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ABSTRACT. In this paper, we construct a measure-valued diffusion on D C R? whose
underlying motion is a diffusion process with absorption at the boundary correspond-
ing to an elliptic operator

1
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and whose spatially dependent branching term is of the form B(z)z — a(z)22, x € D,
where (3 satisfies a very general condition and « > 0. In the special case that o and
B are bounded from above, we show that the measure-valued process can also be
obtained as a limit of approximating branching particle systems.

We give criterion for extinction/survival, recurrence/transience of the support,
compactness of the support, compactness of the range, and local extinction for the
measure-valued diffusion. We also present a number of examples which reveal that
the behavior of the measure-valued diffusion may be dramatically different from that
of the approximating particle systems.
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1. Introduction. In this paper, we investigate certain properties of measure-
valued diffusions X (t) = X(t,-) on an arbitrary domain D C R?, where the under-
lying motion is a diffusion process with absorption at the boundary corresponding
to the elliptic operator

1
(1.1) L:EV'aV—i—b-VoanRd,
2

and the spatially dependent branching term is of the form ¢(z) = 8(z)z—a(z)z*,x €
D, with o, 8 € C"(D),n € (0,1] and a > 0. We will assume that the diffusion ma-

trix a = {a;;} satisfies szzl aij(z)vv; > 0, for all v € R?\ {0} and all x € D
and that a; ;, b; € C Ln(D). Under these conditions, there exists a unique solution
to the generalized martingale problem for L on D and this solution is a diffusion
process Y (t) on the one-point compactification D* = D U A of D with A playing
the role of a cemetery state [13].

Let Mg (D) denote the space of finite measures on D. Under the assumption
that o > 0 and (3 is bounded from above, we can construct a finite measure valued
process via its log-Laplace functional. We first show that for each g € C’lf (D), the
cone of bounded, continuous, nonnegative functions on D, there exists a minimal,
nonnegative solution u € C%1(Dx (0, 00))NC (D x[0,00)) to the semilinear equation

ug = Lu+ fu — au?, (x,t) € D x (0, 00)

(1.2) u(z,0) =g(z), z€ D

Furthermore, we show that wu(-,¢) is bounded for all ¢ > 0 and that if & and [ are
bounded, then u is the unique solution to the mild equation

(1.3) u(-,t) :Ttg—i—/o ds Tsp(u(-,t — s)),

where T; denotes the semigroup for the diffusion process Y (t). Letting Vi(g) =
u(-,t), it then follows that Viis(g) = ViVs(g). (From this we can show that
(1.4)
£(tug) = exp (- [ Vigla) ) g € G (D), € Mr(D)
D

is a Laplace transition functional. For each u € Mg (D), this uniquely determines
a probability measure P, on C([0,00), M (D)) whose expectation E,, satisfies

(1.5) L(t, p1,9) = Eyexp(— < X(t),9 >) for g € Cf (D), n € Mp(D).

See Theorem Al in Appendix A for the precise statement of the result and for
its proof.
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Definition 1.1 The measure-valued diffusion process (P, € Mp(D)) defined
above will be called the (L, 3, a; D) -superprocess.

Remark. We note that this definition will later be extended to a more general
class of (3’s.

If we make the additional assumption that « is bounded from above, then we
can show that the (L, 3, «, D) superprocess arises as the weak limit of a rescaled,
high density branching particle system. Let Y (¢) denote the diffusion process cor-
responding to the solution of the generalized martingale problem for L on D. The
diffusion lives on D* = D U {A}, entering A and remaining there forever once it
leaves D. For each positive integer n, consider NN,, particles, each of mass %, start-
ing at points xz(»n)(O) e D,i=1,2,...,N,, and performing independent branching
diffusion according to the motion process Y (t), with branching rate cn,c > 0, and

branching distribution {p,(cn)(x)}zo:o, where

n

()= kp™ (@) = 1+ 1),
k=0

vi(z) = Z(k - 1)2p,(€")(a:) =m(z) + o(1) as n — oo uniformly in z,
k=0

m,~y € C(D) and m(z) > 0. Let N, (t) denote the number of particles alive at
time t and denote their positions by {Xf(t)}l-i"l(t). Denote by Mp(D) (Mp(D*))

the space of finite measures on D (D*). Define an Mp(D*)- valued process

Xn(t) by X, (t) = %Ziv"(t) oxn()(-). Denote by P(™) the probability measure
on D([0,00), Mp(D*)) corresponding to X,,(t). Assume that m(x) and ~(x) are
bounded from above. We show that if w — lim,, oo X,,(0) = p € Mp(D), then the
measure P, € C([0,00), Mp(D)) defined in (1.5) satisfies

P, = P}|p, where P} = w — lim;, o, P™,
where 3 = ¢y(z) and a(z) = 2c¢m(z), and where the weak limit is taken in the Sko-
rohod space D([0,00), M p(D*)). Furthermore, P, is shown to solve an appropriate
martingale problem. See Theorem A2 in Appendix A for the precise statement of
the result and for its proof.
We now define the properties which will be investigated in this paper

Definition 1.2 A path X(-) of the measure-valued diffusion survives if X(t) # 0
for all ¢ > 0 and becomes extinct if X(t) = 0 for all sufficiently large t. The
measure-valued process corresponding to P, becomes extinct (survives) if P, (X (-)
survives) = 0 (> 0).

Remark. Note that extinction for the process can be characterized by the existence
of a P,-almost surely finite stopping time ¢ such that P,(X(t) =0, for t > () = 1.
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In the sequel we will frequently use the notation A CC B, which means that A
is bounded and A C B.

Definition 1.3 The measure-valued process corresponding to P, exhibits local
extinction if for each Dy CC D, there exists a P,-almost surely finite stopping time
(p, such that P, (X (t, Do) =0, for t > (p,) = 1.

Definition 1.4 Let X (¢) be a process that survives.
(¢) The support of the measure-valued process corresponding to P, is recurrent
if
P,(X(t,B) >0, for some t > 0 | X(¢) survives ) =1,
for every open B C D .
(73) (a) Let d > 2. The support of the measure-valued process corresponding to
P, is transient if

P,(X(t,B) >0, for some t > 0 | X(¢) survives ) < 1,

for all B CC D, which satisfy that D \ B is connected and supp uN B = 0.
(b) Let d = 1. The support of the measure-valued process corresponding to P,
is transient if

P,(X(t,B) >0, for some t > 0 | X(¢) survives ) < 1,

either for all B CC D, satisfying sup B < inf supp(u) or for all B CC D satisfying
inf B > sup supp(u).

Definition 1.5 Let p € Mp(D) be compactly supported. The measure-valued
process corresponding to P, possesses the compact support property if

P,( U supp X(s) CC D) =1, forallt > 0.
0<s<t

Remark. From the results in the paper, it will follow that if any one of the
properties in Definitions 1.2-1.5 holds for some P, with p # 0 of compact support,
then it in fact holds for every P, with p # 0 of compact support.

One of the key tools for studying the above properties is a kind of h-transform
for measure-valued processes (not in the sense of Doob) which we develop in section
two. All the support properties of the superprocess will be shown to be invariant
under h-transforms.

In sections three and four, we state our results concerning extinction/survival,
local extinction, transience/recurrence and the compact support property. Some of
our results give conditions for the above properties to hold in terms of the behavior
of certain solutions to the semilinear equation while other results give conditions
for the above properties to hold depending on the recurrence/transience or the
conservativeness/non-conservativeness of the underlying diffusion process on D.
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The results concerning transience/recurrence and local extinction extend the
results in [14] where o and 3 are positive constants, D = R¢ and the diffusion
process corresponding to L is conservative.

In section five, we use the results of sections three and four to provide some
examples which run counter to the intuition one might glean from considering the
measure-valued process as a scaled high density limit of branching diffusions. In
one example, we have

2 1
L:exp(%) (ﬁA—g-V> on D=R% 3=0, and a = 1.

The diffusion process Y (t) corresponding to L is a positive recurrent, time changed
Ornstein-Uhlenbeck process. Since 8 = 0, the branching in the approximating
particle system is critical, and since @ = 1, the offspring distribution in the par-
ticle system has bounded variance. Thus, the measure-valued process arises as
the scaled, high density limit of a branching positive recurrent diffusion where the
branching is critical and has finite variance. Nonetheless, it turns out that the
measure-valued process does not possess the compact support property. We also
provide examples to show that many of the conditions imposed in the theorems are
necessary for the results to hold.

The proofs of the results of sections three and four are given in section seven.
In section six, we present a decomposition theorem for surviving measure-valued
diffusions in terms of a superprocess which becomes extinct but which is enriched
by an immigration process. This result generalizes [5] which treated the case o =1
and 8 = 0. As an application, we point out two results from previous sections
which can be proven alternatively using this decomposition.

In Appendix A, we state and prove the two existence theorems for measure-
valued diffusions which were described at the beginning of this section. Appendix
B gives a summary of results concerning critical and subcritical elliptic operators.
These results are needed from time to time in the proofs as well as in the statements
of certain theorems.

In the sequel, the notation P, E,,, and X (¢) will be used for the measure valued
diffusion and the notation @, F,, and Y (t) will be used for the diffusion on D
corresponding to L. Let 7p = inf{t > 0 : Y (¢) € D}. Y (¢) is called conservative
if Qz(7p < 00) = 0 and nonconservative if Q. (Tp < co) > 0.

2. The h-transform for measure valued processes and the (L, [, a;D)-
superprocess for more general [3's.

In this section we define a kind of “h-transform” — but not in the sense of Doob.
Using this h-transform we will extend the definition of the (L, 3, o; D)- superprocess
to certain unbounded J’s.
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Let {X(t)}:>0 be a finite measure valued process with Laplace-transition func-
tional

(2.1)
L(s,t,p,¢) = E(e” X092 |X(s) = ) ,¢ € CF (D), pe Mp(D).

Let 0 < h be a measurable function on D. Let ¢ = hyp and p = +v (i.e. 2 = h).

dp
Letting X"(t) = hX (¢) (i.e.dd);—h((tt)) = h), we have

(2.2)
1

1
L(s.t v, b)) = Be™ <X OM2 X (5) = 1) = B(e=<X" 092 X"(5) =)

Define the functional

(2.3) Lh(s,t,v, 1) = L(s,1, %V, hi), for v € My(D),y € C’;’h(D),

where My, (D) = {v € M(D), v € Mp(D)} and C;""(D) = {¢ : hy € C; (D)}.
By (2.2), there exists a unique measure valued process X" (t) with values in M, (D),
such that

LM(s,t,v,9) = Be™<X" 0> X (5) = 1),

where

(2.4) v e Mu(D),s € C;"(D).

Since X" () 4 hX(-), it follows that the support of the measure valued process is
invariant under h-transforms .

Define M¢c(D) = {u € Mp(D) : supp(u) CC D}. The process X"(-) is
uniquely determined by its Laplace transition functional L£"(s,t,v, ) restricted
to v € M¢g(D) and ¢ € CF (D), where CH(D) denotes the space of nonnegative,
continuous, compactly supported functions on D. Thus, in the sequel we will work
with these spaces rather than with the h-dependent spaces appearing in (2.4).

We now apply the h-transform to the (L, 3, a; D)-superprocess X (¢). Let A(u) =
Lu+pu—au? on D and let h € C*"(D) satisfy h > 0 in D. Define the h-transform
of the linear operator L in the usual way, namely L" f = £ L(hf). Then

Lh
th - Lg + Ta

where

Vh
(2.5) Lh = Lta—"V.
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Define the h-transform of A by

A(hu) = Lhu + Mu — ahu?,

(2.6) Al (u) = -

1
h
and V/'(g) by V{"(g) = +Vi(hg) for g € CF(D). (We must restrict g to C (D) in
order to ensure that the new initial condition is bounded.) Then it is easy to see
that V/*(g) is the minimal nonnegative solution for the equation

uy = A" (u)
U(,O) =9,

and that
£t pag) = B (X 09 [XP(0) = 1) = exp (— | vt u(dw)> ,
D

for g € CH(D), p € Mc(D). (Note that V,*(g) is not bounded in general for
t > 0, but rather belongs to the space C’;“h(D).) Thus the quadruple (L, 5, a; D)
transforms into the quadruple (L{, 3", o”*; D), where

Vh

. and o = ah.

Of course, it is possible to have supp 8" = oo even though supp 3 < oo . The
process corresponding to (L%, 8" a”*; D) is not finite measure valued in general,

but rather M, (D)-valued. Moreover % = h, forall t > 0.

From the point of view of partial differential equations, we have defined a trans-
formation on semilinear elliptic operators which gives a one to one correspondence
between positive solutions for the corresponding operators. For later use, we point
out that in the particular case that 0 < h satisfies Lh + Sh — ah? = 0 on D, the

h-transform leads to the quadruple (L%, ah, ah; D).

As will be clear in the sequel, the h-transform is a very useful technique for
proving theorems and for coming up with interesting examples. However it should
also be pointed out that the h-transform technique allows one to define a unique
measure-valued (but generally not finite measure-valued ) process for a somewhat
more general class of #’s — recall that in section 1, we defined the (L, 3, a; D)-
superprocess under the assumption that 3 is bounded from above. Let

Ae = AL+ B) =inf{\ € R : Ju > 0 satisfying (L + 3 — A)u=0in D}
denote the generalized principal eigenvalue for L + 3 on D, and assume that

(2.8) Ae(L + B) < o0,
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(see Appendix B for more on the generalized principal eigenvalue.) The probabilistic
audience likely to read this paper might prefer the following equivalent definition of
Ac

(see [13]) :

1 t
Ae = sup tlim n log E,, (exp (/ B(Y (s)) ds) $TA > t> ,
& 0

ACcD
OA is smooth

for any © € D, where 74 = inf(t > 0: Y (t) € A). ;From the above probabilistic
representation of A.(L+/3), it is clear that A\.(L+3) < oo if § is bounded from above.
For any A > )., there exist a function 0 < ¢ € C?7(D) such that (L + 3)¢ = ¢
on D. Making an h-transform with A = ¢, one sees from (2.7) that the quadruple
(L, 3, a; D) transforms into (Lg,A,aqS;D). The latter quadruple corresponds to
an Mg (D)-valued process, X (t), according to the results of section 1. Thus, by
the h-transform theory above, (L, 3, a; D) will correspond to the M /4(D)-valued
process, X G (t). Note that this construction does not depend on ¢ or A. Indeed, let
A, A2 > Acand let (L+5—A1)p1 = (L+8—X2)p2 = 0on D, where ¢1, ¢ > 0. Let
(L%, \i, aghs; D) correspond to P, i=1,2. Then (P;)"/%" coincides with (P2)!/¢2
for any u € Mc(D), because their Laplace-functionals coincide on CF (D).
We summarize the above in a proposition.

Proposition 2.1. Let A\.(L + ) < 0o and let « > 0 on D. Then there ezists a
unique Borel measure-valued Markov-process X (t) such that for any v € Mg (D)
and g € CH(D),

B, exp(— < X(t),g >) = exp(~ /D u(e, t) v(dz)),

where u(z,t) is the minimal positive solution to (1.2). If (5 is bounded from above,
then the above statement holds for g € C,f (D) and for v € Mp(D).

Remark In the proofs we will use the following modification of the log-Laplace
equation given in Proposition 2.1:

Ex@exp(— < ¢, X(T) >) = exp(— < u(-,T),X(t) >), P,—a.s. forT >0,

This follows easily for sup 8 < oo by the fact that X (¢) € Mp(D), P, —a.s. and by
the last sentence in Proposition 2.1. The general case can be reduced to the case
when 3 = const by an h-transform (see the paragraph before Proposition 2.1).

Note. The process appearing in Proposition 2.1 with this weaker condition on (3
will still be called an (L, 3, ; D)-superprocess. Survival, extinction, local extinc-
tion, recurrence/transience and h-transforms can be defined similarly for this more
general setup as well.
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The extension from the condition that # be bounded from above to the more
general condition that A.(L + ) < oo is most significant in bounded domains.

Indeed, if D = R%, L has constant coefficients, and lim|x‘_>oo B(x) = oo, where

e eU

El
U C S9! is an open set, then it can easily be shown that A\.(L + 3) = co. On the
other hand, if D is a smooth bounded domain and L = %A, then A.(L + ) < oo
as long as 3 is locally bounded and 8(z) < & ( dist(x,0D))2, for « near D [9].
In the sequel we shall assume without further mention that 5 satisfies (2.8).

3. Extinction/survival, the range of the process and the compact support
property. We begin with a theorem which characterizes extinction/survival in
terms of a certain solution to the semilinear equation.

Theorem 3.1. Let {D,,}52; be a sequence of bounded domains with smooth bound-
aries such that D,, CC Dy,y1 CC D, n=1,2,..., U2, D, = D and let {g,}5>,

n=1 n
be an increasing sequence of smooth functions on D satisfying 0 < g, < n and

n, r € D,
gn(z) :{

0, 2€ D\ Dypi1.

Let uy(x,t) be the minimal nonnegative solution to

uy = Lu+ fu — ou®  in D x (0,00)
(3.1) u(+,0) = gn-

Then u(x,t) = limy, oo up(z,t) exists and is finite for t > 0. It is the minimal
positive solution to

ug = Lu+ fu — au®  in D x (0,00)
(3.2) u(+,0) = oo,

and it satisfies
(3.3)  exp(— /D w(w, D)) = Po(< X(),1>=0), i € Ma(D).

Furthermore, w(z) = limy_, o u(x,t) exists, solves the equation
(3.4) Lu+ fu—au*=0 on D,

and s either identically zero or positive everywhere on D. Moreover,

(3.5) P, (extinction) = exp (— /D w(x),u(dx)), 1€ Ma(D).
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Finally, letting
(3.6) P,(-) = P.( - |extinction),

then ]Su corresponds to the quadruple (L, — 2aw, a; D).

Remark If g is bounded from above, the function g, may be replaced by the
constant n; see the last sentence in Proposition 2.1.

The next theorem characterizes the compact embeddedness of the range of the
process in terms of the largest solution to the semilinear equation (3.4).

Theorem 3.2. Let C denote the event that the range of the process is compactly
embedded in D, that is

C= U supp(X (t)) cC D
>0

There exists a maximal nonnegative solution to (3.4), Wmax, and

(3.7) P,(C) =exp (— /D Winaz u(dw)) , Yu € Mc(D).
Also
(3.8) P,(CnN survival) =0, Yu € Mc(D).

The following theorem relates the compact support property to the solutions w
and wy,q, appearing in Theorems 3.1 and 3.2 respectively.

Theorem 3.3. Let w and Wy,q, be as in Theorems 3.1 and 3.2. Let C denote the
event that the range of the process is compactly embedded in D and let E denote the
event of extinction. Consider the following three conditions:

(i) The compact support property holds;

(17) P,(C°NE)=0 for any p € Mc(D);

(711) W = Wpnag-
Then (i) — (i1) < (idi).
If w = 0 then the three conditions are equivalent. Furthermore, if any of (i)-(iii)
holds, then P, (survival) > 0 if and only if (3.4) possesses a positive solution.

Remark. From Theorem 3.3 and from (3.8), it follows that if the compact support
property holds, then

P,(CAE) =0 for any pr € Mc (D), where A denotes symmetric difference.

When the compact support property holds, we can use Theorem 3.3 to prove the
following simple sufficient condition for survival.
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Corollary 3.1. Assume that the compact support property holds. If0 < inf,cp g(x),
then P, (survival) >0, for all p € Mc(D).

Remark. If the compact support property does not hold, then the second sentence
of Corollary 3.1 is not true in general; see Example 5.3.

We now give an alternative equivalent condition for the compact support prop-
erty.

Theorem 3.4. Let u(x,t) denote the maximal nonnegative solution to

uy = Lu + fu — ou® on D x (0, 00),
(3.9) %iII(l) u(z,t) = 0.

P, U suppX(s) CC D | =exp <— /D u(z,t) ,u(dx)) , for pe Mc(D).

s<t

In particular then, the (L, 3, a; D)-superprocess has the compact support property if
and only if u = 0 is the unique nonnegative solution to (3.9).

The next theorem gives a sufficient condition for « = 0 to be the unique non-
negative solution to (3.9) in terms of «, 5 and the coefficients of L, in the case
D = R4,

Theorem 3.5. Let D = R%. Assume that inf,cga o > 0, that (3 is bounded from
above, that

d
sup Z aij(z)viv; < e(1+ |z]?)
vI=145=1
and that R
b(x)] < c(1+ [z|)
for some ¢ > 0, where b; = b; + i Z;l:l %ijj).

Then u = 0 is the unique nonnegative solution to (3.9) and thus the (L, (3, a; D)-
superprocess has the compact support property.

Remark. In the linear case, that is @ = 0, the question of whether uv = 0 is
the unique nonnegative solution to (3.9) has been studied by numerous authors
starting with Widder (see [1],[12] for example). We note that uniqueness in the
linear case does not imply in general uniqueness for a > 0. For example, consider
L = %%, 8 =0, ,0=0and D = R. Then u = 0 is the unique nonnegative
solution to (3.9) (see [1]). However, if a(z) = exp (—(2? +1)?), making an h-
transform with 2 = 1 and using Theorem 3.4 and Theorem 3.6(i), it is easy to show
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that there exists a nonnegative solution to (3.9). On the other hand, in Example 5.4,
the operator L corresponds to a nonconservative diffusion, g = 0, but the compact
support property holds. By Theorem 3.4, there is no nonnegative solution to (3.9)
but it is easy to see that there exists a nonnegative solution to (3.9) if « is replaced
by zero. The condition in Theorem 3.5 is weaker then the conditions appearing in
the literature for the linear case. In the linear case one typically requires a two-sided
bound on {a;;} of the form ¢; (1+]z]?)” < SUP|y|=1 Z?,j:l aij(z)viv; < ca(14]|x]?)7
for some v € [0, 1].

We now give a connection between the compact support property and the con-
servativeness of the underlying diffusion process.

Theorem 3.6. Let w be as in Theorem 3.1 and LY be as in (2.5).

(1) Assume that inf,cp g > 0. If L corresponds to a nonconservative diffusion on
D, then the (L, 3, a; D)-superprocess does not possess the compact support property.
(17) Assume that w > 0, that is, that P,(survival) > 0, for 0 # p € Mc(D). If
Y corresponds to a nonconservative diffusion on D, then the (L, 3, c; D)-superprocess
does not possess the compact support property.

Remark. If inf,cp g < 0, then the second sentence in (i) is not true in general;
see Example 5.4.

When L corresponds to a recurrent diffusion on D and w is bounded, then the
compact support property implies the uniqueness of the nonnegative solution for
the semilinear elliptic equation.

Theorem 3.7. Assume that L corresponds to a recurrent diffusion on D.
Then there is at most one positive bounded solution to

(3.10) Lu+ Bu — au® =0 in D.

In particular, it follows from Theorem 3.3 that if the (L, 3, a; D)-superprocess pos-
sesses the compact support property and 0 < w 1is bounded, then w is the unique
positive solution to (3.10).

We conclude this section with an explicit calculation in the case that L is con-
servative on D and «, 3 are constants. This will be useful when considering the
examples.

Proposition 3.1. Assume that L is conservative on D . Let o« > 0 and (3 be
constants. Let P, correspond to the quadruple (L, 3, a; D). Define

é (1 - 6_ﬂt)_17 ﬁ % 0

(3.11) uga(t) =< @
PR ﬁ = 0.

ot
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Then u(z,t) = ug o(t) is the minimal positive solution to (3.2), and thus by (3.3)
and (3.5),

Pu(< X(1),1>=0) = exp(—u(B, o, t) < p,1>), € Mp(D),

Bt

12 =T
(312) w="
and
(3.13) P, (extinction) = exp(—% < p,1>),u€ Mp(D),
where B4 = B V0.
Proof. First let 5 # 0. Let
(3.14) 0 < us(-,t) = us(t) = 5(1 — e Al

on D x [0,00). Then us(0) = (1 —e=99)=1 = A(§). Note that A(§) — oo as § — 0.
Easy computation shows that ugs solves

(3.15) us(t) = A(0) + /0 ds ¢p(us(t — s)),

where ¢(2) = Bz — az?. Since us depends only on ¢ and (F;) is conservative, (3.15)
is equivalent to

(3.16) us(t) = PA(0) + /0 ds Psp(us(t — s)).

It then follows that us is the minimal nonnegative solution to (3.1) with g,, replaced
by the constant n = A(J). (See the remark following Theorem 3.1.) Thus, by
Theorem 3.1, it follows that u(x,t) (defined in Theorem 3.1) satisfies

i _p —pty-1,
(3.17) u(x,t) = }%U@(A,t) = a(l —e P
furthermore,
(3.18) w(z) = tlim u(z,t) = %.

For 5 =0, define us(-,t) = m and use a similar argument. [J
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4. Recurrence and transience of the support. Local extinction. We begin
with a theorem which was proved in [14] in the case that o and [ are positive
constants and D = R%. The proof in our more general setup is almost exactly the
same, except for the finiteness of the function ¢ on D\ Dy.

Theorem 4.1. Let Dy CC D have a smooth boundary. Let {D,,} be a sequence of
domains satisfying D, CC D,41 CC Dg,n = 1,2,--- and U Dy, = Dy, and let
{35, be a nondecreasing sequence of functions satisfying v, € CH(D), vy, (z) =
n for x € Dy, (x) =0 for x ¢ Dy and 0 < b, < n. Let u,(x,t) denote the
minimal positive solution to

u; = Lu + fu — au® + 1, on D x (0, 00),
(4.1) u(+,0) = 0.

Then
On(x) = Im uy(z,t)

t—o0

exists for v € D, ¢, € C*"(D), and ¢, is the minimal positive solution to
(4.2) Lu + Bu — au® + 1, =0 in D.

Furthermore,

o(x) = lim ¢, ()

exists in the extended sense, for x € D,¢ € C*"(D\ Dy) and ¢(x) = oo for xz € Dy.
¢ is the minimal positive solution to

Lu+ pu —au® =0 in D\ Dy
4. li = 00.
(4.3) m_{rarbou(x) 00

(Note that D\ Dy is not connected if Dy is not connected.)
Moreover, if 1 € Mc (D), then

(4.4) Po(X(t, Do) = 0, Wt > 0) = exp(— /D o(x) uldz)).

Theorem 4.2. Assume that w > 0, that is P,(survival) > 0, for 0 # p €
M (D). Let ¢ and Dy be as in Theorem 4.1 and assume that 0Dy is connected.
Then exactly one of the following two possibilities occurs:

i) ¢ > w on D\ Dy for any Do CC D and the support of the (L,3,a, D)-
superprocess is recurrent.

%(m) = inf ¢ p\ p, %(az) = 0 for any Do CC D and the support

of the (L, 3, o, D)-superprocess is transient.

i1) liminf, .5p
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Moreover, if (i) occurs, then

(4.5)  Ps (X (t,Dgy) =0 for all t > 0| extinction ) = e~ @ 2 e D\ D.

Remark. Using the Markov property, it is easy to see that if the support of X (¢)
is recurrent, then

P,(X(t, Do) > 0 for arbitrary large values of ¢t | survival ) =1,

for p € M (D) and Dy C D. Consequently, recurrence excludes local extinction.

We now state a theorem which will be used in the proofs and which may be of
independent interest.

Theorem 4.3. Let L =L+ aVQ -V in D C R, d>1, where Q € C?n(D) . If
L corresponds to a recurrent (transient) diffusion process and Q is bounded from
above (below), then L also corresponds to a recurrent (transient) diffusion process .

We now give conditions for the recurrence/transience of the support in terms of
w and L.

Theorem 4.4. Assume that w > 0, that is,
P, (survival) > 0, 0# p € Mc (D).

a) If LY corresponds to a recurrent diffusion, then the support of X (t) is recur-
rent.

b) If L corresponds to a recurrent diffusion and w is bounded then the support of
X(t) is recurrent.

c) Ifg is bounded from above and suppw = oo, then the support of X(t) is
transient.

Corollary 4.1 (Comparison). Let P, and PH correspond to (L,(,a; D) and
(L, 3, &; D) respectively. Assume that L corresponds to a recurrent diffusion, that
P, (survival) > 0 for 0 # p € Mc(D), and that theAsupport of the (L, 3,a; D)-
superprocess is recurrent. Assume furthermore that § < (3, & > « and that g

18 bounded from above. Then the (L,B,d;D)—superprocess etther dies out or has
recurrent support.

The following theorem is an application of the above comparison result. It
generalizes the result in [14], where the theorem was proved for constant a, 3 > 0.

Theorem 4.5. Let L correspond to a recurrent diffusion on D, and let
infaep o > 0,sup,cp B < 00.

a) If w > 0, that is P, (survival) > 0, for 0# p € Mc(D) , then the support of
the (L, B, a; D)-superprocess is recurrent.

b) Assume in addition that0 < 8. Thenw > 0 and the support of the (L, 3, a; D)-
superprocess is recurrent.
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Conditions for having a transient support are more complicated. Before pre-
senting the following theorem, we note that in the sequel we will frequently use
concepts and results from the so-called criticality theory of second order elliptic
operators. The definitions for subcritical, critical and supercritical operators, for
the generalized principal eigenvalue of L on D (A\.(L, D)), and for the generalized
principal eigenvalue at oo of L on D (M. o(L,D)) are presented in Appendix B.
We will use these concepts without further reference.

Theorem 4.6. Let X (t) correspond to (L, 3, a; D). Assume that
(1) L corresponds to a transient diffusion on D;
(4) Ae,oo(L+B) <0 if d >2 and
either Ae +oo(L+ ) <0 or Ao —oo(L+5) <0 ifd=1;
(i41) infyepw > 0.
Furthermore, assume one of the following:
(iv) the compact support property holds;
(iv") B >0 and Q. (Tp < 00) # 1.
Then the support of X (t) is transient.

Remark. a) If (iv) holds in the above theorem, then (ii7) is automatically satisfied
g > 0 or, more generally, if there exists a u such that inf,cpu > 0 and
Lu+ Bu — au?® > 0. This follows from Theorem 3.3, from the construction of wyqz
and from Proposition 7.1.

b) Let o and 3 be positive constants. If (i) and (¢7) hold and furthermore Y (t) is
conservative on D, then (iv’) is trivially satisfied and (¢ii) holds by Proposition 3.1.
Thus the support of the superprocess is transient. This particular case was proved

in [14] for D = R%.

We now present characterizations for the recurrence of the support in terms of
the behavior of the nonnegative solutions for the corresponding semilinear elliptic
equation on D and on exterior domains in D.

We shall need the concept of positive solutions of minimal growth. If Q CC D,
then 0 <u € C?2(D\ Q)N C(D\ ) is called a positive solution of minimal growth
(at OD) if it satisfies (3.4) with D replaced by D \ Q and for any €', satisfying
QS QO cc Dandanyac C*D\QY)NC(D\ Q) which solves Li + Bt — at? = 0
on D\ €, there exists a ¢ > 0 such that u < ¢t on D\ €. Note that if u and v are
positive solutions of minimal growth, then ¢ < u/v < C for constants ¢, C > 0.
The next theorem connects the concept of recurrent support to the minimality of
elliptic solutions on D.

Theorem 4.7. Assume that the (L, 3, «; D)-superprocess survives and satisfies the
compact support property . The support of the superprocess is recurrent if and only if
every positive solution of (3.4) is of minimal growth. Moreover, the above condition

18 sufficient for the recurrence of the support even if the compact support property
fails.
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The next theorem expresses the recurrence of the support in terms of positive
elliptic solutions on exterior domains.

Theorem 4.8. Assume that the (L, 3, «; D)-superprocess survives and satisfies the
compact support property . The support of the superprocess is recurrent if and only
if for any @ CC D with smooth boundary, the following exterior problem has a
unique solution:

Lu+Bu—au? = 0in D\Q
4.6 li = o0.
49 i ule) = oo
Moreover, the above condition is sufficient for the recurrence of the support even
if the compact support property fails. When a unique solution to (4.6) exists, then
any u > 0 satisfying Lu+ Bu —au® = 0 in D\ Q is a positive solution of minimal
growth at 0D.

We close this section with a characterization of local extinction.

Theorem 4.9. The support of X(t) corresponding to (L,(,a; D) exhibits local
extinction if and only if there exists a positive solution u to the equation (L+3)u = 0

on D.

The proof of Theorem 4.9 will be omitted since it is virtually identical to the
proof given in [14] for the case that a, 3 > 0 constants.

Remark. If there is no positive solution to the equation (L + f)u = 0 on D, then
the operator is said to be supercritical ; this is equivalent to A.(L + () > 0, where
Ac(L+ () denotes the generalized principal eigenvalue of L+ on D. (See Appendix
B for more elaboration.)

Since extinction implies local extinction, we immediately get the following suffi-
cient condition for survival:

Corollary 4.2. If there does not exist a uw > 0 satisfying (L + 6)u =0 on D (that
is, if \e(L+ ) >0 on D), then P,(X(t) survives) > 0, for 0 % u € Mc(D).

5. Examples. In this section, we present several examples to illustrate the re-
sults of the previous sections. In the first two examples, we show that the global
behavior of the superprocess may be very different from the global behavior of the
approximating particle system. In the last three examples as well as in the first
example, we show that certain conditions appearing in the statements of some of
the theorems are necessary for the validity of the results. Our method is based on
the use of appropriate h-transforms. Recall that an h-transform leaves the support
of the measure valued process invariant (see section 2). Consequently, all the con-
cepts defined for the support of X (¢) in the previous sections (survival/extinction,
the compact support property, local extinction, transcience/recurrence) are invari-
ant under h-transforms. Note that w and w4, (defined in Theorems 3.1 and 3.2)
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transform into 3> and “=e=. This can be seen easily from the construction of w
and Wynaz-

Example 5.1. Consider the superprocess corresponding to the quadruple

(5.1) <%A -2 V,O,exp(—|a:|2/d);Rd>

The underlying motion corresponding to
L=1A-2.vonmrd
=-A—-——--Von
2 d

is an Ornstein-Uhlenbeck process, which is positive recurrent. Since § = 0 and
a(z) = exp(—|z|?/d), the superprocess may be obtained as the scaled, high density
limit as n — oo of O(n) critical, binary branching Ornstein-Uhlenbeck processes,
each of mass 1 and with spatially dependent branching intensity nexp(—|z|?/d).
Note that the probability that a particle Y (¢) has not branched by time ¢ is
exp(— fg na(Y (s))ds); thus, since the Ornstein-Uhlenbeck process is recurrent and
the branching is critical, it follows that the branching particle system will become
extinct with probability one. On the other hand, we have the following result:

Claim 5.1. i) The superprocess corresponding to (5.1) survives; in fact

sup Ps_( survival ) = 1.
zER?

ii) The superprocess corresponding to (5.1) exhibits local extinction and thus, in
particular, its support is transient.

Remark. Recall, that in Theorem 4.4 (b) we proved that if the underlying diffu-
sion is recurrent and if in addition, the w-function for the process is positive and
bounded, then the support is recurrent. Thus Example 5.1 also shows that the
assumption on the boundedness of w is necessary.

Proof. In order to calculate w, we will obtain the quadruple (5.1) as the h-transform
of another quadruple whose w-function is easy to calculate. Let L = %A +2-V
in R¢ and consider the superprocess on R¢ corresponding to fL, 6 =1,and o = 1;
that is, corresponding to the quadruple (IAJ, 1,1,R%). Let @ denote the w function
from Theorem 3.1 for the (I:, 1,1,R%)-process. ;From Proposition 3.1, we conclude

| 2

that & = 1. The function ¢(z) = exp(—!Z-) satisfies (L 4+ 1)¢ = 0. Applying

d
an h-transform with h = ¢, if follows from (2.7) that the quadruple (L, 1,1, R%)
~ 2
transforms into (5.1). Thus w(z) = ;‘;((i)) = exp(%). Since Py, (survival) =

1 — exp(—w(x)), (i) now follows. The transience of the support follows directly
from Theorem 4.4(c) (or indirectly from the local extinction property proved in
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the line below). Local extinction for (5.1) follows from Theorem 4.9 since u = 1
satisfies (L 4+ B)u = Lu = 0.

Remark. One can also get an example where L corresponds to a positive recurrent
diffusion process and the support of the superprocess is transient without exhibiting
local extinction. Replace = 0 by # = « in the above example; then Theorem 4.9
together with Theorem 4.6.3 in [13] guarantee that the support of the corresponding
process does not exhibit local extinction. By comparison, the new w-function is
even larger and thus there is a positive probability of survival. By Theorem 4.4(c),
the support of the corresponding process is transient.

Example 5.2. Consider the superprocess corresponding to the quadruple

1
5.2 (explle /(8 = 5 - 900,187
The underlying motion corresponding to L = exp(|z|?/d)(3A — £ - V) is a time-

changed Ornstein-Uhlenbeck process; since exp(|z|?/d) > 1, it is positive recurrent.
Since # = 0 and o = 1, the process may be obtained as the scaled, high density limit
of O(n) critical, binary branching time-changed Ornstein-Uhlenbeck processes, each
of mass % and with constant branching intensity n. By the argument given in the
first example, the particle system becomes extinct with probability one. Also, since
the underlying process is conservative, the particle system obviously possesses the
compact support property.

Claim 5.2. The superprocess corresponding to (5.2) becomes extinct; however it
does not possess the compact support property.

Proof. By Proposition 3.1, w = 0 for the quadruple (5.2), and thus the superprocess

becomes extinct. On the other hand the function u(z) = exp(%), which was the
w function for the quadruple (5.1), satisfies Lu + fu — au?® = Lu — u? = 0. Thus,
Wmaz > 0 = w for the quadruple (5.2), and it follows from Theorem 3.3 that the

compact support property does not hold.
Example 5.3. Consider the superprocess corresponding to the quadruple

53 (eweP/aGA + 5 D)expllal/a) expllal/ )i

In this example, g = 1. According to Corollary 3.1, if inf,cp g(x) > 0, and if in
addition the compact support property holds, then the superprocess survives. The
claim below shows that the additional condition concerning the compact support
property is necessary.

Claim 5.3. The superprocess corresponding to (5.3) becomes extinct.
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Proof. The quadruple (5.3) may be obtained as the h-transform of the quadruple
2
(5.2) via the function h = exp(%). Since the superprocess corresponding to (5.2)

becomes extinct, so does the superprocess corresponding to (5.3).

Example 5.4. Consider the superprocess corresponding to the quadruple
1 d d
(5.4 ()G gz + g0l ).

where c¢(z) > 0 and ¢(z) = |z|' for large |x|, with [ > 1. By Feller’s test for explosion

[13, Theorem 5.1.5] and some elementary analysis, it follows that the diffusion
1 .d?
2 dx2
Theorem 3.6-(i), if the underlying diffusion is nonconservative and inf,cp g > 0,
then the compact support property does not hold. The claim below shows that the

additional condition concerning g is necessary.

process corresponding to L = ¢(x)( + ) is nonconservative. According to

Claim 5.4 The range of the superprocess corresponding to (5.4) is almost surely
compactly embedded and thus, in particular, the superprocess possesses the com-
pact support property.

Proof. Consider the quadruple (%L, 0,1,;R%). The diffusion corresponding to the

operator ﬁL is conservative, and by Theorem 3.5, the compact support property

holds for this quadruple. Thus, it follows from Proposition 3.1 and Theorem 3.3 that

Wmae = w = 0 for this quadruple. In particular then, there are no positive solutions

u to C(lm) Lu—u? = 0. Thus, there are also no positive solutions u to Lu—c(x)u? = 0;

hence Wy, = w = 0 for the original quadruple (5.4), and it follows by Theorem
3.2 that the range of the process corresponding to the quadruple (5.4) is almost
surely compactly embedded.

Example 5.5. Consider the superprocess corresponding to the quadruple
1
(5.5) <§A+kx-v,kd+e,ek|x2;Rd>,

where ¢ > 0. The diffusion corresponding to L = %A + kx - V is conservative.
Also, we have A\° = —oo, if d > 2, and A\T>® = —o0, if d = 1 [14, example
2]. Thus conditions (i), (ii), and (iv’) of Theorem 4.6 hold. According to that
theorem, if in addition to the above conditions, inf,crs w(z) > 0 (condition (iii)),
then the support of the superprocess would be transient. The claim below shows
the necessity of condition (iii) concerning w. (For examples where (i), (#ii) and (iv)’
are satisfied in Theorem 4.6, but (i7) is not and the superprocess has a recurrent
support, see [14, Theorem 4].)

Claim 5.5. The superprocess corresponding to (5.5) survives and has a recurrent
support.
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Proof. We have A\.(L) = —kd [14, example 2]. Since A (L) # A, if d > 2, and
Ae(L) # XF>° if d = 1, it follows from Theorem 4.7.2 in [13] that L — A.(L) on R?
is a critical operator. The ground state for L — A\.(L) is ¢.(v) = exp(—k|z|?). Let

B =kd+ e and a = ekl=l” | Note that
A(L A+ B) = —o0.
Make an h-transform on (L, 3, a; R%) with h = ¢.. Then
(L+B)% = (L+kd)* +¢

where (L + kd)? corresponds to a recurrent diffusion process. The h-transformed
superprocess corresponds to ((L + kd)?<, €, e; D). Since (L + kd)?* corresponds to a
recurrent diffusion process, by Theorem 4.5(b), the process survives with positive
probability and the support is recurrent. The same holds then for the original
process as well.

Remark. Claim 5.5 also shows that the result in Corollary 4.1 does not hold in
general for transient diffusions. Indeed, 1 < a but, using Theorem 4.6, it is easy to
show that the superprocess corresponding to (L, 3, 1;R%) has a transient support.

6. Decomposition with immigration. In this section we present a generaliza-
tion of the result in [5] on the decomposition of superprocesses with immigration.
Let N (D) denote the class of discrete measures on D and let X (¢) correspond to
the quadruple (L, 3,a; D). Denote the corresponding probabilities by {P,}. Let
X (t) be the superprocess corresponding to the quadruple (L, 3 — 2aw, a; D), where
w is as in Theorem 3.1. By Theorem 3.1, X (t) corresponds to P,(- | extinction ).
Let B¥(s) denote the branching diffusion with motion process corresponding to L’
on D and branching term aw(z)(z?> — z) ( that is, binary branching at the spa-
tially dependent rate aw(x)), with initial measure v € (D). Denote by N(s) the
number of particles at time s for s > 0, and let

N(s)

Z,(s) =2 a(BY(s)dp(s for B"(s) = {BY(s)} ).

Conditional on {Z,(s)}32,, let (R(t),P*") be the superprocess obtained by tak-
ing the process X (t) with starting measure u, and adding immigration, where the
immigration at time ¢ is according to the measure Z,(t). This is described mathe-
matically by the conditional Laplace functional

B (exp(— < R(t), f > — < Z(£),k >) | Zu(s),s > 0)
(6.1)

t
=exp(— < p,as(-,t) > —/ ds < Z,(s),uf(-,t —s) > — < Z,(t), k >),
0
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for f,k € CF, where Gy denotes the minimal nonnegative solution to (1.2) with g
replaced by f and 8 and « replaced by (5 —2aw) and aw respectively (see also [5]
and references therein). Denote by N, the law of the Poisson random measure on
D with intensity wu and define the random initial measure n by

L(n) =6, x Ny.

Theorem 6.1. The law of R(t) under P" is P,.

In [5], this result was proved when « and (3 are constant and the underlying mo-
tion is a conservative Markov process (note that if L corresponds to a conservative
diffusion and « and (3 are positive constants, then cw =  and L* = L). The proof
of Theorem 6.1 is a modification of the proof of Theorem 3.2. in [5], using Theorem
3.1 of this paper.

Remark Letting ¥ = 0 and choosing appropriate functions f in (6.1), it is not
hard to give alternative proofs for Theorem 4.4 (a) and Theorem 3.6(ii).

Sketch of the proof. First, note that it is enough to prove the statement for § =
const. This follows by applying an h-transform with an h for which 8" = constant.
(The existence of such an h follows by the paragraph before Proposition 2.1.) Recall
that X"(t) = hX(t). On the other hand, since o = ah, w" = %, and the new
starting measure is hu, the branching rate aw and the intensity wu for the Poisson
random measure are invariant under h-transforms, while the immigration term
Z,(t) transforms into h - Z,(t).

Assume now that 8 = const. Using the method of the proof of Theorem 3.2 in
[5], one has to show two things — that the one-dimensional distributions of R(t)
under 6,, X N, and the one-dimensional distributions of X (¢) under P, coincide, and
that R(t) under §, x N, is a Markov process. For the latter, one can use Lemma
3.3 in [5] the same way as it is used in the proof of Theorem 3.2 in [5]. Concerning
the one-dimensional distributions, the statement can be formulated as follows. Let
f € C; (D). Let u be the minimal nonnegative solution to

uy = Lu+ fu — ou? on D x (0, 00)

(6.2) u(-,0) = f,
and let u be the minimal nonnegative solution to

u; = Lu+ (8 — 20w)u — au? on D x (0,00)
(6.3) u(-,0) = f.

Then v — @ = wG, where G is the minimal nonnegative solution to

Gy = LYG — aw(G* — G) +2ai(l — G) on D x (0,00)
(6.4) G(-,0)=0
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(c.f. [5], p.194.). (Note that u — @ is nonnegative by equation (22)in [5], or alterna-
tively by the parabolic maximum principle .) Using the fact that %" = aw — (# and
applying an h-transform on (6.4) with h = %, one obtains that wG is the minimal
nonnegative solution to

v = Lv + (B — 2aii)v — aw? + 20wi  on D x (0, 00)
(6.5) v(-,0) = 0.

A simple computation shows that u— @ also satisfies (6.5). In order to complete the
proof, we have to show the minimality of u — @. Recall that by the construction of
win Lemma A1, u (@) is given as the monotone increasing limit of certain solutions
Up (TUn), where uy(-,t) (Uy,(-,t)) vanishes outside D,,, D, CC D for all ¢ > 0.
Since u — 4 = lim,,_, o (t;, — Uy,), the minimality of u — @ follows by the parabolic
maximum principle . [J

7. Proofs for Sections 3 and 4.

In the sequel we will frequently use the following two maximum principles. In
[14], these maximum principles were proved for 3,a > 0 constants; the proofs go
through for our case without difficulty.

Proposition 7.1 (Elliptic maximum principle).

Let D C R? be a bounded C?"-domain, n € (0,1] and let ,a € C"(D), o> 0. Let
v1,v9 € C?"(D) N C(D) satisfy vi,va > 0 in D, Lv; + Bvy — av? < min(0, Lvg +
[ug — av%) in D and vy > vy on OD. Then vy > vy in D.

Proposition 7.2 (Parabolic maximum principle).

Let D C R? be a bounded region and let 3,cc € C"(D),n € (0,1], with a > 0. Let
0 < vp,v9 € C*H(D x (0,00)) N C(D x (0,00)) satisfy Lvy + Bv; — av? — (v1); <
Lvy + vy — avs — (va);

in D x (0,00),v1(x,0) > va(x,0) for x € D, and vi(x,t) > va(z,t) for x € D and
t > 0. Then vy > vy in D x [0, 00).

In the sequel we will use the following more general form of the log-Laplace
equation as well:

¢
Eu GXp(— < gaX(t) > _/ < I/J,X(S) > dS) = eXp(_/ u(a:,t),u(dx)),
0 D
for all
0< 9777/} € CC<D)7H S MC(D)a

where u € C*(D x [0,00)) is the minimal nonnegative solution of the equation

u; = Lu+ fu—ou? +1  on D x (0,00)

u(-,0) = g().

(See [8], p.96).
We will also need the following lemma.
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Lemma 7.1. Let z9 € D and R > 0 be such that Br(xzg) CC D. Then for any
t > 0, and any finite measure p compactly supported in Br(xq),

P.(<1,X(t) >=0,X(s,D\ Br(xo)) =0, for 0 <s<t)>0,

Proof of Lemma 7.1. Fix g € D and R > 0 such that Br(xzg) CC D. Let a > A
and 3 < B on Br(xzo). Define the events

E,={<1,X(t)>=0}, A, ={X(s,D\ Br(zp)) =0, 0 <s <t}
Let {1, } be a nondecreasing sequence of smooth functions, satisfying 0 < 1, <n

and 0. if | <r
y WY — 2ol >
¥nly) = {n if y €D\ By, (zo).
Let u,, be the minimal nonnegative solution to
uy = Lu + Bu — au® + 1, on D x (0,00)
u(-,0) = gn,

where {g,} is as in the statement of Theorem 3.1. Then using the log-Laplace
equation, it is easy to see that

P.(B:NA) =
(7.1)

t
= lim E,exp(— < gn, X(t) > —/ < hp, X(s) > ds) = lim e~ Jun(@t)dy

n—oo 0 n—oo

Without loss of generality, we may take xo = 0 . Define

1
S .
f5(®) +t+X6>O

Let n(x) be a smooth function defined on R? and satisfying 0 < n(z) < |z| and
n(z) = |z|, for |z| > R/2. Define p(x) = (R — n(x))~2 and G\ = C + \p(z). Let
U(;(ilf,t) = f5(t) ’ GC,)\(x>' ClearlY7

inf wvs(z,0) — oo as § — 0, and

|z|<R
(7.2) | llimR vs(x,t) = o0, Vt > 0.

Furthermore, for C' and A are sufficiently large, in Br(xg),

(7.3) Lvs + Bus — avi — (vs); < Lvs + Bus — Av: — (vs); <0, in Br(xo).
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To see this, write
LU5 + BQ)5 - AUE - (Ué)t = f5 : (LGQ)\ + BGQ)\ - AGE,A) + A(f5 - fg)Gg,A - GC’)\fé.

One can check that LG,y + BG¢ \ — AG?}A < 0 for C, X\ large. Moreover, if C' >
then AG. » > 1 and thus

1
A

AG. 1

A g2 2 . I . .
(fs = J5)Gox = Genfs = Geal( t+5+(t+5)2

(1 — AGCQ\)) < 0.
Using (7.2), (7.3) and the parabolic maximum principle, it follows that for n > 1,
1
un(@,t) < wvo(w,t) = (14 2)(C+ MR —n())7), for |2 < R,

if C' and A are large enough. Therefore, by (7.1),

Pu(E N Ay) > e Jro@tdn 5 00 O

The following proposition will be used several times.
Proposition 7.3. The function ¢ from Theorem 4.1 is a positive solution of min-
imal growth at OD.

Proof. For the case that o, 8 = const, D = R? and Y (¢) is conservative, this follows
by the construction of ¢ in [14, p.250], or by [14, equation 5.7 and the paragraph
that follows]. The same proof goes through in general. [

Proof of Theorem 3.1. (i) As a first step, we construct u. It is easy to see that

(74) lim exp(— < gn,X(t) >) = 1{<1,X(t)>:0}'

n—oo

Let € M (D). Using the log-Laplace equation, we have

(75) B exp(— < gn, X(t) >) = exp(— /D un (2, ) p(dz)),

where u,, is the minimal nonnegative solution to
uy = Lu+ fu — ou® on D x (0,00)

By (7.5), it follows that u,, is monotone nondecreasing in n. Thus, from (7.4) and
(7.5), we have

(7.6)

P,(<1,X(t) >=0) = lim exp (—/ un(x,t)u(d:c)) = ¢~ Jpul@ulde)
D

n—oo
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for p € Mg (D), where u(z,t) = lim,, oo un(z,t). For t > 0, the boundedness of
u(+,t) on compact subsets of D follows from Lemma 7.1. Using an argument similar
to the one appearing in [14, p.260], it follows that u > 0 solves u; = Lu + fu — au?
on D x (0,00). {From (7.6) it follows that u(z,¢) is monotone nonincreasing in ¢.
Letting w(z) = limy_ u(x,t), and using the fact that [, u(z,t)u(dz) < co,t >0,
we conclude that

(7.7) P, ( extinction) = exp (— /D w(x)p(dz)), pe Mc(D).

We now show that w € C?7(D) and that w satisfies Lw + fw — aw? = 0 in
D. Let {D,,}°_; be a sequence of domains with smooth boundaries such that
Dy, CC Dypy1 CC D, m=1,2,..., U D = D . Let Y(¢t) be the diffusion
corresponding to L on D with the expectations {F,} and let

Tm =inf{t > 0:Y(t) ¢ Dy, }.

By It6’s formula, we have

Un(z,t) = Epun(Y((E = 1) A1), t—(t—1) A7)
g [ 2V (s).t — s)d
LB, / (Bt — a2 )(Y(s), £ — 5) ds

It then follows by dominated convergence that

u(z,t) = E,u(Y(t—= 1) A7), t—(t—1) A7)
(t—1)ATm,
-I—Ex/ (Bu — au®) (Y (s),t — s)ds
0
Letting ¢t — oo, it follows again by the dominated convergence theorem that
w(z) = Eyw(Y (1)) + Ex / (Bw — aw?)(Y(s),t — s) ds.
0

Let fi(z) = E;w(Y (7)) and let fo(z) = E, [ (Bw — aw?)(Y(s),t — s) ds. Let
G, denote the Green’s function for L in D,,. Then as is well known,

fi(2) = /3 ) WCom (1 yyo(y) dy,

on,

0 . CL. .
where e denotes the inward normal derivative with respect to y, and
Ty

fol) = /D G (2, ) (Bw — aw?)(y) dy.
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Since L has nice coefficients and 9D,, is a smooth boundary, 0—m(x,y) and
Ty
G (z,y) are continuous in z for x # y. Using this along with the dominated

convergence theorem, the fact that w is bounded on compacts and the fact that
i) D, Gm(z,y)dy < oo, it follows that fi; and fo are continuous; thus w is contin-
uous. Once we know that w is continuous, it follows from standard theory that
fi is in fact C%7" and satisfies Lf; = 0 in D,,. Similarly, it now follows by the
bootstrap method that fo is C%" and satisfies Lfy = fw — aw? in D,, (see [7,
p.21]). Since m is arbitrary, and since w = f; + f2, we conclude that w € C*" and
Lw + Bw — aw? =0 in D.

Using the strong maximum principle (Theorem 3.2.6 in [13]), it follows that
either w=0on D or w >0 on D.

It remains to prove the final statement in the theorem. First, note that although
the support of X (t) is not necessarily compactly embedded in D, by the remark
following Proposition 2.1 and by monotone convergence, (7.5) and (7.6) remain
valid for p replaced by X (t), that is, for ¢, 7 > 0

Ex@exp(— < gn, X(T) >) = exp(— < un(-,T), X(t) >), P, —a.s.
and
Px)(< 1, X(T) >=0) = e~ <vCDXO>1p g,
Using this and the Markov property, we have for f € Cf

E, (e_<f’X(t)>;extinction ) = lim E, (e_<f’X(t)>; <L X(t+T)>= 0)

T—o0

= lim Eue_<f’X(t)>PX(t)(< 1,X(T) >=0) = lim Eue_<f’X(t)>e_<u("T)’X(t)>

T—o0 T—o0

— Jim e </O+u(DX 0>

T—oo

We claim that

lim E, e~ <fO+u(-T)XH)> _ iy =</ " (t).n>
T—o0 K T—00 ’

where 4/>T" is the minimal nonnegative solution to (1.2) with g(-) replaced by f(-) -+
u(-,T). To see this, first assume that supp f < oo. Let us(-,t) be the minimal
nonnegative solution to (1.2) with g(-) replaced by f(-). Then the finiteness of @/*7
follows from the fact that v(-,t) = u (-, t)+u(-, T+t) satisfies Lv+Bv—av? < vy, and
is thus a supersolution (see the construction of the minimal nonnegative solution
to (1.2) given in the proof of Lemma A1). Also, by the construction given in the
proof of Lemma Al and from (A.4),

Eluef<f(')+u('7T)aX(t)> — 67<ﬁf7T('at)7/J‘>'
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This equation holds then for the general case as well, since by the paragraph be-

fore Proposition 2.1, there exist an h-transform for which the new 3 is constant.
af T

(Note that f,u and @7 transform into %, # and “5— respectively, and p and X (t)

transform into hu and hX(t) respectively.) Therefore by (7.7),

E,(exp(— < f,X(t) >)| extinction ) = lim e <u T () —ul ) >

T—o0

It is easy to check that v(™)(z,t) = a7 (x,t) — u(zx, T + t) satisfies v(T) > 0 and

v,gT) = LoD + (8 = 2a0")0™) — a(v™)2 on D x (0, 00)

oM(,0) = ().
For the minimality of v(™) one can use the argument in the paragraph following
(6.5). Since (8—2aaT) 1 (8—2aw), using an argument similar to the one appearing

in [14, p.260], it follows that v = limp_ . v{T) is the minimal nonnegative solution
to

v = Lv + (B — 2aw)v — av? on D x (0, 00)
v(+,0) = f().
This completes the proof. [

Proof of Theorem 3.2. Let {D,,}52; be a sequence of domains with smooth bound-
aries such that D,, CC D,4+1 CC D, n=1,2,..., U(fo D, = D. Let w, be the
minimal positive solution to

Lu+pu—au’ =0 in D,

lim wu(z) = oc.
x—0D,

u(x) =ocif x € D\ D,.

Similarly as in the proof of Theorem 1 in [14], one can show that w, > 0 exists
and that

P,(X(t,D\ Dy,) =0, Vt >0) = exp(— /D wy,(x) p(dx)).

By trivial probabilistic considerations, w,, is monotone nonincreasing in D. Let
w = lim,,— oo Wy, in D. Then

(7.5) PUC) = exp(~ [ (e u(da).

D

Using standard arguments , one can show that w satisfies

(7.9) Lu+ pu—ou® =0in D
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(see the proof of Theorem 1 in [14]). Using the elliptic maximum principle , it
follows from the construction, that @ = w4, is the maximal solution to (7.9).
For the last statement of the theorem, let @, (z,t) be the function satisfying

Ps (<1,X(t)>=0; X(s,D\D,) =0, s <t) = e @@t

In the case of a ball, 4, (x,t) = lim,, .o um(x,t), where u,, is as in the proof of
Lemma 7.1; the general construction is similar. ;From the obvious monotonicity,
we can define
f(z) = lim lim w,(z,t).
n—oo t—oo
Then
Ps. (X (t) dies out N C) = e~ @),

x

where C' is as in the statement of the theorem. Using standard compactness argu-
ments again, one can show that f satisfies (7.9). Therefore f < wyqz; thus from
(7.8) it follows that

Ps (X (t) diesout NC) = Ps_(C). O

x

Proof of Theorem 3.3. The equivalence of (ii) and (iii) follows from (3.5), (3.7)
and (3.8). We now show that (i) — (ii). If < 1, X(t) >= 0, then by the compact
support property and the fact that X (0) € M (D), it follows that

[ee] t
U suppX (s) = U suppX(s) CC D.
s=0 s=0

Therefore, P,(C*| extinction ) = 0, for p € M¢c(D).

Assume now that w = Wy, = 0. Then by (7.8), P,(C) =1 for p € M¢c(D),
and therefore X (t) obviously possesses the compact support property. The last
statement of the theorem now follows trivially. [

Proof of Corollary 3.1. For K sufficiently large, u = K satisfies Lu + fu — au? =
BK — aK? > 0, thus by the elliptic maximum principle and the construction of
Wmaz (see the proof of Theorem 3.1) it follows that w,q, > K. Therefore, by (i7)
of Theorem 3.3, w > K, and then by Theorem 3.1, P,(survival) > 0. O

Proof of Theorem 3.4. Let {D,,}°_; be a sequence of domains with smooth bound-
aries such that D,, CC Dy,41 CC D, m=1,2,..., U" Dy, = D . For each m,

2

define a nondecreasing sequence of smooth functions {vy, '}>2; satisfying 0 <
1/J£Lm) < n and
0, if x € Dy,

wém)(@ B {n, ifxED\D}n/”,
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where Dy/" = {z € D : dist(z,D,,) < =}. Also, for each m, define the event
A7 = {X(s,D\ Dy,) =0, s < t}. Let up € Mc(D), supp(n) C D;. Using the
log-Laplace equation it follows that

¢
P,(A") = lim E, exp(—/ <™ X(s) > ds) =
n—odo 0

(7.10) = lim exp(—/Dumm(a:,t) du(z)),

n—oo

where u,, ,,, is the minimal nonnegative solution to

up = Lu + Bu — au® + ™ on D x (0, 0)
u(-,0) = 0.

It follows from the log-Laplace equation, or alternatively from the parabolic maxi-
mum principle , that u,, ,, is monotone nondecreasing in n. Using standard boot-
strap arguments together with an appropriate upper solution, one can show that
U (2, 1) = limy, 00 Up,m (2, t) is finite and satisfies

u; = Lu+pu —au® on D x (0,00)
(7.11) %Lr%u(x,t) =0, z € Dy,

lim  wu(z,t) =00, t > 0.
z—0D,,

(An upper solution for (7.11) was constructed for f = a« = 1; L = %A, D >0
in ([15], p.1380). A modification of that function works for the general case, as
well.) In fact, by the construction of u,,, it is easy to see that w,, is the minimal
nonnegative solution to (7.11). Since u, ,, is nonincreasing in m, the same holds for
U, Let u(z,t) = lim,,— o0 um(z,t). By standard bootstrap arguments, 0 < u(x,t)
and

uy = Lu+ fu —au® on D x (0, 00)
(7.12) u(-,0) = 0.
(Note that lim; g u(x,t) = 0 follows from the fact that u,, is nonincreasing in m.)
Using the parabolic maximum principle together with the above construction of

u, it follows that w is the maximal nonnegative solution to (7.12). By (7.10) and
monotonicity, we have

(7.13) PH(U suppX (s) CC D) = exp(— /D u(x,t) p(dr)).

The theorem now follows from (7.12), (7.13) and the maximality of u. [
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Proof of Theorem 3.5. Let u > 0 be a solution to (3.9). Resolve L into spherical
coordinates as follows:

d2
L= p(x)ﬁ + q(.r)d— + terms involving differentiation not only in r,
r r
where r = |z|. Then, by the assumptions of the theorem, ﬁ(ﬁ)'z and ﬂﬁ\ are

bounded from above. Let 3 < B and 0 < A < o on R%. Define
ug(z,t) = A +yr?) - (R—r)"2- 5 || <R, t >0,

where r = |z| and ~, Kand A are to be fixed later. We will show that

(7.14) Lug + Bur — au® — (ug); < 0,for all R > 0,

if v, K, \ are sufficiently large. Since lim,_,p ur(z,t) = oo, for z,t fixed, and since
ur(z,0) > 0, it follows from the parabolic maximum principle that u(z,t) <
ur(z,t) for |x| < R,t > 0. Since limp_,o ur(z,t) = 0, we conclude that u = 0.

It remains to prove (7.14). Note that

e " (Lug + Bur — auf — (ug):) < e **(Lug + Bugr — Auf — (ug):) =

=6(R—7)"  pAN+9rH) 4+ [2p- 297 + qA +4rH)] - 2(R —r) 3+
+p-2v+q-29r+(B=K)A+vr)|(R—7)"2 = [a(A+~r?)2ef)(R—r) ™t = .

First, consider r > 1. Choose an M such that p(z) < Mr? q(x) < Mr, for
|z| = r > 1. Then, to show that ¥ <0 for » > 1, it is enough to prove that

6M (N + yr?)+
+ 2(47Mr3 + Mr(A+ ’yrQ))(R — )+
+ [4Mr2'y —C(A+ 'yrg)](R — 7“)2—
—aAN+yr) =14+ 114+ 111 -1V <0,
where C = K — B.

We consider separately the cases R < 2r and R > 2r . When R < 2r, an easy
computation shows that

I+ 1T <17 Mr?(\ + ~r?).

Let 4M < C, that is, 4M + B < K. Then I1I < —CX(R —r)? < 0, and thus, it is
enough to have
17 Mr2 (XA +r?) < a (A + yr?)2,
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which is satisfied if % <.
Consider now the case R > 2r. Then

IT < 8yMr*(R—1)> + 2MA(R — r)? + 2M~r*(R —r)* =

= (10 Myr? + 2MN)(R —r)? <

< (107 4+ 2X) - M2 (R — 1),
(In the last inequality we used the fact that r» > 1.) Let —4M + C = Cy > 0. Then

IIT = (—=CX — Cor*y)(R — )2,
and thus
IT+1IT < —CAR—7)%+[107 + 2\ M — Cov] - r2(R — 7).
Also, I — IV <0 if 8 <.
In light of the above calculations, the inequality > < 0 for all 0 < r < R will be

satisfied if v, K and X are chosen as follows. First, choose v = %. Then choose

A so large that ¥ < 0 for » < 1. This is possible because of the A? term in IV.
Finally, let K be so large that

2\
(10 4+ —) M <Cy=-4M+C =—-4M — B+ K,
Y
that is
2\
(14+—)M+B<K. O
8

Proof of Theorem 3.6. (i) Let {D,,}°_; be a sequence of domains with smooth
boundaries such that D,,, CC Dy,11 CC D, m=1,2,..., U Dy =D . Let Y (¢)
be the diffusion corresponding to L on D with the probabilities {Q,} and let

Tm = 1inf{t <0:Y(t) ¢ Dy, }.

Assuming to the contrary that the compact support property holds, and using the
notation and results of Theorem 3.4 and its proof, it follows that lim,, s un, (z,t) =
0. On the other hand, v,,(x,t) = Q. (7, > t) satisfies

Lv—v; =0o0n Dy, x (0,t)
v(-,0) =1
lim wv(z,t) =0,t>0

—0D,,

0<v<1.
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Let 0, = K(1 — v,). Then for sufficently small K, v, satisfies
Lu+ pu — au® — u; = Bu — au® > 0 on D,, x (0,t)

u(-,0) =0
lim wu(z,t)=K,t>0
r—0D,,
0<u<K.

By the parabolic maximum principle it follows 0 < 9,, < u,, and thus v,, — 0 as
m — o0o. Therefore limy, oo vy (z,t) = 1 and thus lim, oo Qz(Tm > t) = 1,V €
D,t > 0. This shows that the diffusion is conservative and completes the proof of

(i)-

(7i) Since the compact support property is invariant under hA-transforms, the super-
process X (t) corresponding to (L, 3, a; D) has the compact support property if and
only if the same holds for X" (t) corresponding to (L, aw, aw; D). The argument
of (i) can now be applied to the latter process. [

Proof of Theorem 3.7.
We will show that every bounded positive solution is minimal. Let ~ be a bounded

positive solution to (3.10) and let 0 < h be any positive solution. Then f = %
solves the h-transformed equation

Lhf +ahf —ahf?=0in D.

To show that h is minimal, we will show that f > 1. By Theorem 4.3, L} corre-
sponds to a recurrent diffusion process. We consider two cases separately. Assume
first that f < 1 on D. Then L2 f < 0 follows on D, which contradicts the recurrent
property of the diffusion corresponding to L} (see Theorem 4.3.9. in [13]). Assume
now that f(zo) < 1 for some 2o € D and that Q = {z € D : f(z) <1} # D. Let
Q be the connected component of ) containing z. Clearly, Lif <0on Q. Since
f(z) =1 for x € 99, applying Itd’s formula and using recurrence gives

1 = B, f(Y(00)) < f(z0) < L,

which is a contradiction. [

Proof of Theorem 4.1. The finiteness of ¢ on D\ Dy follows from (4.4) and Lemma
7.1. The rest of the proof is identical with the proof of Theorem 1 in [14] which
treated the case in which D = R? and «, 3 are positive constants. [J

Proof of Theorem 4.2. First, we show that there are two possibilities :
1) ¢ >won D\ Dy
or

2) liminfé(x) = inf_ é(x) = 0.
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Making an A transform with h = w, ¢ transforms into ¢% = %, and ¢V satisfies

L¥u + awu — cwu® = 0 in D\ Dy.
) Yo aw
For the transformed equation, we have — = — =1, and thus the same proof as
Q@ aw

in [14, proof of Theorem 2 | shows that either
¢ >1on D\ Dy

or
liminf ¢*(x) = inf ¢"“(z)=0.
im inf ¢* () Lonfs 9" ()
Let A= {X(t, Do) =0, Vt > 0}. Replacing w by ¢ in the proof of Theorem 3.1,
one can see that P(-|A) corresponds to (L, 3 — 2a¢, o; D\ Dy). Applying (3.5) to
this new quadruple, we obtain

P, ( extinction |A) = exp(—/ w*(x) p(dx)),
D\ Do

where w* solves the equation Lu + (8 — 2a¢)u — au® = 0 in D \ Dy. Since either
w* =01in D\ Dy or w* is positive in D \ Dy, there are two possibilities :

(7.15)

1) P,(survival N A) =0, for all u satisfying suppu CC D\ Dy,
(7.16)

2) P,(survival N A) >0, for all u satisfying suppu CC D\ Dy.

Consider (7.15). We will show that ¢ > w. We have Ps5_(A) = P5_(ANextinction )
and thus by (4.4) it follows that
exp(—¢(x)) = Ps, (Alextinction ) - Ps, (extinction ) =

x

= P;s_(Alextinction ) - exp(—w(x)).
Letting Ps, correspond to the quadruple (L, 8 — 2aw, a; D), it follows that

Ps.(A) = Ps, (Alextinction ) = exp(—(¢(z) — w(x))).

By Theorem 4.1, ¢ —w = (5 > (0, where gz~5 is defined for }351 as ¢ is defined for Pj,
in Theorem 4.1. B

Conversely, assume that ¢ > w on D \ Dy. We will show that (7.15) holds by

showing that w* = 0, where w* is as in the paragraph before (7.15). Make an
xh _ w”

h-transform with h = w. Then w*" = %- is the w-function for the quadruple
(LY, aw — 2a¢, cw; D \ Dy). Since, by assumption, aw — 2a¢ < —aw, it follows
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by the construction of w in Theorem 3.1 and the parabolic maximum principle
that w*" <, where @ is the w-function for the quadruple (LY, —aw, cw; D\ Dy).
Also by the construction of w in Theorem 3.1 and the parabolic maximum principle,
W < wp, where wy is the w-function for the quadruple (L{, —aw, aw; D). Applying
the last part of Theorem 3.1 to the quadruple (LY, aw, aw; D), which corresponds
to P (-) and whose w-function is 1, it follows, that the quadruple (L, —aw, aw; D)
corresponds to P (- | extinction ). Thus, wy = 0. We conclude then that w* = 0.

To complete the proof we have to show that the recurrence property for the
support does not depend on the choice of Dy. By a simple argument it is enough
to show the following. If D§ cC D3 CC D and (7.16) holds for D} then (7.16)
holds for D3, as well. Let A; = {X(¢,D}) = 0, Vt > 0}, i = 1,2. Let ¢; denote
the function ¢ defined for Df in D\ D{,i = 1,2. If (7.16) holds for D}, then
infmeD\D1 (ful(—(xx)) = 0. By the minimal growth property of ¢o (see Proposition 7.3),
it follows that there exists a K > 0 such that K¢1(z) > ¢a2(z) on D\ D*, where

D cC D* cC D. It follows that inf e pz 2% = 0. O

w(z)

Proof of Theorem 4.3. If d = 1, then the statement is a simple consequence of
the well-known integral test for recurrence/transience in one dimension (Theorem
5.1.1. in [13]).

For d > 2 we use a mini-max variational criterion for transience/recurrence given
in [13]. Let {D,}22, be a sequence of smooth domains such that D; is simply
connected, D,, CC Dy4q and D =, D,,. Let Q,, = D, \D;.For f € C*>"(0D,),
define

(7.17) 1) (a,b) = inf sup D(g,h),
geW2(Q,) heW2(Q,,¢2 dz)
g=ef on 8D1,9=0 on 8D, h=f on 0D
(dist(x,0D,)) " *geL>®(Q)

1
= —/ dx g? {(E — a_lb) a (E - a_lb) —(Vh —a 'b)a(Vh —a™'b)| .
2 Ja, g g

A

By Theorem 6.6.1. in [13], the diffusion corresponding to L (L) is recurrent on D
if and only if

(7.18) lim £ (a,0) =0 (lim pl(a,b+aVQ) =0)
for some (or equivalently, all) f € C%*"(9D;). The convergence to zero is thus
independent of the particular choice of f.

Consider pq(lf)(a,b +aVQ). Make the substitution G = ge=%,H = h — @, and
note that the boundary conditions g = ef, g = 0, h = f appearing in the mini-max
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formula become G = e/~@ G = 0,H = f — @Q . Since Q and VQ are bounded
on Q,, it follows that g € W2(Q,) if and only if G € W2(€,,) and that h €
Wh2(Q,, g? dz) if and only if H € W12(Q,,,G?dx) . Also, the last condition on
g under the infimum in (7.17) is clearly equivalent to the same condition on G.
Therefore
1P (a,b+aVQ) = inf sup l/ dx G*e9.
GeW'2(Q,) Hew'2(Q, G2 dz) < JQ,

G=ef~? on 8D1,G=0 on dD,, H=f—Q on 0D
(dist(x,0D,)) " 1GEL™ (Q)

. [(V—G - a—lb) a (v—G - a—lb) —(VH —a *b)a(VH — a_lb)} .

G G
It follows that
(7.19)
i eQQ@) W= (a,) < p(a,b +aVQ) < ( sup ezQ@) w1=9) (a,b).
T n €N,

The theorem now follows from (7.18) and (7.19).

Proof of Theorem 4.4. a) Make an h-transform with A = w. Then X" (¢) corre-
sponds to (LY, aw,aw; D). Let gz~5 and w denote the ¢-function of Theorem 4.1
and the w-function of Theorem 3.1 for the quadruple (L{, aw, aw; D). Under an
h-transform, the w-function transforms to %; thus w = 1. By assumption, Lg
corresponds to a recurrent diffusion on D; thus a simple modification of the proof
of Theorem 3.7 then shows that ¢ > 1. Therefore % > 1 and by Theorem 4.2, the
support of X" (t) is recurrent. The same therefore holds for X ().
b) Part (b) follows from part (a) and Theorem 4.3.
c) If g < ¢, then u = ¢ satisfies Lu + Bu — ou? < 0, for any cg > c. Recall that
¢ = lim,,_, o ¢, where ¢, is the minimal positive solution to (4.2). Furthermore,
On = lim,, vfﬁ ), where 117(7? ) satisfies

Lv+ﬁv—av2+¢n =0 in D,

v=0on dD,,,

and {D,,}>°_; and {1, }>2, are as in Theorem 4.1. This was proved in [14] in

the case D = R? and «, 8 =const; the same proof goes through in general. Thus,
we have ¢ = lim,, .o lim,, .~ w(ff ). From this representation for ¢, along with the
elliptic maximum principle , it follows by comparison with u = ¢y that ¢ < ¢y on
D\ Dy, for ¢q sufficently large. Thus inf,cp\ p, % = 0, and by Theorem 4.2 the

support is transient. [

Proof of Corollary 4.1. By Theorem 4.4(c), w is bounded for the quadruple
(L, B, a; D). Using the construction of w, along with the parabolic maximum prin-
ciple , the w-function for the quadruple (L, 3, &; D) is bounded as well. Thus, if
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the latter process survives with positive probability, then by Theorem 4.4(b) it has
a recurrent support. [

Proof of Theorem 4.5. a) By Proposition 3.1, w = % for the process corresponding
to (L, K, ¢e; D), and therefore by Theorem 4.4(b), it has a recurrent support. Part
(a) now follows from Corollary 4.1.

b) By Theorem 4.3.3.(i) and Theorem 4.6.3.(i) in [13], Ac(L + ) > 0 on D and
therefore, by Theorem 4.9, there is no local extinction. Consequently, the process
survives with positive probability and the proof now follows as in part (a). O

Proof of Theorem 4.6. We assume d > 2 (the proof for d = 1 is similar). First,
assume that (i) — (iv) hold. Consider the h-transformed process with h = w. The
corresponding quadruple is (L{, aw, aw; D). Let & and w denote the ¢-function
and the w-function for this new quadruple. As in the proof of Theorem 4.4, we
have w = 1. We will show that infp gzNS = 0, which, by Theorem 4.2, proves that
the support is transient. Note that by (i7i) and Theorem 4.3, L{ corresponds
to a transient diffusion on D. By (iv) and Theorem 3.6(ii), L§ corresponds to
a conservative diffusion on D. Using (i7) and the invariance of .o, under h-
transforms, we have

L
Aesoo(LE 4+ aw) = A oo (LY — Tw +aw) = oo (LY + ) = Moo (L + 5)¥) < 0.

Thus, we can choose a D cc D and an € > 0 such that there exists a « > 0 on
D\ D satisfying

(7.20) (LY + aw +€)u=01in D\ D.

Let Y (t) denote the diffusion corresponding to L§ on D with probabilities {Q. }
and define A
r=inf{t >0:Y(t) € D}.

Then, using (7.20) and applying It6’s formula gives
(7.21)
tAT .
0 < Buu(Y(t A7) = u(z) — (aw + e)EI/ w(Y(s))ds, for z € D\ D.
0

We will show that infD\D u = 0. Assume to the contrary that infD\D u > 0. Since
Y (t) is conservative and transient, it follows that

(7.22.) 0<Q.(Y(t)e D\D,Vt>0), Ve € D\ D.

Letting t — oo in (7.21), it follows by (7.22) that the righthand side tends to —oo,
which is a contradiction. Thus inf D\DU = 0, and using the minimality of ¢ on

D\ ﬁ, it follows from the elliptic maximum principle that inf D\D ¢~> = 0.
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Now assume (iv’) in place of (iv). Then an equation similar to (7.21) can be
obtained, where Y (¢) corresponds to L and aw is replaced by # > 0. The rest of
the proof is the same as before. [

Proof of Theorem 4.7. Assume first that the support of X (t) is recurrent. Then
by Theorem 4.2, w < ¢ on D \ Dy. By assumption, the compact support property
holds; thus by Theorem 3.3, w = Wiq,. Therefore, if u solves (3.4), it follows that
U < Wipnge = W < ¢ on D\ Dy. Since ¢ is of minimal growth, the same is true for w.

Assume now that the support of X (¢) is transient. Then by Theorem 4.2, there
is no ¢ > 0 such that c¢ > w on D\ Dy; therefore w is not of minimal growth. O

Proof of Theorem 4.8. Let A= {X(t,Q2) =0, Vt > 0}, let C = {the range of X (¢)
is compactly embedded} and let F = {X(¢) becomes extinct}. By Theorem 4.1,
(7.23) Ps (A)=e %@ for z € D\Q,

x

where ¢ is the minimal positive solution to (4.6). Using arguments similar to
the ones appearing in the proofs of Theorem 3.2 and Theorem 4.1, and using the
uniqueness of the elliptic solution with boundary blow-up for annular domains of
the type 0\ Q, where Q@ cC Q cC D (see [10]), one can show that

(7.24) Ps (ANC)=¢"% for z€D\Q,

where 1 is the maximal positive solution to (4.6). ;From (7.23) and (7.24) it follows
that the uniqueness of the positive solution to (4.6) is equivalent to Ps, (ANC) =
Ps, (A) for x € D\Q. On the other hand, the recurrence of the support is equivalent
to Ps,(ANE) = Ps, (A) for x € D\ Q. If the compact support property holds,
then Ps, (CAFE) = 0 by (3.8) and Theorem 3.3. Thus Ps,(ANC) = Ps5,(ANE).
This proves the theorem except for the last statement. Take any function u > 0
satisfying
Lu+ fBu—au?*=0in D\Q.

By the maximality of @, u < @ on D\ Q. On the other hand, since w is the unique
solution to 4.6, it follows that w = ¢, where ¢ is as in Theorem 4.1. By Proposition
7.3, ¢ is a solution of minimal growth at 0D; thus w is a solution of minimal growth
at 0D, and consequently, so is u. [

Appendix A. Construction of the (L, 3, a; D)-superprocess. Particle pic-
ture approximation and the martingale formulation for the superdiffu-
sion.

Let D C R? be a domain and let L be as in (1.1). Let a,3 € C"(D),n € (0,1],
satisfy @ > 0 and supp < oo. Denote by T; the semigroup corresponding to L
on D with the Dirichlet boundary condition. Denote by C, (D) the space of non-
negative, bounded, continuous functions on D. We will denote bounded pointwise
convergence on C’;r (D) by g, — g.

We state and prove two lemmas.
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Lemma Al. (i) Let g € C, (D) and consider the semilinear equation:

ug = Lu + Bu — au® on D x (0,00)
(4.1) u(-,0) =g()

There exists a minimal nonnegative solution u € C**(D x (0,00)) N C(D x [0, 00))
for (A.1) and supg< <, [|u(:, 8)||o < 00, for all t > 0. Finally, when o and 3 are
bounded, u is the unique function which solves the m ¢ | d equation

(A.1%) u(-,t) =Tig +/0 ds Tsop(u(-,t —s)),

with supg< < |[u(-,8)||oe < 00 for all t >0, where ¢(z) = Bz — az?.
(i1) Let Vi(g) = u(-,t). Then

(A.2) Vits(g) = ViVi(g)

and the map g — Vi(g) is continuous with respect to bounded pointwise convergence

on C; (D).

Proof of Lemma Al.
(i) We construct the minimal solution for (A.1). Let {D,}>2,,D, C C D,41
be a sequence of smooth domains such that UZO:1 D, = D. Let 0 < g, €

C?>(Dn)ygn T g, ,n = 1,2,.... Denote by Tt(n) the strongly continuous semi-
group corresponding to L on D, with the Dirichlet boundary condition. Let
Bo(D,) = {u € C(D,);u = 0 on dD,}. Since a(x) and B(x) are bounded on
D,,, ¢ is locally Lipschitz continuous on C;" (D,,) . Thus by Theorem 6.1.4 in [11]
it follows that there is a t,,4, < 0o such that (A.1*) has a unique solution w,, on

0, tymax) With D replaced by D,, and T replaced by TS,(n), for every n € N. Since the
map ¢ : Bo(D,,) — Bo(D,,) is continuously differentiable and since g,, € D(L, D,,),
the domain of the infinitesimal generator of the semigroup Tt(n) , applying Theorem
6.1.5 in [11] , it follows that u, € C?Y(D, x (0,tmaz)); Un(-,t) € Bo(D,,) , for
t € (0, tmaz), and u,, satisfies (A.1) on (0, t,,q,) With g replaced by g, T replaced
by T{™ and D replaced by D,. Also, 0 < u,, ( see the argument in [8], p.115).
Let B > max{||g||,sup,ep B(z)} and consider the function i(t) = BeP!. Using
the parabolic maximum principle, it is easy to show that w,(-,t) < 4(t),¢ > 0, for
every n € N. Therefore by Theorem 6.1.4 in [11] again, it follows that t,,q, = 00
for every n € N. By the parabolic maximum principle u,, is monotone increasing in
n. Define u = lim,, o u, < 4. Using an argument like the one used in [14] (where
it is shown that the function v appearing in the proof of Theorem 6 of that paper
satisfies equation (5.2) of that paper), it can be shown that u is in fact a solution
for (A.1). The minimality of u follows from the parabolic maximum principle. For
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the last statement in (i), assume that o and § are bounded. Using bounded conver-
gence, it is easy to see that u satisfies (A.1*) as well. Using Gronwall‘s inequality
(see Theorem 1.4. in [16]), it can be shown that u is the unique solution to (A.1%)
satisfying supg<s<; ||u(-, s)||eo < 00, for every ¢ > 0.

(ii) It is easy to see that (A.2) is a consequence of the minimality.We now prove
the continuity of the map g — V;(g) with respect to bounded pointwise convergence
on C;f (D). Let 0 < t be fixed. Let u = Vi(g),u™ = Vi(gn), and assume that

gn — g. Let hy, = g — gp. Then f™ =y — u(") satisfies
L™ 4 g gln) _ ft(n) 0

F(,0) = ha(-),

where g(") = ﬁ—a(u—i—u(”)). Since 8(") < 3 < B, it follows from the Feynman-Kac
formula that | £ (z,t)| < eB*E,|h, (Y (t))|. Since h,, — 0 , it follows by bounded
convergence that f(") — 0. O
Lemma A2. Let V; be as in Lemma A1 (ii). Then

a. V;(0) =0,

b. Vi is continuous on C; (D),

c. Vi is negative semidefinite on C,f (D); that is

STOANVfi+ £) <0, if Y Xi=0,VneN, fi € G (D).

3,j=1

Proof of Lemma A2. (a) and (b) follow trivially from Lemma Al. We now show
(c). Let Vt(n) (9) = un(:,t) for g € C; (D), where u, is as in the proof of Lemma
A1. Since u,, satisfies (A.1%), using the argument in [4, p.1215], it follows that Vt(n)
is negative semidefinite on C’j (D) for every n € N. Since u = lim,, o0 tup, V4 is
also negative semidefinite on C; (D). O

Theorem Al. Let a > 0, < B < oo and let V; correspond to the operator
Lu+ Bu— au®. Let £;(-) = e=*1) on C;F (D) and let
(A.3)

£t o) = expl= [ Vigla)ulde). g € CF (D). € M(D).

Then L(t, i, g) is a Laplace-transition functional; that is, there exists a unique finite
measure valued Markov-process, X (t), such that

(A.4)
L(t,p,9) = Eyexp(— < X(t),g >) for g € C (D), n € Mp(D).
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Proof of Theorem A1. By Lemma A.2, L; satisfies:
a. ,Ct(O) = 1,
b. L is continuous on C;" (D)with respect to bounded convergence,
C. Et > 0,
d. L; is positive definite; that is

> ANNL(fi+ f;) = 0forall \; €R, 1<i<nandneN.

27.7:1

(For the proof of property d., see [2], page 74.)

Using (a)-(d), and following the proof of Corollary A.6 in [6] it follows that for
every x € D and t > 0 fixed, there exists a unique probability measure P*! on
Mg (D) satisfying

Lo(g)(x) = /M P <9 ) PR@) for g € G (D),

(Although Corollary A.6 in [6] asserts the result for nonnegative bounded measur-
able functions , the proof works for C;" (D) as well.)

In order to complete the proof, note that V; = I by definition, and V;, = V;Vj
by Lemma A1(ii). O

We call the measure valued process constructed in Theorem Al the (L, 3, a; D)
-SUPETPTOCESS.

Let Y (t) be the diffusion process corresponding to the generalized martingale
problem for L on D (see 1.13 in [13]). The diffusion, which lives on D* = D U
{A}, the one-point compactification of D, enters A and remains there forever once

it leaves D. For each positive integer n, consider N,, particles, each of mass %,

starting at points xE”) e€eD,i=1,2,...,N,, and performing independent branching
diffusion according to the motion process Y'(t), with branching rate cn,c > 0, and

branching distribution {p,g”)(x)}zc’zo, where

en() = ko) =1+ 1,

Ny,
m,y € C"(D),n € (0,1] and m(z) > 0. Let u, = % >0 . Let Ny(t) denote
i=1

the number of particles alive at time t and denote their positions by {X Zf”(t)},f\gl(t).

Denote by Mp(D) (Mp(D*)) the space of finite measures on D (D*). Define
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Ny (t)
an Mp(D*)- valued process X, (t) by X,,(t) =1 3 dxn (). Denote by Pl(f;f) the
1

probability measure on D([0, 00), Mp(D*)) induced%y X, (t). The notation w—Ilim
denotes the limit in the weak topology.

Theorem A2. Assume that m(x) and ~(x) are bounded from above. Let w —
limy, oo pn = p € Mp(D). Then there exists a P; € C([0,00), Mp(D*)) such

that P = w — lim P, Define P, € C([0,00), Mp(D)) by P.(-) = P:(-N D)
and let X(t) be the process corresponding to P,. Then X(t) is an (L, B, o;D)-

superprocess, where L corresponds to Y (t) on D, 8 = cy(z) and a(z) = Lem(z).
Furthermore

(A.6)

t
M) =< f,X(t) > — < f,X(0) > —/ <(L+pB)f,X(s)>ds
0
is a martingale for f € C%(D), with increasing process
t
(A7) <Mt(f)>:2/ < X (s),af? > ds.
0

Assume in addition, that Y (t) is conservative on D. Then D* and C2(D) in the
statement above can be replaced by D and C2,,.,(D) = {f € C*(D):3Q cc D
such that f = const on D\ Q} respectively.

Before proving the theorem, we need a lemma.

Lemma A3. Let f < B, let p € Mp(D) be such that nu is integer valued, and
let T <t be a stopping time. Then

(A.8) EM<1,X(r)>< <p,1>eP

and

(A.9) Ef;l)/ CX(s),8>ds< <pl> (P —1)n=12,....
0

Proof. Define B(A) = a(A) = Lf(A) = 0 and define
C2 (DY) ={f € C*(D)NC(D*):3Q CC D such that f = const on D*\ Q}.

Note that C2,,.,(D*) separates points in M r(D*) and is closed under addition. A

modification of the argument on p.60 in [16] shows that if f € C2 . (D*), then

(A.10)

M(fy=<f,X(t) >—< f,X(0) > —/0 <(L+p)f,X(s)>ds
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is a P,Sn)—martinga,le, n=1,2,..., with increasing process
¢ t
< M™(f) >t:/ < X(s), (em+6,)f* > ds — 2/ < X(s),af?>ds
0 0

as n — 0o, where sup,cp |6n(x)] — 0 as n — oo. From the above martingale
property and the optional sampling theorem, it follows that

EM < X(1),1>=<p,1> +Efj”/0 < X(s), 8> ds

t
<< p,1> +B-E£L")/ < X(s),1> ds.
0

Let Z\" () = EYY < X(7),1>. Then Z\"(r) < Z\(0) + B [} Z{" (s)ds and
(A.8) follows by Gronwall’s inequality.
The above calculation along with (A.8) now gives

n T _ n Bt
Ep/o < X(s),B>ds = E™ <1,X(7) > — < .1 ><< i, 1> (Bt — 1),

This proves (A.9).

Proof of Theorem A2. We are going to use a modification of the argument given in
[16], where the statement is proved for the case § = 0, = const and Y (t) conser-
vative. First, we show that {P, ("}°°, is tight on D([0,00), Mz (D*)). Using a
modification of Theorem 2.3 in [16], it will suffice to show that the following three
claims are true:

(1) KlgnOo sup Pﬁ:) (fgg < X(t),1>> K) =0, for all 7" > 0,
For all n € N,e > 0,and K € R, and for all f € C2 . (D*), there exists a

(12)
d =9d(n,e, K, f) such that

Tn+0
P;S:) (/ | < X(s),(L+B)f >|ds > K) < ¢, for every stopping time 7, < n.

n

For all n € N,e > 0,and K € R, and for all f € C2, ,(D*), there exists a
d =9d(n,e, K, f) such that
(441)

Tn+0
PP(LZ) </ | < X(s),af*>|> K) < €, for every stopping time 7, < n.

n
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By the martingale inequality and Lemma A3, we have

t
P (sup[< X(t),1 > — / < B,X(s) > ds] > K)
0

t<T
1 T
< §E5;3L>| < X(T),1> —/ < B3,X(s) > ds|
0
1 T
< —(EM™ < X(T),1> +|E,§”>/ < B3,X(s) > ds|)
K n n 0
1
< <y 1> €T < i, 1> (57 = 1))
1
=7 < pin, 1 > (2eBT — 1),

Since by Gronwall’s inequality, the event {3t < T : < X(t),1 >> KeBT} is
contained in the event {Elt <T:<X(t),1>-— fg < fB,X(s)>ds > K}, we have

P (sup < X(¢),1>> L)
t<T

t
< P (sup[< X(t),1 > —/ < B,X(s) > ds] > Le” PT)
t<T 0
BT

< GT < pimy 1> (2¢BT — 1),

for all T'> 0,L > 0, and n € N. Since < pin, 1 >— < p,1 > as n — oo, (i) follows.
We prove now (ii). Let f € C2 ., (D). Then by Lemma A3 again,

Tn+6 5
By / | < X(s),(L+B)f > |ds = Bl Ex., / | < X(s),(L+B)f > |ds

eBl—1

< B < X 1> (L4 B)f |l
eBé_l B

< <ty 1> e[|+ B) oo

Thus, by Chebyshev’s inequality

Tn+0
Pn </ | < X(),(L+ B)f > |ds > K)

n

(636 . 1)€Bn

< 1> (T .
< 1> (L B

This proves (ii). The calculation for (7ii) is essentially the same. This completes
the proof of tightness.
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Let P,E:j) — P* weakly on D([0,00), Mp(D*)), where {n;} is a subsequence.
We show that P* is uniquely determined. Let G;(v) = F(< f,v >) for f €
C2,.4(D*),F € C¢(R) and v € Mp(D*). Also, let G4 (v) = F'(< f,v >) and

const

Gt (v) = F"(< f,v >). Then, similarly as in [16], one obtains that the generator
L) of the particle system at the nth level satisfies:

L™MGy(v) = G(v) < Lf,v > +n"'G}(v) < Lf* —2fLf,v >

" en? < iy A
—|—ch <pi- (Ge(lv+ - 0.)—G¢(v)),v >

i=1
Using a Taylor expansion (cf. [16], p.62), we have
LM™G(v) = G'(v) < Lf,v> +0(n™h)

+en®(Gr(vn™ < (en — 1) f,v > +%G’J5(V)n_2 <mf? v > +o(n?)).

Using that cn(e, — 1) = 8, ecm = 2, it follows that

LGy(v) = lim LG (v) = Gy(v) < (L+B)f,v > +Gv) <af?v>.

Then, using Lemma A3, a similar calculation to the one in [16, pp.62-63] shows
that

(A.11) G(X(1) — G5(X(0)) - / LGy (X(s)) ds

is a P*—marAtingale.
Define (V;i(f)) for f € C(D*) and t > 0 as follows :

(Vi) (@) = (Vi(f))(x),z € D
(VA ())(A) = f(4),

where V; is the semigroup defined in Lemma A1l. Then, using (A.11) and Lemma
1.5 of [16], it follows that for f € C% . (D*)

const
NY(t) = exp(— < X(t), Voo f >),0 <t <T,

is a martingale under P*,for all 7> 0. Let 0 < s <t =T and p,v € Mp(D*).
Then using the martingale property, we obtain

E, (e_<X(t)’f> | X (s) = M) =B, (N (t)| X(s) = ) = exp(— < 1, Vi_of >).
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Since C'(D*) separates points in D*, it follows that P* is uniquely determined on
the space D([0,00), Mp(D*)).

That M7 (t) is a P*-martingale for f € C?% ., (D*), follows from Theorem 1.3
of [16], where the statement is proved for the case 8 = 0,a = const and Y (t)
conservative; the proof goes through for the general case without difficulties.

Denote X (t) = X*(t) |p. Then applying the log-Laplace equation for functions
in CF (D), it follows that P(X(t) € -) corresponds to the quadruple (L, 3, a; D).
Also, M/ (t) is a martingale for f € C?(D) under P. The branching term 3(x)z —
a(z)z? guarantees that X (t) is actually supported on C([0,00), Mp(D)) (cf. [16,
Theorem 1]). Finally, consider the case when Y (¢) is conservative on D. Then in
the proof above one could work just as well with D instead of D*. To see that the
resulting process coincides with the one obtained by working first on D* and then
restricting the process to D, it is enough to note that the log-Laplace functionals
coincide on C.f (D), and therefore on C; (D) as well. [

Appendix B: Summary of results in criticality theory.

Let 1
L:§V‘aV—|—b~V+V

be a strictly elliptic operator defined on a domain D C R? with smooth coefficients.
Then there exists a corresponding diffusion process X (¢) on D that solves the
generalized martingale problem for L —V on D (see [13], Chapter 1. ). The process
lives on D* = DUA with A playing the role of a cemetery state. We denote by P,
and FE, the corresponding probabilities and expectations, and define the transition
measure p(t,z,dy) for L by

p(t,z, B) = E, (exp (/Ot V(X(s)) ds) L X(t) € B) ,

for measurable B C D.
Definition. If

/0 p(t,z, B)dt = Em/o exp(/O V(X (s))ds)lp(X(t))dt < oo,

for all x € D and all B CC D, then

G(z,dy) = / p(t, x, dy) dt
0

is called the Green’s measure for L on D. If the above condition fails, then the
Green’s measure for L on D is said not to exist.

In the former case, G(x,dy) possesses a density, G(x,dy) = G(z,y)dy, which is
called the Green’s function for L on D.
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For A\ € R define
CrA(D) = {uecC?*D) : (L-Nu=0andu>0in D }.

The operator L — A on D is called subcritical if the Green’s function exists for
L — X\ on D; in this case Cp_(D) # 0. If the Green’s function does not exist for
L —Xon D, but Cp_»(D) # 0, then the operator L — X\ on D is called critical.
In this case C_»(D) is one-dimensional. The unique function (up to a constant
multiple) in C_»(D) is called the ground state of L on D. Finally, if C,_x(D) = 0,
then L — X on D is called supercritical.

A handy alternative way of characterizing subcritical operators is as follows :

L on D is subcritical if and only if there exists a ¢ € C*"(D),n € (0, 1] satisfying
¢ >0, Lo <0and Lo #0.

If V= 0, then L is not supercritical on D since the function f = 1 satisfies
Lf =0 on D. In this case L is subcritical or critical on D according to whether
the corresponding diffusion process, X (t), is transient or recurrent on D . If V' <0
and V # 0, then L is subcritical on D.

In terms of the solvability of inhomogeneous Dirichlet problems, subcriticality
guarantees that the equation Lu = —f in D has a positive solution u for every
0 < f € CI(D). If subcriticality does not hold, then there are no positive solutions
for any 0 < f € C7(D).

One of the two following possibilities holds :

1) There exists a number A\.(D) € R such that L — X on D is subcritical for A >
Ae(D), supercritical for A < A.(D), and either subcritical or critical for A = A.(D).

2) L — X on D is supercritical for all A € R, in which case we define A\.(D) = oc.

Definition. The number \.(D) € (—o0,o0] is called the generalized principal
ergenvalue for L on D .

Note that A.(D) = inf {A € R : Cr_x(D) # 0}. Also, if V is bounded
from above, then (1) holds. The generalized principal eigenvalue coincides with the
classical principal eigenvalue (that is, with the supremum of the real part of the
spectrum) if D is bounded with a smooth boundary and the coefficients of L are
smooth up to dD. Also, if L is symmetric with respect to a reference density p ,
then \.(D) equals the supremum of the spectrum of the self-adjoint operator on
L?(D, pdx) obtained from L via the Friedrichs’ extension theorem.

The generalized principal eigenvalue is monotone nondecreasing as a function
of the domain. It is continuous with respect to monotone increasing sequences of
domains.

For D C R, d > 2, let {D,,}°, be an increasing sequence of bounded domains
satisfying D = (J,—_; D,, and define the generalized principal eigenvalue at co by

Moo = lim Ao(D\ Dy).

Since A. is monotone nondecreasing in D, A « is independent of {D,,} > ;. If L is
symmetric with respect to a reference density p , then . « is equal to the supremum
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of the essential spectrum of the self-adjoint operator on L?(D, p dz) obtained from
L via the Friedrichs’ extension theorem.

Ifd=1and D = (a,b),a € [—00,0),b € (—00,¢],a < b, define the generalized
principal eigenvalue at 00 by

Aeqoo = lim Ac((bp, b)) and Ae oo = lim A.((a,an)),

n—oo

where a,, | a,b, T b.
Let h € C%"(D) satisfy h > 0 in D. The operator L" defined by

1
L"f = 2 L(h)

is called the h-transform of the operator L. Written out explicitly, one has

Vh Lh
Lhf=1L — V+ —,
f ota 3 + 3
where Lo = %V -aV 4+ b- V. All the properties defined above are invariant under
h-transforms.
For further elaboration and proofs see [13, Chapter 4.].
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