark: We do not know whether the bound in Theorem 3.13 is tight. The bestlower bound that we 
an 
onstru
t is 
(n4=3). Indeed, 
onstru
t a set L of n linesand a set P of n points that have �(n4=3) in
iden
es between them (see, e.g., [10℄for su
h a 
onstru
tion). Choose a suÆ
iently small parameter Æ > 0, repla
e ea
hpoint p 2 P by a 
ir
le of radius Æ 
entered at p, and repla
e ea
h line ` 2 L by aparallel line that lies above ` at distan
e Æ from it. We now have �(n4=3) tangen
iesbetween the new 
ir
les and lines. Finally, take ea
h of the new lines, move it slightlydown and bend it slightly upwards into a huge 
ir
le. It is easily seen that thesedeformations 
an be made so that all the huge 
ir
les have the same radius and sothat ea
h of the former tangen
ies is turned into a lens in the new arrangement.We thus obtain an arrangement of 2n 
ir
les, of only two di�erent radii, that has
(n4=3) lenses. (Similarly, by bending the lines slightly downwards, we 
an obtain anarrangement with 
(n4=3) lunes.)4 The Existen
e of Verti
es In
ident to at MostThree Cir
lesIn this se
tion we ta
kle parts (a), (
) and (d) of Conje
ture 1.1, and derive partialsolutions to them.4.1 Verti
es of low degree for pairwise-interse
ting 
ir
lesIn this subse
tion we establish the following result:54



Theorem 4.1. Let C be a family of n pairwise interse
ting 
ir
les in the plane. Ifn is suÆ
iently large and C is not a pen
il then there exists an interse
tion pointin
ident to at most 3 
ir
les.We need the following easy 
onsequen
e of Euler's formula for planar maps, whi
hhas already been used in the previous paper [14℄; we in
lude the simple proof for thesake of 
ompleteness.Lemma 4.2. Let C be a �nite family of 
ir
les in the plane. For every k � 2 denoteby tk the number of verti
es of A(C) that are in
ident to exa
tly k 
ir
les of C. Denoteby fk (k � 1) the number of fa
es of A(C) that have k edges. Thent2 + f2 + 2f1 � 6 +Xk�3(k � 3)tk +Xk�3(k � 3)fk:Proof: Denote by V;E; F the numbers of verti
es, edges and fa
es of A(C), respe
-tively. We have V =Xk�2 tk; F =Xk�1 fk; E =Xk�2 ktk = 12Xk�1 kfk:By Euler's formula, V +F = E+1+
, where 
 is the number of 
onne
ted 
omponentsof S C. Therefore, 3Xk�2 tk + 3Xk�1 fk =Xk�2 ktk +Xk�1 kfk + 3 + 3
;whi
h is easily seen to imply the lemma. 2Proof of Theorem 4.1: Let tk, fk, for k � 2, be as de�ned in Lemma 4.2. Note thatwe may assume in this 
ase that f1 = 0. Indeed, if there is a 
ir
le whi
h 
ontains justone interse
tion point, then it follows from the fa
t that the 
ir
les in C are pairwiseinterse
ting that C is a degenerate pen
il, 
ontrary to assumption.We assume to the 
ontrary that t2 = t3 = 0 and derive a 
ontradi
tion. Underthis assumption, Lemma 4.2 implies:V =Xk�4 tk �Xk�4(k � 3)tk � f2 � 6:By Theorems 3.1 and 3.8, the number of bounded fa
es of A(C) of degree 2 (i.e., thelunes and lenses of C) is less than 20n. Taking into a

ount the unbounded fa
e aswell, we still have V � f2 � 6 < 20n.Claim 4.3. C does not 
ontain a pen
il of size � 9n1=2.Proof: Suppose to the 
ontrary that there exists a pen
il C 0 � C of size jC 0j = k �9n1=2. Ea
h 
ir
le in C n C 0 interse
ts the 
ir
les in C 0 in at least k distin
t points.55



Hen
e, if we add a 
ir
le C1 of C nC 0 to C 0 we obtain at least k new interse
tion points.Adding another 
ir
le C2 2 C n C 0 yields at least k � 2 additional new interse
tionpoints with the 
ir
les in C 0 (note that C1 and C2 
an share at most two of theseinterse
tion points). Continuing in this manner, adding the j-th 
ir
le of C n C 0 willyield at least k � 2j + 2 new interse
tion points.Suppose �rst that k < 2n=3. Then we 
an add k=2 
ir
les of C n C 0 to C 0, andobtain at least k2=4 distin
t verti
es of A(C). Sin
e the number of verti
es is at most20n, we obtain k < 9n1=2, a 
ontradi
tion.Suppose then that k � 2n=3. Adding one 
ir
le C 2 C n C 0 to C 0 yields at least2n=3 new interse
tion points, all having degree 2 in A(C 0 [ fCg). Sin
e ea
h of thesepoints must have degree at least 4 in A(C), it follows that C nC 0 must 
ontain at least2n=3 additional 
ir
les, a 
ontradi
tion that 
ompletes the proof of the 
laim. 2Sin
e f2 � 20n it follows that by removing at most 20n edges from A(C) we obtaina planar graph without multiple edges. Sin
e the number of edges in su
h a planargraph is at most three times the number of its verti
es, we obtain E � 20n < 3V , orE < 80n.Claim 4.4. If n is suÆ
iently large, then ea
h vertex of A(C) is in
ident to at most27n3=4 
ir
les.Proof: Suppose to the 
ontrary that there exists an interse
tion point p in
ident tomore than 27n3=4 
ir
les. Let C 0 denote the subfamily of 
ir
les in
ident to p.By Claim 4.3, C does not 
ontain a pen
il of size 9n1=2. Therefore, within thefamily C 0, every interse
tion point other than p has degree at most 9n1=2. Hen
eea
h 
ir
le C 2 C 0 is in
ident to at least (27n3=4)=(9n1=2) = 3n1=4 distin
t interse
tionpoints, so C 
ontributes at least these many edges to A(C). Hen
e, the number ofedges of A(C) is at least 27n3=4 � 3n1=4 = 81n, a 
ontradi
tion. 2By Claim 4.4, ea
h 
ir
le in C is in
ident to at least n=(27n3=4) > 127n1=4 distin
tinterse
tion points, and thus 
ontributes at least these many edges to A(C). Hen
ethe number of edges of A(C) is at least 127n5=4, whi
h is greater than 80n when n issuÆ
iently large. This 
ontradi
tion 
ompletes the proof of the theorem. 2Theorem 4.1 is a partial solution to Conje
ture 1.1(d). One may say that Con-je
ture 1.1(d) is tight, in the sense that we 
annot guarantee the existen
e of verti
esin
ident to only two 
ir
les. We have already seen in [14℄ that there are 
on�gurationsof four pairwise interse
ting unit 
ir
les su
h that every interse
tion point is in
identto exa
tly three 
ir
les. If we do not restri
t ourselves to unit 
ir
les, we also havethe example in Figure 6 of six 
ir
les where ea
h interse
tion point is in
ident to atleast three 
ir
les. This example has also the property that at most two 
ir
les passthrough any two distin
t points (i.e., no pen
ils of size > 2 exist). We 
an add aseventh 
ir
le (the dotted one in Figure 6) that violates this 
ondition but preservesthe property that ea
h interse
tion point is in
ident to at least three 
ir
les.56



Figure 6: An arrangement of six or seven 
ir
les where ea
h vertex is in
ident to atleast three 
ir
les4.2 Verti
es of low degree in arrangements of unit 
ir
lesIn this subse
tion we establish the following result, whi
h provides a partial solutionto Conje
ture 1.1(a) posed in the introdu
tion.Theorem 4.5. Let C be a 
olle
tion of n unit 
ir
les in the plane. If the number ofpairs of interse
ting 
ir
les in C is at least �n, for some suÆ
iently large 
onstant �,then A(C) 
ontains a vertex in
ident to at most 3 
ir
les.Proof: We assume to the 
ontrary that A(C) does not 
ontain any su
h vertex, andderive a linear upper bound on P , the number of interse
ting pairs of 
ir
les. Thereexists a 
ir
le C 2 C that interse
ts at least 2P=n other 
ir
les of C. Let �0 denote aunit disk that interse
ts the maximum number, �, of 
ir
les of C; 
learly, � � 2P=n,or P � �n=2. Denote the set of these 
ir
les by C�0 . The 
enters of all 
ir
les of C�0lie in the disk ��0 that is 
on
entri
 with �0 and has radius 2 (note that any 
ir
le
entered in ��0 belongs to C�0). Cover ��0 by 7 unit disks (this is easy to do, using a
onstru
tion based on the hexagonal grid; see Figure 7.) One of these disks, 
all it�1, 
ontains at least �=7 
enters. The set C1 of 
ir
les 
entered in �1 has the propertythat every pair of its elements interse
t ea
h other, and the interse
tion points of anysu
h pair lie in the disk ��1 of radius 2 
on
entri
 with �1; the number P1 of thesepairs is thus at least ��=72 �. The size n1 of C1 satis�es n1 � �, as follows from themaximality of �.As the subsequent analysis will show, a te
hni
al problem may arise when thesepairs of 
ir
les interse
t in too few points, or, more pre
isely, when there are interse
-tion points of very high degree (linear in �). The following lemma takes 
are of thisproblem.Lemma 4.6. If ��1 
ontains a vertex in
ident to more than a� 
ir
les of C1, for any
onstant parameter a, then the number of distin
t verti
es of A(C) within ��1 is atleast a�(a� � 2)=2. 57



Figure 7: Covering a disk of radius 2 by seven disks of radius 1Proof: Let v be a point in ��1 in
ident to w � a� 
ir
les of C1. There may be at mostw=2 tangent pairs of these 
ir
les, and the other pairs of them interse
t at pairwisedistin
t points that all lie in ��1. The number of these points is thus at least�w2�� w2 = w(w � 2)2 � a�(a� � 2)2 :2 We now 
over ��1, as above, by 7 unit disks. One of them, 
all it �, has thefollowing property:(i) If the 
ondition of Lemma 4.6 holds then � 
ontains at least a�(a��2)=14 distin
tverti
es of A(C).(ii) Otherwise, at least �(� � 7)=686 pairs of 
ir
les of C1 interse
t inside �.Let C� denote the set of 
ir
les that interse
t �. By the maximality property of�0, we have n� = jC�j � �.We modify the analysis based on Euler's formula, given in Lemma 4.2, and applyit to the arrangement ~A(C�), whi
h is obtained by 
lipping A(C�) to within �. Spe
if-i
ally, let V;E and F be the sets of verti
es, edges and fa
es of ~A(C�). (Note thatthe interse
tion points of the 
ir
les of C� with �� 
onstitute additional verti
es of~A(C�). By shifting � slightly, if ne
essary, we may assume that the number of thesenew verti
es is exa
tly 2n� and ea
h is in
ident to exa
tly one edge of the 
lippedarrangement.) We have jV j + jF j = jEj+ 1 + 
, where 
 is the number of 
onne
ted
omponents of � \S C�. We also havejV j = 2n� +Xk�2 t(�)k ; jF j =Xk�1 f (�)k ; jEj = n� +Xk�2 kt(�)k = 12Xk�1 kf (�)k ;58



where t(�)k is the number of verti
es of ~A(C�) that lie in the interior of � and arein
ident to exa
tly k 
ir
les of C�, and f (�)k is the number of fa
es of ~A(C�) thatare in
ident to exa
tly k edges of ~A(C�), where ea
h edge that terminates on �� is
ounted twi
e (all these edges bound the unbounded fa
e of the 
lipped arrangement).Hen
e we have6n� + 3Xk�2 t(�)k + 3Xk�1 f (�)k = n� +Xk�2 kt(�)k +Xk�1 kf (�)k + 3 + 3
:Equivalently,t(�)2 + f (�)2 + 5n� =Xk�4(k � 3)t(�)k +Xk�4(k � 3)f (�)k + 3 + 3
: (1)Sin
e we have assumed that A(C) does not 
ontain any vertex of degree 2 or 3, itfollows that t(�)2 = t(�)3 = 0. We next apply Theorem 3.12 to C� and observe that the
lipping of the arrangement does not a�e
t the asymptoti
 bound on f (�)2 providedby the theorem. Using also the trivial bound f (�)1 � n�, we thus obtainXk�4 kt(�)k = O(n4=3� logn�) = O(�4=3 log �): (2)Suppose �rst that, in the 
onstru
tion of �, the 
ondition of Lemma 4.6 did hold,with a value of a that will be determined later on. In this 
ase, as follows from thelemma and from the 
onstru
tion, there are at least a�(a� � 2)=14 distin
t verti
esof A(C) inside �. In this 
ase (2) implies thata�(a� � 2)=14 <Xk�4 kt(�)k = O(�4=3 log �):In other words, � is bounded by a 
onstant 
1 (that depends on a), so we haveP � 
1n=2.Suppose then that the 
ondition of Lemma 4.6 did not hold for a. That is, nopoint is in
ident to more than a� 
ir
les of C1. We then haveP� � a�Xk=2 �k2�s(�)k ; (3)where P� is the number of pairs of 
ir
les in C1 that interse
t inside �, and s(�)k is thenumber of points that lie inside � and are in
ident to exa
tly k 
ir
les of C1.Let s(�)�k denote the number of verti
es of A(C1) that lie inside � and whose degreeis at least k, for k � 2. By the result of Spen
er et al. [16℄ (see also [8, 17℄), one has(re
all that n1 = jC1j)s(�)�k � b�n1k + n21k3� ; (4)59



for an appropriate absolute 
onstant b. (See Lemma 4.10 below for a strengtheningof this bound, whi
h is not needed for the present analysis.)Put P � = a�Xk=A�k2�s(�)k ;for a 
onstant parameter A that will be determined shortly. We haveP � = a�Xk=A�k2�hs(�)�k � s(�)�k+1i ��A2�s(�)�A + a�Xk=A+1 ��k2�� �k � 12 �� s(�)�k ��A2�s(�)�A + bpn1
Xk=A+1 ks(�)�k + a�Xk=bpn1
+1 ks(�)�k :Using (4), we readily obtain thatP � � 3bn21A + 2ab�n1 � �3bA + 2ab� �2:Sin
e P� � �(� � 7)=686, it follows that if we 
hoose A suÆ
iently large and asuÆ
iently small, we 
an ensure that P � < P�=2. Using (2), this implies that�(� � 7)686 � P� � 2 A�1Xk=2 �k2�s(�)k � AXk�2 ks(�)k � AXk�4 kt(�)k � B�4=3 log �;for an appropriate 
onstant B. (The fourth inequality follows from the observationthat any vertex that 
ontributes to the sum Pk�2 ks(�)k also 
ontributes to the sumPk�4 kt(�)k , with a larger or equal 
oeÆ
ient k.) Hen
e, as above, � is at most some
onstant 
2, so P � 
2n=2 in this 
ase. Hen
e, 
hoosing � > maxf
1; 
2g=2 we obtaina 
ontradi
tion, whi
h therefore 
ompletes the proof of the theorem. 2Inspe
ting the proof of the theorem, we a
tually have the following stronger result.Corollary 4.7. Let C be a �nite family of unit 
ir
les with the property that thereexists a unit disk that interse
ts at least � 
ir
les of C. Then there exists a vertex ofA(C) that is in
ident to at most 3 
ir
les.4.3 Verti
es of low degree in arrangements of arbitrary 
ir-
lesIn this se
tion we establish the following theorem, whose proof exploits the bound onthe number of lunes and lenses given in of Theorem 3.14.60



Theorem 4.8. There exists an absolute 
onstant � with the following property. LetC be a family of n 
ir
les of arbitrary radii in the plane, and let q � 2 denote themaximal size of a pen
il in C. If the number of pairs of interse
ting 
ir
les in C is atleast �n(q + n1=3) then A(C) 
ontains a vertex in
ident to at most 3 
ir
les.Proof: Applying Lemma 4.2 to A(C), and 
ontinuing to use the same notation, weobtain t2 + f2 + 2f1 � 6 +Xk�3(k � 3)tk +Xk�3(k � 3)fk:Note that, as above, f1 � n. Assume to the 
ontrary that t2 = t3 = 0. Then we have(repla
ing " by 3" in Theorem 3.13) V � E � 4(f2+2f1) = O(n3=2+3"), where V andE denote, respe
tively, the number of verti
es and edges of A(C).Let P denote the number of pairs of interse
ting 
ir
les in C. We haveP �Xk�4 �k2�tk:Denote by t�k the number of verti
es of A(C) in
ident to at least k 
ir
les. We needthe following result, whi
h improves a bound due to Clarkson et al. [8℄ on the numberof verti
es of large degree in arrangements of 
ir
les of arbitrary radii.Lemma 4.9. Let C be a family of n 
ir
les of arbitrary radii in the plane with P pairsof interse
ting 
ir
les. Then the number t�k of points in
ident to at least k 
ir
lessatis�est�k � b� Pk2:5 + nk� ; (5)for an appropriate absolute 
onstant b.Proof: The approa
h is to derive a re�ned bound on the number I of in
iden
esbetween the 
ir
les of C and the points in an m-element set M . This is done usingthe following variant of the te
hnique of [8℄.Draw a random sample R of r = dn2=P e 
ir
les from C. The expe
ted numberof interse
ting pairs in R is at most P (r=n)2 = r. De
ompose A(R) into pseudo-trapezoids (see [15℄ for details), and for ea
h pseudo-trapezoid � 
onsider the set M�of points of M that lie in �0, whi
h is � with its four verti
es removed, and the set C�of 
ir
les that interse
t �0. Put m� = jM� j and n� = jC� j. By the results of [8℄, thenumber of in
iden
es between C� and M� is O(m3=5� n4=5� +m� +n� ). We sum this overall � 's, and note that the in
iden
es that we miss are between the 
ir
les of C andthe verti
es of the trapezoids. Any su
h in
iden
e 
an be 
harged to an interse
tionbetween a 
ir
le of R and a 
ir
le of C. The expe
ted number of these interse
tionsis O(Pr=n) = O(n). Denoting by I 0 the number of these in
iden
es, we obtainI = I 0 +O X� m3=5� n4=5� +m� + n�! :61



Using H�older's inequality, and observing that P� m� = O(m), we obtainI = I 0 +O (X� m� )3=5 � (X� n2� )2=5 +m+X� n�! =I 0 +O m3=5(X� n2� )2=5 +m +X� n�! :Taking expe
tation with respe
t to the random sample R, and using the analysis ofClarkson and Shor [9℄ and the 
on
avity of the fun
tion x2=5, we obtainI = O(n) +O m3=5 � ��nr �2 � r�2=5 +m+ n! =O�m3=5n4=5r2=5 +m + n� = O(m3=5P 2=5 +m+ n):We now apply this bound to C and to the set M of all t�k verti
es in
ident to at leastk 
ir
les. Sin
e the number of in
iden
es is at least kt�k, we obtainkt�k = O(t3=5�kP 2=5 + t�k + n);from whi
h the asserted bound on t�k follows readily. 2Remark: An analogous bound to that derived in Lemma 4.9, whi
h strengthens thebound in (4) that we have used earlier, 
an be established for arrangements of unit
ir
les. Even though we do not need this variant, we in
lude it here for the sake of
ompleteness:Lemma 4.10. Let C be a family of n unit 
ir
les in the plane with P pairs of interse
t-ing 
ir
les. Then the number of points in
ident to at least k 
ir
les is O(P=k3+n=k).Proof: Using Sz�ekely's te
hnique [17℄, it is easy to show that the number I of in
i-den
es between the 
ir
les of C and a set M of m points satis�esI = O(m2=3P 1=3 +m + n): (6)Let M be the set of all verti
es of A(C) that are in
ident to at least k 
ir
les of C.Then I � mk, so we have mk � 
(m2=3P 1=3 +m+ n), for an appropriate 
onstant 
,from whi
h the 
laim follows readily. 2Claim 4.11. Let L be a 
olle
tion of m > 54b lines in the plane. If A(L) does not
ontain a vertex (whi
h may be at in�nity) in
ident to more than m=a lines, for any
onstant a satisfying a > 12b, then the number of distin
t verti
es of A(L) is at least
m2, for an appropriate 
onstant 
. 62



Proof: By applying a suitable proje
tive transformation to the plane, we may assumethat no two lines in L are parallel. Similar to (4) and the proof of Lemma 4.10, ithas been shown in [18℄ (see also [13℄) that, in an arrangement of m lines, the numberof verti
es in
ident to at least k lines is at most b(m=k +m2=k3), for an appropriateabsolute 
onstant b. The number Q of pairs of 
rossing lines is, by assumption, �m2 �.Hen
e, denoting by wk (resp. w�k) the number of verti
es of A(L) in
ident to exa
tly(resp. at least) k lines, and using an approa
h similar to the one in the proof ofTheorem 4.5 we have, for a parameter B that will be determined shortly,Q = m=aXk=2 �k2�wk = B�1Xk=2 �k2�wk + m=aXk=B�k2�wk �B2 B�1Xk=2 kwk + �B2�w�B + pmXk=B+1 kw�k + m=aXk=pm+1 kw�k �B2 Xk�2 kwk + bm2B + pmXk=B+1 2bm2k2 + m=aXk=pm+1 2bm �B(E 0 �m)2 + 3bm2B + 2bm2a � B(3V 0 +m)2 + 3bm2B + 2bm2a ;where V 0 and E 0 are the numbers of verti
es and edges of the line arrangement,respe
tively. Hen
e, if we 
hoose a > 12b and B = 18b, we will havem26 � 9b(3V 0 +m)and this implies the 
laim. 2Claim 4.12. A(C) satis�es the following inequality:�n(q + n1=3) � P �Xk�4 �k2�tk � 4 �Xk=4 �k2�tk;where � = maxfaq; 
0(P 2=9 + n1=3)g;for an appropriate 
onstant 
0.Proof: Let v be a vertex of A(C) in
ident to k > � 
ir
les. Let C 0 denote thesubfamily of 
ir
les in
ident to v. Apply to the plane an inversion 
entered at v. Allthe 
ir
les in C 0 are mapped into lines. No vertex (whi
h may be at in�nity) of thisline arrangement is in
ident to more than q lines, for otherwise C would 
ontain apen
il of size larger than q. Sin
e k > aq, Lemma 4.11 implies that the line images ofthe 
ir
les of C 0, and thus the 
ir
les of C 0 themselves, interse
t in at least 
k2 distin
tpoints. Sin
e k � 
0(P 2=9 + n1=3), simple 
al
ulation shows that t�� < 12
�2 < 12
k2,63



so at least half of these interse
tion points are ea
h in
ident to at most � 
ir
les.This implies that the number of pairs of 
ir
les meeting at high-degree verti
es 
anbe 
harged to twi
e the number of pairs of 
ir
les meeting at low-degree verti
es. Inother words, we have shown thatXk>��k2�tk � 3Xk���k2�tk:This readily implies the 
laim. 2We next estimate the sum in Claim 4.12 using (5). That is, we have, for aparameter B that will be determined shortly and for � = (P=n)2=3,�n(q + n1=3) � P � 4 �Xk=4 �k2�tk = 4 B�1Xk=4 �k2�tk + 4 �Xk=B�k2�tk �2B B�1Xk=4 ktk + 4�B2�t�B + 4 �Xk=B+1 kt�k + 4 �Xk=�+1kt�k �2BXk�4 ktk + 4bPB1=2 + �Xk=B+1 8bPk1:5 + �Xk=�+1 8bn �2BE + 20bPB1=2 + 8�bn:If � = aq, i.e., q = 
(P 2=9 + n1=3) then, 
hoosing the 
onstants B, a and � appropri-ately, we will have, using Theorem 3.14,P < 4BE � 16B(f2 + 2f1) = O(n1=2�"P 1=2+" + n);for any " > 0. This implies that P = O(n) and this will lead to a 
ontradi
tion if werequire � to be suÆ
iently large.Otherwise, for q = O(P 2=9 + n1=3), we again 
an obtainP < 4BE +O(�n) � 16B(f2 + 2f1) +O(�n) = O(n1=2�"P 1=2+" + n+ nP 2=9 + n4=3);for any " > 0. This implies that P = O(n4=3), whi
h again is a 
ontradi
tion if � isrequired to be suÆ
iently large. 2Remark: Theorem 4.8 may fail if P is not suÆ
iently large, as the following 
onstru
-tion shows. Given parameters n and q, draw m = n=q 
on
entri
 
ir
les C1; : : : ; Cmand another 
ir
le C that interse
ts ea
h of them at two points; denote the interse
-tion points of C and Ci by ai and bi. Now repla
e ea
h Ci by a pen
il of q 
ir
lesCi1; : : : ; Ciq that pass through ai and bi and are suÆ
iently 
lose to ea
h other so thatno pair of 
ir
les from di�erent pen
ils interse
t. Put C = fCgSfCij j i � m; j � qg.This is a 
olle
tion of n + 1 
ir
les whose union is 
onne
ted, so that every vertex oftheir arrangement is in
ident to q+1 
ir
les. In this 
ase the size of the largest pen
ilis q+1 and the number of interse
ting pairs of 
ir
les is n+m�q2� = n(q+1)=2. Thisshows that Theorem 4.8 may fail if we do not require that the number of interse
tingpairs of 
ir
les is substantially larger than n times the size of the largest pen
il.64



5 Interse
ting Pairs and Verti
es in Arrangementsof Cir
lesIn this se
tion we use the ma
hinery developed in the pre
eding se
tions to obtainthe following results, whi
h relate the number of verti
es of the arrangement to thenumber of interse
ting pairs of 
ir
les, and whi
h we believe to be of independentinterest.Theorem 5.1. Let C be a 
olle
tion of n unit 
ir
les, with P interse
ting pairs of
ir
les. Then these 
ir
les interse
t in at least �P distin
t points, for some 
onstant� > 0.Proof: The proof pro
eeds by indu
tion on n and P . The 
laim 
learly holds for anyn � 2 and P = 1 (for any � < 1). We assume that it holds for all n0 < n and all P ,and for n0 = n and P 0 < P , and will show that it also holds for n and P .Arguing as in the proof of Theorem 4.5, we 
laim that there exists a unit disk �whi
h 
ontains at least a�2 distin
t verti
es of A(C), where � is the maximum numberof 
ir
les of C that interse
t any unit disk, and where a is an appropriate absolute
onstant. Indeed, if the 
ondition in Lemma 4.6 is satis�ed then the 
laim is obvious.Otherwise, we 
hoose a disk � for whi
h P� = 
(�2), and repeat the analysis in thepre
eding se
tion (without assuming anything about t2 and t3). The inequality (2)be
omesXk�2 kt(�)k = O(t(�)2 + t(�)3 + f (�)1 + f (�)2 ) = O(t(�)2 + t(�)3 + �4=3 log �): (7)The bound for P � is derived exa
tly as above, and allows us to assume that P � < P�=2.This, 
ombined with (7), yields, as above,
(�2) = P� = O(t(�)2 + t(�)3 + �4=3 log �):Hen
e, if � is at least some appropriate and suÆ
iently large 
onstant � then we havet(�)2 + t(�)3 = 
(�2);whi
h implies the 
laim. If � < � then, sin
e A(C) 
ontains at least one vertex, we
an 
hoose � to be a unit disk 
ontaining that vertex, and 
hoose a so that 1 � a�2.Then in this 
ase we also have a unit disk that 
ontains at least a�2 distin
t verti
esof A(C).Remove from C all the n� 
ir
les of C� (i.e., the 
ir
les that interse
t �), and letC 0 be the resulting subset. Let P 0 denote the number of interse
ting pairs of 
ir
lesin C 0. We have P 0 = P � P1 � P2, where P1 � �2=2 is the number of interse
tingpairs of 
ir
les in C�, and P2 is the number of interse
ting pairs (C;C 0) of 
ir
les, withC 2 C� and C 0 2 C 0. Note that any su
h 
ir
le interse
ts the disk �� of radius 3 and65




on
entri
 with �. We 
an 
over �� by 19 unit disks, using a 
onstru
tion based onthe hexagonal grid and similar to that shown in Figure 7, and use the maximality of� to 
on
lude that the number of su
h 
ir
les C 0 is at most 19�. Hen
e P2 � 19�2.In other words, we have found N � a�2 � 2�(P1 + P2) distin
t verti
es of A(C),for an appropriate 
hoi
e of �. After removing C�, we are left with a set C 0 of n0 < n
ir
les, su
h that no vertex of A(C 0) 
oin
ides with any of the verti
es 
onstru
ted sofar. If P 0 � P=2 then P1+P2 = P �P 0 � P=2, so we have shown that A(C) 
ontainsat least 2�P=2 = �P distin
t verti
es. Otherwise, apply the indu
tion hypothesis ton0 and P 0, to obtain at least �P 0 new verti
es of A(C). Hen
e the number of distin
tverti
es of A(C) is at least�P 0 + 2�(P1 + P2) � �(P 0 + P1 + P2) = �P:This establishes the indu
tion step and thus 
ompletes the proof of the theorem. 2Corollary 5.2. The number of distin
t interse
tion points of n unit 
ir
les whose
enters lie inside a square of side length d > 1 is at least 
(n2=d2).Proof: Assume d to be an integer, and partition the given square into d2 squares ofside length 1. Let Ci denote the sub
olle
tion of the given 
ir
les whose 
enters lie inthe i-th smaller square, for i = 1; : : : ; d2. Every pair of 
ir
les in Ci interse
t, so, byTheorem 5.1, these 
ir
les have 
(n2i ) distin
t points of interse
tion, where ni = jCij.We sum these lower bounds over all families Ci, and note that ea
h interse
tion point
an 
ontribute to only O(1) terms. Hen
e, the total number of interse
tion points ofthe given 
ir
les is 
(Pi n2i ) = 
((Pi ni)2=d2) = 
(n2=d2). 2Remark: The 
orollary does not use the full `strength' of the theorem. It onlyrequires the weaker result that if every pair of 
ir
les interse
t then they determine
(n2) distin
t interse
tion points.Corollary 5.3. (a) For a 
olle
tion C of n unit 
ir
les whose 
enters lie in a squareof size � 
n1=2, for a suÆ
iently small 
onstant 
, there exists a point that isin
ident to only two or three 
ir
les.(b) If the area of the union of the disks bounded by the 
ir
les of C is at most 
0n,for a suÆ
iently small 
onstant 
0, then there exists a point that is in
ident toonly two or three 
ir
les.Proof: In both 
ases, it is easy to show that the number of pairs of interse
ting
ir
les in C is larger than �n, provided 
 and 
0 are suÆ
iently small. 2Theorem 5.4. Let C be a 
olle
tion of n 
ir
les of arbitrary radii in the plane withP interse
ting pairs. Let q denote the largest size of a pen
il in C, and suppose thatP � �n(q + n1=3), for a suÆ
iently large 
onstant �. Then A(C) has 
(P ) distin
tverti
es. 66



Proof: Similar to the assertion of Claim 4.12, we have�n(q + n1=3) � P �Xk�2 �k2�tk � 3 �Xk=2 �k2�tk;where � is as de�ned above. We estimate this sum using Lemma 4.9. That is, wehave, for a parameter B that will be determined shortly,�n(q + n1=3) � P � 4 �Xk=2 �k2�tk = 4 B�1Xk=2 �k2�tk + 4 �Xk=B�k2�tk �2B2 B�1Xk=2 tk + 4�B2�t�B + 4 (P=n)2=3Xk=B+1 kt�k + 4 �Xk=(P=n)2=3+1 kt�k �2B2Xk�2 tk + 4
PB1=2 + (P=n)2=3Xk=B+1 8
Pk1:5 + �Xk=(P=n)2=3+1 8
n �2B2V + 20
PB1=2 + 8
n�:Hen
e, 
hoosing the 
onstants B and � appropriately, one 
an show, as in the pre-
eding analysis, that P2 � 2B2V;whi
h establishes the 
laim. 2Remark: The theorem may fail if we do not require P to be signi�
antly larger thannq, as the example given at the end of the pre
eding se
tion demonstrates.Referen
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