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ABSTRACT. We investigate the set of invariant probability distributions for measure-
valued diffusion processes corresponding to semi-linear operators of the form u; =
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1. Introduction and statement of results. In this paper, we initiate a study

of invariant probability distributions for spatially dependent measure-valued diffu-

sions. Let
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be an elliptic operator on an arbitrary domain D C R?. It will be convenient to
assume that a; ; € C?(D) and b; € C*(D) so that there will be no problem defining
the adjoint operator. The underlying motion for the measure-valued process is the
diffusion process on D generated by Ly and killed at the boundary of D; that is,

it is the solution to the generalized martingale problem [12] for Ly on D. The
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branching mechanism is of the form ®(z, z) = B(z)z — a(x)2z2. where 3 is bounded
from above, & > 0, and «, 8 € C*(D) for some k € (0,1]. The coefficients 8 and
a should be thought of respectively as the mass creation and variance parameters
for the measure-valued process. A o-finite measure-valued diffusion X (t) = X (¢, )

is then uniquely defined via the following log-Laplace equation:

(1.1) Elexp(— < f,X(t) >)|X(0) = p) = exp(— < uy(-, 1), p>),

for f € CF (D), the space of compactly supported, nonnegative, continuous func-
tions on D, and for o-finite initial measures p satisfying an appropriate growth
condition (see Proposition 1 below), where u; is the minimal positive solution to
the evolution equation

u; = Lou + Bu — au? in D x (0, 00)
(1.2)
u(z,0) = f(z) in D.

In [8,13], we studied the global behavior of these processes starting from a finite
initial measure p = X(0), in which case X(¢) is a finite measure for all t. An
invariant distribution is never supported on the set of finite measures, (see Remark
9); thus, for the present study, we must consider the measure-valued process starting
from o-finite measures rather than finite ones. We require that the process X(t)
take values in the space M (D) of o-finite measures on D C RY. Let (; denote the
distribution of X (¢). Then (; € M;(M(D)), the space of probability measures on
M(D). The following proposition determines how large the initial distribution ¢

may be in light of the o-finiteness requirement.

Proposition 1. For any t > 0, X(t) will almost surely take values in the space
M(D) of o-finite measures on D if and only if for each f € CH(D), the initial
distribution (o € My (M(D)) satisfies the following two equivalent conditions:

(1.3a)  ¢o({n € M(D) :< uxs(-,t),n >< 00, for sufficiently small X > 0}) =1,
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(1.3b) Gol{n Tim < urp(,6),7>=0}) = 1.

In particular, (1.3) will hold if (o({n € M(D) :< T f,n > < oo}) = 1, where T} is

the linear semigroup defined below in (1.4).

For the rest of the paper, we will assume that the measure-valued process is
o-finite; thus, we will assume that (1.3) holds.

Given a probability measure v € M;(M(D)), we define its mean measure m, by

() = /M(D) n(-)dv(n).

A probability measure v € M7 (M (D)) is an invariant distribution if (o = v im-
plies that (; = v for all ¢ > 0. Invariant distributions are well-understood in the case
of critical super-Brownian motion; that is, the case where Ly = %A, O(z,2) = —cz?,
¢ >0, and D = R%. The first results were obtained in [4] and more refined results
appear in [1,2]. When d = 1,2, there is no invariant measure. More specifically,
the following dichotomy holds: depending on (p, either w — lim; .o (t = dp, the
distribution concentrated on the 0-measure in M(R?), or else (; is unstable; that is,
for any open set B C R%, limy; .o limsup, . :(n:n(B) > M) > 0. On the other
hand, when d > 3 there is a one parameter family vy,0 € (0,00), of translation
invariant, shift ergodic invariant measures, with mean measures given by m,, = 61,
where [ is Lebesgue measure. Furthermore, if (j is ergodic and translation invariant
and ¢, = 01, then w —lim; o, (¢ = 1. Finally, every invariant measure v is of the
form v = [ v9F(df), where F is a probability distribution on (0,00). Note that
if [ 0F(df) = oo, then the mean measure will be co; that is 7, (B) = oo for all
open B C R%.

In order to discuss invariant measures for more general measure-valued diffusions,
we need some additional notation. Let P. denote the solution to the generalized

martingale problem for Ly on D, let Y (¢) denote a canonical diffusion path in
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C([0,¢), ﬁ), where D is the one-point compactification of D obtained by the addi-
tion of a cemetery state, and let 7p = inf{t > 0:Y(¢) ¢ D} denote the lifetime of
the process. Let

L="Lo+p

denote the linear part of the elliptic operator on the righthand side of (1.2), and let
T} denote the semigroup corresponding to the operator L on D. The Feynman-Kac

formula gives

(1.4) T,f(x) = Ex(exp / B(Y ())ds) F(Y (1)) 7p > 1),

where &, is the expectation corresponding to P,.

It will be useful to recall a basic definition from the criticality theory of elliptic
operators [12]. The operator L on D is called subcritical if it possesses a positive
Green’s function, in which case the cone Cr(D) = {u € C*(D) : u > 0 and Lu = 0}
of positive harmonic functions is nonempty. It is called critical if it does not possess
a positive Green’s function but C(D) is not empty, and it is called supercritical
if Cp(D) is empty. If § = 0, then L = Lg is subcritical or critical according to
whether it corresponds to a transient or a recurrent diffusion. We also note that
the criticality classification of L is inherited by the adjoint operator L.

A measure p € M(D) is invariant for T} if uT; = p. If p is invariant, then it is
absolutely continuous with respect to Lebesgue measure on D and, with an abuse
of notation, we will call this invariant density p = p(z). The density pu is a positive
harmonic function for the adjoint operator L; that is, u € C i (D).

In the sequel, §, € M;(M(D)) denotes the probability measure which is con-
centrated on p € M(D), and Poiss, € M;(M(D)) denotes the Poisson random
measure with intensity p. Note that if p is invariant for the semigroup 7}, then

since fM(D) <Tif,n > dPoiss,(n) =< Tif,p >=< f, 1 >, it follows from the final
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statement of Proposition 1 that (1.3) holds for ¢, and Poiss,. Thus, the super-
diffusion X (¢) obtained by starting from 6,, or Poiss, will take values in M(D) as
required.

We now present a proposition which includes a number of basic results that will
set the framework for our study. Variations of these results, sometimes in other
settings, may be found in the literature (see, for example, [10, 7]). The proposition

is proved in the next section.

Proposition 2. i. If v € M;(M(D)) is an invariant distribution for the measure-
valued diffusion, and its mean measure 7, is o-finite, then 7, is an invariant density

for the semigroup T;.

ii. Let yp € M(D) be invariant for the semigroup Ty. If (o = 0,,, then
Céé‘) =w— tlim (¢ exists.

FEither C((X@L) = g, the trivial invariant distribution concentrated on the 0-measure,

ég)

or else (s’ 1s a nontrivial tnvariant distribution for the measure-valued process.

The distribution Céff ) s uniquely specified by its Laplace transform:
(1.5)
| b < fon )@ = exp(= < o>+ [ < aud(ot).p0> di),
M(D) 0
for f € CH(D).
Under the assumption that limi_,oo sup,ep Tif(x) = 0, for all f € CH(D), the

above result is also true when the initial distribution is Poiss,.

145. Let gééf) be the invariant distribution obtained in (ii). Then Tems the mean
measure of (), satisfies Teon < p (that is, T o0 (A) < u(A), for all A C D) and

equality holds if and only if

1

. - OO 2 . —
(1.6) /\li%lJr 3 /0 < auys(-,t),p>dt =0,



for all f € CF(D). A sufficient condition for (1.6) to hold is that

(1.7) /000 < a(Tyf)?, p> dt < oo,

for all f € CF(D).

iv. Let géé‘) be the invariant distribution obtained in (ii). Then Céﬁf) = g if and

only if

(1.8) lim < wugs(-,t),n>=0,

t—o00
for all f € CF(D).

For any measure p € M(D) which is invariant for the semigroup T} of the
underlying motion of the superdiffusion, Proposition 2 gives a recipe for obtaining

an invariant distribution géé‘)

for the superprocess. That invariant distribution
will always have mean measure less than or equal to p. The mean measure will
be equal to 0 and hence the invariant distribution will be equal to the trivial 0
measure, if and only if condition (1.8) holds, or equivalently by (1.5), if and only
it < f,pu>= fooo < au?c(-,t),,u > dt. The mean measure will be equal to p if and
only if condition (1.6) holds. In general, it is quite difficult to verify condition (1.6)
or (1.8), in particular because these conditions are in terms of the behavior of a
solution to the nonlinear equation.

The aim of the rest of this paper is to study the question of when the mean
measure will be equal to 0, when it will be equal to y, and when it will be strictly
in between 0 and p. However, before we embark on this route, we present in
Theorem 1 below a result which describes the precise role of condition (1.7) in
terms of the variance of the invariant distribution Céﬁf ). The proof of Theorem 1

é’.f)

leads directly to an interesting asymptotic property of (5o’ which is presented in

Theorem 2.



We define the second moment operator M, (+) and the variance operator Var,(+)

of a probability measure v € M;(M(D)) as follows:

MP)(f) = / < fon > du(y), for f € CF(D);
M(D)
Var,(f) = MP) (f)— < f,m, >2, for f € CF(D).

Theorem 1. Let p be an invariant density of Ty and let gééj)

be the corresponding
wnvariant distribution with mean measure denoted by Tt - Let f € CH(D). If

fooo < a(Tyf)?, ;> dt < oo, then

Var o (f) :2/ < a(T,f)%, pu> dt.
> 0
If fooo < oz(th)Z,ch) > dt = 00, then Var ) (f) = oc.
Remark 1. With regard to Theorem 1, see Problem 3 below.

We need to introduce a little notation for Theorem 2. Although we have used
the notation pT} above, where p is a density or a measure, for Theorem 2 it will
be convenient to consider the dual 7} of T} which operates on M(D): for n €
M(D), one defines Ty'n(dy) = ([, p(t,z,y)dn(z))dy. Of course, Ty'n € M(D) if

and only if [, p(t,z,y)dn(x) is in L;

1oe(D,dx). We can also consider T} operating

on M;(M(D)): for v € M1(M(D)), we define T;v(A) = v(T} A), for measurable
sets A € M(D). Note that T} v is a subprobability measure on M(D). It will be a
probability measure, that is, it will belong to M7 (M (D)), if and only if T;*(M(D))

contains the support of v.

Theorem 2. Assume that [~ < (T, f)?, p > dt < oo, for all f € CF(D). Then
w — tllglo ¢ =6,

Equivalently, for each f € CH(D), the random wvariables {< Tif,n >}i>0 on

(M(D), (&) satisfy

tlim <Tif,n>=< f,u> in C&’;‘) — probability.
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Remark 2. Let S; denote the semigroup corresponding to the measure-valued
diffusion X (¢). Its dual, S} operates on M;(M(D)). Recalling that (; denotes the
distribution of X (¢), we have by definition, S}y = ;. Thus, under the condition
fooo < a(Tyf)?, > dt < oo, for all f € CF(D), we obtain from Proposition 2 and

Theorem 2 the duality
w— lim §;8, = ¢ and w — lim Ty (W = 4.

We note that Theorem 2 holds for all the invariant distributions that arise in this
paper when considering particular classes of operators—namely, those in Theorems
4,5, and 7. In particular, it holds for the invariant measures associated with the
standard, critical, d-dimensional super Brownian motion, for d > 3. These measures

appear as a particular case of Theorem 4.

Remark 3. It may well be true in complete generality, and it is certainly true in
all but the most pathological cases that the finiteness of fooo < Ty f)?, p > dt for

some 0 # f € CF (D) is equivalent to the finiteness of it for all f € CH (D).

In order to present the rest of our results, we need to recall a few facts about
positive harmonic functions. We noted earlier that if 4 is invariant for the semigroup
Ti, then it possesses a density p = p(z) € Cj;(D). On the other hand, it is
not necessarily true that all the elements in C} (D) are invariant densities for T}
(see the second paragraph of Remark 8 below). Let C’%””(D) C Cj (D) denote
the subcone of invariant densities. We now apply the Martin boundary theory
[12] to this subcone. An element p € C%””(D) is called minimal if the relations
w1 < pand py € C’%””(D) imply that pu; = cp for some constant c¢. By the
Martin boundary theory, there exists an index set ]\6””, which is the part of the
minimal Martin boundary corresponding to the invariant functions, and a collection

of minimal elements {,up}pej\ém € C%””(D) (normalized, say, by p,(zo) = 1, for
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some o € D), which we shall term minimal invariant densities, such that every

element p € C’%”“ (D) can be represented in the form

(1.9) p= [ )

for a unique finite measure m, on ]Xf)"”. Conversely, every finite measure m,, gives
rise to an element of C%”” (D) via the representation in (1.9).
Theorem 3 below gives for each p € C%"”(D) the general structure of the mean

measure 7, corresponding to the invariant distribution géﬁf ),

Theorem 3. i. For each p € A, there exists a constant c, = c,(a) € [0,1]

(Np)

such that the mean measure of (s0”’ satisfies T (u,) = cppt,. Furthermore, c,(a) is

¢
nonincreasing in o.

it. Let p € C%m’ (D) with corresponding measure m,, as in (1.9). Then

inv
AO

(1.10) T :/ ColtpmMu(dp)-

iii. Let i1, pio € CY™(D). Then ¢ = (&) if and only if Tt = T

Let

e = {p e A < cp(a) > 0},

where ¢, is as in Theorem 3(i), and let C’E"“’Q(D) C C¥"(D) be the subcone
generated by the elements of AJ*""*; that is, analogous to (1.9), u € C’%m”a(D) if and
only if there exists a finite measure m, on AJ""* such that pu = f[\ém,a ppmy, (dp).

The following result is an immediate corollary of Theorem 3.

Corollary 1. The set of nontrivial invariant distributions {Qéﬁf) tpE C’%"”(D)},
which was obtained by the procedure of Proposition 2(ii), is in one-to-one correspon-
dence with C%m’o‘(D) via the map p — 7 .(u , and is nonincreasing in its dependence

on .



Remark 4. If we were to set o = 0, then starting from (y = J,,, with p € M(D),
the measure-valued diffusion would reduce to a deterministic measure-valued path;
namely, (; = d,7,. Thus, the set of invariant distributions would be equal to

{8, :pe C(D)}.

Theorem 3 shows that for a minimal invariant density kpu,, £ > 0, the mean
MEeASUTE 7T (kyp) must always be a multiple of ;1,. On the other hand, if for example,
= pp, + fp, With ¢, > 0 and ¢,, = 0, then the mean measure for Céﬁ,‘) will be
Cp, 1 which is not a multiple of p. For a class of specific examples, see Corollary
3(iii).

We conjecture that c, appearing in Theorem 3(i) can only take two possible
values—0 and 1 (see Problem 2 at the end of this section). If 4, is a minimal
invariant density for T} and ¢, = ¢,(a) € (0,1), then for f € CH(D), it follows
from Theorem 1 that Var . (f) < oo if and only if I < a(Tif)?, 1> dt < oo.
Yet, according to Proposition 2(iii), the finiteness of this integral for all f € C (D)

guarantees that ¢, = 1. This gives the following corollary in the case ¢, € (0,1).

Corollary 2. Let p, be a minimal density for Ty, and consider the invariant

distribution gég‘). Let c, = c,(a) be as in Theorem 3 and assume that c, € (0,1).

Then Var g (f) = 00, for some 0 # f € CH(D).

In light of Theorem 3 and Corollary 1, our strategy for the rest of the paper
will be as follows. We fix a linear operator L = Ly + 3 on a domain D C R? for
which the cone C’%"”(D) is nonempty. For each minimal element p, € C’%"“(D),
we wish to find an explicit growth condition on « which holds for sufficiently small
a and such that whenever that condition is satisfied, (1.6) will hold. It will then
follow that the invariant distribution Cég *) satisfies 7 (o) = Hp- Similarly, we wish

to find an explicit growth condition on « which holds for sufficiently large o and

such that whenever that condition is satisfied, (1.8) will hold. It will then follow
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that gﬁg o) — dg9. The first task is considerably easier than the second one because in
place of (1.6), we may avail ourselves of the sufficient condition (1.7) which involves
only a solution of the linear heat equation, whereas condition (1.8) depends on the
behavior of a solution to a nonlinear equation. At least with regard to the case
of super-Brownian motion, the use of (1.7) in place of (1.6) sacrifices little if any

precision; see Remark 5 after Theorem 4.

We begin with the case of d-dimensional, critical, super-Brownian motion. We
have Ly = %A,ﬁ =0, and D = R? In this case L = L = %A and C’%”“(D) =

inv

I A(Rd) is the cone of positive constants. Thus, if an invariant distribution has a
2

o-finite mean measure, that mean measure must be a multiple of Lebesgue measure.

Theorem 4. Consider critical, super-Brownian motion with a variable variance
parameter, corresponding to the semilinear equation u; = %Au —ou® on R, d > 1.

Let | denote Lebesque measure on R%. 4. If

(1.11) /100 tid(/}%d exp(—%)a(m)dm)dt < 00,

then the invariant distribution CC(Q satisfies Tew) = l.
In particular, if d > 2 and a(z) < (1 + |z|)Y with v < d —2, then (1.11) will be

satisfied.

. If for some k > 0,

1
(1.12) / ) dx = o(tlogt), ast — oo,
lz|<t% (log )+ ()

then Cé? = dp.
In particular, if d > 1 and a(x) > c¢(1 + |z|)Y with v > d —2, then (1.12) will be

satisfied.

wi. If d =1, then for any a > 0, Cé? = Jg.
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Remark 5. There is no problem defining super-Brownian motion when a =
0. The proof of Theorem 3(iii) actually shows that the result continues to hold
when a = 0. Note that for d > 2, the critical exponent for o with regard to the
existence of an invariant probability distribution is d — 2; however, for d = 1, there
is never an invariant probability distribution even if « is compactly supported. The
proof of part i of the theorem utilizes the sufficient condition (1.7) in place of the
necessary and sufficient condition (1.6). The fact that the exact value d — 2 of the

critical exponent was obtained shows that little if any information was lost by this

approximation.

We need a few facts about symmetric operators for the next theorem [see 12,
section 4.10]. The underlying diffusion process on D C R? is reversible when the
corresponding operator Ly is symmetric with respect to some reference density. In

this case Lo takes the form
1 1
(1.13) Lo = §V -aV +aVQV = 3 exp(—2Q)V - exp(2Q)aV.

We will assume that a; ; € C'(D) and Q € C?*(D). The operator L = Lo + 3 is

symmetric with respect to the density

Msym = exp(ZQ) :

We call mgy,, or any of its multiples a reversible density for the operator L. The
adjoint operator (with respect to Lebesgue measure) is L= %V -aV —aVQV —
V- (aVQ) + B. Analogous to an invariant density (that is, a function p satisfying
uTy = p), we define an invariant function to be a function h satisfying T;h = h. An
invariant function is a positive harmonic function for L on D; that is h € C(D).
Let Ci"*(D) C C(D) denote the subcone of invariant functions. It is easy to check

that in the symmetric case, a density p is invariant if and only if it is of the form
12



p = hmgym, where h is an invariant function; that is,
(1.14) C’%"“( ) = {hmgym : h € C (D)},

The next result gives a sufficient condition for Cé’.f ) to have mean measure W in the

case of symmetric operators.

Theorem 5. Let L = Lo + [ be a symmetric operator with Lo as in (1.13)
and assume that L is subcritical. Let hmgyy, be an invariant density as in (1.14).
If a < ¢, for some ¢ > 0, then the mean measure of the invariant distribution

hMsym .
C(x) ym) 5atisfies T (hmoym) = RMgym .

The next theorem treats certain one-dimensional processes and goes in the op-
posite direction of Theorem 5. It gives a sufficient condition for Cgﬁf ) to be equal to

do. Before we can state the theorem we need to recall some facts [12, section 5.1].

If
1 d? d
Lo — —qg—— 1 p—
0= 9% x2 + dx
on D = (—o00,0), then letting Q(x fo (y)dy — —loga one can write Ly =

%exp(—?Q)%(exp(ZQ)a%); thus, Lo is symmetric with respect to the density

(1.15) Mg () = exp(2Q(2) = s exo( | ),

Assume now that Lg corresponds to a transient diffusion; that is, Lo on (—oo, 00)
is subcritical. This is equivalent to the integrability of exp(— fo 2ab )dy) at either
+00 or —oo. The space of all (not necessarily positive) solutions w of Low = 0 in
R is two-dimensional and is spanned by the functions 1 and fo exp(— [~ 2b( )dy).
From this it is easy to see that in the transient case the cone Cp, (D) of positive
harmonic functions is always two-dimensional, and it is easy to exhibit its minimal

elements. However, we need to consider two cases separately:
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Case 1. [*_dwexp(— [y 2(y)dy) < oo. In this case the minimal elements of

Cr, (D) are

hl(x):/x dzexp(—/z%b(y)dy)
(1.16) — 0

o) = [ dzesn(= [ Z(p)a).

Case 2. [~ dxexp(— [ 2 (y)dy) = oo. In this case we will assume without loss

of generality that ff’oo dzexp(— [ 22(y)dy) < oo. Then the minimal elements of
Cr,(D) are
@ = [z [ iy
prm— X —_ JR—
(117) ! —oo o @

We now make the additional assumption that C7"*(D) = Cr,(D). (In case 1
above, this is equivalent to the assumption that the diffusion corresponding to Ly is
conservative, that is, that its semigroup 7T; satisfies 731 = 1. Thus the coefficients
a and b must satisfy Feller’s well-known integral criterion for non-explosion [12]. In
case 2, the diffusion needs to be conservative, but in addition, a growth condition
on the inward drift from +o0o0 must be assumed.)

From the above discussion and (1.14), it follows that the cone C’j:jé” (D) of invari-

ant densities for the diffusion process takes the form
(1.18) O%ZU(D) = {(c1h1 + c2h2)Msym : c1,¢2 > 0,¢1 + c2 > 0},

where Mgy, is as in (1.15) and hq, he are as in (1.16) or (1.17).
For the next theorem, we make the following assumption. (See the remark

following the theorem for a discussion concerning the relaxing of this assumption.)

Assumption 1. i. a(x) = c;zht for z >> 1 and a(z) = ca|z|"? for z << —1, where

c1,c9 > 0.
14



ii. b(z) = diz* for  >> 1 and b(x) = —da|x|*? for << —1, where dy,dy # 0
and at least one of dq,ds is positive.

iii. k1,ko <1 and k; > [; — 1 for some ¢ for which d; > 0.

Under Assumption 1, Ly corresponds to a transient diffusion and it can be veri-

fied that C7"*(D) = CL,(D); thus C’%’;” (D) is given by (1.18).

Theorem 6. Let Ly = %aj—; + b% on D = (—o00,00) satisfy Assumption 1 and
let 3 = 0. Let himgym, hamgsym be the minimal invariant densities, where hy, ho
are as in (1.16) or (1.17) and msym is as in (1.15). If a > 3=, for some i € {1,2}

and some ¢ > 0, then for j # i, (I™svm) = 5.

Remark 6. We suspect that the result in Theorem 6 holds in general for subcritical
one-dimensional operators L = L+ for which the corresponding two-dimensional
cone C (D) satisfies Cr(D) = C (D). In fact, the proof we give works in some-
what more generality than is stated in Theorem 6, as will be pointed out in the

remark following the completion of its proof.
Combining Theorems 3, 5 and 6, we have the following corollary.

Corollary 3. Let the underlying motion of the measure-valued diffusion be given

by an operator Lg satisfying Assumption 1 and let § = 0.

i. If a < Cmin(hll,h%), C > 0, then Tew = M, for any invariant density

= (c1hi + caho)mgym .

i. If a > Cmax(h%,h%), C > 0, then C&f) = 09, for any invariant density

= (c1hi + caha)Mmgym .

i, If % <a< %, for some j € {1,2} and Cy,Cs > 0, then
J J

T ((c1hi+caho)msym) — thjmsym-
oo
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Remark 7. Consider Corollary 3 in the case a = 1, so that the corresponding
semilinear equation is u; = Lou — u?. If the operator Lg satisfies (1.16), then case
i of the corollary holds, whereas if L satisfies (1.17), then case iii of the corollary
holds with j = 2. In particular then, when (1.17) holds, the mean measure of any

(1)

nontrivial invariant distribution (s’ will be a reversible density for L.

In light of Theorems 5 and 6, it’s natural to wonder what occurs in general when
the underlying motion is a multidimensional symmetric diffusion, especially when
C(D) is more than two-dimensional. That is, if h; and hy are minimal elements
in C4"(D) and o = h%’ what can be said about chzmsym)? We don’t know the
answer in general but the following example is illuminating.

Let Lo = %A +b-VonD=R? d>2, where b is a nonzero constant vector,
and let 8 = 0. Then mgym (z) = exp(2b- ) and C’gm)(D) =Cr(D) ={exp(v-x):
lv +b] = |b]}. Thus, p is an invariant density if and only if it is of the form
p(r) = exp((v + 2b) - ¥) with v on the sphere S = {v € R? : |v + b| = |b|}. Let

h,(z) = exp(v - z), for v € R?. By Theorem 5, for v € S, the invariant distribution

cSemavm) has mean measure hy (2)Msym (x) = exp((v + 2b) - ) if afz) < 3275 =
cexp(—v - ). What is the mean measure of géff"msy’”) if a(z) = ;-(z) withn € S

and n # v? The answer is given by the following theorem.

Theorem 7. Use the notation in the above example and let v € S.
i. Ifn € S—{—v — 2b}, then (S,fj"msym) has mean measure h, Mgy, whenever

a <

%.
1. If n=—v—2b andd=1 or 2, then Cc(x}f”msym) = do whenever a > 3.
1. If n=—v—2bandd > 3, then ng”msym) has mean measure h,msym whenever

a <

w. If n = —v —2b—s(v+b) for s >0 (in which case n ¢ S), then ggﬁvmsym) =5

whenever o > =
7]
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Having completed the presentation of the results, we now point out in a series

of three remarks a number of significant facts that follow from Proposition 2.

Remark 8. Recall the definition from criticality theory in the paragraph following
(1.4). It follows from Proposition 2(i) that if L is supercritical or if L is subcritical
and none of the functions in C; (D) are invariant, then the measure-valued diffusion
does not possess an invariant distribution with o-finite mean measure, regardless of
the variance parameter a > 0. (In the critical case, C; (D) is one-dimensional and
its unique element (up to constant multiples) is necessarily invariant [12, Theorem
4.8.6].)

In particular, for example, if Ly on D corresponds to a recurrent diffusion and
B > 0, then L on D is supercritical [12, Theorem 4.6.3]. As an example of subcrit-
icality with no invariant measures, consider Ly = %% on D = (0,1) with § = 0.
Then Cj (D) is generated by the functions  and 1 —  and no element of C; (D)
is invariant [12, p.217]. The same thing is true for the multi-dimensional analog;

namely, Brownian motion in the unit ball, in which case C; (D) is generated by the

_ 1-fep
= Tomal®

Poisson kernel functions u,(x) indexed by p € S41.

Remark 9. The measure-valued process is said to exhibit local extinction if for
every compact set B contained in D, there exists an almost surely finite random
time 75 such that P(X(¢,B) =0 for all t > 75) = 1. In [13,7], it was shown that
starting from a finite measure, the measure-valued diffusion exhibits local extinction
if and only if L is not supercritical on D. Recall from page 3 that L is supercritical
on D if and only if C; (D) is empty. Thus, if L is supercritical on D, then C’%””(D)
is empty. Combining this with Proposition 2(i), it follows that the exhibition of
local extinction when starting from a finite measure is a necessary condition for the
existence of an invariant distribution with o-finite mean measure.

In particular, it then follows that the support of an invariant distribution does
17



not include finite measures. As an application of this, we point out that if L
corresponds to a positive recurrent diffusion and # = 0, then the measure-valued
diffusion cannot possess an invariant distribution with o-finite mean measure. In-
deed, for positive recurrent diffusions there is an invariant probability measure, and
every invariant measure is a constant multiple of this probability measure. Thus, it
follows from Proposition 2(i) that if ¥ were an invariant distribution with o-finite
mean measure, then its mean measure would have to be a multiple of the invariant
probability measure for the positive recurrent diffusion. From this it would follow

that the support of v is contained in the space of finite measures.

Remark 10. From the log-Laplace equation (1.1), it follows easily that
(1.20) v= [ Q)

is an invariant distribution for any probability measure () on C’%”“ (D). In particular,
it follows that if the collection of invariant distributions in Corollary 1 contains a
nonzero element, then there exist invariant distributions whose mean measures are
infinite. Indeed, if c,(«) > 0, then choosing a probability distribution £ on (0, o)
with infinite expectation, it follows from Theorem 3 that v = fooo céﬁ“ ")F(dt?) has

mean measure T, = (c,(a) [;° 0F(df))p, = .

We now provide a little intuition to explain why for each u € C%”“ (D), the
veracity of the equality =« (W = depends monotonically on «. The proof of
Proposition 2(i) in the next section (see (2.7)) shows that if X (0) = u a.s., that is,
the initial distribution is given by {y = d,,, then for all ¢ € [0, c0), the mean measure

for the distribution ¢; of X (t) is equal to u. Equivalently, for all f € CF (D),

(1.21) / < f,m>d(n) =< f,u >, forall t € [0, 00).
M(D)

However, since the functional n —< f,n > is unbounded, the weak convergence

(1)

of (; to Q()éf ) does not guarantee that the mean measure of (5o’ will also be equal
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to w. Defining cutoff functions Uy : [0,00) — [0,00) by ¥n(z) = z, = € [0, N],
Uy (z) = N, x > N, the functionals n — W (< f,n >) are bounded and continuous

on M(D); thus

(1.22)
lim [y fn o = [ (< L 2)d@ ), N =12,
7 J M(D) M(D)

From (1.21) and (1.22) it follows that if the mean measure of gé’.f) is not equal to
, then for some f € CF (D), one has

(1.23) lim limsup/ < f,m > G(n) > 0.
{m:<fim> >N}

—0  t—oo

The phenomenon described by (1.23) is know as clustering. By (1.21), mass must
be conserved on the average for every finite time ¢, but as t — oo this conservation
may be achieved by clustering. Clustered mass is lost in the weak limit; thus if

éé‘ ) will have mean measure less

clustering occurs, then the invariant distribution ¢
than p. Now in the course of the proof of Theorem 1, it is shown that the variance

of < f,n > under (; is given by

t
/ < fin>? dCt(n)_</ <f,n>dct)2=2/ < a(Tsf)? > ds.
M(D) M(D) 0

(Use (2.32) and (1.21).) We see then that this variance is monotonic in a. If the
variance grows sufficiently fast in ¢, then the average mass preservation is achieved
by clustering, while if it grows sufficiently slowly, then the average mass preservation

is achieved without clustering.

We conclude this section with a number of interesting open problems suggested

by the above results.

Problem 1. The construction in Proposition 2(ii) produces the collection {Céff )

JTS C’%””(D)} of invariant distributions which, by Corollary 1, is in one-to-one
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correspondence with the cone C'%m’a(D). This collection of invariant distributions
can be expanded to invariant distributions of the form (1.20). Show that every

invariant distribution for the measure-valued process is of the form (1.20).

Remark 11. In Remarks 7 and 8 it was noted that for any a > 0, there is no
invariant distribution with o-finite mean in either of the following two cases:

i. C’%”” (D) is empty, which occurs in particular if L is supercritical;

ii. The average mass creation parameter § = 0 and Ly corresponds to a posi-
tive recurrent diffusion. Thus, it would follow from Problem 1 that no invariant

distribution, even with infinite mean measure, exists in the above two cases.

Problem 2. Show that if 41, is a minimal invariant density, then 7 o) = 0 or .

Equivalently, in the notation of Theorem 4, show that c,(a) =0 or 1.

Problem 3. Is it true that for certain classes of measure-valued diffusions, every
invariant measure must necessarily have a finite second moment operator? If such
were the case, then by Theorem 1, it would follow that for those classes of measure-
valued diffusions, (1.7) with p replaced by p, would be a necessary and sufficient

ééf *) to be nontrivial, and in the nontrivial case, the mean measure

condition for ¢
would always be p,. This would also show that ¢,(«) = 0 or 1 for those classes of
measure-valued diffusions. For example, if it turned out that an invariant measure
for critical super-Brownian motion with a space dependent variance parameter (this
is the case treated in Theorem 4) must have a finite second moment operator, then

ééf) to be a

(1.11) would turn out to be the necessary and sufficient condition for ¢
nontrivial invariant distribution. Indeed, the proof of Theorem 4 shows that (1.11)
is a necessary and sufficient condition for (1.7) to hold with p replaced by Lebesgue

measure.

Problem 4. Show that the result of Theorem 6 holds for general one-dimensional,
20



subcritical operators L for which C%””(D) is two-dimensional.

Problem 5. In the case that L is critical, C%’“’(D) = C;(D) and is one-
dimensional. If in addition, L is symmetric with respect to the measure mgy,, then
the unique invariant density (up to constant multiples) will be of the form hmgy,
where h is the unique function (up to constant multiples) in C1(D). In contrast to

Theorem 5 for subcritical operators, show that if a > 7, then ggﬁmsym) = .

Remark 12. In the case § = 0 (in which case h = 1) and «a bounded between two
positive constants, Problem 5 has been carried out in [9] under certain assumptions
on the semigroup T;. In that paper, the author treats the case that the underlying
diffusion corresponding to Lo on D is null recurrent. (As Remark 9 shows, for 3 =0
and any a > 0, there will never be a nontrivial invariant distribution with o-finite
mean measure if L is positive recurrent.) Without assuming that Ly is symmetric,
but under three regularity conditions on the semigroup 7}, the author proves that
if (o = 6,, where g is the unique (up to constant multiples) invariant o-finite
measure for the diffusion corresponding to Ly on D, then Céﬁf ) = w — lim (¢ = do.
The author, citing [3], claims that her regularity conditions on the semigroup hold
whenever Ly is uniformly elliptic with bounded, continuous coefficients. In fact,
as will be discussed momentarily, considerably more stringent restrictions must be
placed on the coefficients to guarantee that her conditions hold. We should also
point out that in the introduction to the same article, the author claims that in the
case that § = 0, « is constant, and Ly is transient, it follows from [6] that there
exists an invariant distribution for the measure-valued process. However, the result
on the existence of invariant distributions in [6] is not proved in complete generality
in the transient case, but rather under the assumption that there exists an invariant
measure p for the semigroup Ty, that (1.6) holds and that the so-called F-property

holds for entrance laws at —oo. The existence of an invariant distribution in the
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transient case is probably not true in complete generality. Indeed, as was shown
in Remark 8, if Ly = %% on D = (0,1) with 8 = 0, then Ly corresponds to a
transient diffusion and the cone C’%"”(D)} is empty; thus the recipe of Proposition
2 doesn’t produce an invariant distribution for any o > 0. We expect that there are
in fact no invariant distributions in this case. (And this would follow from Problem
1.) The question of whether there will always be an invariant distribution in the
transient case under the assumption that there does exist an invariant measure and
with « constant and 3 = 0, but without the additional assumption (1.6), seems to
be open.

Returning to the three regularity conditions imposed on the semigroup 7} in [9],
the least complicated of these conditions is that lim;_, o ﬁ fot Ts¢ds = [}, pdp, for
¢ € CH(D), where h(t) = tl(t) for some p € [0,1] and () is slowly varying. Since
[3] only gives upper bounds on T} for symmetric operators, the above condition on
T; cannot follow from those results. It’s not hard to see, as has been pointed out to
me by S.R.S. Varadhan, that if {~, }>° , is a sufficiently rapidly increasing sequence
of positive numbers and a(x) = 1, for v9,,—1 + 1 < |z| < 72, and a(x) = 2, for

22

Yon +1 < |z] < Yony1, and L = 2a-t; or L =12 (qL) on (—00,00), then T} will

dz? o\
not satisfy the above condition.
The rest of this paper is organized as follows. In section 2, we prove Propositions
1 and 2 and Theorems 1 and 2; in section 3, we prove Theorems 3 and 5; in section
4 we prove Theorems 4 and 7; and in section 5 we prove Theorem 6.
From now on, we will denote the probability measure and the corresponding
expectation for the measure-valued process starting with initial distribution (, =

v e Mi(M(D)) by P, and E, respectively.
2. Proofs of Propositions 1 and 2 and Theorems 1 and 2.

Proof of Proposition 1. In [8], we proved the existence of a finite measure-valued
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process satisfying (1.1) when v is a finite measure. From (1.1), it follows that if 14
and v are finite measures, then the measure-valued process starting from vy + v5
may be obtained as the independent sum of measure-valued processes starting from
v and from v5. Since a o-finite measure v may always be expressed in the form v =
> o2, Vi, where the v; are finite measures, a measure-valued process starting from a
o-finite measure v and satisfying (1.1) can always be constructed as an independent
sum of finite measure-valued processes. Using the conditional expectation (1.1) then
allows for the construction of a measure-valued process starting from any initial
distribution (o € M1 (M(D)). Since P, (< f, X(t) > < o0) = limy_,¢ F, exp(— <
Af, X (t) >), it follows from (1.1) that X (¢) will almost surely take values in M(D)
if and only if (1.3b) holds for all f € Cy (D). Clearly, (1.3a) is necessary for (1.3b)
to hold. By the maximum principle, uy is increasing in A and uyy < AT} f. Thus,
limy_o ux¢(-,t) = 0, and it follows from the dominated convergence theorem that
(1.3a) is sufficient for (1.3b) to hold. The final statement of the proposition follows

from the inequality uys < AT} f. g

Proof of Proposition 2.(3). Let v € M;(M (D)) be any initial distribution sat-

isfying (1.3). From (1.1), we have for A > 0 and f € CH (D),

(2.1) E,exp(— < Af, X(t) >) = /M(D) exp(— < uxz(-,t),n >)dv(n).

Consider first the lefthand side of (2.1). Since X () is almost surely o-finite, we

have by the mean value theorem and the dominated convergence theorem that

(I —exp(= <Af, X(t) >)) = M(A, X(1)) < f, X(t) >,

>| =

where 0 < M (A, X (t)) < 1 and limy_o M(\, X (t)) =1 a.s. P,. It then follows that

1
(2.2) )l\in}) X(l — B exp(— < Af, X(t) >)) =< f,m¢, >,
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where the righthand side of (2.2) may be infinite.
Consider now the righthand side of (2.1). By Taylor’s theorem, 1 — exp(—x) =

N (z)x, where lim,_,o N(x) = 1. Thus, it follows from (1.3) that

(2.3 (1 exp(= < urg( 0 >) = N < 200Dy

>| =

where 0 < N(X,7) < 1 and limy_o N(\,n) = 1 a.s. P,. The function vy = 5t

satisfies the equation

v; = Lov + fv — Aaw? in D x (0, 00)
(2.4)

v(z,0) = f(x) in D.

By the maximum principle, vy is decreasing in A\. We will show below that
(2.5) )l\ir% ur(z,t) =Ty f(z).
Thus, N(\,n) < ZL(-,t),n ><< T;f,n > and limy_.o N(\,n) < 3L(-,t),n >=

< Ty f,n >. From Fatou’s lemma it then follows that

1
(2.6) lim —(1 —/ exp(— < uxs(-,t),n >)dv(n)) =< Ty f,m, >,
A—0 M(D)

where the righthand side of (2.6) may be infinite. From (2.1), (2.2) and (2.6) we

obtain
(2.7) < fyme, >=<Tif,m, > .

If v is an invariant distribution with o-finite mean measure, then 7, = 7, = m,
and < f,m, > < oo; thus we obtain from (2.7) that < f,m, >=< T} f, 7, >< o0,
proving that 7, is invariant for the semigroup 73.

We now return to prove (2.5). By the Feynman-Kac formula we have

or (@, ) = Ex(exp( /O (B = Xava) (Y (1), £ — r)dr) f(Y (1): 7p > ).
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By the maximum principle, vy (z,t) < T; f(z). Thus,

(2.8) 5m(exp(/0 (B = AT p f)(Y (r)dr) (Y (£)); 7D > 1) < wal2,t) < Tif(x).

Letting A — 0 in (2.8), and using the dominated convergence theorem and the
Feynman-Kac representation for T}, we obtain (2.5).
(i1). By standard results on weak convergence, (; will converge weakly if and only
if limy_, o0 fM(D) exp(— < f,n >)d(:(n) exists for all f € CF (D).

Note that the solution us to the semilinear evolution equation (1.2) satisfies the

following integral equation:

t
(2.9) wp (1) = Ty f () — / T, (0 (-, ) ()ds.

0
First let (o = d,. From (1.1), (2.9), and the fact that p is invariant, we have

/M(D) exp(— < f,n >)dG(n) = Es, exp(— < f, X(t) >) = exp(— < uy(-,t), 1 >)
t

=exp(— < Tif,pu> +/ < Tt_s(aufc(-, S)), > ds)
0

t
=exp(— < f,u> +/ < au?(-,s),u > ds).
0

It then follows that

fim [ exp(— < o 2)dG(n) = exp(— < fu>+ [ < aud(o0).p0> di),
t=0 J Mm(D) 0

This proves the weak convergence and gives (1.5).
To show that Céﬁf ) is an invariant distribution, we use the Markov property to

obtain

210 [ exp(- < L)) = [ Eyexs(— < £X(s) 2.
M(D) M(D)
The measure-valued process X (t) is Feller; thus E, exp(— < f, X(s) >) is continu-

ous in 7. Letting t — oo in (2.10) gives

/ exp(— < f.n >)dC) () = / By exp(— < £, X(s) >)dc¥) (),
M(D)

M(D)



which shows that Céﬁf ) is invariant.

Now let (y = Poiss, and assume that lim; o sup,cp 77 f(x) = 0. Then

Epoiss, exp(— < f, X(t) >) = / exp(— < uy(-,t),n >)dPoiss,(n)
M(D)
=exp (— <1—exp(—uy(-1)),p>).

Since uy < T3 f, it follows that

1
| < 1—exp(—uf(-,t)),,u> - <Uf(',t),,u> | < 5 <U?¢(',t),/i>

1 1
< ssup Tif(w) < Ty f,pu>= S sup Ty f(w) < fop >
2 x€eD 2 xeD

We conclude that lim; o < 1 —exp(—uy(:,t)), p >=limy_o < uy(-,t), x>, and

the rest of the proof is as in the previous case.

(i3i). Replacing f by Af in (1.5), and using the type of argument used in the proof
of part (i), one finds that < f, 7 (i ><< f, ;> and that equality holds if and only
if (1.6) holds.

We now show that (1.7) implies (1.6). Since uyy < AT} f, we have

2
u
(2.11) a%f < AT f)2.

From (2.11) and two applications of the dominated convergence theorem, it follows
that (1.7) implies (1.6).

(iv). From (1.1) and part (ii), it follows that

/ exp(— < f,n >)d§éé‘)(n) = tlim exp(— < ug(-,t), 1 >).
M(D) -

Part (iv) is now immediate. O

Proof of Theorem 1. Assume first that [~ < (T3 f)?, > dt < co. Using (1.1)

and the fact that Céff ) is an invariant distribution, we have for any 0 < f € C.(D),
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A>0,and t > 0,
(2.12)

/ exp(— < Af,n >)dE) (n) = / Eypexp(— < M, X(t) >)d¢% ()
M(D) M(D)

= / exp(— < uxf(-,t),n >)d¢$ (n).
M(D)

Substituting Af for f in (1.2) and formally differentiating twice, and using the

notation u = u(x,t;\) = uxs(x,t), we obtain the following differential equations

for uM (z,t; \) = %‘%(m,t,k) and for u® (z,t;\) = 8;;;” (x,t,\):

Uz(ﬁl) = Lou™ + u™ — 2auu™ in D x (0,00)

(2.13)
U(l)(x70) = f(x)a
and
2 = Lou® 4 Gul® — 20(uV — 200 in D x (0,00
(2.14)

u?(z,0) = 0.
In particular, letting p(¢, z,y) denote the kernel for the semigroup T}, we have

(2.15)

uM(z,t;0) = Ty f(z) and u® (z,£0) = —2/0 dS/Dp(t —s,2,y)a(y) (T f)? (y)dy.

We will justify these formal differentiations upon completion of the proof of the
theorem.

By the mean value theorem, we have for A > 0 and Ay > 0,

/ ) 1—>\(6Xp(_ < Mfin>) = exp(= < Afym >))dC) ()
M(D) M

— / < fon>exp(=\(n) < f,n>) d¢W(n),
M(D)

where A*(n) is between A and A;. Using the bounded convergence theorem in the

case A > 0 and Fatou’s lemma in the case A\ = 0, we conclude that

li L
1m
A1—A M(D) AL — A

_ / < fin > exp(— < Mo >)dCE) ().
M(D)
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A proof similar to that of Proposition 2(i) shows that for \; > 0 and A > 0,
(2.17)
(exp(— < U(',t,>\),77 >) - eXp(_ < U(',t, )‘)77] >)) dCééL)(”l) =

I 1
1m

[ <> el <l ) ) d),
M(D)
From (2.12), (2.16) and (2.17) we conclude that

/ < fin > exp(— < Af,n >)d¢{W (n) =
M(D)

(2.18)
/ <uM (1, 0),n > exp(— < ul-,t,\),n>) dc¥ (n).

M(D)
We now calculate the second derivative at A = 0 for each side of (2.18). Varying

the lefthand side of (2.18) and using the mean value theorem, we have for A > 0,

1 / < £ > (1—exp(— < M1 >))dc®) () =
A Jm(D)

| < fns e < £ =) ),

M(D)

where A(n) € (0, A). Letting A — 0 and using Fatou’s lemma shows that
(2.19)

~ex () (1)
E%)A/M(fo’W(I exp(— < Mf,n >)d¢W () = /M(D)<f,n>2dcoii<n)-

We now vary the right hand side of (2.18). We write

(2.20)
< u(l)(-,t,O),n > — < u(l)(-,t, A),n >exp(— < u(,t,\),n>)=

< u(l)(~,t,0),n > - < u(l)(~,t, A)yn >+ < u(l)(',t, A),n > (1 —exp(— <u(-t,A\),n

Recalling that u(-,¢,0) = 0, letting A > 0, and using (2.20), we obtain

1
—</ < aD (1,00, 7 > dci () —
M(D)

/ <uM (1, 0),n > exp(— < ul-,t,\),n>)d¢¥ (1)) =
(2.21) M)
) u(l) t, 0) —u ('; t, >\>

A

> d¢{ (n)

/M(D) <t 0) > (FTERES B A e )
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By (2.13) and the maximum principle, v (-,#,0) > u(M(-,¢,A) > 0. Thus, it

follows from Fatou’s lemma that

U’(l)('7 t? 0) - u(l)('a tv )‘)
A

— < uP(-,t,0),7 >§1i£11161f< s>

The proof of Proposition 2(i) showed that limy_,

1—exp(—<j\t(~,t,)\),n>) —< th’n >,
and (2.15), Fatou’s lemma and the fact that u(¥(-,¢,0) > uM (-t \) give
limy_o < uM(-,t,\),n >=< T,f,n >. Using these facts along with (2.21) and

applying Fatou’s lemma again gives

1
lim inf —(/ <uM(t,0),n > d¢{ (n)—
A—0 A M(D)

(2.22) /M(D) <uM (8, 0),m > exp(— < ul-t, A),n >)dCL) () >

_/ <u<2><-,t,0>,n>dcég><n>+/ < Tof.n >2 dC) (n).
M(D) M(D)

By Proposition 2(iii) and the assumption that [;° < «(Tif)%, p > dt < oo, if
follows that 7.,y = p. Using this along with the invariance of y for the semigroup
T;, it follows from (2.15) that
t

@2 - <u®n0> dm =2 [ <alp?asds

M(D) 0
From (2.18), (2.19), (2.22) and (2.23), we have
(2.24)

t
/ < fon>2d¢ () > 2/ < a(Tsf)? pu>ds +/ < Tif,n >2d¢ (n).
M(D) 0 M(D)

By Jensen’s inequality and the invariance of p,
@) [ <Tpntdlmz ([ < T d@m)? =< fus?.
M(D) M(D)

Using (2.25) in (2.24) and letting ¢t — oo gives

(226) Var ég)(f) > 2/00 < Oé(th)Zwu > dt.
0
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We now prove the reverse inequality. By (1.1), we have Es, exp(— < Af, X(t) >)
= exp(— < u(-,t,A), u >). Calculations very similar to those that led from (2.12)
to (2.18) show that
(2.27)
Es, < [, X(t) > exp(— < M, X(t) >) =< uM (-, ,A), > exp(— < u(-,t,\), p >).

Varying the lefthand side of (2.27), we obtain similar to (2.19),

(2.28) ;13%) ;Eu <f,X(t)> (1 —exp(— <A, X(t) >)=E, < f,X(t) >>.

Varying the righthand side of (2.27), we have

(2.29)

1
X(< u(l)('7t70)7#’ > —< u(l)('vtu >‘)7:u > GXp(— < u('7t7 )‘)au >))

(1. —uM(
=< (’t’O)Au G0 s 20> (

1 —exp(— <u(t,\),p >))
N .

u(l) ('7ta0)_u(1) ('7t,>‘)
A

From (2.13), it follows that the function w = w(x,t,\) =

satisfies the equation

wy = Low + fw — 2au(-, - \)w + QQMU(I)('a 5 A)
(2.30) A

w(z,0,\) = 0.

The function % appearing on the righthand side of (2.30) satisfies (2.4) and, by
the maximum principle, is decreasing in A. Since u(-, -, A) is increasing in J, it follows
from (2.13) that (M (-,-,\) is nonnegative and decreasing in . Using all this, we
conclude from (2.30) and the maximum principle that w(-,-, \) is nonnegative and

decreasing in A. Thus it follows from the monotone convergence theorem that

1)¢. My,
1im<u (7ta0) U (7t7)‘)
A—0 A

S >= — <u(2)(-,t,0),,u>.

Using this along with (2.15) and the invariance of u gives

(2 31) lim < u(1)<'7 t? 0) - u(l)(.J t? >\)
' A—0 A

t

1 >:2/ < a(T.f)?, 1> ds.
0
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The invariance of 4 and the explanation appearing in the next to the last sentence

above (2.22) give

(2.32) lim < uP (N, >=<Tof, p>=< fip>.

and

(2.33) lim - exp(— <u(,t,A), p>)

= T = .
A—0 2\ < tf7M> <f7:u>

From (2.27)-(2.29) and (2.31)-(2.33) we obtain
¢

(2.34) E, < f,X(t) >*= 2/ < a(Tof)*, u>ds+ < fou>2.
0

The lefthand side of (2.34) can be written as fM(D) < f,m >2 d¢i(n), where (; is
the distribution of X (¢) under Ps,. By Proposition 2(ii), ; converges weakly to

Q()g ), Thus, it follows from (2.34) and a standard property of weak convergence that

(2.35) / < fop>2dc < 2/ <a(Tuf)%, > dt+ < fou>2.
M(D) 0
Thus,
(2.36) Var .o (f) < 2/ < a(T,f)% pu> dt.
o 0

The first statement of the theorem now follows from (2.26) and (2.36).
We now assume that fooo < a(th)Z, e > dt = oco. We follow the above proof

up through (2.22). In the line that follows (2.22), it is noted that 7.y = p. In

&
the present case, noting that by Proposition 2(i), = ) is invariant for T}, we can
simply replace < a(Tyf)%, p > by < Oé(th)Q,ﬂ'ng) > on the right hand side of
(2.23), (2.24) and (2.26) and < f,u > by < f, Te@ > on the right hand side of
(2.25). It then follows that Vargég)(f) = 00.

We now justify the formal differentiation which led to (2.13) and (2.14). The

argument for the proof of (2.13) is similar to that used in the proof of Proposition 2;
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thus, we will only consider (2.14). Let 0 < Ao < A and define wy, = wy,(z,t;A) =

u(l) (x,t;A)—u(l) (‘/Eat;)‘())
A—Xo

. From (2.13), we obtain

u('? " )‘) - U’('J E )‘0) u(l)

/\_)\O (;7)\0)

(wxy )t = Lwy, + Bwy, — 2au(-, s N)wy, — 2a
wy, (z,0,A) = 0.

Using the Feynman-Kac formula, we can represent wy, as

(2.37)
wy, (z,t;\) =

¢ u(X(s),t —s;0) —u(X(s),t—s;0) (4 .
—5$/0 (2a(X (s)) " uM (X (s),t — s;X0)

X exp(/os(ﬂ —2au)(X(r),s — r; N)dr)ds.

Since u) is decreasing in ), it follows that for some \*(z,t) € (Ao, \) we have

0< u(m’t;?:zgm’t;k‘)) = uM(z,t; \(x,t)) < uM(z,t;\g). Using these facts along

with Fatou’s lemma and the dominated convergence theorem in (2.37) gives

(2.38)

lim wy, (z,t;\)
A—AT

=&, /0 (Za(u(l))Q)(X(s),t — 5, o) exp(/os(ﬁ — 20u) (X (r),s —r; Ao)dr)ds.

The corresponding calculation can also be made with A\ < A\p—for this case, one
dominates the integrand in (2.37) with X close to Ao by 2a(X (s))(u()2(X(s),t —
s; A1) exp( [, (B — 20m) (X (r), s — r; A1)dr) for some A\; < Ag. Thus, we conclude
that (2.38) holds with the lefthand side replaced by u(?)(x,t; \), which is just the

integrated form of (2.14). O

Proof of Theorem 2. The proof is embedded in the proof of Theorem 1. Indeed,
comparing (2.24) and (2.35), recalling that by assumption [;° < a(T3.f)?, 1 > dt <

oo for f € CH(D), and letting ¢ — oo shows that

(2.39) lim sup / <Tif,n > dCW (n) << fu>?.
t—oo  JM(D)
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But then from (2.25) and (2.39) we conclude that

(2.40) lim <Tif,n>2dCi () =< fp>?.

Using the notation established preceding the statement of Theorem 2, we can write
the term < T;f,n > in (2.40) as < f,T;n >. Since fM(D) < £, Trn > dci (n)
=< f,n >, it follows from (2.40) that

(2.41) Jim (< £ T7n > — < fop>)2dC{ (n) = 0.
> JM(D)

By the definition of T} ég), (2.41) can be written as

(2.42) Jim (< fin> =< fop>)2dT; ¢ (n) = 0.
—° JM(D)

Since (2.42) holds for all f € CF (D), it follows that w — limy_ o T¢ = 6,. O

3. Proofs of Theorems 3 and 5.
Proof of Theorem 3.(i). By Proposition 2(iii), Tewp) < Hp, and by Proposition

2(1), 7., € C’%”“(D). Since 1, is minimal in Cg“’ (D), it follows that there exists

¢
a ¢, € [0,1] such that T etp) = Cpltp-
We now show that c,(«) is nonincreasing in «. From (1.1) and the definition of

(1p)
', we have

(3.1) / exp(— < Af,n >)dCE) () = lim exp(— < uxg(- 1), pp >).
M(D) t—o0

Denote the righthand side of of (3.1) by H (), a). By the maximum principle, uy ¢ is
decreasing in its dependence on «; thus H (A, @) is nondecreasing in its dependence

on «. Similar to the proof of Proposition 2(i), we have

. 1—H(\ )

A
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Thus, 7 _(.,) is nonincreasing in a. Since 7 = c,()pp, it follows that c,(«) is

g(l»"p)

nonincreasing in its dependence on .

(ii). Let p satisfy (1.9). From (1.1) and (2.9) we have
ESM eXp(_ < fv X(t) >) = eXp(_ < Uf(',t), K >)

= exp(— < uf('vt)a/ Hpmu(dp) >)

inv
AO

—exp(— [ <ugt) o > mu(dp)

inv
A0

t
—oxp(— [ <Tif — [ Tl s)ds > mudp)
AZ'VL'U 0
’ t
:exp(—/l < f—/ au?(-,s)ds,up > my,(dp)).
Ainv 0
Thus,

[ expl(= < £n>)dc) ) = Jim s, exp(- < £.X(2) >
M(D) t—o0

(3.2) -
—exp(— [ <f- / o (-, 5)ds, 1y > miu(dp)).

The proof of Proposition 2(iii) showed that

1
< fymu, >=<f,pu, > — lim

2
A—0 X/Ov < Oéu)\f('7t)7lzl/p > dt

Combining this with part (i) of the present theorem, we obtain

1

cola) < fopp >=< f,pnp, > — lim

o
2
AHOX/O < auyp(,t), pp > di.

Thus, replacing f by Af in (3.2), differentiating in A and setting A = 0, it follows
that (1.10) holds.

(#i). One direction is trivial. For the other direction, assume that m (u;) = 7. (us)-

By (1.10) and the uniqueness of the Martin representation, it follows that the
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Martin measures m,,, and m,, coincide on the set {p : ¢, > 0}. On the other hand,

if ¢, = 0, then by (i), {e) — 54 and thus from (1.5),

exp(— < f —/ aufc(-,t)dt,,up >)=1.
0

Using these two facts and applying (3.2) to 1 and py shows that

/ exp(— < f,n >)d¢{") (n) = / exp(— < f,n >)d¢{") (n),
M(D)

M(D)

and thus (éé“) = Céﬁfz). O

Proof of Theorem 5. Applying (1.7) with a = % and g = hmgym, it is enough

to show that
/ < (Tef)?, Msym > dt < oo,
0

for f € CH(D). Denote the kernel for the semigroup T} by p(t, z,y). The symmetry
assumption gives p(t, z, y)Msym () = p(t, y, £)Mgsym (y). By assumption, L on D is

subcritical; let G(z,y) fo (t,z,y)dt denote its Green’s function. We have
/ < (T f)?, maym > dt
0
= [t [ mam@its [ dypttens [ as oo

/ it / da / dy plt,y,) F () aym (y) /D dz plt,, 2) ()
_ / " /D dy /D dz p(2t,y, 2) F(y)msym (1) £ (2)

- /D dy /D =Gy, 2) f () maym (9) £ (2) < o0,

where the last inequality follows from the fact that f is compactly supported. [

4. Proofs of Theorems 4 and 7.

Proof of Theorem 4. (i). Using (1.7), it suffices to prove that if (1.11) holds,

[ [ i atermaie <o
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(Actually, we will show that the finiteness of the above integral is equivalent to

(1.11). The equivalence is useful with regard to Problem 3.) We have
| @)@ P =
Rd

(zm)—d/Rd da;/Rd dy/Rd gz exp(— 4 =" ;'Z_“"| V() f(2)a(z).

2
From the inequality 2|x-y| < % +2|y|? and the fact that f is compactly supported,

(4.1)

it follows that there exists a C' > 0 such that

(4.2)
Lo~ () £(2) < exp(— LI E I 1) ) < Cexp(- D) £ 2.

From (4.1), (4.2) and the fact that f is compactly supported, it follows that there
exists a K > 0, depending on f, such that
(4.3)

%/Rdexp(—%)a(a:)dxg/l%d o(2)(T, f)2(2)dz < _/ exp(— '“”' () da.

Integrating both sides of (4.3) in ¢ and making the change of variables s = 2t on
the righthand side, it follows that [J* dt [, dz a(x)(Tf)?*(x) < oo if and only if
(1.11) holds. The final statement of part (i) follows after a standard calculation

using (1.11).

(i1). Using (1.8), it suffices to prove that if (1.12) holds, then

(4.4) lim us(z,t)dr = 0.

t—o00 Rd

Integrating (2.9) gives

(4.5) / ug(z,t)dr = f(z dx—/ / z)u(x, s)dxds.
R R Rd

It follows that [, uyf(x,t)dz is monotone decreasing in t. Thus, to prove (4.4), it

is enough to show that there exists a sequence {t, } satisfying lim,,_,~ t, = 0o and
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such that
(4.6) lim ug(z,ty)der = 0.
n—oo Rd
Let £ > 0 be as in (1.12) and let

r(t) = t7(logt)* and D(t) = {z € R : |z| < r(t)}.

Since uy < T f, (4.6) will hold if we show that

(4.7) lim Tif(x)dx =0
t=o0 JRra—D(t)

and that

(4.8) lim ug(z,ty)dx = 0.

n—oo D(tn)

We begin with (4.7). Again using the inequality 2|z - y| < 1]z|® + 2|y|* and the

fact that f is compactly supported, we have

_ % ox |y —z
[ mswae= [ ettt

2 o0 2
(4.9) <Ot ® / exp(—u)das =Cit 2 / exp(——)r?tdr
jal2r(2) 4t r(t) 4

00 uQ de1
:C’l/ ) exp(—z)u du.
t

T2r(t)

Since r(t) = t2 (logt)*, it follows from (4.9) that (4.7) holds.
We now prove (4.8). From (4.5), it follows that [~ [rs c(2)u?(z, t)dzdt < oo.

Thus, there exists a sequence {t, } satisfying lim,,_, ¢, = 0o and such that

4.1 2(z, t,)dx < .
(4.10) /Rd a(x)uy(z, ty)dr < I Togl,

(For otherwise, we would have [, a(x)u f(ac t)dx > 75—, for all large ¢, and this

would contradict the fact that [ [, a(z)uf(z, t)dxdt < 00.) Using the Schwarz
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inequality along with (4.10), we have

2 (0t Vdp)d LR
/D Lt < /D L @) /D ™

1 1
o [y
tn 10g tn D(tn) Oé(l‘)

Now (4.8) follows from (1.12) and (4.11). The final statement of part(ii) follows by

(4.11)

a straightforward calculation.

(i11). We need to show that (4.4) holds. By the maximum principle, us is monotone
nonincreasing in its dependence on a.. Thus, it is enough to prove (4.4) in the case
that « is compactly supported. The proof we give is just a slight variation of the
proof of Lemma 2.4.1 in [5] which treats the case of a single point catalyst; that
is the case that « is a delta-function. Let p(t,z,y) = (27Tt)_% exp(—%). By

self-similarity, we have kp(k?t, kxz, ky) = p(t,z,y). Using this and (2.9), we have
(4.12)

1 1

t
1 1 _1 S _1
thusltiat) = [ plat bty — [ ds [ dyp(i- Tt @ e.s)
R 0 R

Replacing = by x; in (4.12) and assuming that lim;_,., z; = « € R, it follows from
the dominated convergence theorem that the first term on the righthand side of

(4.12) satisfies

(4.13) lim | p(1,20,t"2y) f(y)dy = p(L,2,0)||f|]r.

t—o0 R

We break the second term on the righthand side of (4.12) into two parts. Fix
n € (0,1) and note that ug(x,s) < [ p(s,z,y)f(y)dy < (27nt) =2 || f||1, for s > nt.
Using this, we have

(4.14)

t
/ds/dyp(l—
nt R

2[|f112]lelh (1 =)
(2m)2 Ul

N

7xt7t_

Do) < 1517 [ as [ v

N o~ | »
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On the other hand, from (4.5) we have [ dt [, dy a(y)u}(y,t) < oo, and thus the
dominated convergence theorem gives

(4.15)

nt [oe)
m [ ds / Ay p(1=> 20,5 y)a(y)d (v, 5) = p(1,,0) / dat / dy o (y)u(y,1).
0 R

t—o0

Since the righthand side of (4.14) goes to 0 as n — 1, we conclude from (4.12)-(4.15)

that

(410)  Jim thug(ean) =pa0) (171~ [ at [ dradn).

t—o0

It is easy to check that the above convergence is uniform over all paths {z;}:>0

Z
1
t2

which satisfy lim; .,z = x. Thus, choosing x; = &, for z € R, squaring both
sides of (4.16), multiplying by «(z) and then integrating over z in R and using the
fact that a is compactly supported, we obtain

(4.17)
o) 2
g ¢ [ ate)adeods = ol 0.0 (151 = [~ [ v ot

Since [~ dt [ dy a(y)ui(y,t) < oo, it follows that liminf; o t [, a(y)uf(y,t)dy =

0. (For otherwise, we would have [, a(y)u?c (y,t)dy > £, for some ¢ > 0 and all

large t, and this would contradict the fact that [;° dt [, dy a(y)ui(y,t) < oo.)

Thus, the righthand side of (4.17) must equal 0; that is,

(1.18) 17l = [t [ dyaio.
We now conclude from (4.18) and (4.5) that lim; .o [, uys(z,t)dz = 0. O

Proof of Theorem 7. We may dispense with the inequalities on « and assume

that a(z) = h,,l(m) = exp(—n - x). Let p(x) = hy(x)msym(x) = exp((v + 2b) - ),
where v € S. To prove the theorem, we will show that (1.7) holds if n and d are as
in part (i) or part (iii) of the proposition, and that (1.8) holds if n and d are as in

part (ii) or part (iv).
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We begin with parts (i) and (iii). The diffusion process Y(t) corresponding to

Lo = A+b-V can be represented as Y (t) = B(t)+bt, where B(t) is a d-dimensional

Brownian motion. Thus, T} f(z) = [p. (27t) % exp(—%)f(y)dy. We have

(4.19)
/ <a(Tyf)? p>dt =
0

/ dydzf (y) ()%
Rax R4

o —z — bt|? —z — bt|?
/ dt/ dx(QWt)_deXp(—|y v bt Jzme— b Yexp((v +2b—1n) - 2).
0 Rd 2t 2t

Simplifying the expression in the exponential above, we have

(4.20)
ly —x —bt]? |z —x—bt]?
B 2t - 2t
:_1|x_(y+z+yt—nt N ly + 2 + vt — nt|? B ly — bt|? B |z—bt|2‘

2
t 2 ) 4t 2t 2t

+v+2b—n)-x

Using (4.20), we have

(4.21)
—x — bt|? —x — bt|?
/d:z:(27rt)_dexp(—|y ‘;t c_ Iz ‘;t 5 exp((v + 26— 1) - 2)
Rd
_ 4 +z4uvt—nt*  |y—>bt? |z —bt]?
_9-d(rt)~ % exp(Y - -
(mt) = exp( At 2t ST

2
— 1
byt — ly =2 |

v —n 1
4 At 2

=279 (7t) "% exp(( (y+2,v—n)+ (y+ 2,b)).

Since the diameter of S is 2|b|, it follows that if n € S, then % —16]? < 0 and the
inequality is strict if and only if 7 # —v—2b. Using this fact along with (4.19), (4.21)
and the fact that f has compact support, if follows that fooo <a(Tyf)? p>dt < o
if the conditions in part (i) or part (iii) of the proposition hold.

We now turn to parts (ii) and (iv). We use the method and notation employed

above to prove part (ii) of Theorem 4. For any vector w € RY, define D, (t) =

D(t) + wt, where D(t) is as defined between (4.6) and (4.7). Analogous to (4.7)
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and (4.8), it suffices to show for an appropriate choice of w that

(4.22) tli)m Ti f(x)hy () Msym (x)dz = 0
© JRI—D, (t)

and that

(4.23) lim g (z,tn)hy (x)Msym (x)dz = 0.

n—oo Dw (tn)

Let p(t,z,y) = (2nt)~2 exp(—%) denote the transition probability den-

sity for T;. We have

/ —Du(t) Ti f (@) by (2) sy () dz =

/Rd dy/Rd D (t) dz p(t, 2, Y)f () ho (@) Msym (z) =

QU

(4.24) y /R e dz p(t, y, ) f(y)h (2)msym(y) =

d

Yy dx p (tv Y, x)f(y)hl/(y)msym(y) =
d RI—D,,(t)

dy f(y)h (y)msym )Py (Y (1) € R = Dy (1)),

TSI
<y

d

where p (t,z,1y) = mp(t, x,y)h, (y) is the transition probability function for the
h-transformed operator L' = L+ Vh—}i” -V = 5A+(b+v)-V and P)* is the solution
to the martingale problem for L". Since the diffusion process Y () corresponding
to L" can be represented as Y (t) = B(t) + (b + v)t, where B(t) is a Brownian
motion, it follows that P2 (Y (t) € R? — Dy (t)) = PF(Y(t) € R — Dyy—0 (1)),
where 735 denotes Wiener measure starting from y. Thus, if we choose w = b+ v,

then we have from (4.24) that

/ T, £ () hy (@) () dar =
(4.25) Ré=Du (1)

/Rd dy f(y)ho (Y)msym (y)PL (Y (t) € RT — D(t)).
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Now by symmetry, it follows that the quantity [, o Tt f(x)dx appearing on the
lefthand side of (4.7) can be written as [n, f(y)PL (Y (t) € R — D(t))dy. Using
this along with (4.25) and the fact that f has compact support, it follows that (4.7)
and (4.22) are equivalent when w = b+ v. Since we’ve already proved (4.7), this

proves (4.22) with w = b+ v.

We now show that (4.23) holds for w = b+ v Assume first that (ii) holds so that
d=1or2 n=—-v—2band a(x) = exp(—n - z). (In this case, we will actually
show that (4.23) holds for any w.) Note then that 1h,mgy, = 1. Recall that
1D, ()] = |D(t)] = e(r(t))? = ct2 (logt)?. Arguing as in the proof of Theorem 4,
but using h,msymdr in place of dz, it follows analogous to (4.10) that there exists

a sequence {t,} with lim,,_, ¢, = oo such that

1
t,logt,

(4.26) /R ) b ) (@) () <

Using the Schwarz inequality along with (4.26) gives
(4.27)

1 1
wr(x,tn)hy, (2)Mgym (x)dr < / ——h, ()Mgym(x)dx =
[ ) (tnlogtn o e @ )

1
1 2 c d 2
— D, (t, = ———t2(logt, dk )
(tn logtn‘ ( )’) (tn logt, (logt) )

N

The parameter k£ > 0 is arbitrary; thus choosing k < % and using the fact that

d <2, it follows from (4.27) that (4.23) holds.
Now assume that (iv) holds so that n = —v — 2b — s(v + b), for some s > 0 and

a(x) = exp(—n - x). Unlike in the case above, in this case we will need the fact

that w = b+ v. Note that (Lh,mgymn)(z) = exp(—s(v +b) - ). Then analogous to
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(4.27) we have
(4.28)

D=

1
/ ug(,tn)hy ()Msym (x)de < ] / exp(—s(v+b) -x)de | =
Dy, (t) tnlogtn Jp, ()

1
exp —stny—i—bQ/ exp(—s(v+0b) - z)dx <
<tn10gtn (<staly +P) [ oxpl-sty +1)2)

d
t2 (logt, )%
(c (log t,)

tylogt,

N[

N

exp(—st,|v + b|?) exp(s|v + b|té (log tn)k)>

Since v € S, we have |v + b| = |b| > 0. Thus, (4.23) follows from (4.28). O

5. Proof of Theorem 6. We will prove the theorem under the assumption
that (1.16) holds. Then we will show how to modify it in the case that (1.17)
holds. We will show that cf,’;lmsym) = §y if @ > h% An identical argument
of course works with the roles of h; and hs switched. By (1.8), it is enough to
show that limy_e [*_ wus(x, t)h1(2)maym(x)dz = 0. Integrating (2.9) against the
invariant measure himgy, gives (4.5) with dz replaced by himgymdz and thus
shows that [~ wy(z,t)h1(z)meym(z)dz is decreasing in ¢. Thus it suffices to
show that lim, e [~ ws(2,tn)h1(2)Msym(x)dz = 0 for some sequence {t,} with
lim,,_, o t, = 00.

Since uy < Tif, it suffices to prove that for each € > 0 there exists a time

dependent interval I.(t) = [cc(t),d:(t)] and a sequence {t,} with lim, . t, = o

such that

(5.1) nllrgo ) us(z,tn)h(z)mgym (z)dr =0
and

(5.2) lim Ti f(z)ha () msym (z)dz < €.

=0 JR_I.(t)
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We begin by estimating the integral in (5.2). Let p(¢,x,y) denote the transition
probability density for the semigroup 7T;. We have
(5.3) .
Jo o EE@mEmam @z = [ e [yt S mam(@) =

/ d / "y plt,y, ) F @) (@) () =
R—I.(t) —o0

/ da / dy P (t, 9, 7) £ (4)h1 (1) Mg (1),
R—1I.(t)

— o0

where p" (t,z,y) = #(m)p(t,x,y)hl(y) is the transition probability density corre-

sponding to the h-transformed operator L' = Lo + a%% (see [12, section 4.1]).

Let P" denote the solution to the generalized martingale problem for the op-

erator L', Since hy(z) = [ dzexp(— [ 2Eb(y)dy) = P.(limy_ o Y(t) = 0),

where ¢ = m [12, section 5.1], it follows [12, section 7.2] that
(5.4) PR () =P.(| lim Y (t) = o0).

From (5.3) we have

(5.5)

/ Tif () ha (x)msym (v)de = / F@)h1(y)msym )Py (Y () € R—L(t))dy.
R—1I.(t) —00

Let vy = [supp(f)|sup, (fh1msym)(y). We want to choose I(t) so that

(5.6) lim PP (Y (1) € (1)) > 1 - 7—2 uniformly over supp(Jf).

If (5.6) holds, then (5.2) will follow from (5.5). Since by (5.4), Pt (lim;_o, Y () =
00) = 1, we may assume that lim; . c.(t) = oo.
Now consider the integral in (5.1). Applying the Schwarz inequality gives

/( )uf(x,t)hl(x)msym(x)dx§
(5.7) feltn

NI
=

( / PG (x)msymmj;)

1
(/Ie(tn) a<x)h1(m)msym(m)dx) )



Arguing as in the proof of Theorem 4, but using h1mgy.,dz in place of dx, it follows
analogous to (4.10) that there exists a sequence {t,} with lim,,_, ¢, = oo such

that

1
t,logt,

(5.8) /R (VB b Y () Ty () <

This gives an upper bound along a sequence {t,,} for the first term on the righthand

side of (5.7). For the second term, we use the bound o > h% to obtain

1
/ hi(z)mgym (z)dr < / hi(z)ho(2)Msym (x)dx < c/ ho(z)Mgym (z)da.
(1) () (1) (1)

By (1.15) and (1.16), we have

balamagn(a) = cisexpl [ 220 [ exni- [" 2 )

One can check, using Assumption 1, that

(f,” exp(= [y 2(2)dz)dy)

thus, by I’'Hopital’s rule,

(5.9) lim 2b(z)ha(z)msym(z) = 1.

r— 00

We want to choose I.(t) so that
(5.10) / Lals = o(tlogt), as t — oc.
I.(t) b(s)
If (5.10) holds, then (5.1) will follow from (5.7)-(5.9) along with the fact that c.(),
the lefthand endpoint of R — I.(t), satisfies lim;_, o c(t) = 0.
Thus, to complete the proof, we must choose I.(¢) such that (5.6) and (5.10)
hold. We use a result in [11] which studies the asymptotic behavior of certain

one-dimensional diffusions. It is here that we make essential use of Assumption
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1. We are assuming that (1.16) is in effect; thus, it follows from Assumption 1
that b(z) = dio® and a(z) = ot for x >> 1, where I; — 1 < k; < 1 and
di,c; > 0. Choose zg > 0 such that the above equalities hold for x > xy. Let
pe(t) = (2% +dy (1 — k:l)t)ﬁ, for t > x9 and note that u, solves the equation
w(t) = b(u(t)) and p(0) = x. Let (t) = f;o w5 (x)dx, for t > x9. Note from
Assumption 1 that ¥ (c0) < oo if and only if [ — 3k; + 1 < 0. Under Assumption
1, the conditions required for Theorem 3-ii-a or 3-ii-b in [11] to hold are met. This
theorem concerns the behavior of the diffusion corresponding to P. on the event

{lim; .~ Y (t) = oo}, which by (5.4), is equivalent to the behavior of the diffusion

corresponding to P, Translating this theorem into our notation, it follows that

(5.11)

if 1 (00) < 0o, then

W converges a.s. Pifl as t — oo to a nondegenerate limit for each = > x,
and

(5.12)

Y(t) = pa(t)
b(pa(t))

in Pt probability, for each > x, where B(t) is a standard Brownian motion.

if 1(00) = 00, then = B(1h(pa(t))) + 0(1h? (1(1))) as t — oo,

If (5.11) holds, then for each € > 0 and each = > xg, there exists an N,(z) such

that

Jim P2V () = pralt)] < Nelwb(pa(®))) = 1=

Let 1 = max(sup(supp(f)),xo). By the strong Markov property and the fact that
the diffusion is transient to +oo under P", it then follows that for each € > 0 there

exists an M, such that

(5.13) ltlim PRY (t) = pe, ()] < Mcb(pig, (£)) > 1 — ”yi’ for all x € supp(f).

If, on the other hand, (5.12) holds, then since the law of the iterated logarithm

=

guarantees that a Brownian motion B(t) almost surely satisfies B(t) < (tlogt)
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for sufficiently large t, if follows that for each z > =z,

lm P (Y (8) = ()] < blpa(8)9? (1 () log o (pa (1)) = 1.

As above, an application of the strong Markov property allows us to conclude that
for each € > 0 there exists an m, such that

(5.14)

for all x € supp(f).

Recall the definitions of a,b, u, and v in the paragraph following (5.10). We

have for some A > 0

(5.15)  (do(1 = k)t) =5 < g, () < (di(1 — k1)) =50 + AT for ¢ > 1.
Also, for some By, By > 0,

(5.16) Bit ™R < b(pa, () < Bot ™, for ¢ > 1.

In the case that ¢ (c0) = oo, we have

¥(t) d‘i’(ll—céklﬂ) (th =3kt — g =MH) - for ) — 3k +1> 0
B C%log;_oa fOI'll—.?)k’l—l—l:O.

Thus, for some C' > 0

11 —3k1+1

Ct 1=k , ifly —3k1+1>0
Clogt, 1fl1—3k1—|—1:O

(5.17) U, (1) < {

We now prescribe I.(t). For ¢t > 3 and some D, > 0, define

(5.18) k
{y: [(da(1 = ky)t)TH —y| < DT}, ifl; —3k; +1<0

1

k1 1
I(t) = § {y:[(di(1 — k)t)T=F —y| < D.tT (logt)z loglogt}, ifly —3ki +1=0
1 11 —k1+1
{y : |[(di(1 = k1)t)T=F —y| < D057 logt}, if 15 — 3k + 1> 0.
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It then follows from (5.13)-(5.18) that if D, is sufficently large, then (5.6) holds.

We now show that (5.10) also holds with this choice of I.. Recall that b(z) =
dyz*, for x > zg. Using (5.18) and doing a little calculation, one finds that there
exists a ¢, > 0 such that for t > 3

Ce, itl; =3k +1<0

(5.19) / Lds < { cc(log t)% loglogt, ifl; —3ki+1=0
I.(t) b(s) 11 —3ky+1
cet 20-k1) Jogt, ifly —3k1+1>0.

The inequality % < 1 is equivalent to k1 > [; — 1, and this latter inequality

is contained in Assumption 1. Thus, (5.10) follows from (5.19).

We now describe the changes to be made in the above proof when (1.17) is
assumed to hold instead of (1.16). There are two cases. In the case that (, =
homgym and o > h%’ the proof is exactly the same as the above proof except that
the roles of hy and hg have to be switched. Now consider the case that (o = h1msym
and a > h% One follows the proof as above up through the paragraph containing
(5.10), the only thing to point out being that in applying I’'Hopital’s rule to get
(5.9), the indeterminate form will now be 2 rather than 2.

At that point in the proof, we appealed to a result in [11]. We noted that the
conditions on the coefficients of the operator Ly met the requirements of a theorem
in [11] which gives the asymptotic behavior of the diffusion Y (¢) under P. (that is,
the diffusion corresponding to Lg) on the event {lim; o, Y (t) = oo}. Since P™ is
related to P. by (5.4) and since in the case treated above P.(lim; ., Y (t) = o0) > 0,
this theorem then also gave the asymptotic behavior of Y (t) under P, and it is
this latter behavior that we needed. In the present case, P.(lim;_ o, Y () = 00) = 0.
Thus, we must apply the theorem in [11] directly to the P"1-diffusion corresponding

to the operator L. We have

1 d*  -d = h'
hy _ _ 1
Lt = 3073 +bdac’ where b—b—l—a—hl.
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Using Assumption 1, one can check that the conditions needed for Theorem 5 in
[11] to hold are met for the operator L{*. One now needs to calculate the quantities
o (t) and 1(t) for this operator. The I’'Hopital’s rule argument alluded to above
shows that
a h

lim —(¢)(t) = —1.

ST
By Assumption 1, b(z) = dyz** for x >> 1 where d; < 0 (if d; > 0, then case
(1.16) would hold). Thus, the operator L™ has diffusion coefficient a(z) = c;z"t
for z >> 1 and drift coefficient b satisfying lims_, oo |d§(|—2€1 = 1. In light of this, we
obtain the same order asymptotics for p,(t) and ¥ (t) as in the previous case and

the proof goes through in a similar fashion. O

Remark. After some preliminary estimates, the proof of Theorem 6 came down to
finding intervals I (t) which satisfy (5.6) and (5.10). We used Theorem 5-ii-a and
3-ii-b in [11] to find appropriate I.(t)’s so that (5.6) would hold and then showed
that these I.(t)’s also work for (5.10). Now the conditions required in [11] for
Theorem 3-ii-a and 3-ii-b to hold are considerably more generic than the conditions
in our Assumption 1; thus, with our choice of I.(t)’s, (5.6) will hold under the
more general conditions in [11]. These more generic conditions pose a problem,
however, when it comes to verifying (5.10). A Taylor series expansion shows that
everything works out nicely up to first order terms, but we couldn’t see how to
control the second order terms in a satisfactory manner unless we assumed that the
diffusion coefficent a(x) and the drift b(x) were asymptotically equivalent to powers
of . Thus, our proof of Theorem 6 holds when a(z) and b(x) are asymptotically
equivalent to powers of . In Assumption 1, we have assumed that a(z) and b(z)
are exactly powers of z for large |z| only because this simplifies considerably some

of the calculations.
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