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ABSTRACT. In this paper we introduce a new probabilistic method to evaluate the
asymptotic behavior of the principal eigenvalue for the Neumann Laplacian in a
region from which many small holes have been deleted and on which the Dirichlet
boundary condition has been imposed. We assume that the centers of the holes form
a regular lattice with spacing § — 0. If there are n = n(d) holes, let {xén)}?zl
denote their centers and let e, € (0, g) denote the common length of their radii.
Define A,, = Uyzléen (xg.n)), where B,.(z) denotes the open ball of radius r centered

at x € R?. We evaluate the asymptotic behavior of the principal eigenvalue Ag\?)
for —A in Q — A, with the Neumann boundary condition on 92 and the Dirichlet
boundary condition on 0A,. Assuming that

limy, oo nel 2 = a € [0, 00|, if d > 3;
=« €[0,00], if d =2,

: n
T

we prove that
d(d—2)wga

im A = ]
AN 2me g

1Qf

,if d>3;

Let Q@ ¢ R? d > 2, be a bounded domain with smooth boundary. For each
positive integer n, let {xg-n)}?:l be points in Q. Let {¢,}°2; be a sequence of
positive numbers decreasing to 0, and define A,, = U?:1Ben (x;n)), where B,.(x)

denotes the open ball of radius r centered at = € R?. Denote by )\S\?) the principal

eigenvalue for —A in 2 — A,, with the Neumann boundary condition on 02 and the
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Dirichlet boundary condition on 0A,, and denote by )\g) the principal eigenvalue
for —A in Q@ — A,, with the Dirichlet boundary condition on both 92 and 0A,.
In the sequel we will refer to these two situations as the Neumann case and the

Dirichlet case respectively.

For the Dirichlet case with d = 3, Kac showed that if the points {90 i1
are independently distributed according to the uniform distribution on 2, and

lim,, .o, ne, = a € [0, 0], then the principal eigenvalue /\g) satisfies

Ao
lim A = \p + o

Jim. Q) in probability,

where Ap is the principal eigenvalue for —A in 2 with the Dirichlet boundary
condition on 91, and || is the volume of Q [5]. Kac used probabilistic methods
involving the asymptotics of the Wiener sausage. (See Simon [12, chapter 22| for a
good exposition of this method, some of whose details are omitted in Kac’s paper.)

Still assuming that d = 3 and that lim, .. ne, = a € [0,00], but choos-
ing the points {x( )} _, independently according to a density function V' (with
Jo VI( = 1), Rauch and Taylor [11] and Ozawa [7] showed for the Dirichlet case

that

lim )\([7;) = )\E in probability,

n—oo

where Y is the principal eigenvalue for —A +47aV in Q with the Dirichet bound-
ary condition on 0f2. Rauch and Taylor used functional analytic methods and the
Feynman-Kac formula, whereas Ozawa used Green’s function perturbation meth-
ods. (In the above-cited results, the actual constant appearing in the papers differs
by a factor of 2 because the operator 3A is used instead of A.)

The first treatment of the Neumann case was in a paper by Rauch [10] where
the following bounds were obtained for )\5\7) when d = 3: )\E\T,L) < cney, for small
ne, and some ¢ > 0, and, if the holes satisfy a kind of even spacing assumption,
)\g\?) > cine, — co, for all n and some positive constants cq,co. Later Chavel

and Feldman [1] proved that if the points {:L'( )} _, are independently distributed
2



according to the uniform distribution on 2, and if
{ lim,, 0o ned ™2 = a € [0, 00], if d > 3;

limn_mo ﬁ =oc [0,00], if d = 2,
then
(n) W in probability, if d > 3;
lim Ay’ =

%ﬂ; in probability, if d = 2,

where wy is the volume of the unit ball in R¢. Chavel and Feldman used Wiener
sausage techniques along with delicate analytic estimates that go back to Mi-
nakshisundaram and Weyl [6] for the fundamental solution of the heat equation
in a domain with the Neumann boundary condition.

In this paper, we use completely different probabilistic methods to obtain the
deterministic version of the above result of Chavel and Feldman under the assump-
tion of deterministic lattice spacing, which we now describe. In the future we hope
to apply the methods developed here to treat eigenvalue asymptotics for other
problems in domains with many small holes.

For 6 > 0, consider the d-lattice in R? consisting of all points of the form dz
where x € R has integral coefficients. A lattice point contained in Q will be
called a boundary point if at least one of its nearest neighbors in the lattice is not
contained in 2, and will be called an interior point otherwise. Let n = n(d) denote
the number of interior lattice points. Clearly,

(1.1) %ig(l)ﬂ&d = 9.

In the sequel it will be more natural to treat n rather than ¢ as the independent
parameter, even though it is possible that certain positive integers may not be
realizable through the above scheme and even though a particular n corresponds
to more than one value of §. Denote the interior lattice points by {.rgn) }i_1 (the

order of the labeling is arbitrary), and for € = ¢, € (0, g), let
A, =U', B, ().
By construction, the balls {B., (mgn)) ?_, are disjoint and do not intersect the

boundary 0f2. Note that

n—oo N 4

1 n
w— lim — E 51,(71) = the uniform distribution on 2.
j
Jj=1
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Recall that wy is the volume of the unit ball in R%.

Theorem 1. Assume that

{ lim,, o n€d=2 = a € [0,00], if d > 3;

limp, oo —e- = € [0,00], if d = 2.
Then
() A i d >3,
lim Ay~ =
n—00 naifd = 2.

2

In light of the above-cited work of Rauch and Taylor and of Ozawa, we expect
that in the Neumann case, if instead of imposing lattice-spacing, one assumed that
% 2?21 5m;n) converged weakly to a probability measure with density V', then )\5\7)
would converge to the principal eigenvalue for —A 4 c4aV in  with the Neumann
boundary condition on 0f2, where ¢4 = d(d — 2)wg, if d > 3, and ¢z = 27. In
fact, we can show that for any choice of {ac;n) }7_; which maintain an appropriate
minimal spacing, limsup,,_, . )\5\?) is less than or equal to the answer obtained in
Theorem 1 (see the end of section 2). This is consistent with the above-stated
expectation since it is easy to see from the Rayliegh-Ritz formula that the principal
eigenvalue Ay (cqaV) for —A + cqaV in  with the Neumann boundary condition
on 09, where V' > 0 satisfies [, V(z)dz = 1, is maximized when V = |_512| is the
uniform density.

With the Neumann boundary condition and d = 3, the problem can be viewed as
an idealized model for the cooling effect of crushed ice: consider an insulated con-
tainer filled with a liquid occupying the region {2 and containing n spherical coolers
of radius €, which are centered at the points {x§") }7_; and maintain temperature

0. Then heat flow in ) starting from a temperature distribution f > 0 (and with

diffusion coefficient normalized to 1) is modeled by
up = Au, x € Q, t > 0;

u(z,0) = f(z), z €

ou
a_N —OOH 69,
u=0on JA,,
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where N denotes the unit outward normal to 2 at 9. The exponential decay rate
of the solution is then equal to the principal eigenvalue )\%L). Since the volume of
the holes is on the order ne3 and the surface area is on the order ne?, while the
shift of the principal eigenvalue is on the order ne,,, one concludes that crushed ice
is a more effective coolant than ice cubes. This model was suggested by Rauch [10].

Our approach is almost completely probabilistic, but as already noted, it is
completely different from the methods of Kac and of Chavel and Feldman, which
utilized the Wiener sausage. We use the probabilistic representation for the prin-
cipal eigenvalue; namely, )\5\7;) is the exponential decay rate in ¢ of the probability
that a normally reflected Brownian motion in {2 has not hit A,, by time ¢. The proof
involves large deviations, but its most novel part exploits Hasminskii’s representa-
tion for the invariant measure of a recurrent Markov process along with Theorem
2 below.

We now recall the probabilistic representation of the principal eigenvalue. Let
X (t) be a Brownian motion in  with normal reflection at 992. Denote by P, the
probability measure corresponding to the reflected Brownian motion starting from
x €. Let T4, =inf{t >0: X(t) € 9A,}. Then
(1.2)

1 1 1 (n _
lim —log Py(74, >t) = lim —log sup P,(1a4, >1t)= ——)\5\,), forz € Q- A,.
t=oo t ! tmoot 7 Leqoa, ! 2

To verify (1.2), recall that the semigroup Tt(n) for the operator —3A on Q— A,, with
the Neumann boundary condition on 02 and the Dirichlet boundary condition on
0A,, can be represented by
T D) = B W)a, >0 = [ 9™ () ),
Qf n
where p(™ (t,2,y) = P.(X(t) € dy,7a, > t). Letting d)én) > 0 denote the eigen-
function corresponding to the principal eigenvalue %)\5\7) for —%A, we have

1
(n)
SupyEQ—An QSO (y)
1

n 1 n
= 00 (@) exp(= A1),
SupyGQ—An ¢O (y)

Py(ra, > t) = (T{M1)(2) > (04" ()
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Thus,
. . 1 (n) 1 (n) —
(1.3) htrnmf n log P, (T4, > 1) > —5)\]\, , forx e Q- A,.

On the other hand, using the semigroup property and the fact that p() (t,z,x)

is symmetric in z and x by self-adjointness, we have for ¢t > 1,

P.(1a, >t) = / p M (t, 2, y)dy
Q—A,

=/ dy/ dz p™ (1, 2,2)p™ (t — 1,2,y)
Q—A, Q—A,

(n) (1
< swp u/ dy [ do ot - L)
T€Q—An ¢(”) Q-A, Q-A4,

(n)(q
oy PLE)

(n) Ly,
vea-a, oy () (/Q_An )y exp(— 20 - 1),

By the Hopf maximum principal, there exists a ¢ > 0 such that
(1.5) () (2) > Sdist(x,0A,).

As a function of t > 0 and of z or z, p™ (¢, z,z) is a smooth solution to the heat
equation u; = %Au in 2 — A,, with the homogeneous Neumann boundary condition

on 02 and the homogeneous Dirichlet boundary condition on 0A,; thus,

p™(1,2,2) =0, for z€ Q— A, and = € DAy;

(1.6) (n)
sup  |V.p'"™(1,z,2)| < oco.
z2,xEQ—A,

From (1.5) and (1.6) we have

(n)(1
(1.7) sup % < 0.
z,tEQ—A, 0 (;r)
From (1.4) and (1.7) we conclude that
1 (n).
(1.8) hmsup log sup P.(7a, >t) < ——)\

t—oo zeQ—A,

Now (1.2) follows from (1.3) and (1.8).

We now present a result which is used in the proof of Theorem 1 and which may

be of independent interest. Fix a positive integer Ny > 1 and consider Ny pairs
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of concentric nonoverlapping balls compactly imbedded in 2. To be concrete, let
{y; };V:Ol C Qand let {R; }j\f:ol and {L; }fgl be positive numbers satisfying Bg, (y;) C
Br,(y;) C Br,(y;) C Q, for all j, and Br,(y;) N By, (y;) =0, for i # j. Let A% =
U;V:%BR]. (y;) and AL = U;V:(HBL]. (y;). Let X(¢) and P, be as above. As is well-
known, X (t) is positive recurrent and its invariant probability measure is normalized
Lebesgue measure in €. (The invariant density satisfies the homogeneous adjoint
equation. The operator %A in Q with the Neumann boundary condition is self-
adjoint, and clearly positive constants satisfy the homogeneous adjoint equation.)
Define inductively stopping times o1 = inf{t > 0 : X(¢t) € AL}, n, = inf{t >
on @ X(t) € 0AR}, and 0,1 = inf{t > n, : X(t) € AL}, for n > 1. Note
that under P, with # € OAL, we have n; = inf{t > 0 : X(¢t) € JAE}. Then
(X(01), X (1), X (02), X (12),...) is a Markov process on AL U 9AE. Since the
process is irreducible and defined on a compact state space, it possesses a unique
invariant probability measure. From this it follows that there exist probability
measures mpr on OAT and mp on AL such that P, .(X(01) € -) = mr and
P, (X(m) € -) = mp. The following result gives an explicit calculation of these

measures as well as an evaluation of the expected length of one cycle; that is, of

EmRnl == EmRal + Eanl

Theorem 2.
i. The conditional distribution of mg on OBRr,(y;) and of my on OBr,(y;) is
uniform. Furthermore

(R?—d_Li—d)fl

ST G 42
—, g, k
(1.9) mR(aBRj (yj)) = mL(aBLj (yj)) = - Lj._1
(log &%) .
z if d = 2.

Do, (og 72~
1. The expected time for one cycle is given by

219 P
d(d—2)wa y 0 (R} 4—L3 )~ ifd=3

1€2] T2
——  if d = 2.
wz;\;ol(log %)*1 f

(1.10) Eppm =

We prove Theorem 2 in section 2. In section 3 we construct the probabilistic
7



setup for the proof of Theorem 1, state three propositions and proof Theorem 1

based on those propositions. The three propositions are proved in sections 4-7.

We conclude this section with a couple of additional historical notes. In fact,
the papers of Rauch and Taylor and of Ozawa showed that for each m, the m-th
eigenvalue for —A in ) — A,, with the Dirichlet boundary condition on both 0f2
and 0A,, (arranged in nondecreasing order and counting multiplicities) converges
to the m-th eigenvalue for —A + 47waV in € with the Dirichlet boundary condition
on 0. Kac also showed this in the particular case he treated (V = W) This is
the so-called Lenz shift.

In a related work, Papanicolaou and Varadhan [8] showed that when Q = R3 and
% 2?:1 595;") converges weakly to a probability measure with compactly supported
density V, then the solution to the Cauchy problem for u; = Au in R? — A,, with
the Dirichlet boundary condition on 0A, and compactly supported initial data
converges in an appropriate sense to the solution of u; = Au — 4raVu in R? with

the same initial data.

2. Proof of Theorem 2.

1. We use the notation in the paragraph preceding Theorem 2. It is enough to prove
that with my, and mpg as prescribed in the theorem, P,,, (X (n1) € -) = mg. The
other equality, Py, (X (01) € -) = mp, follows automatically by symmetry.

For f € C(DA®), let uy denote the solution to

1
5 Auy =0in Q — A%,

(2.1) ufr = f on IAR,
Ouy
8_N =0 on GQ

Letting 74r = inf{t > 0 : X(t) € AR}, we have the probabilistic representation
up(z) = Epf(X(T4r)), for z € Q — AR, From its definition, n; = 74z under P,

with « € 0AL; thus,

(2.2) up(z) = Eo f(X(m)), for o € QAL
8



Let v = {Uj};.vzol be positive constants satisfying Z;\fzol v; = 1, and for each j €
{1,...,No}, let rj(t), 0 <t <1, be an increasing, smooth function satisfying r;(0) =
R; and 7;(1) = L;. Letting (r,0) denote polar coordinates in R¢ and letting o
denote Lebesgue surface measure on the unit sphere S9! normalized to be a

probability measure, define
No
0= You [ sl + (40.0)d(0),
j=1

Let Ty = U;-V:OlBrj ) (y;) and for ¢ € [0,1], let 0, ; denote the probability measure
on OI';, = ij:olc‘?B,,,j(t) (yj) whose conditional distribution on each 9B, ()(y;) is
uniform and which satisfies 0, (9B, (1)(y;)) = v;. Note that 9Ty = JA® and

OI'y = 0AY. From the boundary condition on u ¢ it follows that

(2.3) H,(0) = fdoy.o,
DAR

and from (2.2) it follows that

(2.4) H,(1) = Eo, , f(X(1))-

Note that if

(Rgfd_Lifd)fl

, if d > 3;
: S
: ifd=2,

Do p0 (log )17
then 0,0 and o, ; will be equal to mgr and my, respectively as they are defined in
(1.9). We will show that if v is chosen as in (2.5), then H,(t) is constant in ¢, and
thus H,(1) = H,(0). It will then follow from (2.3) and (2.4) that E,,, f(X(m)) =
J gar Jdmpg. Since f is an arbitrary continuous function on OAE it will follow that
P, (X(m) € -) = mpg, completing the proof.

It remains to show that H,(t) is constant if v is chosen as in (2.5). For the
time being, we continue to consider v as arbitrary. Treating y; as a constant, let
ve(r,0) = us(y; + (r,0)). In the sequel, when N appears in an integral over the

boundary of a domain, it will denote the outward unit normal to the domain. Let
9



&g denote the Lebesgue surface measure of S%~!. Using the generic notation S for
the standard Lebesgue surface measure on a (d — 1)— dimensional hyperspace and

recalling that o is normalized Lebesgue surface measure on S9!, we have

v ,
Z /S N arf t), )7 (t)do (8)

7“] t / an
— dS(xz).
T]_ (t) 9By (1)(Y;5) aN( ) <x)

Suppose v = {v; }5\21 is chosen so that for some ¢ > 0

(2.6)

(2.7) vj—d

=c, forallt€0,1] and j = 1,2, ..., Ny.

If (2.7) holds, then we have from (2.6), (2.1) and the divergence theorem that

= [ du
Ho =5 [ G
c Ouy
= Au dS
ot (z) o 898]\,() (z) =

Choosing r;(t) = (R;~(1—t)+ L3~ d)7=a if d > 3, and r;(t) = exp((1—t)log R, +

tlog Lj), if d = 2, one can now check that (2.7) will hold if v; is chosen as in (2.5).

11. We exploit Hasminskii’s representation for the invariant measure of a recurrent
Markov process. (See [4] where the construction is carried out in the case of a
diffusion on all of R%; the same construction works for any recurrent, irreducible
Markov process.) The invariant probability measure for the normally reflected
Brownian motion is normalized Lebesgue measure. By Hasminskii’s representation
the invariant probability measure (normalized Lebesgue measure) has the following

representation:

IC|  Emg [y 1o(X(1))dt
2.8 — = , for C C Q.
28) 5] Bt

In particular, if we choose C' = A%, then [ 1c(X(t))dt = [J* 1c(X(t))dt, so we

obtain from (2.8)

Q o
(2.9) Eppom = %Em /O Lan (X (1))t



From part (i) we have

(2.10)
o1
o / Lyn (X (1))t
0
S T > (R L?_d)‘lExj fo‘” Law (X (8))dt, if d > 3;
N L SN0 (log £) 7 By, [y Tan(X(8))dt, if d =2,

No Lrpy—a
Zk:l(lOg Rk)

for any choice of z; € 9Bgr;(y;), j = 1,2, ..., No.
From the standard probabilistic representation of solutions of elliptic pde’s, it fol-

lows that

(211) Uj(Rj) = Emj / 1AR(X(t))dt, for T € 6BRj (yj),
0

where u;(r) is the solution to

1, d-1
(2.12) §u;’ + o u; = —1[0,Rj](7"), rc [O,Lj];
U

5(0) =0, uj(L;) = 0.
Writing the left hand side of (2.12) in the form 5—— (r®~* u};)', solving separately
on [0, R;] and on [R;, L;], and matching the solutions and their first derivatives at
R;, we obtain

P Z)Rd(RQ T L3, ifd > 3;
(2.13) ui(Ry) =4 B

R; log R—j, if d=2.
Now (1.10) follows from (2.9)-(2.11), (2.13) and the fact that |A®| = wy Zgil RY.
U

3. Probabilistic Set Up, Statement of Three Propositions and Proof
of Theorem 1. In the sequel, the notation f ~ g will be used to indicate that
there exist constants c1,co > 0 such that c;g < f < cog. We will always assume
that o € (0,00) since the cases a = 0 and o = oo follow from the other cases by
comparison. By (1.1) and the fact that we have deleted boundary lattice points,

(n) (n) (n)

. 1
the distance between any x;" and x;’ or between z;

and 0f2 is at least cn™d
for some ¢ > 0. Since a € (0,00), €, ~ n~ 72 when d > 3. Thus, when d > 3,

2
we may choose L, = Cnd@-2 with an appropriate C' > 0, so that the balls
11



{Byr,.., (:vg-n))}?:l are disjoint and do not intersect the boundary 9€2. When d = 2,
C

€n

n

1 .
“Togen n~z, for an appropriate

we have lim,,_, = «, and we can choose L, =

C > 0, so that the balls {BLnen(xg-n)) 7_; are disjoint and do not intersect the

boundary 9. Note that Lye, ~n~, for all d > 2. Fix x € (0, 1] and let
R, = kL,,.

The parameter x will remain fixed until section 6 when we will need to let kK — 0.
Thus, in our notation until section 6, we will suppress the dependence on k. We

record some of the above facts for later reference.

L,e, ~ n_%, d > 2;
L CnTaD  if d > 3:
(3.1) T Enrifd=2;

R, = HLn, K € (O, 5]

From now on we work with n sufficiently large so that R, > 1. Let AR and
AL denote the collection of holes thickened by a factor of R,, and L,, respectively;
that is, A = U7_,Bp,., (mén)) and AL = U}_Br,., (asg-n)). Define inductively
stopping times oy = inf{t > 0 : X(¢t) € 0AL}, n,, = inf{t > o, : X(t) € AL},
and 0,11 = inf{t > n,, : X(t) € 0AL}, m = 1,2,... . Note that under P,
with 2 € QAL the stopping time 7, is the first hitting time of OAE. Consider
the sequence X (o1), X (), X(02), X(n2), ... under the following Markov transition
measure: let the transition from X (o,,) to X (7n,,) be according to the distribution
P.(X(n) € +), when z = X(0y,) € OAL and let the transition from X (n,,) to
X(om+1) be according to the conditional distribution P,(X(o1) € |o1 < 7a,)
when 2 = X(n,,) € OAZ. Since the above process is defined on the compact
state space AL U DAL, it possesses an invariant probability measure. Thus, there
exist probability measures m; ,, and ms, on OAE and OAL respectively such that
P, (X(01) € -lor <Ta,) =man(-) and Py,  (X(m) € -) = min(-).

Define

(3.2) pn = Pm, (01 < Ta,)
12



and
(3.3)

pn = By (01lo1 <7a,) + Emy o = By (0ilo1 < 7a,) = By, (m|m < 7a,,).

In sections 4-7 we will prove the following three propositions.

Proposition 1.

n log pn

fin

Proposition 2.

lim 122
moifd=2.

|log pu| :{ A i d >3

Remark. Note that whereas p,, and p, depend on the suppressed parameter &,

| log pn
i

lim,, | does not depend on k.

Proposition 3. Assume that lim,, % € (0,00). Then

1
liminf A( > 2 Tim 28Pal
n—oo n—oo /"L')’L
Proof of Theorem 1. Since we are assuming that a € (0,00), it follows from
Proposition 2 that the assumption in Proposition 3 holds. Thus,
{ﬂ%%ﬂ%ifdz3

%%,ﬁd:?

lim A <

n—oo

follows directly from Propositions 1 and 2 while

=g i g >3
lim A > i -
R o ifd=2
follows directly from Propositions 3 and 2. O

The proof of Proposition 1 only requires the ergodic theorem and is given in
section 4. The proofs of Propositions 2 and 3 use Theorem 2. The proof of Propo-
sition 2, which in our opinion is the most novel and interesting part of the proof of
Theorem 1, is given in section 5. The rather intricate and delicate proof of Propo-

sition 3 accounts for over half the length of the paper. The proof, which uses three
13



auxiliary lemmas, is given in section 6, while the auxiliary lemmas are proved in
section 7.

An inspection of the proofs of Propositions 1 and 2 reveals that they do not
require the lattice-spacing assumption, but only a minimal spacing assumption to
insure that the construction of the collection of nonoverlapping balls A may be
carried out. One can verify that the following minimal spacing assumption (along

with the fact that a € (0,00)) is enough:

1. . 1 .. n n
lim,, 0o Ming < j<p T2 dzst(xi )7x§. )) = 00

and lim,, o mini<;<p nﬁdist(:vgn), o) = oo, if d > 3;

lim,, 0o Ming < j<n % log dist(xgn), 335.”)) =0

( and lim, o minj<;<y, % log dist(a:én), 00) =0, ifd=2.
Thus, with this minimal spacing assumption, we have

d(d—2)wga - .
{ Td7 if d 2 3,

o ifd=2.

lim sup )\g\?) <

n—oo

4. Proof of Proposition 1. Letting g = 0, we note that for each k, the random
variables {n; — nj,l}é?:l and the random variables {X (n;) ?:0 have the same dis-
tribution under P, . (-|m < 74, < mi41) as they have under P,,,  (:|m < 7a,), for
any [ > k, and this distribution does not depend on I. Furthermore, {n; — nj_l};‘?:l
and {X (nj)};?zo are stationary sequences under the above measures. The proof of
this follows from the invariance of m4 , and from the crucial fact that P, (o1 < 74,)
is the same for all z € AZ. Therefore, there exists a probability measure, which we
will denote by P****(-), under which {n; —n;_1}32, and {X(n;)}52, are stationary
and such that

Pt ({n; —m € A{X () _g € )

= Py ({0 = i1 Yoy € - {AX)Y=o € - I < 7a,),
for all k& > 1. In fact, {n; — n;—1}52, is ergodic under P*'**(.). Indeed, the
dependence of the random variables {n; — nj_l};?il enters only through the hitting
locations {X(;)}32, and this latter sequence is ergodic since it is easily seen to
satisfy a uniform Doeblin condition. From the definition of pu,, it follows that

(4.1) B (n; —nj—1) = pn.
14



Using the strong Markov property, the fact that P,(o; < 74,) is the same for
all z € QAL and the invariance of my ,,, it follows that for ¢+ > 0 and any positive
integer k, we have

(4.2)
Pml,n (TAn > t) 2 Pml,n<TAn > nk > t) = Pml,n (TAn > nk)Pml,n (le > t‘TAn > nk)

= Py, (Ta, > i) P (i, > 1),

while from (3.2) we have

(4.3) Py, (T4, >nk) = pL.

Fix € > 0. For each ¢ > 0, let k; be an integer such that

(4.4) tlirglo W fn — €.
We write
R t
(4.5) P (g > ) = P 3 (0 = mi-1) > 1)
j=1

Letting t — oo in (4.5), using (4.4) and (4.1), and applying the ergodic theorem

gives
(4.6) Jlim P (g, > t) = 1.

From (4.2)-(4.4) and (4.6) we obtain

1 ] .
(4.7) litminf n logpml,n(TAn > 1) > _| og p ‘

Hn — €

The proposition now follows from (4.7), (1.2) and the fact that e > 0 is arbitrary.
U

5. Proof of Proposition 2. We begin with an estimate for |log p,|. From (3.2)
it follows that p,, is equal to the probability that a d-dimensional Brownian motion

starting from a point on dBg, .. (0) will hit 9By, ., (0) before hitting 9B, (0). This

Do ia (€n)2 T (Rnen)?™®  1-RE7T . loge—log Rnen _ logRn
probability is () T=(Luen)d = 120" if d > 3, and g Tosloes = Tog Lo if

15




d = 2. From (3.1) it follows that lim, .~ p, = 1; therefore lim,, ., % =1,

and we conclude that

1 L2 d .
lim,, o0 W’ log pn| =1, if d > 3;

(5.1)

lim,, o0 logL |log pn| =1, if d = 2.

Now we must estimate pu, defined in (3.3). Note that whereas |logp,| only
involves Brownian motion in a ball, p, includes the term FE,,, 71, and this term
depends on the reflecting Brownian motion in the entire domain with holes 2 —
A,. We circumvent this problem by exploiting Hasminskii’s representation for
the invariant measure of a recurrent Markov process, as was done in the proof of
Theorem 2-ii. We apply Hasminskii’s construction to the original unconditioned
normally reflected Brownian motion. The same argument that led to the existence
of my, and mg , leads to the existence of probability measures M; , and Ms , on
DAL and AL respectively satisfying Py, , (X (01) € -) = Ma,,, and Py, (X (1) €
-) = Mj 5. The invariant probability measure for the normally reflected Brownian
motion in () is normalized Lebesgue measure. By Hasminskii’s construction, the

invariant probability measure (normalized Lebesgue measure) has the following

representation:

c| E M 1o (X(t))dt

O] _ Batin Jo” 1oX(®) , for C C Q.
In particular, if we choose C' = A, then f Ndt = [T 1a(X (t))dt, so we
have

iy 7
(5.2) Ey,,m = AR —=Eur, Lar(X(2))dt.
0

A crucial point now is that
(53) mi;n = Mi,n-

In fact, after making the appropriate changes in notation, both m; ,, and M, ,, are
distributed according to the distribution of mg in (1.9) and both ms ,, and M, ,, are

distributed according to the distribution of my, in (1.9). (The changes in notation

are CL'g-n) in place of y;, Rye€, in place of R;, Lye, in place of L;, and n in place

16



of Ny.) For M, ,,, this claim follows directly from Theorem 2. To prove the claim
for m; ,, recall that m; , and my, are the unique pair of probability measures
satisfying Pp,, ,(X(01) € -|o1 < Ta,) = man(-) and P,  (X(m1) € -) = m1na(-).
When my , and mg,, are as prescribed in (1.9), the second equation above holds
by Theorem 2 and the first one holds by symmetry.

It follows from the definitions that

(5.4) Ery,m = Ewm, 01+ En, 1

From (5.3), (5.4) and (3.3), we obtain

From (5.2) and (5.5) we conclude that

Q 71
(5.6) = ‘LRHEMM/ Lan(X(8))dt + Ep,  (01]01 < 7a,) = Eary 01
n 0

We have now obtained an expression for yu,, which can be calculated explicitly since
it only depends on Brownian motion in balls.

The first expectation on the right hand side of (5.6) is the expected amount of
time a Brownian motion starting from a point on 0Bpg,, (0) spends in Bg, ., (0)
before exiting By, ., (0). The second expectation is the expected exit time from
By, ., (0) for a Brownian motion starting from a point on dBpg, ., (0) and condi-
tioned to exit Br, ., (0) before hitting B, (0), and the third expectation is the
expected exit time from By, ., (0) for a Brownian motion starting from a point on
OBg,, (0).

We first calculate Eyy, . [ Lyr(X(t))dt. Let A= %j—; + L and let u,, =
u1,,(r), be the solution to the following elliptic problem:

Aut g = =110, R, (1), 7 € [0, Lyey];
U1 ,,(0) =0, urn(Lnen) = 0;
Then it follows from the standard probabilistic representation of solutions of elliptic

pde’s that

o1
(5.7) U1 n(Rnén) :EMM/ lAg(X(t))dt.
0
17



d—1,,/
ul,n

Writing Au, ,, = W;_l(’l“ )’, solving separately on [0, R,,¢,] and on [R €, L,€,],

and matching the solutions and their first derivatives at R, €,, we obtain
d(d2—2) (Rnen)(Rnen)*™% — (Lnen)*™9), if d > 3;
(Rnen)2 log IL%_Z’ ifd=2.

(5.8) Ul (Rr€n) = {

Using (5.7) and (5.8) along with the fact that |AZ| = nwy(R,e,)¢, we obtain after

some cancellations
21Q(R2"4—L2"%)

g1 3 7
—REMl,n/ Lar(X(t))dt = d(d—2)wane;
’ B jog Le, if d = 2.

if d > 3;

We will show below that
(5.10)

Q o1
Em, ,(01lo1 <7a,) — En, 01 = 0(%EMM / 1A§(X(t))dt), as n — oo.
n 0

From (5.10) and (5.6) it follows that the first term on the right hand side of (5.6)
gives the leading order of u,,. We now complete the proof of the proposition and
then return to show (5.10).

Consider first the case d > 3. Since lim,, ., n€?~2 = a € (0, 00), it follows from

(5.1), (5.6), (5.9) and (5.10) that

lim Hog pul _ lim Ry — Loy d(d—2waney > d(d = 2)wia

n—ooqi,  meee 1 L2 2)Q|(REY - LAY 2|9

Y

which concludes the proof of the proposition when d > 3.
Now consider the case d = 2. By (3.1) and the assumption on €,, we have

lim;, o + log L, = Z. Thus, we conclude from (5.1), (5.6), (5.9) and (5.10) that

. |log pn| . log ]L%n nmw T
lim = lim - T = o
n—oo  [in n—oo log L., |Q| log B ‘Q|

which completes the proof of the proposition in the case d = 2.
In remains to prove (5.10). Recall that because of symmetry, the particular
measures m; , and M; ,, on the left hand side of (5.10) play no role, and recall that

prn = P, (01 <7a,). We have

Eml,n (0-1‘0-1 < TATL) - EMl,nal = (_ - 1)EW/"nl,n (0-170-1 < TAn)
(5.11) pn

— En, (015010 > 7Ta,),
18



and by the strong Markov property,

where e; is a unit vector in R<.

Now let us,, be the solution to
Aug p, = —1, 7 € [0, Lpey,];
u'Qn(O) =0, ugn(Lnen) = 0.
It follows from the standard probabilistic representation of solutions of elliptic pde’s

that

U2, (1) = Eye, 01, for 0 <r < Ly€p,.
A straightforward calculation reveals that

U (r) = é((Lnenf _ ),

Thus,
1 2
(5.13) Ere o1 < E(Lnen) , for 0 <r < Lye,.

Since lim,, o pn, = 1, it follows from (5.13) that

1
(5.14) (p_ —1)Ep, (01,01 < Ta,)+ (1 — pn)Ee,e,01 = o((Lnen)?), as n — oc.

Since L,, = kR, for some x € (0, 1], the right hand side of (5.9) is on the order
L2749 when d > 3. Recalling from (3.1) that Lye, ~ n~ 7 and that L, ~ nT@ T
it follows that L2~¢ ~ (L,¢,)?. In the case d = 2, the right hand side of (5.9) is on
the order L. From (3.1), (Ln€,)? = O(2). Thus, we conclude that the right hand

side of (5.9) is on the order (L,¢,)? for all d > 2. Using this with (5.14), it follows

that
1
(p_ - 1)Em1,n(01,0’1 <7a,)+ (1 =pp)Ee, e 01
(5.15) 0 o
n 0
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In light of (5.11), (5.12) and (5.15) and the fact that the right hand side of (5.9) is

on the order (Lye,)?, to complete the proof of (5.10) it is enough to show that
(5.16) (1= pn)Em, . (T4, |74, < 01) = 0((Lnen)?), as n — cc.

We calculate E,,, , (74, |74, < o01). Let

p2md ([ e y2=d
(en )27d([(/zn€)n)27da if d > 3;

ifd =2,

(5.17) hn(r) =

TL"’L

log
log L

and let us , denote the solution to

AuS,n = _hn(r>> e [EnaLnen];
(5.18)
U3’n(6n) = u3,n<Ln‘5n) =0.

Note that h,(r) = Pre,(Ta, < 01), for r € [e,, Ly€,], and that h,(R,€,) =1 — py,.
Then it follows from the standard probabilistic representation of solutions of elliptic
pde’s and from the connection between conditioned diffusions and h-transforms [9,

section 7.2]) that

us n(Rnen)
Bantinn) _ B, .
Thus,
(5.19) (1= pn)Em, . (Ta,|Ta, < o01) = u3n(Rnen).
Writing Aug, = = (r® v} ,) and using (5.17), we solve for us, in (5.18) to
obtain
pi=d _ A=d 12 — 2)(Le, )2
) (0~ &) L)
(5 20) ( )( (Lnen) ) d( €n  — (Lnen) )
| e auty - 1)
@@ \G-d -2 Y d0- L2 %)

when d = 3 or d > 5. One solves similarly for d = 2 and for d = 4. Substituting
r = Rye, in (5.20), one finds that uz ,(R,e,) = O(e2L1i=?) for d = 3 and d > 5.
For d = 4, it turns out that usz ,(Rne,) = O(e¢?log L,,). Therefore, it follows from
(5.19) that (5.16) holds when d > 3. When d = 2, it turns out that us ,(R,€,) =

O(L2€% %82, From (3.1) and the fact that lim, .., —=— = @, it follows that
20



lim,, o0 lciingfL" = 0. Therefore, it follows from (5.19) that (5.16) also holds when
d=2. O
6. Proof of Proposition 3. Recall from (3.1) that R, = kL, for some x €
(0, %] Until now we have worked with an arbitrary fixed x and have suppressed
the dependence on k. In this section we will need to let kK — 0, so we will use the
notation Ry, ., fin,k; Pn,x and Aﬁ,,{. Of course, m; , and the hitting times o; and

1; now also depend on «, but we will continue to suppress this dependence.
Letting ny = 0, we write
(6.1) Py, (T4, > 1) :meln Ta, >t <Ta, < Nkt1)-
k=0
By the same reasoning as in (4.2) and (4.3) we have
(6.2)

Py (Ta, >tk < 7a, <Mig1) = (1= pnw) PPy (Ta, >t < 74, < Nis1)-

Let 5 € (0, 1). We divide the sum on the right hand side of (6.1) into three parts—
one with k > -, one with k < ﬁ— and one with ﬂ— <k < ~—. Using (6.2)

we have

Z Pml,n (TA’H. > t’ nk < TAn < nk+1) S Z (1 - pnyﬁ)p’ll’cl,li

(63) k> Hnt,ﬁ k> urf,m

).

n,K

In order to treat the other two parts of the sum, we need three lemmas. Let

fingee = Ex(m|m < 7a,) = Ez(m|m < 7a, <n2), for z € 0AF

and note that p, ., = faAR a1 n(dz). The main import of the first lemma
is that under P,(- |m < 7a,), (L"—el)g is stochastically dominated by a geometric
random variable with parameter p,, independent of z € 2 — A,,, and that oz

depends very little on x € QAL if x is not near 9 and « is small.

n,K

Lemma 1. i. There exists a Cy > 0 independent of k such that

Hn,k Z CO(LnEn)2;
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it. There exists a p, € (0,1) independent of n such that
Py(m > k(Lnen)Q)Ml <7a,)=Pe(m > k(Lnen)Z)‘nl <74, <1n2)

< (L=p)k, forallz e Q—A, and k=1,2,...;

thus, pin,x = Em, . (m|m <7a,) < 1;%(Lnﬁn)?

iti. There exists a v (1, k) satisfying lim, o lim;_, o0 limy, 00 Y (I, K) = 0 such that

Pz < (L+ v, K)) ik, for all z e 8A,n . Which satisfy dist(x,0Q) > [L,é€p,.

Lemma 2. For each n, there exists a ¢, independent of k and a t,, such that
Py(ta, > tlta, <m) < exp(—cyt), for x € AL, andt > t,,

where lim ¢, = 0o.
n—oo

The third lemma concerns the locations {X (9,,)}>°_, of the reflected Brownian

motion at the hitting times {n,,}5°_,, and states that in an appropriate scale the

m:O )

probability that any fixed positive proportion of the first k locations will be close

to the boundary 02 decays asymptotically fast as k — oo.

Lemma 3. Assume that lim,,_ o % € (0,00). Forl >0, let D,; ={x € Q:

dist(x,00) < lL,e€y,). For each q € (0,1), for each I > 0 and for each k € (0, %],

there exists a (,(q,l, k) satisfying lim, . (,(q,l, k) = 00, and a k,, such that

k—1
1

mlnEE 1p ) = q e <Ta, < Nks1)
]:

( Cn(cbla'%)ﬂn,n ), fOTkan

We now return to the proof of the proposition. The proof of the lemmas is
postponed until the next section. We first treat the interval 0 < k < 6*. Let
My 2(N) = Egx(exp(Am)|m < 7a, < n2), for x € OAJ . Lemma 1-ii indicates that
(L:—Eln)z under P, (- |m1 < Ta, < m2) is stochastically dominated by a geometric
random variable with parameter p,. Using this in conjunction with Lemma 1-i, it
follows that for any A > 0 and sufficiently large n, M), ,(A) = Ey(m exp(Ani)|[m <

Ta, < 1n2) satisfies M}, (X) < Cx xpin,x, for all z € AS . and some Cj ,; € (1,00).
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Let Nn(A) = Eg(exp(Ata,)|ta, < m), for z € 9AE,. (By symmetry, the ex-
pression is independent of x € 6A§7K.) By Lemma 2, it follows that for any
A > 0 and sufficiently large n, N/ (\) = E,(7a, exp(A7a,)|Ta, < m1) satisfies
N/ (A) < Cpax, for some Cpx, € (1,00). Since M, .(\) and N () are increas-
ing, we have log M, »(\) < AM], ,(A) and log N,,(A) < AN}, ()). Thus, there exists
an n) such that

{ E (exp(An1)|m < 7a, <n2) < exp(ACK xfin,r)

E.(exp(A7a,)|Ta, <m) < exp(ACprr),
for z € AR A >0 and n > n,.

n,k?’

(6.4)

By Chebyshev’s inequality, we have for A > 0,
(6.5)

Py o (Ta, >tk < 74, < Mrg1) < exp(=At) B, (exp(ATa,)|nk < T4, < NMig1)-

Denoting by {F; }+>0 the filtration induced by X (-) and using (6.4) for the inequality
below, we have

(6.6)
Eml,n(eXP(ATAn); e < Ta, < Mk+1)

- Eml,nEm1,n (exp()‘TAn)l{”ﬂk <TA,<Nk+1} |*’T77k)

k
= Eml,nEml,n (exp()‘(TAn - nk) + )\Z(ﬂj - nj_l))l{nk<TAn<77k+1}|f77k)
j=1
k
= Eml,n exp()\ Z(ﬂj - n.j_l))l{’ﬂk<7'An}Eml,n(eXp()\(TAn - nk))l{TAn<le+1}|f?7k)
j=1
k
= By, exp(A D (0 = 0j-1) L, <ran 1 Ex ) (€XP(A\74,) 74, < 11)%
j=1
PX(nk)(TAn < 771)
k
< exp(ACn ) By, (exp(N > (15— 1j-1))5 e < 7a, < Mit1)-
j=1
From (6.6) we conclude that
B, (exp(ATa, )0k < 74, < nkt1)
(6.7) . b
< exp(AChan) By, (exp(A Y (0 = nj—1)) |k < Ta, < nig).
j=1
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Using (6.4) for the inequality below, we estimate the expectation on the right hand

side of (6.7) by writing

(6.8)
k
Em, (eXP(AZ(U Mi-1)); Mk < TA, < Mk+1)
j=1
k
= Em1,nEm1,n (eXp(/\Z(T]j - njfl))l{nk<mn <nk+1}|]:nk_1)
j=1
= mlneXp )‘Z — M- 1 1{"7k 1<TAn}EX("7k 1)(eXp(/\T]1) 771<7'An<772)

=FEm,, eXp)\Z —Mj-1) 1{77k 1<TAn}EX(77k 1)(eXp(/\771)|771<7—A < M2) X

Px(ne_)(m < 7a, <1n2)
k—1
< exp(ACx wttn,n) B,y , (€xp(X D> (15 = 0j—1))ime < Ta, < Nit1);
j=1
for A > 0 and n > n,.
Since E,, , (exp(A Zf;ll(nj —nj—1))|m < Ta, < m+1) is independent of [ > k — 1,

it follows from (6.8) that

k
B, (exp(A > (5 = mj—1))mk < Ta, < ks1)
j=1
k—1
< exp(AC wfin.x) By, (€xp(A D (nj = mj—1))me—1 < 7a, < 7k),
j=1

and thus by induction we conclude that

(6 9) ml n exp )‘Z —MNj— 1 |77k <7Ta, < nkJrl) < eXp(k)‘CA K Hn, K,)
for)\>0andn2n,\.
Using (6.2), (6.5),(6.7) and (6.9), we obtain

(6.10)
Z Py (Ta, > 61 < T4, <1ig1) < exp(ACh,ax) exp(—A(L — BCx)1),

for A>0and n > n,.

We now obtain an estimate for the part of the sum with (3 ut <k < -t

n,K Hn,k

Recalling that 74, —n under P, (- [nx < Ta, < nk41) is distributed like 74,
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under P, (- |Ta, <m) and using Lemma 2, we have for § € (0, 1),

= Py, (M + (T4, — 1) >tk < 7a, < Nky1)
< Pml,n(nk > (1= 0)tlne < Ta, < Mi+1)

(6.11)
+ P, (T4, — k> 0tk < Ta, < Mit1)

< Py (e > (1= 0)t|nk < Ta, < Mrg1) +exp(—cpdt), for t > t,,

where lim ¢, = oo.
n—oo

To estimate the first term on the right hand side of (6.11), we will break it into

four parts. Recalling the definition of D,,; in Lemma 3, let

(6.12) Blqk Z 1p,,(X(n;)) > q}.

Let M > 0. Since

{m. > (1 —=0)t} C {Z —nj—1)1pe (X(nj-1)) > (1 = 30)t}
U{Z — 0=, —n; s <M(Loen)?3 1D, (X (0j-1)) > 6t}

U{Z — M=)V —n; 1> M(Lnen)?} 1Dy (X (0j-1)) > 0t}

we have
Py (e > (1= 0)tInr < 7a, < nry1)

(X(1j-1)) > (1= 30)t|m < 7a, <Nkt1)

nl

k
S Pml,n(Z(n — M- 1)1

j=1
k
(613) 4 Py (05 = 0 1) Ly =y r <M (Len)?y 10t (X (05-1)) > 68, By i
j=1

Mk < TA, < Nk+1) + Py, (Blgklme < Ta, < Mk+1)
k

+ Py O (5 = 0i=) Ly > M (Lnen)?) > OtTe < Ta, < Mig).
j=1

Using Lemma 1-i for the second inequality below, it follows from the definition

of Dn,l and Bn,l,q,k‘ that

k
tqM
D05 = 1) sy <M (Len)?y 1D (X (15-1)) < g——M (Lpen)® < o
j=1 n,K
t
on By, if k< .
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Thus, the second term on the right hand side of (6.13) satisfies

M;r

Ny —Mj-1 1{?7] nj—1<M(Ly 6n)2}1Dnz<X(77j—1)) > 5t7B’fI,,l7q7k|

mln

(6.14) J:1

M t
Nk < Ta, < Ngt1) =0, ifq— <dand k <
CO Hn k

By Lemma 3, the third term on the right hand side of (6.13) satisfies

(6.15)
Py (Buggklne < 7a, <mry1) < exp(—t6Ca(q, 1, k), if k> 3

and t > t,,
Hn,k

where lim (,(q,l, k) = oc.

Applying Chebyshev’s inequality to the last term on the right hand side of (6.13),

we have for A > 0

(6.16)
k
ml" Z — - 1 {77] Nj—1>M(Lnen)?} > 5t|77k < Ta, < 7Ik:+1)
7j=1
k
< exp(=A6t) B, (exp(AN D (0 = 05-1)n, —my > M(Lnen)?}) 1k < Ta, < Mkt1):
=1

Noting from Lemma 1-ii that (L,:7—51n)21{771>M(Ln6n)2} under P, (- |m < Ta, < n2) is
stochastically dominated by a geometric random variable multiplied by the indicator

of the set where it is greater than M, the same considerations that led to (6.4) give

B (exp(Amlin, s m(Lnen)2y) M < 7a, < n2) < exp(ACK kM pnx),

6.17
( ) for x € AR

n,k’

A>0and n > ny, where lim Cjy = 0.
M — o0

Using (6.17) for the inequality below, we estimate the expectation on the right hand
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side of (6.16) by writing

k
Emi (exp )\Z —Nj—1 1{% —nj—1>M(Ly, en)Z}) Me < TA, < Mk+1)
7j=1
k—1
= By expl Z M5 = Ni=1) Uy =y > M (Lnen)?H) U <7, 3 X

EX(kal) exp()\nl 1{771 >M(Ln€n)2}>1{n1 <TaA,<n2}
k—1

j=1

EX(mH)(eXP()\ﬁll{m>M(Lnen)2})|771 <74, < n2)PX(77k71)(n1 <7, <1N2)

< exp(AC 1o, M fhn 1) X

Em, (exp )\Z —MNj-1 1{17] —nj_1>M(Ln, en)2}) Me < TA, < Mk+1)s

for)\>0andn2n>\.

Since Ep, , (exp(A Y2521 (15 = 1j-1)n, —ny 5 M(Lueny?))|m < Ta, < miya) is inde-
pendent of I > k — 1, it follows from (6.18) that

k

B, (exp(AY (05 = 0j-1) L=y o> M(Loen)2}) 1Mk < Ta, < Tk41)
j=1

< exp(ACK kM i,k ) X
Em, ,, (exp AZ — 0=y —ny > M (Lnen)2}) M1 < T4, < 1k),

and thus by induction we conclude that

k

B, (exp(N > (15 = 0j—1)L{ny —njs > M(Lnen)2}) e < Ta, < Nit1)
(6.19) i

< exp(kACy kM fin,r), for X >0 and n > ny, where Mlim Chxe,m = 0.

Now (6.16) and (6.19) give

k
mln Z -1 1{% —nj_1>M(Lnen)2} > 5t|771~c <7Ta, < 77k+1)
71=1

for A >0, n>n), and k < , where Mlim Cx e, = 0.
— 00

Hn,k
Finally we turn to the first term on the right hand side of (6.13). Let x € D;, ;N

8A£‘i,€ By Lemma 1-ii, 4 L )2 under P, (- |m < 7a,) is stochastically dominated
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by a geometric random variable with parameter p,., and by Lemma 1-iii, ft, s o =
E.(mlm < 7a,) < (1 4+ v(l,K))hn , where lim,_,olim;_, o0 limy, oo v (1, ) = 0.
Thus, since E,(exp(Am)lm < 7a,) =1+ 372, E.(nl|m < 7a, )M, it follows that
(6.21)

Ex(eXP()\Ul)Wl < TAn) < "ljn,l,m()‘) =1+ ,un,/-e(l + ’Vn(la "1)))‘ + ij,n((Ln€n>2)‘)j7
§=2

for:L'EDclﬂaAnK,
where b; ,; is the j-th moment of a geometric random variable with parameter p,..
Applying Chebyshev’s inequality to the first term on the right hand side of (6.13),

we have for A > 0

(6.22)
k
Pry (O (05 = my—1)1pe (X (n5-1)) > (1= 30)t|n < 7a, < 1hi1)
7j=1
k
< exp(—=A(1 = 36)t) E, , (exp(A Y (0 —mj—1)1pe (X (nj-1)))|mk < Ta, < mat1)-
j=1

Using (6.21) for the inequality below, we estimate the right hand side of (6.22) by
writing
(6.23)
k
B, (exp(A> (n; —mj—1 Mpe (X(nj-1)));me < Ta, < 7kt1)
j=1

k—1

= Em,, exp(A ) _(nj —=nj—1)1pe (X (j—1))) L1 <ra, 1 X
7j=1

(1D, , (X(M—1)) Px () (m < 74, < m2)+

Ipe (X (k—1))Ex (m_1) XPAN1) 11y, <ra. <nat)
k—1
= B, exp(\Y_ (0 = nj-1))1pe (X(0j- 1)), s <ra,} X

j=1
<1Dn,z(X(77k71)) + 1pe (X (Mk—1))Ex (ny_y) (exp(Am1)[m < 74, < ?72)) X

Px (o) (M < Ta, <12)
k—1

< Pt (N) By (exp(A Y (15 = mj—1)Lpe (X (0j-1)))i e < 7a, < Tht)-
j=1

Since By, (exp(A Y521 (0 — nj—1)1pe (X (nj—1)|lm < 7a, < miz1) is indepen-
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dent of [ > k — 1, it follows from (6.23) that

k
B, (exp(A Y (mj = mj—1)1pe (X (1)) s < 7a, < 7hs1)
j=1
k—1
< Pt w(N) By, (exp(A Y (nj = nj-1)1pe (X (1)1 < 7a, <),
j=1

and thus by induction we conclude that

(6.24) Em, , (exp(A i(ﬂj —nj-1)1pe (X(0j—1)))lme < Ta, <) < U (A
j=1

Let

(6.25) Anin(N) =1og v 1k (N)

and let

(6.26) L,k (y) = sup(Ay — Ap 1w (N))

A>0

denote the Fenchel-Legendre transform of the convex function A, ;.

From (6.22), (6.24), (6.25) and the fact that
log pn.
bl = exp(—k| g pu,el) = exp(—t(1 — 36) BLnsl)
k

we obtain

N

PP Oy = mi-1)1pe (X (n;-1)) > (1= 38)tnps < Ta, < mps1)

(6.27) =1
[10g o + A2 — A in (V)
< exp(—t(1 — 39) ( e 35)

k

).

From (6.26) and the fact that A > 0 in (6.27) is arbitrary, it follows that

k
prn mln Z —Mj—1 1Dc (X(lefl)) > (1 — 36)t‘nk < TA, < 77k+1)
7j=1
< exp(—t(1 —39) (mf n,z,n(y)>),
y>0

Y
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and thus

Pk x

B—t—<k<t

Hn, Kk — Hn,k

k
(6.28) Pp, (O (= mj-0)1pe (X (nj—1)) > (1= 30)tn < Ta, < mps1)
j=1

exp(—t(l . 35) (;I;% |10g Pn,k ;‘In,l,n(y)>).

<
Hn k

From (6.2), (6.11), (6.13)-(6.15), (6.20) and (6.28), we conclude that

(6.29)

Py o (Ta, >tk < Ta, <kt1) < exp(—cndt) + exp(—t0Ga(q, 1, %))
Bt <k< -t

Hn,k En,k

+exp(—A(0 — Cx w.m)t) +

]~ n,K ITL K
exp(—t(1 — 30) (;r;g’ oL ‘; : (y)>),

n,K

M
if 4 <4, forn >ny and t > t,, where lim ¢, = oo,
CO n— 00

lim (,(q,l,x) = 0o, and Mlim Cx v =0.

Recall from the remark following Proposition 2 that limy_eo 1282%xl does not de-

pend on k € (0, %] Thus in the sequel, we will sometimes suppress the x appearing
in this expression. We will show that

1 n,k [n K . 1 n
(6.30) lim inf lim inf lim inf inf 108 Pl + Ine(y) — lim M

k—0 w00 mn—oo y>0 Yy n— oo [y,

Before proving (6.30), we complete the proof of the proposition. From (6.1), (6.3),
(6.10) and (6.29), we have

(6.31)
1
lim sup i log P, . (T4, >1)

t—o00

]‘ n,Kk
< —min( B2 A1 - 504 0), €08 860110, ME = Coan)

]' n,K ITL K
(1— 30) n;g)' 08 Pn, ‘; s (y)), for any I, M >0, ¢, € (0,1)
Yy

1 M
and ¢ € (0, §) satisfying % < 9, and sufficiently large n depending on .
0

For fixed § € (0, 1), choose A > 21lim, o “()E—np”, then choose 3 < ﬁ and M

sufficiently large so that C , ar < %5 (which is possible because limp; oo Cx i =
30



0), and then choose ¢ sufficiently small so that % < 9. Now let n — oo, then let
[ — oo and then let kK — 0 . Since lim,, o (n(q,1, k) = lim, .o ¢, = 00, it follows

from (6.30) and (6.31) that

1 log p,,
(6.32) limsup limsup —log P, (74, >1t) < —(1 —30) lim M.

n— o0 t—o0 t n— 00 n

The proposition now follows from (6.32), (1.2) and the fact that 6 > 0 is arbitrary.
We now turn to the proof of (6.30). We recall the following well-known fact con-
cerning Fenchel-Legendre transforms, which follows without much difficulty from

(6.26): the function I,,; . is nonnegative and strictly convex and satisfies

(6.33) Ingkx(y) =vy — A k(v) if A;Ll’n(y) =y.

1 n,K ITL K :
| log pn, \; 1,k (Y) is

We will show momentarily that for sufficiently large n, inf,~
attained at some y € (0,00). Differentiating, we find that the minimum must
occur at a y which satisfies yI) | (y) — In1x(y) = |logpn x| Let Hpyx(y) =
Yl (Y) = Inywk(y). Then Hy , (y) =yl . (y). Since I, is strictly convex,
we conclude that the minimum is attained at the unique root of the equation
Hy1.x(y) = |logpn x| Denote this root by yy , . Recalling (6.21) and (6.25),
define

(6.34) Hnlx = A’In,l,l‘i(o) = finx(1+ (L, K)).

Then, from (6.33), I 1. (tn1) = 0 and it follows that

(6.35) 1108 pusl . 1108 puns| + Lnn(y) _ 1108 P
y:,,l,n -~ y>0 Yy - Hn i,k

We now return to show that the infimum is indeed attained. Using the right hand

inequality in (6.35), which did not depend on the existence of an attained infimum,

log pn .«
Igp,\e

along with (6.34) and the assumption in the proposition that lim,, o

(0,0), we conclude that

(6.36) sup inf 108 P | + It (y) < 0.

n>1Yy>0 Y
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By Lemma 1-ii, lim, oo sup{A : Ay ;x(A) < 0o} = co. Using this with (6.25) and
(6.26), it follows easily that lim,, o liminf, I"ZT”('U) = 00. From this and (6.36)
we conclude that the infimum is attained.

In light of (6.35), in order to complete the proof of (6.30) we need to analyze

Yn 1 — Myl Using (6.33), we can define y = y,, 1 (V) by

(6.37) Ltk Ynoin (V) = VYnik(V) — Apw(v) and A;z,l,n(y) = Yn,i,x (V).

Differentiating the first equation in (6.37) and then using the second one gives

(6.38) ':z,l,/c(yn,l,n(y))y;z,l,n(y) = yn,l,n(y) + Vy;l,l,n(V) - A;l,l,fi(y) = Vy;l,l,n(y)‘

Differentiating the second equation in (6.37) gives

(639) y;,l,m(y) = ’lnl,,l,K,(V)'

Since Ay, is strictly convex, y;, ; (v) # 0. Therefore, we conclude from (6.38)

and (6.39) that

(6.40) é,l,m(yn,l,n(y)) =

Differentiating (6.40) gives I/

n,l,k

(yn,l,fc(V))y;hl’K(V) =1 and thus from (6.39)

1
41 [” n,l.k = % 7 ~-
(6 ) n,l,/—c(y 0, (V)) AZ l N(V)

We can now analyze Yn i — Ml Define Vn 1k by yn,ly,@(z/;l’ﬁ) = Yn.ix and
note that yp ;.. (0) = pin1x. Since Hy j x(fin,1,x) = 0 and Hn,l’,{(y;lﬁ) = |log pn.xls

we have

*

y:,,l,;i Vn,l,n
(642) |10g pn,n| = / %,l,n(y)dy = / H;L,l,m(yn,l,m(y))y;,l,m(V)dy'
w 0

n,l,k

Recalling that H, ;  (y) =yl .(y) and using (6.39) and (6.41), we conclude from
(6.42) that

V':.,l,n
(6.43) | 10g pn x| = / Yn, 1w (V)AV > vy i 1
0
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Now (6.39) and (6.43) yield

y:,l,n — Hnlk = yn,l,fﬂ(Vr*z,l,n) - yn,l,'i(o) < V;,l,n sSup ?J;,l,n(y)

velo,vr 1, .
6.44 1
L N )
Hn ik velo | log pn, ml]
’ Hn,l k

From (6.34) and the assumption that lim,, % € (0,00), we can choose Sy
so that

1 n,K
(6.45) Sy > sup 1108 pn.r| ’

n,I>1 HMn,l,k
Using (6.21) and (6.25), a direct calculation reveals that
(6.46) sup Al (1) < cu(Lney)?, for some ¢, € (0,00) and n > n.
ve(0,S,]

From (6.44)-(6.46), (6.34) and Lemma 1-i, we conclude that

(6.47) i Yt~ Hnle

n—0o0 Hn,lk
From (6.34), (6.35) and (6.47), we obtain

’ log pn,m‘ + In,l,ﬁ(y) | log ,On,m|

lim inf inf = (14+~(, k)" lim

n—oo 0 n—oo
(6.48) v Yy 0 | Hm ke
= (1+~(,x)"" lim 08 P , where v(I, k) = lim 7,(l, k).

n—oo M'ﬂ n—oo

Letting | — oo and k — oo in (6.48) and recalling from Lemma 1-iii that lim, o lim; o0 y(l, k) =

0, we obtain (6.30). This completes the proof of Proposition 3. O

7. Proof of Lemmas 1-3. In this section, P’V will denote standard Wiener

measure for a free (non-reflected) d—dimensional Brownian motion starting from

z € RY.

Proof of Lemma 1. i. From the definitions it follows that

(7-1) Pml,n (771 > (LnGn)2|771 < TAn) > sz,n (771 > (Ln€n>2)-

Let 7, = inf{t > 0 : |X(#)] = s} and let x,, € R? satisfy |r,| = L,. Since
dist(0AE ., 0AL) = (1—k)Lypen > 5Lney, it follows from geometric considerations,

n,Kk’

Brownian scaling and (7.1) that

Py (m > (Lnen)?lm < 7a,) 2 PV (T3 1,6, = (Ln€)?) = BV (7
33
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where Cy > 0 is independent of n and . This proves part (i).

1. By the strong Markov property it is enough to show that
(7.2) Po(m < (Lnen)?|m < 7a,) > pg, forallz € Q — A,

for some p, > 0. We will show that for some ¢, ¢, > 0

1
(7.3) P,(o1 < §(Lnen)2]al <Ta,)>c forallz € AL — A,
and
1
(7.4) P.(tar < §(Lnen)2) > ¢y, forall 2 € Q—Af,,

where 7or = {inft > 0: X({) € Al }. Letting p,. = ccx, (7.2) now follows from
(7.3) and (7.4) along with the strong Markov property and the definitions of o1 and
-

Consider first (7.3). Let 75 be as in the proof of part (i). By Brownian scaling,

(7.3) is equivalent to

1
(7.5) PY(rp, < §L721 |70, < T1)>¢, for 1 < |z| < L,.
Let
ol T i d > 3;
h(z) = Loyz=a—1» L& =9
et it d =2,

Then h(x) = PWY(r, < 71), for 1 < |z| < L,, and under PYV(- |y, < 71),

n n

. . . 1Ah — 1 Vh
X(-) is a diffusion generated by the h-transformed operator ;A" = A + %2V,
Since everything is radial, the problem is one-dimensional. We will write h(r)

for h(|z|) with |z| = r. The generator of the radial part of Brownian motion is

2 d-14d
2r dr’

while the generator of the radial part of the h-transformed process is

d-ld g ’;l/((:)) < Since };L/((:)) is positive, it follows from the Ikeda-Watanable

comparison theorem that 77, is stochastically smaller under P,(- |7z, < 71) than

under P,(-). Consequently, (7.5) will follow if we show that

1
PY(rp. < ELi) >¢, for 1 < |z| < Ly,
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But this last inequality holds by Brownian scaling.

We now turn to (7.4). It follows from the spacing assumption that
Sup,eq_a, dist(z, {xg-n) Fieq) ~ n~a. Thus, by (3.1), we can find a ¢y > 0 such that
dist(z, {:z:YL) ?_1) < coLnen, for all z € Q. Let j,(z) be such that dist(z,.:cg:)(z)) <

coLn€,. We have

1 n
(7.6) P(tag, < 5(Lnn)?) 2 Po(X(5(In€n)®) € B, e (@"1))-

N =

Letting 7 = inf{t > 0: X(¢) € 002}, we have
(7.7)
P (X(l(L en)?) € B (x(n) x
z 92 ntn Ry nén Jn(z Jn(2)

D) 2 P(X (G (Bnen)?) € Bry e, (2).)))

1
— szv(TQ < §(Ln€n)2)
It follows from the Gaussian density that

1 n
PP (X(5(La€n)?) € Br, e, (}1,)))

4 ly — z|?
:/B ( (n) )(W(Ln6n>2) 2 eXp(_<L 6 )Q)dy >
Rn,nen z n-n

(7.8) dn(2)
L’n n 2

(n(Lnen)?)~ exp(— {2 (z:;); L) Rwen) e

= 1 2k, exp(—(co + K)?).
As is well known (]9, Theorem 2.2.2-ii])

)\2
(7.9) PY(sup (|X(s) = 2| > A) < erexp(—e2—),
s€[0,t]

for constants c1,co > 0 independent of ¢ and A. Thus, for [ > 0,
(7.10)

1
PZVV(TQ < §(Lnen)2) <c eXp(—262l2), for all z € Q satisfying dist(z, 0Q2) > [L€,,.

From (7.7), (7.8) and (7.10), it follows that for sufficiently large [ there exists a
constant ¢; ,, > 0 such that

(7.11)

P.(X(} (Lue)?) € B, (2"

jn)(z))) > ¢4, for all n and all z € Q — A% which satisfy

,k€n n,K

dist(z,) > L.
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We now show that there exists a C ,, > 0 such that

1 n
(7.12) PZ(X(§(Lnen)2) € BR, ..c. (xgn)(z))) > (. for all n and all z € Q — Aﬁm

which satisfy dist(z, Q) < [Le,.

This will complete the proof since (7.4) follows from (7.6), (7.11) and (7.12). Clearly
it suffices to prove (7.12) for sufficiently large n (depending on l). Let {Ux}£ | be
open sets in R? satisfying 0Q C UE_ Uy. For each k, let (¢§’“>,..., Ezk—)1) be a
diffeomorphism from U, N 9Q to R4~L. For r > 0, let Q, = {x € Q : dist(z,00) <
r}. Define ¢\ (z) = dist(z,0Q) and let ¢®) = (¢ ... ¢{¥). Let R = {w € R*:

xq > 0}. By the compactness of 992, it follows that for some ro > 0, each of the
maps ¢%) : U, N Q,, — R? is a diffeomorphism which takes Uy N 9 into ORY. It

follows from the construction that
(7.13) Ve N =0o0nU,Nno9Q, fori=1,..,d—1,

where N is the unit outward normal to €2 at 0.

Let f be a smooth function defined on Rd which satisfies -2 8 =0 on aRd Then
it follows from (7.13) that the function f(¢*)) satisfies V(f(¢(k))) N =0onU;N
0. Thus, from the martingale approach to reflected diffusions [13], we conclude
that f(o™) (X ft LA(f(¢™))(X (5))ds is a local martingale up until the time

that X (t) exits Uy N Q. A direct calculation shows that A(f(¢*))) = L) £, where

L® =yt a2+ L 0 2 with af) gzs(k)w(k) and b{¥) = Ag{H).
Thus, letting Y ) (t) = ¢ (X (¢)), it follows that f(Y®)(£))— [ (L) £)(Y ) (s))ds
is a local martingale until Y*)(¢) exits Vi, where Vi, = ¢®)(Uy,) N R%. From the
martingale characterization of reflected diffusions, we conclude that Y *)(¢) is a
normally reflected L*)-diffusion until exiting Vi. Now let W, = (Vi U (=V4))"™
and let L) be the extension of L to W}, obtained by continuing the coefficients
symmetrically about OR%. Let V() (t) denote the non-reflected diffusion process
in W}, corresponding to L™ We will denote probabilities for the Y(¥) process by
Q.(k) and for the Y*) process by Q.(k).

Clearly there exists a ¢ > 0 such that for any ball B C U, N €2, there exists a

ball B ¢ ¢®)(B) C V, satisfying |B| > ¢|B|. Let 75, be the exit time of Y*) from
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Vi and let 7, be the exit time of Y'® from W,. Using symmetry considerations for
the equality below, we have for z € Uy N Q and y = ¢(x) € Vj,
P(X(t) € B) > QMY P (tAT) e B)= QP (YW (tAt,) € BU(-B))

(A
> QMY (tA#) € B).

We use (7.14) to prove (7.12). Let B = Bg, ., (:cgn)(z))) and t = $(Lne,)?. Since

|B| > ¢|B|, we have |B| > C(R,, x€,)%, for some C > 0. The diffusion measures
Q.(k) correspond to uniformly elliptic operators L(*®): thus, their transition kernels
are bounded from above and below for small time by Gaussian kernels. In particular
then, inequalities of the type in (7.8) and (7.9) hold for the process Y (%), Using this
along with the fact that 7 is independent of n whereas lim,, . %(Lnen)2 = 0 now
shows that for sufficiently large n the right hand side of (7.14) is bounded away

from 0 by a constant Cj .

171. By the definitions, we have

Pnre = Ez(01lo1 < Ta,) + ExEx o) (mlor < 7a,), for x € aAﬁW

(7.16) {

l’l”l'L,fi - Eml’n (0-1‘0-1 < TAn) + EmQ,n/rll'

By symmetry,
(7.17) E.(o1|loy < 7Ta,) = Em, (0101 <74a,), foralxzec GAff,R.

Thus, to prove part (iii), we need to compare E, Ex (,,) (71|01 < Ta,) With Ep,, ;.
We introduce the following notation. For z € AL, there exists a unique index jy,(z)

such that z € B, ., (:vgz)(z)) Let U J(n) denote the uniform probability measure on
0By, ., (xgn)). We will prove the following two estimates:

ErEx(o)(mlor <7a,) < (1+vn(k)E e m, foralxe OAL
(7.18) e

where lim lim v, (k) =0,
K—0n—o0

and

(7.19)
Eymy m < (1+0bn(l, k) Em, ,m, for z € 6A§’,§ satisfying dist(x,0Q) > [Lep,

Jn (z)

where lim lim b,(l,k) = 0.

l— o0 n—00
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Part (iii) now follows from (7.16)-(7.19).
We first prove (7.18). For z € AL, define 0(2) to be the angle made by the

segment from xg.n)(z) to z; that is,

(n)
Z— X

0(z) = ——=F € g7,
[z = 25,0

Recall the definition of 75 after (7.1). By Brownian scaling, P,(0(X (01)) € -|o1 <
Ta, ), for x € GA,}?W is distributed like the distribution of the angular part of a

Brownian motion at time 71 starting from the point on the unit circle with angular

1 . Using the skew product representation

Lpk

part 0(x), and conditioned on 71 < T

for the angular part of a Brownian motion along with the fact that the density of

the distribution of I§8I on S%=! under P" converges pointwise and uniformly to

the uniform density as t — oo, it follows that P,(X(o1) € ) = (1 — ﬁn(m))Uj(:()w) +
(n)

Un(k)V, where V' is some distribution on 0By, (; ) (whose dependence on the
parameters we suppress) and where lim,_,¢ lim,, . (k) = 0. Now (7.18) follows
from this along with the fact that

(7.20)

1
EEZIm <E.,m <CE, n, forall z;, 2 € (9A7LL, where C'is independent of n and k.

To prove (7.20), let 74 = inf{t > 0 : X(t) € dAL}. Recalling that 7pr =

inf{t > 0 : X(t) € AL} and that x € (0, 3], the strong Markov property gives

Eom = E.mpn 4+ EoEx(r,p )TAR for 2 € OAL. Thus, since P,(Tarn < Tar)
nd K n,k n

is the same for all x € 8/15 1, another application of the strong Markov property
)

shows that in order to prove (7.20) it is enough to show that

1
_L,
(7.21) cratal

where C' is independent of n.

<E,tsr < CE,Tsr , forall z1,20 € (9A,,Ll,

n, i

=
N

TAR

n, i . )
Now, on the one hand, (7.4) with K = % shows that m under P, is stochastically
dominated by a geometric random variable with parameter independent of n and

independent of z € JA%. On the other hand, since dist(z,0A% ) = SL,e,, for
'3
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z € AL, it follows from Brownian scaling that there exists ¢ > 0 independent of

n and z € AL such that P,(74r > (Lnen)?) > c. Now (7.21) follows from these

facts.
We now turn to the proof of (7.19). Recall that a lattice point contained in
is called a boundary lattice point if one of its nearest neighbor lattice points is not

in €2, and recall that boundary lattice points were excluded in the construction of

the holes. Since the lattice spacing is on the order nfé, and since L€, ~ n=d

by (3.1), it follows that there exists a ¢y > 0 such that for any M > 0, the
sets Bayrr, e, (xg.n)) N(Q — A,) with j satisfying dist(xg.n),aﬂ) > (M + co)Lnen,
look identical—that is, they are all translations of one another. Trivially, we have

dist(a\",00) > dist(z,00) — Lyen, for z € 0By, ., (z{"). In light of the above

facts, the following assertion holds:

(7.22)
E.(m;m < M(Lnen)Q, sup dist(z,X(s)) < MLyep)

0<s<m

only depends on 0(z), for z € DAL satisfying dist(z,09Q) > (M + co + 1)(Lpe,).
From (7.9) we have

P.( sup dist(z, X (s)) > M Lye,) < cq exp(—caM),
(7_23) 0<s<M(Lpen)?

for z € Q satisfying dist(z,0Q) > M Ly,
and from (7.23) we have

E.(m;m < M(Lnen)Z, sup dist(z,X(s)) > MLyey,)
(7.24) Oss<m
< M(Lye,)*c exp(—caoM), for z € GA,% satisfying dist(z,0Q2) > M Lye,,.

By part (ii), (L:—eln)Z under P,(- ) with z € AL is dominated stochastically by a
geometric random variable with parameter p,; thus,
(7.25)

E.(m;m > M(Lpen)®) < (Lnen)® > kpe(l = pe)* = (Lnen)?cun, for z € 9AL.
k=M

From (7.24) and (7.25) we conclude that

(7.26)

EZTII - Ez(nh T S M(Lnen)Qa sup dZSt(Z, X(S)) S MLnfn) S (Ln€n>2a'li,M7
0<s<m

for z € 8A7LL satisfying dist(z,0Q) > M L,e€,, where Mlim ax,m = 0.
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Since dist(z,0Q) > (M + ¢o + 1)Lye, if dist(wg-n),E?Q) > (M + co + 2)Lye€, and
Jn(2) = j,, it follows from (7.22) and (7.26) that

|E om — Eyom| < (Lnén)?ag
(7.27) ’ ’
if dist(a{"”, 09Q), dist(z\",0Q) > (M + co + 2) Lyen.

If 2 € QAR satisfies dist(z,0Q) > (M + ¢y + 3)Lyep, then dist(:cg.z)(x),aﬂ) >

(M + ¢o + 2)Ly€,. Thus, it follows from (7.27) that

(7.28)
= Eyom] < (Lnén)?awn, if dist(z\"”,8Q) > (M + co +2) Luen

and if = € 8Afy,i satisfies dist(x,0Q) > (M + co + 3)Lpen.
Let
Jug = {j € {1, ..,n} : dist(z\",09Q) > IL,e,).

From the fact that lim,, .. L€, = 0, it is clear that

(7.29) lim 17l

n—oo n

=1, for all [.

By Theorem 2-i, mg, is distributed uniformly on dAL. (Indeed, the measures in
(1.9) are uniform if the {Rj}j.vzol and {Lj};-\fzo1 appearing there don’t depend on j,
and in our context Ny is equal to n and R; and L; are equal to R, €, and Lye,
respectively for all j.) Thus ms, = = Z?:l Uy, ;. Using this with (7.28) and (7.29),
we have

Jn C; . .
Enym > M(EU@ m — (Lnen)?an ), if € 8Aff’ﬁ satisfies

(7.30) n in (@)
dist(x,080) > (M + co + 3) L€y,
Since dist(z,@Af’ﬁ) = (L, — Rux)en = (1 — k)Lpe, > %Lnen, for z € DAL, it

follows from Brownian scaling that there exists a ¢ > 0, independent of k, such

that P,(n1 > (Lpen)?) > ¢, for all n and all z € QAL. Thus,
(7.31) By > c(Lnen)?.

From (7.30) and (7.31) we conclude that

— a/K’M)Em2 n771’
(7.32) in@ I Meot2 c ‘

for z € 8Aff,,{ satisfying dist(xz,02) > (M + co + 3)Lyey.
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Recalling from (7.26) that limp;—oc ax ar = 0, (7.19) now follows from (7.29) and
(7.32).
U

Proof of Lemma 2. The distribution of 74, under P, (- |74, <) with z € 0Af

is the distribution of the hitting time of 0B, (0) by a d-dimensional Brownian

motion starting from a point on 0Bpg, ,.,(0) and conditioned to hit 9B, (0) be-

,kEn

fore hitting 0By, ., (0). This conditioned Brownian motion corresponds to the h-

transformed infinitesimal generator %Ah” defined by %Ah” f= %,%A( fhy), where

2—d__ e y2—d ‘
hn(x) — (L:I’:Ll)Qfd—((L;nen))2fd, lf d Z 3

log |xz|—log L, e, o
log €, —log Lpen if d=2

is the probability that a Brownian motion starting from x with |z| € [e,, Ly€,] will
hit 9B, (0) before hitting 0By, ., (0). Similar to (1.2), we have P,(74, >t |74, <
m) < exp(—c,t) for large t and for ¢, less than the principal eigenvalue for —%Ah
on By, .. (0) — B, (0) with the Dirichlet boundary condition on By, ., (0). The
principal eigenvalue is invariant under h-transforms [9, Theorem 4.3.3-iv]; thus, the
principal eigenvalue mentioned above coincides with that of —%A on Br, ., (0)—
B, (0) with the Dirichlet boundary condition on the entire boundary. Since the
volume of the annular domain Br . (0) — B, (0) shrinks to 0 as n — oo, the
principal eigenvalue approaches oo as n — oo.

g

Proof of Lemma 3. We will assume that the statement in the lemma is not true
and come to a contradiction. If the lemma is not true, then we may assume without
loss of generality that there exist qq, lg, kg, co > 0 and a k,, such that

(7.33)

N

-1

Py ( 1p, ., (X(105) = qolme < Ta, < nNk+1) > exp(—copin,kok), for k > k.

| =
I
(@)

J
(We say “without loss of generality” because the precise negation of the lemma is

that for infinitely many n, the inequality in (7.33) holds for infinitely many k.) We
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will use (7.33) to show that there exist g1, c¢1 > 0 such that

2

(7.34) ligioglf % log Pml’n(% /Ot Ip . .a (X(s))ds > q1) > —cq, for all n.
Before proving that (7.34) follows from (7.33), we show how (7.34) leads to a
contradiction. Let L.(:) = %f(f 174(X(s))ds denote the occupation measure for
the path X(-) up to time ¢t. Let P(£)) denote the space of probability measures
on  and let C,, = {v € P(Q) : V(D 1042) = @i} Then C is compact in the
weak topology on P () since it is closed and Q is compact. Thus, by the Donsker

Varadhan large deviations theory [3, Theorems 1 and 5],

_ 1 I
fimsup {108 P, (7 [ 1o,y (X(0)ds > 0)

(7.35) fmoo . :
= limsup - log P, , (Lt € Cy,) < — inf I(v),
t—oo U ’ veCh,

where the I—function is given by
(7.36)
I(v) = { 2 Jo IVIP(@)de, i (55)2 = 1

00, if v is not absolutely continuous w.r.t. Lebesgue measure on ).

From (7.34) and (7.35), it follows that for each n there exists a v, € C, such
that I(v,) < c;. Since P(Q) is compact, there exists a subsequence of {v,} which

converges to some vy € P(2). It is easy to see from the alternative variational

definition of I [3, 1.12] that it is lower semicontinuous; thus,
(7.37) I(1p) < cy.

Note that the nested sequence {D,, ;1 3}72, of closed sets satisfies N2, D, ;3 =
0. It then follows easily from weak convergence that vo(92) > ¢, which shows
that 1 is not absolutely continuous with respect to Lebesgue measure. This fact

in conjunction with (7.36) and (7.37) gives a contradiction.

We now return to prove that (7.34) follows from (7.33). Let 6 > 0. For any
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g > 0, we have from (4.3)
(7.38)

1 t
> PG [ 10,0y (XG5 > 0 ey < 7,) P ey < 7a,)

Hn, ko

[F«na,tmo] 1 ¢
= pn?’{O Pml,n(z 0 1Dn,l0+3( ( ))ds > q ’ ,'7

From the geometry and from the fact that o € (0, 3], we have

] < TAn).

Nn NO

93

(139) 1o, (X)) [ 1p,y (X()ds = Lo, ,, (X(y-1))(0; = j-1).

nj—1
Recall the definition of B, j 4% in (6.12). Defining 19 = 0 for convenience and using

(7.39), we have

(7.40)
1 t
P”“’”(?/o 1,y (X(s)ds = q | n_se ) <7a,)
1 n[#"n FLO]
> Py (3 ; 1, 00y (X(8))ds 2 ¢, s S By g (ot sy < 7a,)

- ml n Z / 'n. 10+% (X( ))ds > Q7 ,’7[ a ] S t’ B’I’L,lo,Qo,

sty <7a,)

le _ Hn, ko Nn KQ Hn, ko
1 [I»’fnétno]
Py (5 > (o5 =m-)1p,,, (X(n;-1)) > ¢, Mot < b Byt go. 0|
71=1
T _st < Ta, )
[IJ"IL,HO
Applying the universal inequality
Pml,n (El N E2 5t ] < TAn)
Z‘Pml, (E1|77[ n520]<7_14 )+Pm1n(E2|77[ ]<’7'A ) 1

6t]

to the events By = B, ;o (s N {7 2,7 “" " (o5 = nj-1)p, . (X(nj-1)) = q}

Hn, ko

and Ep = {n_s:_j < t}, we have

Hn,kq
(7.41)
1 [#né,tno]
Py (5 (05 = 0j=1)1D, 1y (X(0j-1)) 2 @5 Moty S4By g s |00y <7a,)
j=1
St
1 Hn, ko

Z P (Bt a0 [521 7 > (o5 =ni-D)1p,,, (X(nj-1)) = aln; i) <74,
j=1

+ Py, (st < tlmp_se ) <7a,)— 1.

Hn,KkQ Hn '40
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For the second probability on the right hand side of (7.41) we use Chebyshev’s

inequality and (6.9) to obtain the estimate

Pml,n(n[u sy <ty

n,KQ Hn HO

]<TAn):1_Pm1,n(77[ 5t ]>t’77[ 5t ]<TA)

Kn,kg
[Mf—’;o}
(742) =1 —exp(=A)Em, ,(exp(A Y (nj —nj-1))lny s ) < 7a,)
7j=1
5t ,UJn Ko
>1—exp(—At(1l — C’,\m[—]T’)), for A > 0 and n > n,.
n,kKo

For the first probability on he right hand side of (7.41), we use (7.33) along with
the fact that

k—1
1
Py (3 2 1D0,0o (X (1)) 2 qoltie < Ta, < 1es1)
j:O
1

P, ., kZIDnlo )) = qolnk < 7a,)
to obtain the estimate
(7.43)

. el
LT G P e s > (o5 =ni-D)1p,,, (X(nj-1)) = aln, o] < TAw)

[Mf%tﬁo]
1
= Pml,n(; > (o5 =nj-)1p,,, (X(0;-1)) = d|B,, 1, 40, (i) i) < TA, )X
j=1 ’ ‘
ot

Pml,n (B’I’L lo,qo,[ 9t ]|17[ ot ] < TAn) Z eXp(_cO/“Lna'%O[—:I)X

Hn,k( n,K0

[Mf%o]
1
Py (5 Zl (@5 = 1j-1)1D, ., (X (0j-1)) 2 By, 14 g0, (20 ) M) < TAn )-
]:
Let
Bnlqk—{{xj Zanlxj >q}
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Then we can write the probability on the right hand side of (7.43) as

(7.44)
) e
Py (5 (75 = 0j-1)LD, 4, (X(Mj=1)) 2 4lBr 1 g6, 1801 oty < 74,)
Jj=1 7 7
y u:zol
- [ Prny D (05 =11, (X(51)) 2 4
Bnalmqo,[”ét ] Jj=1
n,KQ
. ot
n,lo,qo,[u ot ]777[L] < TAan(nj—l) =ZTj-1,] = 17 ey [ ])drv
n,KQ Hn, ko n,Ko

where I' is a probability measure on B

st_j. (T" depends on all the pa-

n,l0,q0,[ w0

rameters, but we suppress this dependence.) Note that it is the conditioning on

the event B

n7l0’q05[

5t that causes I' to be supported on B

Hn, ko

st Once

n l07QOa[y,n ®0

ot
Hn, ko
=1

we've conditioned on the locations {X (n;_1)}
[ St
Ni—1)1p, ., (X (17;-1))},25"° become independent regardless of the rest of the con-

(St ]
Hn KQ

, the random variables {(o; —

ditioning. Since {z;_1};_ € Bn,lo,qo,[ se_y, we have (o; —n;_1)1p, , (X (nj-1))

Hn, ko

ot

= 0; — 1;—1 for at least [go[>—]] of the indices j between 1 and [u5
H/O n

L], almost
&)

surely. From Brownian scaling and the definitions, it follows that under the above

conditional probability the random variable (EL L )21 is distributed as follows. For

r € R? with |z| = 1, let Q'™ denote the distribution of the exit time from B1(0) —

B_1 (0) of a Brownian motion starting from rg(1,0, ...,0) and conditioned to exit

n

the above region at x. Then ‘z 77”)21 is distributed like faBl(O) Q.Svn)mj (dx)é’ where
g )
m;(dx) is a probability measure on 9B;(0) whose dependence on {z;_1},-7"° has

been suppressed. Clearly we can find a distribution ¢ which is supported on (0, c0)
and which is stochastically dominated by QS,;”) for all z € 0B1(0) and all large n.
Thus, letting {W;}32, be an IID Q-distributed sequence of random variables on

some probability space with probability measure P, and letting Sy = Z =1 Wi, it
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follows from the above discussion that
[-2t—]

Hn, ko

1
Py (5 > (o5 =m-1)1p,,, (X(n;-1)) > 4
j=1
A4 . ot
(7.45) B, 1q0.[=8t—]: M—st_] < TA,, X(Mj—1) =xj—1,7=1,..,] )
Hn,kq Hn, kg lu’nyK/O
S St 5t
[qo[#n,n ” q [ n,K ] >
2 P t = (Lnen)? 5)s for {1}, oy € By t,q0, (2]

Hn,kq

q < q(l_pﬁo)
’ (Lne’ﬂ)z — PrgMn,kg

By Lemma 1-ii and by the strong law of large numbers

S
lim ol g ! = qo(ngl, a.s. P.
t—o0 t ,un,fi()
Thus, choosing ¢, = %, if follows from (7.45) that there exists a tg such
R0
that
[.Ufnétno]
Py ( Z —nj-1) nzo(X(nj—l)) > qi
71=1

(7.46) . ot 1

B to.qo. (21 Mpmtin) < Tan X(0j-1) = 21,5 =1, | MO]) 2 5

[anéic ] 2 .
for {zj_1};27" € B, 1y g0,[-5t—1» i T > to.
Hn, ko

From (7.44) and (7.46) we conclude that
(7.47)

[

1 1

Py (5 > (o5 =m-D)1p,,, (X(nj-1)) = @B 44 g0, ] M) < TAL) 2 5

j=1 ’

for sufficiently large t.

Now fix some A > 0. Keeping in mind the exponential term on the right hand side
of (7.42) and on the right hand side of (7.43), note that we can choose dy ., > 0 so
that A(1 — Cx 4g0x ko) > Co0x,k,- Thus, we conclude from (7.40)-(7.43) and (7.47)

that

I 1
t 0 oty 4

nr@o

(7.48)
for sufficiently large t.

Now (7.38) and (7.48) yield
(7.49)

1/t 1 [ﬁ] :
Pml,n(g i 1DMO+3 (X(s)ds > q1) > 1P exp(—colx ko t), for sufficiently large ¢.
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Recall that the statement of the lemma includes the assumption that lim,, ., 1108 pro.ng |

[T

€ (0,00). Thus, from (7.49) we conclude that (7.34) holds with ¢; = 0 x,(co +

limy, oo LOELmr0l)y o o O
[T
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