JOURNAL OF APPROXIMATION THEORY 24, 51-77 (1978)

Some Problems in the Approximation of
Functions of Two Variables and n-Widths
of Integral Operators

CHARLES A. MICCHELLI*
IBM Research Center, Yorktown Heights, New York 10598

AND

ALLAN PINKUS*:t

Department of Mathematics, Technion-Israel Institute of Technology, Haifa, Israel
Communicated by Carl de Boor

Received February 15, 1977

We explicitly obtain, for K(x, y) totally positive, a best choice of functions
Uy yeoy Uy and v, ,..., v, for the problem min, , (35| K(x,») — T, uix)
v dy? d)/?, where u; € L?[0,1], v,e L'0,1%,i = 1,...,n, and pe[l, o]
We show that an optimal choice is determined by certain sections K(x, &)),...,
K(x, &), and K(ry,¥),..., K(z,,,») of the kernel K. We also determine the »-
widths, both in the sense of Kolmogorov and of Gel'fand, and identify optimal
subspaces, for the set X, = {ff(x) = I, ak{x) + [5 K(x, y) h(») dy,
(@ ..., a) € R, || All, < 1},asasubset of L0, 1], witheither p = o andg e [1, wo],
or pell, o] and g = 1, where {k,(x),..., k,(x), K(x, y)} satisfy certain restric-
tions. A particular example is the ball &, , = {f: f"V abs. cont. on [0, 1],
|, < 1} in the Sobolev space.

1. INTRODUCTION

Our main motivation for this work is the classical result of Schmidt[11] (see
also Courant and Hilbert [1, p. 161]) concerning the best approximation of
an integral operator by finite rank operators. His problem begins with a real-
valued kernel K(x, y) in L? of the unit square [0, 1] x [0, 1]. The Schmidt
numbers of the associated integral operator

®N@ = | K ) f(O) dy a1
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are defined as the eigenvalues of the operator K"K (K7(x, y) = K(v. x). the
transpose of K) given by

KTK; = Npy i == 1,2,...,

with
AL = Ay o

and

1
Fe ) = | ) gy =3, ij=12.
The Hilbert-Schmidt decomposition of K(x, y) is

K(x,y) == z P X) é(») a.c.. (1.2)
i=1
E. Schmidt proved that the best mean square approximation to K(x, y) on
the square [0, 1] x [0, 1] by functions of the form
u(x) 02(¥) = -+ uax) 0(p), uy, v, € L2[0, 1] (1.3)

is obtained by simply truncating the sum (1.2) after the nth term and the error
of approximation is (¥, A,)"/2. In other words,

. 1 5,1
min [ |
uvi dg Jo

- f: fol ‘ K, y) — g halx) <J5i(y)i2 dx dy

K ) — Y ) ()| dvdy

This result, in the language of operator theory, states that for the trace norm
on the class of Hilbert~Schmidt operators (1.1), given by

© 1/2
| Ko — (trace(kTROP = (£3)
1
the best rank » approximation to X is

Kaf = 3 . .
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It is remarkable that this extremal property of the series (1.2) also remains
true when we give K the usual operator norm defined by

| Kllg,e = - Sup, I Kf Iz = X%,
lly <1
1 flle = (LI, | f(x)|? dx)}/?. The fact that K, is the best rank n approximation
to Kin the operator norm as well, is a familiar result on s-numbers of compact
operators on Hilbert spaces, see Pietsch [9]. For the possibility of other
choices of best rank n approximations to K in the operator norm see [4].

The problem of approximating real-valued functions K(x, y) in various
norms by sums of products of (real-valued) functions of one variable (see
(1.3)) and its relationship to #-widths is the subject of this paper. In Section 2,
we solve this problem for mean approximation

1 5,1
(Ko =] [ 1 KCo )l dxdy.
0

We find that a best choice of functions u ,..., u, , and v, ,..., v, is deter-
mined by certain sections K(x, &,),..., K(x, &,) and K(7y, p),..., K(v, , ¥) of
the kernel K, provided that K is a nondegenerate totally positive kernel. This
result includes the case announced earlier in [7].

In Section 3, we consider the n-widths of certain subsets of L?. In partic-
ular, for the Sobolev space W, defined by

gf f(x) = Zax + 1)'_[ (x — YL FO(3) dy,
(o @y e @y ) ERE £ I, < 00

we compute the n-width in the sense of Kolmogorov and Gel’fand and
identify optimal subspaces for the set

gr,v = {ffe Wpr: Hf(” ”p < 1}

considered as a subset of L70, 1] with either p = o0 and ¢ge€][l, o], or
pe|l, ] and g = 1. Recall that the Kolmogorov n-width is defined by

dn(‘%r.p; Lq[o, 1]) = inf sup inf “f'_ g ”q s

X, €%, ,9€X,

where X, is any n-dimensional linear subspace of L?[0, 1], and the Gel’fand
n-width is defined by

A%, ,; L0, 1] —1nf sup |1 fllg>»

L, fe#, ,NL,

where L, is any subspace of L¢[0, 1] of codimension #.
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in Section 4, we return to a discussion of the 2-dimensional approximation
problem considered in Section 2, but for mixed (L?, L9) norms. Lower bounds
for the error are given in terms of certain Kolmogorov n-widths of the
integral operator (1.1). The results of Section 3 allow us to show that these
lower bounds are sometimes attained. In particular, under the assumptions
of Section 2 on the kernel K, we are able to obtain a best choice of functions
Uy ,..., U, and vy ,..., v, for the problem

n

min [ ([ &) = 3w 0] ) )

UiV, .
(2047 P § / /

where u; € L?[0, 1], v, € L'[0, 1], i = 1,..., n, p e (1, «o]. As in Section 2, an
optimal choice is determined by certain sections K(x, £),..., K(x, £,) and
K{7y,¥),..., K(7,, , ) of the kernel K. The results of this section extend those
discussed in Section 2.

2. MEAN APPROXIMATION

In this section we find

B = min [ ['|Ke) = 3 weou() dedy. @)

#iVq

where the minimum is taken over u; , v; € L0, 1], i = 1,..., n, and identify
an optimal choice of functions for a certain class of kernels K.

DEeriNiTION 2.1. A real-valued kernel K(x, y) defined and continuous on
[0, 11 x [0, 1] is called totally positive if all its Fredholm minors

P (31 >--~>Sm) _ K(Slz’ tl) K(Slz, fm)

tl EARAS ] tm

K+ 12) = K5 » 1)

are nonnegative for 0 <{s; < - <5, <1,0< < <1, <1, and all
m= 1.

Our first theorem below requires a condition on K(x, y) which is stronger
than total positivity. This theorem deals with an extremum problem whose
solution is guaranteed in a closed simplex. However, we wish to assert that
the extremum actually lies within the interior of the simplex. Thus to avoid
the possibility that it occurs on the boundary of the simplex we require X
to be nondegenerate totally positive. Before defining this requirement on X,
let us state the theorem.
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To this end we define, A, = {515 = (81,00, ), 0 = 5 < 5y << =+ <T 85, <
Sp+ = 1}, the step function

hs(x) = (—l)l: 8 < x < Sit1 s i= 05 ]s'“a n,

and also let || fl; = _[3 | f(x)] dx.

THEOREM 2.1. Let K be a nondegenerate totally positive kernel. Given any
n =1, there exists a £ € A, , such that for any te A, ,

| Khg ly <[] Khy lly -

Moreover, Kh; has exactly n distinct zeros in (0, 1) at 7y,..., 7, , With 7 =
(r1 5. ) €A, and

sgn Kh, = h,, 2.2
sgn KTh, = h, . 2.3)

(When Kh, or K7h, are zero in (2.2) or (2.3) we assign a value to the sgn so
that the equations are valid.)

The proof of this theorem requires information on the number of zeros of
the function Kh; . The basic fact needed is the following lemma (see [5, 6, 8]
for similar results.)

LemMA 2.1. Let K be a totally positive kernel and t € A,, , be given. If Kh,
vanishes at s€ A, , then for any x €0, 1] either (—1)! (Kh;)(x) > 0, where
§; K x <K $4q, for some i, 0 <1 << m, or the functions K(sy , ¥),--cr K(Sp » ¥),
K(x, y) are linearly dependent on [0, 1].

Proof. If xe[0, I\{s; ..., 5} and s; << x << 8,44 for some i, 0 <i < m,
and K(sy, »),..., K(s;, ), K(x, ¥), K(5;:1 » ¥)s---, K(S , ¥) are linearly in-
dependent then there exist nontrivial constants o ,..., %,,; such that
o;(—1Y* = 0,5 =1, 2,..., m + 1, and the function

u(y) = ouK(sy,y) + = + 0 K(s;, ) + 0 KGx, ) + - + U1K (S, ¥)

satisfies (— 1) u(y) =2 0,1; <y < t;44,i =0, 1,..., m. This fact is proven by
“smoothing” the kernel K so that the functions K(s, »),..., K(s; , »), K(x,
)seees K5 » ¥) form a complete Chebyshev system. We will not go into the
details of this standard technique. Let us observe that the function u(y) is
nontrivial by virtue of the linear independence of K(sy, y),..., K(s:, )),
K(x, y),..., K(s. , ¥).
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We use the function u(y) as follows:

0 a(RR)() = a(K)(sy) + =+ a(Kh)(s:) + ia(Kh(x)
A 4x,m+1(Kht)(Sm)

1 A1
= | w(y)h(y)dy = J Lu(y)idy > 0.
0 [

Thus the lemma is proven.
The relationship of the zeros of Kh, to linear dependence as expressed
above, leads us to

DermNITION 2.2. A totally positive kernel K is called nondegenerate
totally positive on [0, 1] provided that

1. For every m > 1 and every choice of 7point, t4,,, and s-point
sed,,, the sets of function {K(sy , ¥),..., K(s,. » ¥)}, {K(x, t),..., K(x, t,,)} are
linearly independent on [0, 1].

2. For every m = 0 and every choice of z-point and s-point, as above,
one of the four sets of functions {K(0, »), K(s; , ¥)s--.s K(Sps » ¥}, {K(S1 5 ¥)seers
K(sn » ¥), K(1, )}, {K(x, 0), K(x, ty),..., K(x, 1))}, {K(x, t,),..., K(x, 1), K(x, 1)}
is linearly independent.

Note that whenever K is nondegenerate totally positive then so is K7. The
kernel K(x, ) = (x — ¢)7"%, r = 2, is nondegenerate totally positive, see [12].
However, the totally positive kernel

K(x, 1) = x(1 — 1), 0
t

=11 — ), 24)

is not because it vanishes everywhere on the boundary of the unit square and
hence Property 2 is not satisfied. Property 2 is needed to insure that zeros of
Kh, occurring at the ends of the interval [0, 1] may be taken into considera-
tion. Property 1, which holds for (2.4), is insufficient for this purpose.

We draw the following conclusion from Lemma 2.1 which is necessary in
the proof of Theorem 2.1.

LEmMMA 2.2. Let K be a nondegenerate totally positive kernel. Then for
every n = 0 and t-point, t € A,, , the function Kh; has at most n zeros in (0, 1).
If Kh, has exactly n zeros at s€ A, , then

(i) these zeros are sign changes,
(ii) the orientation of Kh; is governed by the equation sgn Kh, = h ,

(iii) at least one of the numbers (Kh)(0), (Kh)(1), (KTh)(0), (KTh)(1) is
not zero.
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We are now ready to prove the theorem.

Proof. The minimum of the continuous function F(t, ,..., t,) = || Kh; | is
achieved on the closed simplex 0 <t < - <{¢, < 1. Hence there are
values 0 << & < -+ < &, <1, 0 << p < n, such that || Kk, ||, < | Kh, |, for
all t =(4,..., 1,). We claim that p = n. To prove this we observe that by
Lemma 2.2, Kh, has at most p distinct zeros in (0, 1). Hence F is a differenti-
able function and by the optimality of KA. we have

0= %F(rl e tlne = 2=t | " sen(Kho)(x) K(x, &) dx,
[=1,..,p. (2.5

Let 0 <7y < <7 < 1,0 <m < p, denote the location of the sign
changes of Kh, , and let u be a sign, u? = 1, such that w(Kh )X(x) h,(x) = 0,
xe[0,1], 7 = (74 ..., Tw)- Then upon simplification (2.5) reads (K7h,)(E)
=0,i=1,.,p, and so Lemma 2.2 implies p <X m. We conclude that
p = m and again by Lemma 2.2, sgn Kk, — A, and sgn K7h, = h. . We will
now prove that p = n. The idea is to show that if p << n then (Kk.)(0) =
(Kh)(1) = (K7h,)(0) = (KTh,)(1) = 0 which contradicts Lemma 2.2, Let us
deal with the left hand endpoint as the argument for the right hand endpoint
is similar. By Lemma 2.2 we know that (K#,)(0) > 0 and (K74,)(0) > 0. Now,
ifp<mnthenforalle, 0 <e < &,

| R dx = ety )
<Fle, &y £,)
= Kkho) — 2 [ K y)dy . @
The function P.(x) = (Kh)(x) — 2 [§ K(x, ») dy has, by Lemma 2.2, at most

p + 1 zeros. Furthermore, for € small, P, has p sign changes near the sign
changes of (Kh,)(x) and slightly to the left of the first sign change of KA, , P

€

is positive (because Kh, begins positively). Now, if P, has no more zeros in
(0, 1), then sgn P, = h,(, , for some 0 < 7y(e) < - < 7,(e) < 1 and 7e) —
7,as e — 0+, Thus

Fle by ) = [ " h o ()KRY) — 2 [ &)
< " (KR! dx — 2 [ Ko} ) dy

= P ) =2 " (KTh, o)) dy.
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For e sufficiently small, K7h.y()) > 0,0 <2 v < e. This inequality contradicts
(2.6) and we conclude that P, has exactly one more zero in (0, 1). Moreover,
since P, == —Kh,() where &(e) = (e, & ,..., &,), Lemma 2.2 implies that this
zero is a sign change, that it must be the first sign change of P, and to the left
of it P, is negative in (0, 1). Hence we conclude that for € small, P(0; ¢) = 0.
Thus (Kh,)(0) < 0 and so it follows that (K&:)(0) = 0. Returning to (2.6) we
have by an easy computation
0 < ]Hgl e (F(e, E1 oo ) — F(gl soens €3)) = —2(K"h,)(0),

whence we conclude (K74,)(0) == 0. We now apply the above analysis to the
right hand endpoint to obtain (Kh.)(1) == (KTh,)(1) = 0. This contradicts
Lemma 2.2 and the theorem is proven.

Let us remark, that if K is totally positive and only Property 1 of Defini-
tion 2.2 is satisfied, then we may show that p defined above is > n — 1. This
is accomplished by comparing F(¢, ,..., &) to F(§ — €, £ -+ €, & ..., &,) for
any £, 0 < £ < &, and e sufficiently small.

The following corollary, although not explicitly used in the solution of the
mean approximation problem (2.1), is an expression of the symmetry of
Theorem 2.1 under replacement of K by K7.

COROLLARY 2.1. Lett = {7y ,..., 7,) be the t-point defined by Theorem 2.1.
Then
1 KTh, [y <[ K"hg iy
for every se A, .

Proof. Given any s € /,, there then exists a 1 € 4, , such that (KA,)(s;) == 0,
i=1,2,..,n,see[8]

Hence by Lemma 2.2, sgn Kh, = h, and by the optimality of ¢ = (&;...., £,)
given by Theorem 2.1, we have

| K7, |ly = (K"h, , he) = || Khe [y
< ” Kht “1 - (hs 5 Kht) - (KThs s ht)
<|| K7h, ;.

To proceed further we require one final lemma (see [S, 6, 8] for similar
results).

Lemma 2.3. Let 7 = (7q your, Ty), € = (&1 5., &) be defined by Theorem 2.1.
Then

Kang)=o

Proof. Suppose to the contrary that there exist nontrivial constants
0y ..., &, such that the function u(x) = X;_, «;K(x, £&,) vanishes at 7, ,..., 7, .
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There exists a ze (0, 1) such that u(z) % 0. Thus for some constant c,
Kh, — cu vanishes at 7y ,..., 7, , z. Let v( ) be a nontrivial function, o(y) =

BiK(ry , ¥) — = + BuK(7a » ¥) + BuuK(z, y) such that (—1)" v(y) = 0,
fi < ¥y < $i+1 s [= 05 15-“3 n. HCnCC

0= Z Bi(Kho)(rs) — cu(r)) + Braa((Khe)(2) — cu(2))

~ [y~ > €

= ["1ew)Idy >o.

This contradiction proves the lemma.
We are now prepared to state and prove the main theorem of the section.
To this end, observe that the function

E,y) =K (2 Y k(G Q2.7
}a§1s~- & gn

may be expressed as

n

= K(x’ y) - Z Cin(X, fz) K(Tj s }’),

i.d=1

where
= (DR (g e ) K (G )

Therefore,

n

E 1(K)»mmf j \K(x ¥ — 3 ufx) vl(y)‘dxa’;

g=1

< [ [1 ECe ) dx dy. (2.8)

0 Yo

Actually, we have

THEOREM 2.2. If K is a nondegenerate totally positive kernel and E, ,(K) is
as defined in (2.1), then

1 1
Eua(K) = [ [ 1EG )l dvdy =1 Khel)

— [ K -

n

Y () )| d dy,
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where u(x) — K(x, &) and v(y) = 3, ciK(r;,¥), i = 1,...n, and the
{1, {71 are as defined in Theorem 2.1.

Proof. By the Hobby-Rice theorem {[2], we know that given any n»
functions vy ,..., v, € L0, 1] there exists a te€1,, 0 <k < n, such that
f; v(») h(y)ydy = 0,i =1, 2,..., n. Let h(x, v) = h(») sgn(Kh)(x). Then for
Uy ..., Uy € L0, 1],

[ Khel < [ (KR dx

n

[ (Ko = 3 ) ) ) s ) de

i=1

< [ Ke) = 3 i o] dx v

g=1
Thus, since u; ,..., U, , Uy ,..., U, Were arbitrarily chosen in L![0, 1], we have

P Khe lly < By 2 (K).

Also, we have, in view of (2.2), (2.3) and (2.7),
[ 1B dd
= [ B ) b ) ey
:L%mmnmwmx—;%mwm@w@@»
[ kB dx = Kl

which together with (2.8) finishes the proof.

This theorem states that the best approximation in the mean on the
square [0, 1] % [0, 1] may be accomplished by interpolating K(x, y) with
the sections K(z; , v), K(x, &) at (r;, &), i,j = 1,..., n.

The condition of nondegenerate total positivity was imposed so as to
insure that 0 < ¢, << < §,<1,and 0 <1, < -+ <7, <1. However,
if K(x, y) is only totally positive on [0, 1] x [0, 1], and if there exist 0 <{ x; <
< x,<land 0 <<y, < -+ <y, < 1 such that

% (xl yeees x,,) ~0
yl seees Vo
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(if not, then E, (K) = 0), then by “smoothing” K(x, y), both with respect
to x and y, it is possible to prove that E, (K) = || Kk, ||, , where as
in Theorem 2.1, || Kh; |, = inf0<‘n1<...<n"<1 | Khy fz -

Specifically, the method of smoothing we have in mind replaces K(x, y) by

K{x,y) = f: f: G, o) K(o, 7) G(r, y) do dr,

where

1 1/x—y\2
Gdx, y) = e(2m)l/2 xp [_5( € . )]’ «=0.
Then K, is strictly totally positive (because G, is) and thus certainly satisfies
the hypotheses of Theorems 2.1 and 2.2. Since K, converges to K as € |0,
the above assertion follows directly.

In the remainder of the paper we will show the relationship of the previous
problem, as well as a general version of it for mixed (L?, L% norms (see
Section 4), to certain Gel’fand and Kolmogorov widths. As these results on
widths are of independent interest we devote the next section to their discus-
ston.

3. WIDTHS

In this section we compute exactly the Kolmogorov and Gel’fand widths
and identify optimal subspaces for certain subsets of L?[0, 1], 1 < p < 0.
The norm of fe L? is denoted by || f||, and p’ is used to denote the conjugate
exponent defined by 1/p + 1/p" = 1.

We begin by recalling the definition of Kolmogorov and Gel’fand »-
widths. Let X be a normed linear space, A a subset of X, and X, any n-
dimensional linear subspace of X. Then, the n-width of U relative to X, in the
sense of Kolmogorov, is defined to be

d(U; X) = infsup inf || x — |,

X, xeWU yeX,
and X, is called an optimal subspace for ¥ provided that

d,(A; X) = sup inf || x — y |

xeW yex,
= 5(U; X,).
The n-width of 2 relative to X, in the sense of Gel’fand, is defined as

dr(A; X)=inf sup x|,

L, xeANL,
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where L, is any subspace of X of codimension . If

d"N; XYy - osup v
xelNL,
then L, is an optimal subspace for the Gel’fand n-width of 2.

Our sets have the following form. Given functions k,(x),..., k£,(x) defined

and continuous on [0, 1], and a kernel K(x, ¥) jointly continuous in x, y &
[0, 1], we define

%;",17 -

T 1
Y. aki(x) + fo K, p)h(p)dy @ (ay ..o a,) € R i h ], < 1;- 3.1
j=1

The prototype of this class of sets is the choice kj(x) = x'~,j = I,..., r and
K(x, y) = (1)/(r — D)D(x — »)'7". In this case A, , is simply the ball

By ={f: fV abs. cont., [ f i, < 1. (3.2)

In the general case, we will consider ;. , as a subset of L]0, 1] for some
g, 1 < g < oo, and as such compute its Kolmogorov and Gel'fand »#-widths
when certain addition hypotheses are satisfied.

For our purposes, in Section 4, where we study mixed (L?, L?) approxima-
tion to K(x, y) by functions of the form (1.3), we will only need the results of
this section when r = 0. However, for the sake of (3.2) we deal here with
r > 0 as well and require that the following properties hold.

L.

K (xl LARRE >\:7' E] v\‘7'+‘1 seees Npy m)
L., V1 reees P

kl(_xl) kr(xl? K(f\".l Sy K(—\'l_a Vm)

kl(xr+m) kr(xr—rm) K(.\”,.,,,m p }"1) K(XT+’VVI s .}'m)

is non-negative for any points 0 <y, < - <y, <1,0<x < <
Xrem << 1 and integer m > 0. Furthermore, we require that for any given
y-point 0 << y; << =+ < p,, < 1 (x-point, 0 << x; <<+ << X,,,, < 1) the above
determinant is not identically zero for all x-points ( y-points).
I1. {k(x)},_;- is a Chebyshey system on (0, 1), i.e., for any 0 << x; <
e << x, < 1,
Xppeees X\
K( 1., )/O'
In particular, when r =: 0, Property I implies that K is a nondegenerate
totally positive kernel since Property I above implies that the functions
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K(x1 5 1) K(X » ¥), K(1, y) are linearly independent on [0, 1]. This
property is more restrictive than the requirement of nondegenerate total
positivity and we could relax the hypotheses I and II somewhat in what
follows. However, for us it is important that these properties hold for the

special case (3.2), see [12], and they shall always be assumed to hold in this
section.

3.1. Kolmogorov n-width,p = x©,1 < g < ®©
Our objective is to find

dn(Hr,; L]0, 1]) = inf sup inf ||/ — g1, .
X,

n [€X 4 0 8€Xp
The computation of the n-width when ¢ = oo was done in [5] and so we

here restrict ourselves to considering ¢ < 0.
We introduce the class

P,=tk+ Khy:ted,,0<p<nkeQl
where Q, = [ky ..., K, J([f1 ,--.» /] = the linear space spanned by f; ,..., fin)-

A typical element of #,, will be denoted by P or by P, . Thusif P, € #, , then
P, =k + Kh,for some ke Q, .

THeEOREM 3.1. Given integers m, r = 0 and a number q, 1 < q << oo, then
there exists £ € A, and k € Q, such that Pf = k + Kh, satisfies

PNl <11 Plla s (3.3)

for every P e P, . Moreover, P§ has exactly m + r simple zeros in (0, 1) at
0 <1 < < Ty < 1 and hence

sgn P{(x) = (—1)" h(x), (3.4)
sen ([ [ PEOI bW KG ) d) = (<1 R, G)

and
[ PO T () k() dx =0,  i= T, (3.6)

Note that when r = 0, ¢ == 1, and m = », this theorem reduces to
Theorem 2.1. The proof of the general case follows the proof of Theorem 2.1
with only slight modifications. The details require the following generalized
versions of Lemma 2.2.

640/24/1-5
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LEmMMA 3.1. For given m,r = 0, P € &, has at most m — r zeros in (0; 1).
If P has exactly m + r zeros at s € A, , then these zeros are sign changes,
the orientation of P is governed by the equation sgn P = (—1)" h,, and
P() # 0.

Proof. Let P ==k + Kh, ,ke Q,,tc/, . Assume P has at least r zeros
(otherwise there is nothing to prove) and let s = (5;,...,5,), 0 <5, < -+ <C
s, << 1. Then it follows that P == Jh, , where J(x, ») is the compound kernel

S ) = K (7 ) [k ()

Now, the kernel J(x, y) = (—1)" h(x) J(x, y) is totally positive, because
Sylvester’s determinant identity tells us that if 0 <<, < <x; <1,
0y, < <y <1, then

3 (X1 5oy Xg N (51 seres Sy

J (y1 ,...,yZ) =K (I,..., Fy ¥1 peens yl)/K ( 1,..,r ) ’
where 0 < z; < -+ < z;,, < 1 are the points of the set {s, ,..., 57, X3 ,..., X1}
arranged in increasing order. (Note that J(s;, ¥) = 0,7 = 1,..., r.) Now, if P
also vanishes at 0 <Cs5,.; << -+ < §,0, < 1, (say s, < s,,4), then it follows
directly from Lemma 2.1 and Property 1 that (—1) (Jh)(x) >0 for xe
(Spyi > Sryivn)s = Ly, my (Jh)(1) % 0, and (Jh)(x) > 0 for x € (s;, Si1),
i =0, 1,..., r. These facts immediately imply the results of the lemma.

We need another lemma similar to Lemma 3.1 which also reduces to
Lemma 2.2 in the case r == 0.

Lemma 3.2. Given ted, and g(x)e L=[0,1] such that sgng =h,.
Assume that (g, k;) =0,i=1,.,r. Then m = r, and K'g has at most
m — r zeros in (0, 1). If KTg has m — r zeros at s € A,,_, then the zeros are
sign changes and sgn K7g = (—1)" h, .

Proof. The fact that (g, k) = 0,i = 1,..., r, implies that g has at least r
sign changes is a well-known result obtained from the Chebyshev property
of {k,(x)};. The remaining proof is quite similar to that of Lemma 2.1.
Assume (K7g)(s) = 0,7 = L,..., m — r. Since ky(x),..., k. (x), K(x, 51);.-.»
K(x, Sm-r), K(x, y) are linearly independent for y € (0, D\{s1 ,..., Spm_.,}, there
exists a nontrivial linear combination u(x) = ¥;_; ak(x) + Yy bK(x, s;)
+ ¢K(x, y) such that u(x) A,(x) = 0, x € [0, 1]. Since c«(KTg}(y) = (u, g) > 0,
it follows that (K7g)(y) % 0 for y € (0, 1\{s, ,..., Spn—r}. It is easily shown, by
determining the sign of ¢, that sgn(K7g) = (—1)" A, in (0, 1).

We are now ready to prove Theorem 3.1.
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Proof. The existence of a minimum P} = k + Kh,, where £ = (§4,..., £,),
0<§ <<€, <1,0<p<m, follows directly. Using the minimality
of & we have that

1
[V PEI sgn PE) ki) dx =0, i= Lot
o
and

1
f | PX()|“ sgn PX(x) K(x, £)dx =0,  i=1,..,p.
Q

Let 0 <7, < - <7, <1,1>r, be the location of the sign changes of P
on (0, 1). Then according to Lemma 3.1,/ < p -} r, while Lemma 3.2 implies
that / >p -+ r. Thus / =r -+ p and by Lemma 3.2, sgn Pf = (—1)"4,.
Moreover, if p << m then the function P, , &(€) = (¢ ,..., €5, | — €) may be
compared to P¢ for € small and positive to show, as in the proof of Theorem
2.1, that P¥(1) = 0, This conclusion contradicts Lemma 3.1 and hence
p=m

We now turn to the computation of the Kolmogorov n-width of ;. .

Let r and g be as given, and apply Theorem 3.1 for each n 2> r with m =
n~—r, to obtain points 0 < & < <&,_, << ,0 <7y < - <7, < 1
and a function P} which satisfies (3.3)-(3.6). Since P} plays a distinguished
role in computing the n-width of J#, ., we give it the special designation
Zn.r.o(x). We will also use the notation g.(x) for g, ,(x) suppressing its
dependence on r and ¢. In addition, we define the n-dimensional subspace

‘Xn0 - [kl 2eees kr s K(: é‘:l)"", K(: 5%—1‘)]'
THEOREM 3.2.

do (A7, 5 L0, 1]) = o0, n<r,
:”gn”q: nz=r,

and for n = r, X,)° is an optimal subspace for the n-width of A, « .

Proof. Since the subspace Q, spanned by k; ,..., k, is contained in %,  ,
the n-width of 7, ., , when n < r, must be co. Now, suppose # == r. We will
first prove that || g, ||l; is a lower bound for the n-width. We proceed as
follows: The only n-dimensional subspaces in contention for approximating
A, are those which contain Q, . Let X, be such a subspace and assume for
the moment that ¢ > 1. Let X, be spanned by the functions k; ,..., k, , 4y ...,
Up_p

FOr €VErY Z == (Zy youes Znpyy) With iy "' 22 =1, we define t(z) =0,
t(2) =3, 1z%i=1,2,..,n—r + land £,(¥) = f(y; 2) = sgn z; , for t;_;(2)
<y <tz2,j=1,2,....n — r + 1. Note that f,(3) = +h(y) for some
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sed,,0 <k < n-r. Moreover, f(y, —2) = —f(y,z) for all = and y.
(This particular odd embedding of the surface of the n — r -~ 1 sphere into
the set of extreme points of the unit ball in L= is used in [10] to simplify the
proof of the Hobby-Rice theorem [2].)

The function Kf, has a unique best approximation in L2[0, 1] from the
subspace X, (because 1 << ¢ << co) which we denote by

r N F

Y D ki + E Buz) u; .

=1

Thus the mapping (z; ,...; Zp_ri1) —> (B1(2),-.., Bn_(2)) is a continuous odd
mapping defined on the n —r -1 sphere S™ " ={z: Z::{H z2 =1}
Hence, by the Borsuk Antipodality Theorem (cf. [31]), there is a z, € $*~ for
which B,(z;) =0, i = 1,2,..., n — r. Moreover, by the definition of g, we
have

r

. !
lgnle <[ Kfoy — 3 sla) ki
i=1

a

< Kfy — vl
for every function v € X, . Letting g — 1+ we have, forall ¢, 1 < g <

lgnlle < sup inf | f—uvi,.

feX 1o vEXy
Since X,, was chosen arbitrarily we obtain the desired conclusion,
I gn lle < dul#7, 3 L7100, 1]).
The proof of the upper bound for the n-width requires

LEMMA 3.3. Let0 < § < <€, <1,0 <7 <+ <7, <1, bethe
points given by Theorem 3.1 corresponding to g, . Then

KT g i) =0

The proof of this lemma is similar to the proof of Lemma 2.3. We omit the
details (see [5, 6, 8] for related results). Using this lemma we define the
unique linear interpolation operator S from C[0, 1] onto X,,° by the condition
that

(SH)(r) = f(7)), i=1,.,n

We shall show that supsesr f—Sflle <! g l, and since
d (A5 L2]0,1]) < SUPsesr, . lLf — Sfll, , this will prove the theorem.
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To this end, observe that if fe £, ., has the representation f = k& + Kk for
some k€ Q, and || 4|, < 1 then

K e e

1
f6) =D = | LS S () dy.
COK( e T
Therefore
Tis o o« ,‘r,,,xj g
swp 1/ —srig< [ [ K 50 dy | dx
feX 1 0 0 0 K(Tl, e ,T,,,)
| N A S S
K‘rl, e L TR X ¢
:-[)1 J;l (I,T,lr,' fl ,...., fn_r ;j/) h(y) dy | dx
k() £ g,,;,)

and because g, = P, = k + Kh, for some k € Q,

:Hgn _Sgn”g = ”gn'|g

The last equality follows since g,(7,) = 0, = 1,..., n, and hence Sg, = 0.
Thus the theorem is proven.
We now turn to the computation of the Gel’fand »#-width of #;. ., .

3.2. Gel’fand n-width, p = 00,1 < q < 0.

The case ¢ = oo was done in [5]. We again assume that ¢ < oo and define,
for n > r, the subspace

Lno = {f:fe C[Os 1]5f(7'z) - 09 i= 15 2’-“9 n}'

L,%is a subspace of C[0, 1] and since Sf = 0, if f € L,.°, the proof of Theorem
3.2 implies that

%up “f”q <H 8n Hq‘

feL, o,

This inequality does not give an upper bound for the Gel'fand n-width of
A, . since by definition

dn(H; .3 L0, 1]) = inf  sup | /], 3.7)

Ly feLnH 4 0

where the infimum is taken over all subspaces of L9[0, 1] of codimension 7.
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Clearly, L, does not fit this requirement. However, let us ‘“‘smooth”™ L,°
slightly to
L) — 2,/‘:fe Lo, 1), | C ) dy =0, = 1,2, al.

T

For € > 0, e small, define

1) = (S = [ Rex 2 9 () dy,

where
Tite e o Ce . g X
f K( 1 » Unos )dal"'da,,
. - | FD R N SR
R(X, ¥y E) = TyteE Tpt€
” - 0-1 bl . . . b Gn
f f l\( )dol'--dcrn
. ™ Lo,ré . €,

S.fis the unique element in X,° such that

Tite

[ U=shwax =0, i=12..n

i

When ¢ =0,S, =S and [S.f— Sf], <max,, | R(x, y; &) — R(x, y;0)
[ Al . Thus

sup [ fllg <| gniq — max | R(x,y: € — R(x,y:0).
feL,UINKH o X,y

The expression max, , | R(xX, y; €) — R(x, y; 0)| goes to zeros as e — 0" and
thus | g, ||, does provide an upper bound for d”(¥;. ., ; L0, 1]).

The fact that || g ||, is a lower bound for the Gel’fand #-width is proven in a
fashion similar to the proof of Theorem 3.2. The argument goes as follows:
if L, is a subspace of codimension n of L?[0, 1] with supse; onx I flly < o2,
then L, N Q, = {0}. Thus if '

L, ={f:feLM0,1], (u;,f) =0,i = 1,...,n},

where u, ...., u, are linearly independent functions contained in L7[0, 1],
then the matrix ((;, k;)) has full rank r. We may assume without loss of
generality that det((y; , k;)):.;1.....» 7 0. Setting

K(xa }") kl(x) kr(x) (ul 5 kl) e (ul > kr)
s KCow) Gk k| | ~

s

NCx, y) =

(LI.,. P K(a )’)) (ur a k) oo (ur . k) / (u,, kyy (ll,- s kr)
(3.8)



APPROXIMATION AND N-WIDTHS 69

then fe L, N A, ,,ie, f=k+ Khel,, forsome keQ,, | h|. <1, if
and only if f= Nh and (v;,h) =0, i =r + 1,..., n where v; = N7u, . Now,
by the Hobby-Rice theorem, [2], there is an A, s = (sy,..., 5), 0 <k <
n —r, such that (v;,h,) =0,i =r + 1,...,n. Hence fy =k + Kh,e L, for
some k € Q, . Therefore we conclude by the minimality property of g, that

I &nlle <iifolle < P /e -

LA

Since L, was an arbitrary subspace of codimension r of L2[0, 1], we finally
obtain

1 &nlle = d™(H; 5 L0, 1)).

Incidentally, we may in the proof of the lower bound allow L, to be chosen
from the larger class of subspaces of codimension » of C[0, 1] and still obtain
the same result. Perhaps, it is best that we extend the definition of the Gel’fand
n-width to make this remark precise.

For a subset (7 of a normed linear space (X, ] -|) and a set § of linear
functionals defined on 7 we let the Gel’fand n-width of (7 relative to X and §
be

dril; X, &) = infsup | x|

L, x€L,

where L, ={x:xe, F;x =0,i = 1,..., n} and the infimum is taken over
all Fy ..., F, e & If & = X* (norm dual of X) then from our previous defini-
tion

dM; X, X*) = d™(; X).

Thus we may conveniently summarize our previous remarks in

THEOREM 3.3.

A" A 3 L0, 1]) = d"(A;., 3 L0, 1}, C*{0, 1]) = o, n<r,
i &nlle, nz=r,

and for n = r, L,® is an optimal subspace (of C*[0, 1)) for the Gel'fand n-
width of A, . -

3.3. Kolmogorov n-width, 1 <p < o0,q =1

The case p = 1 was previously done in [6]. Although p == o0 was done in
Section 3.1 the following discussion also holds in this case. Thus we assume
1 < p < oo. For this problem we need
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THEOREM 3.4. Given any n,r with n 2= r and p, 1 < p =l w0, there exists
an n € A, such that for any t € A, satisfying the condition

(kz'sht) == 0,11 la"'y r, (39)
we have
VKT, Nl << | KTy (3.10)

Moreover, t = 7 satisfies (3.9) and KTh, has exactly n — r distinct zeros in
0,1) at {eA,_,. Hence

sgn K7h, == (—1)" h,.

The proof of this theorem is similar to the proofs of Theorems 2.1 and 3.1.
We omit the details.
We are now ready to compute z#-widths. Let us first define

an = [kl seeey kr P K(, él)""a K(a gnﬂr)]
and

LY={f:feC[0,1],f(n) =0,i=1,2,.,n}.
THEOREM 3.5.

d (A, ,; LMO, 1]) = oo, n <r,
=[|K"h,\ly, n=r,
and for n > r, X,;* is an optimal subspace for the n-width of A4, , .

Proof. We first prove the lower bound. Let X, be any n-dimensional
subspace of 1[0, 1] such that (4, ,; X,,) < . Then @, C X,, and by the
Hobby-Rice Theorem there exists a t € A, , 0 < k < n, such that the norm
one linear functional F(y) = (, k) annihilates X, . Thus we conclude that

A, p; Xo) = sup [(f, hy)i
fex”

and keeping in mind that Q, C X, this simplifies to
S(J{T,p; Xn) = ” KTht ”:o'
= KThn ”p'-

The arbitrariness of X, implies that the desired lower bound is valid.
The reverse inequality requires

LEMMA 3.4.

Ko i) =0
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The proof of this lemma is similar to that of Lemma 2.3 (see [5, 6, 8] for
similar results). Therefore we may define an interpolation operator
T: C[0, 1] — X,* by the conditions

(TH) = f(ads i = 1,...,n.
Then as in Theorem 3.2, if f =k + Kh, ke Q,, || h], < 1, we have

@) — @) = [ 0rgn i) h(y) dy
vk e

and

sup | f— Tflly
red”

TP

p! 1/»

(7)1, L. ’nnax)’

- J.l fl Lo s Gises Gnr s ¥ dx dy
R

M « - - M. X

_ J.l Jl K (1,..., s Lur ’y) h(x) dx dy
0 0

771 s - - - s nn
K(l;"': r, gl EARAS ] Cn—r)
Since (k;, h,) =0,i=1,...,r, and (K(, {,), h,) =0,i=1,2,....,n —r, the
above simplifies to

'y 1/p’

sup |[f — Tflh < KThy ||,
fe

TP

Thus
d( Ay, 05 L0, 1]) = Sup If— Tfih = KTh, ||y .

TyP

Finally, we have

3.4. Gel'fand n-width, | <p < co,gq =1
Again p = 1 was done in [6] while p = oo is included in Subsection 3.2.
We assume here that 1 < p < c0.
THEOREM 3.6.
d™(HA;.,»; L0, 1]) = oo, n<r,
= K"h,ll,y, n=r,

and for n = r, L,} is an optimal subspace for the n-width of A, ,, .
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Actually (see the proof of Theorem 3.3) L, is a “‘nearly”” optimal subspace.

Proof. The upper bound

sup S osup S — Tfy e KTy,

IELnln'{r.n fe‘%'/r,;)
follows from the proof of Theorem 3.5.
For the lower bound, we let L, be any subspace of finite codimension 7 of
L0, 1] such that SUPser A, |/l << 00. Hence

»

LynQr={0} and L, ={f:felM0, 1], (u;,f) =0,i==1,.,n

for some linearly independent functions u, ,..., u, € L=[0, 1]. Let N(x, y) be
as defined in (3.8) and set v; = N7u; . The lower bound argument given in
Section 3.1 may be modified to prove that there is an s = (s ,..., 5,), 0 < &
< n, such that (k; , h,) =0,i=-1,..., r, and

I KThy|l,y — min iiKThl— S

I
{
1
|‘ ’
L deril 'p

To accomplish this, let f,(x) be as in Section 3.1 for z€ 8" = {z = (z,,...,
Zpi1): Z?:ll z2=1}. For 1 <p < o, let «,4(2),..., 2,(z) be the unique
coefficients in the best L*" approximation to K”f, from the subspace spanned
by .1 .., Uy - We define an odd, continuous mapping of $* into R" by
2> (tky s fohseoos ks f2)y 522D, a(2)) and again apply the Borsuk
Antipodality Theorem and obtain a z, € S” for which (k,,f,) =0,i =1,...,
r,alzy) = 0,i =r+ l,...,n Then h, == -+ f, serves our purpose.

Since the best L approximation to KTh, by the subspace spanned by
Uriq »e-es Uy 18 ZETO, We necessarily have the orthogonality relations (g, v;) = 0,
i=r+41,.,n where g=-sgn K"h, | KTh |”-1. Let w=g/llgll,. Then
we L?[0, 1] with || w]l, =1 and f, == Nwe L, N A, , (see the discussion
in Section 3.2). Hence

sup | Sl =i fo b = (s 5 /o)
rel,nox, o

and because (k;, h) =0, = 1,..., r, we have

= (K"h,,w) = KTh, lpr =1 KThy e
Letting p’ — 1+ completes the proof.

As was indicated, the prototype for the class of sets considered in this
section is k;(x) = x'%, j = 1,..., rand K(x, y) = (1/(r — D!)(x — y)7 " since,
in this case, 7, , is simply a ball of the Sobolev space. We specialize below
the results of this section for this specific class of functions.
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DEerINITION. A perfect spline on [0, 1] of degree r with m knots {£,}]?,,
0=4§ <& < <én <€ =1, is any function P(x) of the form

r—1 ) m ) €it1
PG =Y axi+cy (—1Y [ (x— )ty
i=0 j=0 ]

where, as usual, x,” = x7 if x >> 0, and zero otherwise.

Let #,, denote the class of perfect splines of degree r with at most m knots
with | P(x) =1 ae. on [0,1], and let Q, ={P:Pe?,, PU0) =
POy =0,i =0, l,...,r — 1}. Theorems 3.1 and 3.4 reduce to the following

CoroLLARY 3.1. Let 1 <p < oo, and P, ,€ P, be any perfect spline
which attains minpep || Pll, . Then Py , has m distinct knots in 0, 1), and
exactly m - r zeros in (0, 1), each one a sign change.

COROLLARY 3.2. Let 1 <p <o andm =r, and let Q,, , € Q,, be any
perfect spline which attains mingeq |1 @, . Then Qp, , has m distinct knots in
0, 1) and exactly m — r zeros in (0, 1), each one a sign change.

Let #,, ={f: f"1 abs.cont., |7, < 1}. Then from Theorems 3.2
and 3.3 we have

COROLLARY 3.3. Forl < g < o,
ARy 0y L0, 1]) = dN(B,, 3 L0, 1]) = 0, n<r,
I Poralle, nZ=r,

and for n = r,

() X0 =L xpe, xm7 (0 — €)7o, (x — Ea_)T], where the {€3]7
are the knots of P,_,, , is an optimal subspace for the n-width d,, .

(i) LS ={ffeCl0,1],f(r;) =0,i=1,..,n}, where the {r;}}_, are
the sign changes of P, _, , , is an optimal subspace for the n-width d".

From Theorems 3.5 and 3.6, we have

COROLLARY 3.4. For 1l <p < o0,
(B, L0, 1]) = d™(B, ,; L0, 1]) = oo, n<r,
| Qnw s nz=r,
where 1fp — 1/p’ =1, and for n = r

O Xt =L, x™ 8 (x — L)y (6 — L), where the {030
are the sign changes of Q.,.,’, is an optimal subspace for the n-width d,, .
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1) L={f1feCl0,1], f(x) =0, i==1,., 1, where {n)}, are the
knots of Qn,p , s an optlmal subspace for the n- wzdfh ar.

Note that by setting ¢ = 1 in Corollary 3.3 and p = oo in Corollary 3.4,
it follows that || P,,_, ; |, = || Q.1 |y and the knots of P,_,_, may be taken as
the sign changes of @, ; and vice versa.

4. Mixep (L7, LY) Norwms

Let
‘ K ‘p‘q _ (fol (J: ] K(x’ y)]‘l dy)p/’q dx)l/p

where 1 <p < w0, 1 < ¢q < w. If ¢ = oo and/or p = oo, then the usual
definitions apply. We use, as before, the pairing (i, v) = fo u(x) o(y) dy for
uel?vel?” 1/p +1/p' = 1.

We study

E} (K) = inf DUy ..., Uy € LP[0, 1],

»,q

‘K Zuz@)l

=1
Oy e Do € L0, 11}, (4.1)
where

(u: @ v;)(x, ¥) = ux) v,(¥),

and shall make use of the results of Section 3 with r = 0. For convenience,
A,. » shall be denoted by £}, . Thus

Ay = {Kh: | hl, <1
Also, let
AT ={K"h: || k], <1

THEOREM 4.1. max{d,(#y; L7[0, 1]), d,(A;); L0, 1])} < E} (K).

Before proving this theorem let us observe that the above n-widths, when
n = 0, are given by

do( Ay 5 LP[0, 1]) = dy(H 5 LU0, 1))
= sup || Khi|,

1A, <1

= Kilyq.
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The right-hand side is the operator norm of K as an integral operator acting
on L7[0,1] into L®[0, 1]. Now, by Hélder’s inequality, for A e L?[0, 1],
ge L7[0, 1]

Ko = | [ [ 50 KCx, ) ) de iy |

1 1 1/q
~= s d d h qQ 4.2
<[ V8GaI([ 1 G piedy) " dxiih “2)
< 1 K \p,q“g Hp' H h Ha' .
Thus since
sup [(Kh, @)l = | Kll,.q,
Allgr <1
flgllyr <1
we have

I K”p ¢ < I K [zz,a = Eg.q(K)

which proves the theorem for n = 0.
Now, for general n we prove the theorem by returning to (4.2) to see that
for wy ..., u, € L?[0, 1], vy ,..., v, € L7[0, 1]

l((K— Zn: ui®vi)h,g)l <'K~iui®l’i
i1

i=1

Il gl

Thus we have

| 1 — z ufor, B <|K— zu @i Ikl
and
| k7 — 2 o ] <| K - 2 wu| el

The first inequality implies that

di(Hy 5 L7[0, 1]) < E3 ((K),
while the second gives

dn( Ay L0, 1]) < Ej oK)

Therefore Theorem 4.1 is proven for all n.
It is hardly surprising that this inequality is not always sharp. The basic
comparison (4.2) between || K|, , and | K |, , relies on two applications of
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Holder’s inequality which certainly eliminates, for all but special choices of
P, q and kernels K(x, y), equality from occurring. A particularly striking
example of this occurrence is the case p == ¢ == 2. We have already mentioned
that E. Schmidt showed that

s

" - \1/2
Ey oK) == ( Z )‘j) .

n+1
However, the lower bound from Theorem 4.1 is merely

N2 = d (A 120, 1)) = d (A;T: 120, 1]).

n+l

Neverheless, we have

THEOREM 4.2. Let K be a nondegenerate totally positive kernel. Then for
anyn>=0,1<{p<<

do(A; L7[0, 1]) = d(AH; LY[0, 1]) = E4(K).
Moreover,
Es(K)=1E|p1,
where

By = K (5 7 1) K (2 )

y’ gl sy

and &, ..., &, 715, Ty are obtained from the function g,,.., given in
Theorem 3.2 where r = 0 and q is replaced by p. Furthermore, {u%(x)}; and
{0 2(V)?, as defined in Theorem 2.2 with respect to the above {37 and {r;}7,
are an optimal choice in the solution of (4.1).

Let us observe that for any kernel || K|l..; = | K }«.;. Thus when p = oc,
the above theorem is proved in [5]. Note however, that for p < oo, [| K |l,,.; is
not always equal to | K |, ; -

Proof. At this point, we have accumulated sufficient information on
widths so as to facilitate the proof of this result. We observe that for 1 < p

< o

Epa(K) < Elpa

_ (f: (f: | E(x, 1) dy)p dx)l/p
)p dx)llp,

~([ (] o hryay
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Furthermore, since 0 = g, (1) = f; K(r; , ) h(3)dy, i =1,2,...,n, we
have

N (fol (’ Ll K(x, y) h(y) dy l)p dx)l/p

- W &n.0,p Hﬁ .

We now incoke Theorem 3.2 for r = 0, and ¢ replaced by p to conclude that
d (A ; LP10, 11) = || gn.0.pll» - Hence equality is achieved in Theorem 4.1
and, in addition, d,(#7; L0, 11) < | gn.0.5 s -

However, from Theorem 3.5 (with I = 0, p replaced by p’, and K by K7),
it follows that

dn(%‘:;'a LI[O’ 1]) = ” th Hp = “ &n,0.p !lp .

This last equality follows from the definition of || g,.0.5 5 -
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