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RIASSUNTO: Scopo di questo lavoro € la descrizione di vari risultati riguardanti
una classe di problemi variazionali, nei quali uno o piu criteri d’errore devono esser
controllati simultaneamente, in modo ottimo. Questo tipo di problema ha numerose ap-
plicazioni nella teoria del controllo ottimo, in teoria dell’approssimazione, nelle stime
statistiche. Non pretendiamo che la nostra trattazione sia esaustiva, né per cio che ri-
guarda le applicazioni presentate, né per l’analisi che sviluppiamo; piuttosto, vogliamo
mettere in evidenza certe proprieta generali di quei problemi che risultano di pratica
utilita, dare una panoramica di alcuni esempi interessanti che si presentano nelle ap-
plicazioni, e fornire un’analisi di certe classi di problemi variazionali, nei quali la totale
positivita gioca un ruolo centrale.

ABSTRACT: The purpose of this paper is to describe various results which pertain
to a class of variational problems in which two or more error criteria are to be controlled
simultaneously in some optimal fashion. This type of problem has wide application in
optimal control, statistical estimation and approrimation theory. We make no pretense
that our treatment is exhaustive either in the applications we cover or in the analysis
we use. Rather, we wish to point out some general properties of these problems that
are useful, survey some interesting examples which arise in applications, and give an
analysis of certain classes of these variational problems where total positivity plays a
central role.
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1 — Introduction

The purpose of this paper is to describe various results which pertain
to a class of variational problems in which two or more error criteria are
to be controlled simultaneously in some optimal fashion. This type of
problem has wide application in optimal control, statistical estimation
and approximation theory. We make no pretense that our treatment is
exhaustive either in the applications we cover or in the analysis we use.
Rather, we wish to point out some general properties of these problems
that are useful, survey some interesting examples which arise in applica-
tions, and give an analysis of certain classes of these variational problems
where total positivity plays a central role.

The problems that we refer to have a general presentation. We sup-
pose that two functionals G;(x) and Gz () are given which both measure
the “desirability” of . Thus we are led to control both simultaneously.

Perhaps the simplest example of what we have in mind is smoothing
splines. Here we are given data y1, ... ,y, which is assumed to be inaccu-
rate and wish to find a smooth function that passes near these values at
t; <...<tp, in some interval [a, b]. Thus we desire to balance the fidelity
of our functions values f(ty),..., f(t,n) to the noisy data yy, ... ,y,, with
the smoothness of f. Here a standard choice of functionals is

1) Gi(h) = S Ift) — wf
and
(1.2) Ga(f) Z/!f(")(t)|2dt-

A smoothing spline is the unique function which minimizes a positive
combination of both. That is, which solves

(1.3) min {G,(f) + oG:2(f) : f € W3[a,b]}
where Wj'[a, b] is the Sobolev space

Wila,b) = {f: f,...,f® Y abs. cont., f™ € Lyfa,b]},

A.M.S. CLASSIFICATION: 49K10 — 49K20 — 41A29
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and ¢ > 0 is some prescribed smoothing parameter. Much is known about
this problem which we will not dwell upon here. The only point we wish
to raise here concerns the choice of o. There are several strategies. A
useful one is based on the technique of cross-validation. That is, a good
o is determined by how well the smoothing spline to a subset of the data
fits the remaining data, WAHBA [27]. Another possibility is to choose o
interactively. Thus, if you like the graph of f corresponding to a given o,
fine, if not adjust o and proceed if necessary. This hit and miss approach
although not to be seriously recommended in general may have merit in
specific problems. A more reasonable approach can be designed if one
had a preferred error tolerance for the data error, say some € > 0. In this
case one might adjust o so that the solution to (1.3) satisfies G (f) < e.
Even better, we can abandon (1.3) altogether and consider

minimize Ga(f)
(1.4)
subject to: G1(f) < e, feWila,bl.

The fact that these extremal problems (1.3), (1.4) are the same is of
no surprise and we will highlight their precise relationship in a general
context later in Section 2. As a final remark about smoothing splines we
mention that some general facts about smoothing noisy data in a Hilbert
space when f is constrained to lie in a convex set appear in MICCHELLI
and UTRERAS [19].

A problem of a different type is studied in FORSYTHE [9], SPJOTVOLL
[25], WALSH [28], whose motivation comes from both nonlinear parameter
estimation and optimal control. Here A is some given n X n matrix and b
some fixed vector in C". It is then desired to minimize || Az —b|| subject to

|z]] <1 (and also ||z]| = 1) where ||z]|> = Y |z;|* is the usual Euclidean
=1

norm of z = (zy,... ,x,) € C". Thus, in this case Go(x) = ||Az — b|| and
Gi(x) = ||z||. A characterization of the solution and various other facts
about this problem are given in the above references.

Another example comes from optimal design. Here the problem is
to find an optimal impulse response u(t) of a filter so that the response
to a given input signal s of finite support lies within specified pointwise
bounds and at the same time minimizes the effect of input noise. When
the noise is assumed to be zero - mean white noise the output noise power
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is proportional to the squared L2-norm of w. Thus the problem takes the

form
(1.5) minimize / lu(t)| dt
subject to
e (t) <Y(t) == (s*xu)(t) = / w(T)s(t — 7)dr < et (t)
. . 1
where £~ and et are given functions. If we let: d := 5(5+ + &) and
1
€= 5(5+ — ¢7) then we get the equivalent problem
(1.6) min {[|ull; : [ Ku — d]| < 1}

where Ku := sxu, |Jul]3 := [~ ]u(t)]zdt and || fll == sup |f(t)|/e(?).
—oo<t<oo

Thus, here we have Go(u) = |Ju||? and G,(u) = ||[Ku — d||~. Further
details and computational algorithms for solutions of this problem appear
in EvANs, FORTMANN, CANTONI [7] and EvANS, CANTONI, FORTMANN
[8]. In contrast, in the series of papers [3-5], a detailed analysis of a
class of optimal filter design problems were given. These problems are
surveyed in BERKOVITZ [3]. We wish to mention only one such problem
of this type considered in BERKOVITZ and POLLARD [4]. Specifically,
they consider the minimum of

(1.7 ( / |y<t>|dt) + [l wPar

where y € L1(0, 00), ¢ is absolutely continuous, y” € Ly(0, 00) and y(0) =
a,y’(0) = b are specified. Equivalently, if we let f(¢) := a + bt, and
(Kh)(t) := [y (x — t)h(t)dt, then (1.7) becomes

(1.8) If = KR|Z, + IR,
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where

2
Wl = [1nedt, Iz, = [ 0o
0 0

and we minimize over all h such that f—Kh € L;(0,00) and h € Ly(0, 00).
Thus our functionals are in this case G1(h) = ||f — Kh||7 , and G,(h) =
B2,

Next, we describe a problem in control theory, GLASHOFF [11] and
GLASHOFF and WECK [12]. The problem here is to choose a temperature
u(t,€), t € [0,T], £ € 002 C IR", of a medium surrounding a body
to satisfy prescribed pointwise constraints and so that the temperature
distribution y(T, x) at time T of the body is as close as possible to some
desired temperature z(z), x € Q. Under some regularity hypothesis on 2
we have

y(ust, o) = /g(t) z, 7, §)u(r, §)dr d§

't

for some Green’s function g and I'; := (0,¢) x 0Q2. Thus the problem
reduces to minimizing

(1.9) |Su — 2|00 (Q) := ess sup |(Su)(x) — 2(z)|

zeN

where

(Su)(x) := y(u; T, x)
subject to u € Lo (') where I' := (0,7 x 02 and

(1.10) [ullo () <1

which gives us Ga(u) = [|Su — 2|~ and G1(u) = ||u||o-

In the totally different context of functional analysis, the Peetre K-
functional leads us to similar problems, BUTZER and BERENS [6], BERGH
and LOFSTROM [2]. The K-functional is an essential tool in various prob-
lems in functional analysis and approximation theory, especially in prob-
lems concerned with the Bernstein inverse theorem on order of approxi-
mation. The K-functional is defined relative to two Banach spaces X,
X, which are assumed to be continuously imbedded in some linear Haus-
dorff space X. Then their algebraic sum X; + Xy = {z : x = 21 + 29,7, €
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X;,i=1,2} is a Banach space relative to the norm (K-functional)

K(t2) = lellxon, = _inf (sl + tlaall).
In this case G1(x3) = ||z —x2||; and Ga(x2) = ||x2||2. It is only in rare

case that the K-functional of a pair of spaces can be found explicitly and
so one does not generally study the variational problem directly. Instead,
concrete bounds from above and below for K are sought in terms of some
useful measure of x. This may take the form of the modulus of continuity
of higher order differences for Sobolev spaces.

Approximation theory provides several further instances of the type
of variational problem which interests us here. We mention the problem
of best operator approrimation with a fixed bound on its norm, to a given
operator, STECHKIN [26]. The general description of the problem is as
follows: Let X, Y be Banach spaces and U an unbounded linear operator
of X into Y with domain Dy C X. Let V be another linear operator with
domain Dy C Dy and range in a normed linear space Z. The problem is
to study the variational problem

inf  sup ||Ux— Szl|y
ISISN Vel <1

where the infimum is taken over all bounded linear operators S from X
into Y, and N is a prescribed positive constant. Here our functionals are
G1(S) = [IS]| and Ga(S) = sup { Uz — Sa| : [Vl < 1}.

Vectorial approximation is also very much in the spirit of the prob-
lems in which we are interested cf. BAacopouLus [1], GEARHART [10].
This problem is similar to the rest and has the manifestation of simulta-
neously best approximating a function f and its derivative f’ by polyno-
mials. In its general form, it concerns the following notion. We suppose
X is some set on which G; and G, are defined. Given a subset C of X,
we say that ug € C is a best vectorial approximation to f from C' if there
does not exist a u € C' such that both

Gi(f —u) <Gi(f —uy) and Goff —u) < Ga(f —wg).

We will discuss this problem a bit more in Section 2.
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Finally, as our last example we describe the point of view of opti-
mal recovery which gives a model of computation that provides a general
framework for the study of estimation problems under limited informa-
tion. We suppose U is a bounded linear operator from a linear space X
into a normed linear space Z, K a convex subset of X, and I another
bounded linear operator from X into another normed linear space Y. We
wish to estimate Ux given x € K and any observation y = Iz + w where
|lwlly <e,e >0, fixed. The intrinsic error (in the worst case) is given by

(1.11) E=inf sup ||Uz— A(Iz+w)|,
s
wl|y <e

where we minimize over all mappings A from {Iz +w,z € K, |w|| < ¢}
into Z, MICCHELLI [14], MicCHELLI and RIVLIN [18]. We can bound the
intrinsic error from above by

(1.12) inf { sup |Uz — BIz||z +¢| B}
B zeK

where here we minimize over all bounded linear operators B from Y to Z.
This bound is sometimes sharp, MICCHELLI [14], MICCHELLI and RIVLIN
[18]. Here again as in the operator approximation problem, we have

Go(B) =sup ||Uz — Bz

TEK

and
Gi(B) =B

2 — Basic Facts

The first result we wish to present is very general in nature. It con-
cerns simultaneously controlling a family of real-valued functions G,(z) :
= G(t,xz) where t € T and x € K, a given convex subset of a linear space
X. We make the following hypotheses:

(i) sup |G(t, )| < o0, reK,
teT

(ii) x — Gy(zr) = G(t,x) isconvex on K,
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(iii) given any z,y € K such that G(¢t,z) < G(t,y) for all t € T', there
exists a positive constant ¢ > 0 such that

0<ec<Gty) —G(tx), teT.

Clearly, (i) and (iii) are satisfied if 7" is a compact Hausdorff space
and t — G(t,x) is continuous on T for each = € K.

To state the result we have in mind we let B(T") be the space of
real-valued bounded functions on 7" and let < be the natural pointwise
ordering on B(T), i.e. f < g,f,g € B(T) means f(t) < g(t), for all
t € T. A linear function L in the algebraic dual of B(T) is said to be
nonnegative if f > 0 implies Lf > 0.

We say that zy € K is a best G-approximation from K if there does
not exist an x € K such that G(t,z) < G(t,xo) for all t € T.

THEOREM 2.1.  An element o € K is a best G-approzimation if

and only if there exists a nonnegative nontrivial linear functional L on
B(T) such that

(2.1) L(G(-,xp)) = min L(G(-, x)).

zeK

REMARK 2.1. The functional  — L(G(-,x)) is convex and so this
theorem reduces the problem of finding a G-approximation to that of
minimizing some convex function. In particular, for a finite set of convex

functionals {G1,...,G,,} this says that a G-approximation comes from
minimizing

(2.2) 01Gi(z)+ ...+ 0,G(x), reK

for some choice of 0y > 0,...,0,, >0, > o; > 0.

PRrROOF. Suppose L and g € K szatlisfy (2.1) and zy is not a best
G-approximation. Then there is an £ € K such that G(t,z) < G(t, x¢)
for all t € T. Let e be the function in B(T') which is identically one.
Since L is a nonnegative nontrivial linear functional on B(T) it follows
that Le > 0. From property (iii) there is a constant ¢ such that

(2.3) G(t,z) < G(t,xo) —c, teT.
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Hence by (2.1), (2.3) and the nonnegativity of L we get
L(G(-,x0)) < L(G(-, 7)) < L(G(-,0)) — cLe,

which is a contradiction.
Conversely, let xy be a best G-approximation. We introduce two
subsets of B(T'), namely,

Ci={f:feB(I), f@t) <Gz, teT}

and
Co = convexhull {G(-,z):z€ K}.

Clearly C; and C, are convex subsets of B(T). They are disjoint,

since otherwise for some A\; > 0,... ., A, >0, > A\, =1, x; € K, we would
=1

1=

have by property (ii)

G (t,Z)\ixi> <Y NGt x) < Gt m),
1=1 =1

contradicting the fact that z, is a best G-approximation. From property
(i) there is a d € IR such that d < G(t, ) for all t € T. It then follows
that fo = (d — €)e is an internal point of Cy, for any € > 0.

Thus by the basic separation theorem for convex sets, see ROYDEN
[24, p.176], there is a nontrivial linear functional L and an « € IR such
that

For any f € B(T), f(t) < 0,t € T and any d' < d we have d' +
Af € Cy for all A > 0. Hence by (2.4), L(Af + d') < « and so we get
Lf <0. That is, L is a nonnegative linear functional. Similarly, because
G(-,x9) + A € Cy, for A < 0 we get by (2.4), L(G(-,z0)) < « while (2.5)
gives L(G(-,x)) > a for all z € K. This completes the proof. 0
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This result shows us that in the special case of two convex functionals
{G1,G3}, G-approximation is equivalent to the minimum problem

(2.6) 12}f{ 01G1(z) + 02Gy(x), 01,00 >0, oy+0y=1.

We now turn out attention to properties of (2.6) as a function of oy
and o,. To this end, it will be more convenient (and suffices) for us to
discuss the function

(2.7) (G, + Gs) (o) := ;g{ {Gi(z) + 0Gs(x)}, o>0.
Our main concern is the relationship of (2.7) to the two problems
(2.8) (G1/G2)(t) :==inf {G1(z) : z € K, Gy(z)<t},

where t > p(Gs) := 1£1]f( Go(z) and

(2.9) (G2/GH)(t) :==inf {Ga(z) : G1(z) < t},

where ¢ > 11(G,). Note that G /G5 is nonincreasing and so we can define

(G1/G5)(t) when t = u(Gy) as

Jim (G1/Ga) (u(G) + 6) = sup { inf{Ga(w) : Gu(2) < 1}
= sup { inf {Ga(z) : Gi(z) <t} :t> M(Gg)} .

Similarly, for G5 /G;. Hence the domain of definition of G; /G, is
[1(G2),0) and for Go/G; it is [1(Gy),00). By definition both G1/G>
and Go/G; are continuous (from the right) at the left hand endpoint of
their domain of definition.

In what follows, we also assume that G; and G5 are bounded below
on K. Thus, without loss of generality we will henceforth require that
G and G5 are nonnegative. We start with some general properties of
(G1/Ga) (1) and (Ga /G ) (1).

Let

I'={y=(y,y2): Gi(x) <y;, i=1,2, forsome z¢ecK}.
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I' is a generalization of Gagliardo diagrams studied in connection
with the K-functional (see e.g. BERGH, LOFSTROM [2, Chap. 3 and
7]). Since each G; is convex and nonnegative, it easily follows that I' is
a convex unbounded subset in the first quadrant of IR*. To understand
quite explicitly the usefulness of I, set

plGr Gol = lim  (G1/Gy)(t) = sup (G1/Ga)(1)

t—p(Ga) T t>u(Ga)

and similarly, we define u[G5; G;]. The graph of T is given by
Yy &

Yy

Fig. 1

We remark that each of these segments (I), (II) and (III) of OI" may be
empty. The boundary sections (II) and (III) (without the left-endpoint)
are the “essential” graph of (G5/G;)(t) (where t = y;). At the left-
endpoint of (II), i.e., at y; = t = u(G1), it may be that (G2/G1)(u(G1)) is
not defined. This will occur if inf {G;(z) : © € K} is not attained. More-
over, even if min {G(z) : € K} does exist, then (G2/G1)(u(G1)) >
w1[Go; G1] and equality need not hold. The graph of (G;/G2)(t) is ob-
tained by interchanging the axes. To see that this is indeed the case, we
list and prove the following facts.

THEOREM 2.2.  Let Gy,Gy be conver nonnegative functions on a
convex subset K of a given linear space. Then

(1) (G1/Gs)(t) is nonincreasing and convex on its domain of definition,
and continuous on the interior thereof.
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(2) (G1/G2)(t) = u(Gr) for t > p[G2; Gi].
(3) (G1/G2)(t) is strictly decreasing on (u(Gz), p[G2; G1]).
(4) (G2/G)((G1/Ga)(t)) =t for t € (u(G2), u[G2; Ga).

ProOOF. (1). It is obvious that (G;/G>)(t) is nonincreasing. The
convexity is a simple consequence of the convexity of I'. The continuity
follows from general considerations regarding convex nonnegative func-
tions.

(2). Since G;(x) > u(Gh) for all x, we have (G1/G5)(t) > u(G,) for
all t. (G2/G1)(t) is nonincreasing. Thus from the definition of u[Gs; G1],
when ¢ > u[Gs; G1), there exists a sequence {z,,} in K such that G(x,,) <

t while Gy (z,) < /A(Gl)—i-%. But then (G, /Gs)(t) < M(G1)+%, implying
that (G /Ga)(t) < (Gh).

(3). Suppose that there are two values ti,ty € (1(Gs), u[Ga; G1])
such that (G1/G2)(t1) = (G1/G2)(t2), t1 < ta. Since (G1/Gs) is convex
and nonincreasing it easily follows that (G1/G2)(t) = constant for ¢ > ;.
Thus (2) implies that (G1/G>)(t) = u(G,), for all t > t,, for some ¢, €
(1(Gs), u[G2; G1]). Consequently, given any 6 > 0 there is an x5 € K
with

Gi(zs) < pu(Gr) + 6, Gy(ws) < t.

Hence (Go/G1)(p(Gy) + 6) < ¢t for all § > 0 and therefore by the
definition of p[Gy; G| we get

ulGe; Gh] <t, forany t>t.

But t; < u|Gs, Gy], which is a contradiction.

(4). We first note that for t € [u(Gs),0), (G1/G2)(t) is in the
domain of (G5/G1) because by definition (G;/Gs)(t) > pu(Gs). For t €
(12(G2), 1(G2; G1)) we have by (2) that

w(G1) < (G1/G2)(t) < plGr; Gy .

In this case, we let ¢ := (G5/G1)((G1/G2)(t)) and choose any § > 0.
From the definition of (G;/G2)(t) there exists x5 € K with

G1/Go)(t) +6

~ A~
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Hence

(G2/G1)((G1/Ga)(t) +6) <t

which by the continuity of G>/G; in the open interval (u(Gh), u[G1; Ga])
gives, as § — 0T that ¢ < t. For the reverse inequality, let 6 > 0. Then
there is an x5 € K such that

Golzs) ST+6,  Gilws) < (G1/Ga)(t).

Consequently, (G1/G2)(t +6) < (G1/Gs)(t) and so t + 6 > t, for
otherwise we would contradict the strict decrease of (G1/G3) established
in (2). Letting 6 — 0" proves the result. 0

Before studying the function (G; + G2)(o), o0 > 0, we consider the
relationship between it and the functions (G;/G2)(t) and (G2/G1)(t).
This relationship is geometrically given as follows. For ¢ > 0, consider
the tangent line to I' with slope —1/0. The y;-intercept of this tangent
line is the value (G; + G2)(0). To obtain (G»/G4)(t) from (G2 + G1)(0)
for ¢ > p(G1), we do the reverse. That is, consider the line with slope
—1/0 and y;-intercept (G + G2)(0). The supremum of the y,-values of
this line at ¢ is (G2/G1)(t). This is all equivalent to the following analytic
statements.

PROPOSITION 2.3. Assume G1 and G5 are convex monnegative
functions on a convex subset K of a given linear space. Then

(1) (G14+Ga)(0) = inf (t+0(Go/G)(t)) = inf ((G1/Ga)(t)+0t).

t>u(Gy) t>p(G2)

(2) Fort > u(G)

((G1 + Gs)(0) — t) .

g

(G2/G1)(t) = sup

a>0
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PrROOF. We prove only the first part of (1). Pick any 6 > 0. Then
there is an x5 € K with Ga(zs) < 6 + (G2/G1)(t) and Gi(xs) < t. Thus

(G1+G2)(0) < Gi(xs) + 0Ga(xs) <t +0(6+ (Ga/Gr)(1))

which gives (G1 4 G2)(0) < inf (t+0(G2/G1)(t)) by letting 6 — 0F. For
the other inequality choose y° € K with

Gl(yé) + O'Gg(yﬁ) S (Gl + GQ)(O') + 6.
Set to := G1(y°) so that

inf (t+ 0(G2/G1)(t)) < to+ 0(G2/G1)(to)

t>pu(G1)

< GL(y°) +0Ga(y?) < (Gy + Gy)(o) +6.

The other statements of the proposition follow similarly. 0

We now consider some general properties of the function (G;+G5)(0)
for ¢ > 0. For this purpose we introduce for o > 0 the set

XU = {fl? . (G1 -+ GQ)(O') = Gl(.’L') + O'Gg(x)}
which may be empty for any particular . If X, # ¢, set

GH(o) = sup Gi(z), i=1,2

rz€Xs

and
G; (o) = inf G(x), i=1,2.

v rz€Xs

PrROPOSITION 2.4. Let G and G5 be nonnegative convex functions
on K. Then

(a) (G1+G2)(0) is a nondecreasing continuous concave function of o on
(0,00), and (Gy + G3)(0)/o is nonincreasing in o. Furthermore, if
there exists an & € K such that Go(%) = 0, then (Gy + G3)(0) is
bounded.

(b) lim (Gy + G2)(0) = u(Gy) and lim (1/0)(Gy + G2)(0) = p(Gs).

o—0T o—00
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(c) If there exists an x* € K for which G1(z*) = pu(Gy), then for 0 <
o1 < 09 < 00,

(G1 + G2)(02) — (G1 + Gy)(01)

02 — 01

< Go(z™) .

(d) If 0 < 01 < 02 < 00, and X,,, X,, are both non-empty, then

(i) G5 (02)
(i) G (o1)

(e) Assume K is closed in X, and G, Gy are lower semi-continuous on
K. If there exist x, € X, and xo such that

lim z, = 2,

then
(i) G1 (7o) = (G1/Go) (1(G2))
(ii) Ga(2o0) = u(G2) .

If there exist v, € X, and zy such that

lim x, = z¢,

then
(iif) Ga(w0) = (G2/G1) (1(Gh))
(iv) Gi(z0) = pu(G1) -
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PROOF. (a). By definition, (G; + G2)(0) is a nondecreasing function
of 0. Consequently, since (G + G2)(0)/o0 = (G2 + G1)(1/0) this function
in a nonincreasing function of o. If there exists an £ € K for which
G2(z) = 0, then

0 < (G1 + Ga)(0) < Gi(@) + 0Ga(i) = G ()

for all 0. Thus (G; + G3)(0) is bounded. To prove the concavity, let
01,09 € (0,00), A € [0,1], and 0 = Aoy + (1 — A\)op. Then

(G1+ Gs)(0) = inf (Gi(z) + 0Gs(x))
= inf MG1(2) + 01Ga(®) + (1 = 1) (G1 () + 02G(w)) |

x

> ;QEA(Gl((L') + 01Ga(x)) + ;élif((l — N (G () + 092G (2))
= A(Gl + GQ)(O'l) + (1 — )\)(Gl + GQ)(UQ) .

Thus (G; + G2)(0) is concave and nondecreasing on (0,00). Every
such function is necessarily continuous on (0, c0).

(b). Since (G; 4+ G2)(0) is nondecreasing and bounded below (by
zero) on (0, 00), the limit

lim (G, + Gs)(0)

oc—0t

necessarily exists. Furthermore,

Tim (G + G)(0) = inf (G + Ga)(0)
= inf inf (Gy(z) + 0Gz(x)) = zlg}f{ Gi(x) = pn(Gy).

zeK >0

Since l(Gl + Gy)(o) = (G2 + G1)<l>, the second result of (b) is
o o
verified.
(c). Let Gi(z*) = u(Gy). Since (Gy + G3)(0) is concave on (0, 00),

we have for any 0 < 0¢ < 01 < 05 < 00,

(G114 G2)(02) — (G + G)(01) < (G1 4 G2)(01) — (G1 + G2)(00) ‘

02 — 01 01— 0g
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Now,
(G1 4 Go)(01) < Gi(x") + 01Ga (") = p(Gr) + 01Go(x") .

From (b), lim+(G1 + G3)(00) = u(Gh). Substituting these two facts
og—0

on the right hand side of the initial inequality, we obtain

(G1 + Gy)(02) — (G1 + Ga)(01) < W(G1) + 01Go(x") — pu(Gh)

= Gq(x).

09 — 01 01
(d). Let z; € X, i =1,2. Then by definition,

Gi(z1) + 01Ga(x1) < Gy(22) + 01Go(x2)
= G1(z2) + 02G2(x2) — (02 — 01)Ga(7)
< Gi(z1) + 02Ga (1) — (02 — 01)Ga(x2) .

Since 0y — o7 > 0, this implies that G5(z2) < Go(x;) which proves
(i). Because

G1(z1) + 01G2(21) < G1(22) + 01G2(2)
and Ga(xs) < Go(z1), we have Gy (z1) < G1(x2), which proves (ii).

(e). We prove (i) and (ii). The proofs of (iii) and (iv) are totally
analogous. To prove (ii), note that

1 1
;G1($a) + Ga(z,) < ;G1(SU) + Gy ()
for any « € K. Let 0 — oo. Then in the limit,
Ga(2) < Go()

for all z € K. Thus Ga(2) = 1(G2). To prove (i), let & be any element
of K such that G»(Z) = p(G2). Then

G1(z,) + 0Ga(x,) < Gy (&) + 0Go(2) < Gy (&) + 0Gala,) .
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Thus Gi(z,) < G1(2) for all ¢ > 0, implying that G1(z) < G1(%)
for all z € K satisfying G5(2) = u(G2). Thus

G (7o) < (G1/Go)(1(G2)) -

Now
(G1/G2)(u(G2)) = GQ(Ii)EfL(GQ) Gi(7) < G1 (7o)
since Ga(7o) = u(G2). Thus Gy (2+) = (G1/Ga) (1(G2)). 0

3 — Operators on Banach Spaces

We shall discuss in some detail the function (G; 4+ G2) (o) for a class
of G; and GG,. To this end, we introduce the following notation. Let X
and Y be normed linear spaces, and 1" a bounded linear operator from
X to Y. Associated with T is its adjoint 1%, a bounded linear operator
from Y* to X*, where X*(Y™) is the continuous dual of X(Y). For a
fixed f € X*, we set

(3.1) Gi(g) = If = T"gl[x~
and
(3.2) G2(9) = llgllv~

for any g € Y*. Thus for ¢ > 0,

(3.3) (Gr+Go)(o) = inf [If = T"gllx-+olg]

Y* -

We work with the dual spaces X* and Y*, and the adjoint operator
T™* because in the next result we prove that the above infimum is attained
(for o > 0), and we also identify the dual problem.

THEOREM 3.1. Let X*, Y* and T* be as above. For f € X*, f #0,
and o > 0,
(3.4) sup (f,h) = min || f —T"g|
gey

[Ir]l x <1
ITh]y <o
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REMARK 3.1. By (f,h) we mean f(h) since f € X* and h € X.
PROOF. To prove the theorem we will use a result in MICCHELLI [14].
Namely, for every o > 0

sup (f,h) = min{ sup |(f.h) = (9, Th)| +ollglly= ¢
”%nuxs; 9EVT nlx <1
||y <o

which actually holds in a more general setting, and is used in the theory
of optimal recovery. Now,

sup |(f,h) — (9, Th)| = sup |(f —T*g,h)|=|f—T"gllx-

llhllx <1 llAllx <1

since f —T*g € X*. Thus (3.4) holds. 0

Generally, the supremum on the left side of (3.4) is not attained. As
an example, let X =1, =¢;, Y =R, f = (1,1/2,1/3,1/4,...) € ¢y, and
Th = > h,. Then it is not difficult to verify that

n=1

(3.5) sup (f,h)=3/4,
Iy, <1
|Th|<1/2

but the supremum is not attained. To see that the supremum is at least
3/4 observe that

(3.6) h" = (3/4,...,0,-1/4,0,...,0),

satisfies (f,h") = 3/4 — 1/4n — 3/4, |h"|;,, Th™ = 1/2. Next, we show
that the supremum cannot exceed 3/4 and that is not attained. To this
end, we observe that (f,h") — (f h°) = 3/4 where h® = (3/4,0,0,...),
|h%;; < 1 but Th® = 3/4. Moreover, if (f,h) > 3/4, then 3/4 <
2(fi=1/2)hi +1/2Th < [|f =1/2[|i |[bll;, +1/2|Th| <1/2+1/4 = 3/4.
1

The vector f — 1/2 takes its maximum 1/2 only on its first component.
Thus if h achieves the supremum in (3.5) then h = (p,0,...) for some
constant p. Moreover, since we must have ||h|;, =1 we get |p| = 1 while

|Th| = 1/2 requires |p| = 1/2, which is a contradiction. (Note that 7" is
also compact.)
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Throughout this section, we always demand that

AssUMPTION 1. T is a bounded linear operator from X to Y where
X has a pre-dual. The element f is in the pre-dual of X and

Ko ={h:|hllx <1,|Thlly <o}
1s weak™-closed in X for all o > 0.

Assumption I implies that the supremum in (3.4) is attained. It holds
when Y has a pre-dual (recall that X is assumed to have a pre-dual) and
there exists a bounded linear operator S from the pre-dual of Y to the
pre-dual of X such that T it its adjoint. In this case T is continuous in
the weak*-topologies. Thus, if h,, converges weak* to hg in S, (the unit
ball in X), and ||Th,|y < o for all n, then | The|ly < o. If, for example,
X and Y are Hilbert spaces then this is necessarily satisfied by every
bounded linear operator T' from X to Y.

For case of exposition, rather than using the notation of the previous
section, we set

Y *

(3.7) E(o) = inf [|f —T"g|x- + olg|
gey

for 0 € [0,00). For ¢ > 0 this infimum is attained (Theorem 3.1) and
J, € Y* will denote any function attaining this infimum. Note that the
G, and Gy of (3.1) and (3.2) satisfy the assumptions of the previous
section. Thus, as a consequence of Proposition 2.4, we have

PRroOPOSITION 3.2. (i) E(0) is a bounded nondecreasing, concave,
continuous function of o on (0,00) and E(c)/o is nonincreasing.

(ii) lim+ E(o) = in}f |f —T*g||x+. Thus E(-) is continuous on [0, 00).
o—0 geY™

(iii) If there exists a go € Y* such that
I = Taullx- = g 1f ~ gl

then for all 0 < 07 < 09 < 00,

E(o2) — E(01)

< llgolly=-
09 — 01
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(iv) For 0 < 01 < 09 < 00,

() 19 [l = 11gos Iy~
(b) 1f = T7go, llx+ < I = TGl x+ -

(v) For o >0,

1901y = min{llg; +glly-: g €Y", T"g = 0}.

REMARK 3.2. Statement (v) does not follow from Proposition 2.4,
but is an immediate consequence of the definition of g,.

According to (3.4) we see that for o > ||T'|| we have E(c) = || f]|x*-
This suggest that we introduce the smallest value & in [0, 00) for which
E(o) is a constant on [5,00). & always exists and E(o) = || f||x+ for
o > ¢. In fact, we have the following proposition.

PROPOSITION 3.3. Suppose Assumption I holds. Then E(o) =
| fllx= if and only if o > &, where

IThlly
12l

(3.8) &:inf{ ‘heX, h#0, (f,h) = |yf||X*\|hHX}.

Furthermore, if ¢ > 0 then the above infimum is attained.

REMARK 3.3. Since, by Assumption I, f is in the pre-dual of X,
there exists an h € X, h # 0, satisfying (f,h) = ||f||x+||h||x. Thus the
infimum in (3.8) is taken over a nonempty set.

PRrROOF. By Assumption I and (3.4), E(o) = || f]

x+ for o > 0 if and

only if
(3.9) 1fllx- = max (f,h).
IThily <o

(= ). Assume E(0) = ||f||x+, 0 > 0. Then there exists an h € X,
h # 0, which is admissible in (3.9), i.e., ||h||lx < 1, | Thlly < o, and
(f,h) = [ fllx=. Since

[fllxs = (Fs ) < A Fllx= DRl < DAl x-
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we have ||h||x = 1. Thus
[ Thlly

1]l

<o

which implies that ¢ < o.
(<=). Assume o > &. Thus there exists an he X, h+#0, such that

(f:h) = [If |- 1Rl1x, and -
I Thly

1721 x
Normalize h so that ||k x = 1. Thus ||Th|ly < o and so we also have
Iflx- = (fih) < max (f.h) = E(0).

llrll x <1
IThily <o

But E(o) < || f||x+ for every ¢ > 0. Thus

E(o) =[x

If 6 > 0, then F(6) = ||f||x+ and from the first part of the proof
of this proposition, there exists an h € X, h # 0, satisfying ||h|x = 1,
ITh|ly <& and (f,h) = ||f|lx||hllx- If ||Th|ly < &, we contradict our
definition of 6. The infimum in (3.8) is attained. a0

REMARK 3.4. It may happen that ¢ = 0, i.e., E(o) = ||f||x+ for all
o > 0. This will occur if and only if

inf
gey'*

f=Tgllx- = Ifllx--

If f =T*g* for some g* € Y* (¢g* # 0), then F(0) = 0. It is then also
obvious that for all o > 0,

(3.10) E(o) <0allg*|ly=-
If equality holds in (3.10) for some o = ¢*, then necessarily
E(o) = ollg™ly-

for all 0 < o < o*. This is an immediate consequence of either (iii) or
(iv) (b) of Proposition 3.2. It is therefore of interest to characterize the
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largest possible value of o* for which (3.10) holds. This largest possible
value we will denote by &. If f = T*g for any g € Y*, then 6 does not
exist. If f = T*¢g* for some ¢g* € Y*, then 6 does exist, but may equal
0. Prior to characterizing &, we present a lemma which will be used in
subsequent results.

LEMMA 3.4. Assume o > 0.

i) If go # 0, then there exists an h, € X satisfying ||ho|x < 1, [|The|y =
o, and

(3.11) (90:Tho) = 0|gsly=-

i) If f # T*g,, then there exists an h, € X satisfying ||ho||x = 1,
ITh,|y <o, and

(3.12) (f =T"gorho) = |If = T"g5 | x~ -

i) If g # 0 and f # T*g,, then there exists an h, € X satisfying
lhollx =1, |Thy|ly = 0o, (3.11) and (3.12). Thus

_ HThUHY
g = .
1o x

PROOF. Statement (iii) is a simple consequence of (i) and (ii), and
is stated for convenience. Since ¢ > 0, from Assumption I and Theorem
3.1,

max (f,h) = |f =T"gollx+ + ollgallv--

llr]l x <1
IThily <o

Let h, attain the maximum on the left hand side. Then ||h,||x <1,
IThy|ly < o, and

||f - T*gUHX* +0||ga||Y* = (fa hU) = (f - T*gaaha) + (T*goyho—)
=(f=T"9s,he) + (95, Tho) < ||f = T7gollx+|hollx + 1o [y Tholly
< ”f - T*ga| x* + O'Hga”Y* .

X*

If ||g,||v+ # 0, we must have

llgsllye = (go:s Tho) = l|golly+[ITholly -
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Thus || Thy|ly = o and (3.11) holds.
If f#T*g,,ie., | f—T"g,|x+ # 0 we must have

1f =T"gollx+ = (f =190, ho) = If = T" 9ol x*[lhe x -
Thus ||h,||x = 1 and (3.12) holds. 0

We now present a characterization of &.

PROPOSITION 3.5.  Suppose f = T*g* and f # 0. Then E(o) =
ollg*||y+ for some o > 0 if and only if there is an h with Th # 0 such
that (g*,Th) = ||lg*||y+||Th|ly. Moreover, in this case

(3.13) lg"ly+ = min {[|g" + glly~: g € Y™, T"g =0}
and
A Thily . )
(3.14) 6= maX{HHhH!{Y (g",Th) = |lg*llv-|Thlly, Th + o}

is the largest value for which E(o) = o||g*||y+ for o € [0,5].

PROOF. Assume E(0) = o||g*||y+ for some o > 0 where f = T*g*.
That is, g, = g*. From Proposition 3.2 (v), we obtain (3.13). Since
9o # 0, we have from Lemma 3.4 (i) the existence of h, € X satisfying
|lhollx <1, ||Thy|ly =0, and

(9", Thy) = [lg" Iy Tholly -
Thus

Tl
M

Conversely, assume that there is an h such that Th # 0 and (¢*, Th) =
llg* v+ ||Th||y. Choose an h € X such that (¢*,Th) = ||g*||y+||Th|y, and

<g.

IRy
12l x

o=
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where & is defined by (3.14). Normalize h so that ||h||x = 1. Thus
|Th||y = &. Therefore

. > E 5) = — T* * h
v 2 B() = max, (f,h)= max (I"g".})
IThlly <& IThly <&

> (T*g",h) = (¢", Th) = 6]|g" |y~ -

allg”|

Thus E(6) = 6|g*|ly+. From Proposition 3.2, (iii) or (iv) (b), we get
E(o) = o||g*|ly~ for all o € [0,5]. Moreover, for any g € Y* with T*g = 0
we have

lg*lly-IThlly = [(¢", Th)| = |(¢" + 9, Th)| < |Thllvllg” + gllv- -

This proves (3.13). 0

We introduce the number ¢’ which we set equal to 0 if & does not
exist and otherwise set ¢’ = 6. Thus we have identified FE (o) for o > &
and for 0 < ¢’. There is, in general, no formula which explicitly gives
E(o) for o € (¢/,5). However, we do have the following result.

PROPOSITION 3.6. Assume o € (¢',6). Then g, € Y* is a solution
to E(o) if and only if g, # 0, f # T*g,, and there exists an h, € X with
Th, # 0 satisfying

(3.15) (f =T"go he) = IIf = T7gollx+llhollx
(3.16) (90 The) = llgolly=Thely -
Furthermore,

[ The ||y
3.17) o= .
( Il

PROOF. ( = ). Since o < 4, it follows that g, # 0 while ¢ > ¢’
insures that f # T*g,. Thus (3.15) - (3.17) follow from (iii) of Lemma
3.4.
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(<=). Assume h, and g, are as above satisfying (3.15) - (3.17) and
normalize h, so that ||h,||x = 1. Thus by (3.17) || Th,||y = ¢ and so

E(o) = max (f,h) = (f,he) = (f =T"9go, ho) + (9o, Tho)

llp]l x <1
ITh]ly <o
= Hf - T*QUHX* + O—Hgo‘ Y*
from which we conclude that g, is a solution to E(o). 0

REMARK 3.5. The converse direction does not imply that 6 < ¢ < 6.
However, from Proposition 3.2, (iv), it follows that if (3.15) - (3.17) hold
for g, # 0 and f # T*g,, then 6 <o < 5.

Proposition 3.4 delineates the infinite interval on which E(o) is a
constant. Proposition 3.5 (if 6 > 0 exists) gives us an interval on which
E(o) is linear. Is it true that E(o) is strictly concave on the complement
of these two intervals? The next result gives a condition implying the
strict concavity of E(c) for o € (0/,5).

PROPOSITION 3.7. Let I = (0/,5). If X is strictly conver, then E
18 strictly concave on I.

PRrROOF. If E(0) is not strictly concave on I, then E(o) is linear on
some proper subinterval [0y, 03] of I. For X € [0,1], set oy = Aoy + (1 —
A)os. Then

E(oy) = AE(01) + (1 — M) E(02)

for A € [0,1]. From the definition of E(c), it follows that if g, € Y* is a
solution to E(cy) for some A € (0,1), then it is also a solution to E(oy)
and E(o,) and thus to E(o) for all o € [0, 0,]. Set g,, = g so that

E(o) = |lf = T"gllx~ + ol|g]

Y *

for all o € [0y, 03].

Now by Proposition 3.6, ¢ # 0 and f # T™§ and thus there exists for
each o € [01,09] an h, € X, Th, # 0, satisfying (3.15), (3.16) and (3.17).
Normalize h, so that ||h,||x = 1. Since we also have ||Th,|y = o, we
conclude that h,, # ah,, for any o € IR. Let A € (0,1), and

hay = Mg, + (1= A)ho, -
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Then ||T}AZU)‘||Y < 0, and since X is strictly convex HIAL,AHX < 1.
Thus

E(oy) = max (f,h) > (£,ho,) = A(f,hoy) + (1= 2)(f, hoy)
IThlly <o

= AE(00) + (1 — N E(02) = E(0y)

and since equality holds throughout we get

E(o) = (f hoy) -

But
(frhay) = (f = T8, hoy) + (3, Thay) < |1f = TGl 1oy 1 x
+19lly- I They Iy < [If = T*Gllx« + orllglly+ = E(ox),
a contradiction which proves the proposition. O

REMARK 3.6. If T is one-to-one and Y is strictly convex, then this
same result also holds.

Let us now return to the case where f = T*g* for some ¢g* € Y*
satisfying (3.13). In this case we have the following inequalities.

LEMMA 3.8. If f =T*g*, g* € Y* satisfying (3.13), f # 0, then

N A P

<5,
lg* 1l

PRrOOF. By (3.8),

L. Th
5=t {0 e X, 0, () = Uflle e}

Let h € X, h # 0, satisfy
(fh) = I llx= NIl x -

Such h exist since f is in the pre-dual of X. By definition, f = T*g"*.
Thus
(T7g", h) = [[T"g"[| xRl x
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and furthermore,

(T"g",h) = (¢, Th) < [lg™lly=Thlly -

Therefore .
IT"g"[lx- _ [[Thlly
lg*lly= = [Ihllx
implying that _—
1Ty e,
llg*lly+

There is nothing to prove unless ¢ > 0. In this case (3.14) implies

A Th * *
b= max{ IRy (g%, Th) = ||g*||ly+|Th|ly, h# O}.

Ihllx
Moreover, if h € X, h # 0, and
(9", Th) = llg"lly=IThlly ,
then since

(9" Th) = (T"g" h) < [IT"g" || x+[[hllx ,

we have ..
[ Thlly _ 1779 ]Ix-
Ihllx = llg*llv-
and consequently
STl
lg* ([ 0

As a simple consequence of Lemma 3.8, and its proof, we can identify
when 6 = ¢’. Note that from Lemma 3.8, when f = T*g*, f # 0, we
must have ¢ > 0.

PROPOSITION 3.9. Let f = T*g*, g* € Y* satisfying (3.13), f # 0.
Then & = 6 (> 0) if and only if there exists an h* # 0, satisfying

3.18)  g*ly-lTh™[ly = (9", Th*) = (T"g", h*) = IT"g"[|x- [|h"[| x -

In this case

179" || x-

(3.19) G=0=
lg*|

Y *
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PROOF. (= ). If 6 = 4, then from Lemma 3.8, (3.19) holds. Let
h* € X, h* # 0, satisfy (3.8) for & (> 0). Then

TRy [[T7g" | x~
=0 =

(3.20) Eainils = 90Xt
17+ x lg*lly-

and (T*g*,h*) = || T*g*||x+||h*||x. Since (T*g*,h*) = (¢*,Th*) and
| T*g* || x+||h*||x = [|Th*||y]lg*|ly+ by (3.20), we obtain (3.18).

(<=). Assume h* € X, h* # 0, satisfies (3.18). Then from Proposi-
tions 3.3 and 3.5 (with the A* of (3.18)),

TR |y
1h*llx —

N

o.

G <

However ¢ < & by definition. Thus 6 = &, and (3.19) is a consequence of
Lemma 3.8. 0

REMARK 3.7. An application of Proposition 3.9 is given in the next
section.

We now turn our attention to the question of the uniqueness of the
solution g, to E(o).

ProrosiTiON 3.10. If X* and Y* are strictly convez, then for
o # G, the solution g, for E(o) is unique.

Proor. Case 1. 0 > 0.

From Proposition 3.2, (iv) (a), if 0 < 0y < 02 < 00 and g,, is any
solution for E(o;), i = 1,2, then ||g,,|ly+ > ||goy|ly+. Since gz = 0 is a
solution for F(g) it follows that g, = 0 is the only solution for E(c) for
o>o0.

Case 2. 0 <0 < 0.

Assume 0 < 0 < & and g1, g2 are two distinct solutions for E(o) with
g1 # ¢2. Since o < &, we have g; # 0 and g, # 0. The solution set of
E(0) is convex, and in fact, if A € [0,1], and g\ = Ag1 + (1 — A)g», then
the triangle inequality gives

(3.21) If =T gxllx+ = M f = T gl x + (L= N[ f = T"gal| x~
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and

(3.22) lgally= = Mgrlly= + (1 = A)l|g2lly

Since Y* is strictly convex, we have from (3.22) that g, = ags, a > 0.
If a = 1 we are finished, otherwise we have

(3.23) g1 = ags, a >0, a#1.

If T*g, = T* gy, then a contradiction ensues from (3.23) (since g; # 0,
g2 # 0) unless T*g; = T*g, = 0. But in this latter case we must have
E(o) = ||f||x+ from which it would follow that ¢ > &, a contradiction.
Since T*g; # T*go, and X* is strictly convex, we have from (3.22) that
f—T*g; and f —T*g, are linearly dependent. By interchanging the roles
of g; and g, if necessary, we conclude that there is a positive constant b
such that

(3.24) f=Tg=0b(f —T*gs).

Since T*g, # T™* gy obviously b # 1.
Now, from (3.23) and (3.24)

If =T gallx= +ollgally= = If = T*gallx+ + ollgally=
=b||f — T*ga| x+ + callg=|ly

Thus
(I =b)f =T gallx+ = o(a — 1)[|ga|ly~

with a,b > 0, a # 1, b # 1. Furthermore, from (3.24)
(1=b)f=T"gy —bT"gs = (a—b)T" g,

and consequently

(a-1)
(=)

a—>b
1 b)T g2 —T"g>

loel- = 11£ = Tl = |

- (555 )7s

X*

)
X*
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which simplifies to

ollgz2lly= = 17" gall x+ -

Since o < 7, we have F(0) < || f||x+ and so

[fllx+ > E(o) = If = T"g2llx+ + ollg2]
Z 1 fllxe = 1T g2llx- + ollgally = £ x- -

Y *

This contradiction proves the proposition. O

REMARK 3.8. For ¢ > &, no assumption on X* or Y* are needed
to prove that g, = 0 is unique solution for E(o). If f = T*g*, g* € Y*
satisfies (3.13), f # 0, and & > 0, then using Proposition 3.2, (iv) (b),
it follows that g, = ¢g* is the unique solution for E(o) for o < & if T* is
1—1 or Y* is strictly convex.

4 — An Example

Let X and Y be Hilbert spaces, and T' a compact operator from X
to Y. In this case T satisfies Assumption I and from Proposition 3.3, it
immediately follows that & = ||T'f||y/||f|lx. The identification of & is
not as simple. However, it is possible to identify exactly when ¢ = 6. To
this end, we recall that the operator 77T from Y into itself is compact,
self-adjoint, and nonnegative. It has eigenvectors and eigenvalues (which
are nonnegative and whose square roots are called the singular values or
s-numbers of T').

PROPOSITION 4.1. Let f € X, f # 0. Then under the above
assumptions, & = ¢ (> 0) if and only if f = T*g* where

for some A > 0. In this case & = & = \'/2.
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REMARK 4.1. Note that in this case both the functions 0 and g* are
solutions to E(o) for 0 = 6 = 6. The solution set is convex and thus ag*
is a solution for all « € [0, 1] (see Proposition 3.10).

PROOF. ( = ). Assume ¢ = ¢ and f = T*g*, g* € Y satisfying
(3.13). From Proposition 3.9 there exists an h* € X, h* # 0, satisfying
(3.18). The equalities in (3.18) imply that Th* = ag* and T*g* = Sh*
for some «, 6 > 0. Thus

TT*g* = \g"

where A = a3 > 0. From (3.19) it easily follows that & = & = \'/2.

(<=). Assume f = T*g*, and TT*g* = Ag* for some A > 0. Set
h* =T*g*. Then it follows that

(h*,h*) = (T"g",h") = (9", Th*) = (¢", TT"g") = Mg", 9") -
Furthermore,
19" IV 1Ty = g IV IITT* g™ [y = Mlg™ll3 = Mg". 97,

while
IT*g"||x[|P* | x = IP* | x A" [l x = [[A*[I% = (h*,h").

Thus (3.18) holds, and from (3.19) 6 = 6 = \'/2. a
Let us now assume that o € (0/,6) and proceed to characterize g,.
From Proposition 3.6, there exists an h, € X, Th, # 0, satisfying (3.15)
- (3.17). In particular (3.15) gives
ah, = f - T*go
for some o > 0 (since f # T™g,), and from (3.16)
B9, = Th,

for some 5 > 0 (since g, # 0). Thus it follows that for some positive
constant (o)

(4'1) T(f - T*gv) = )‘(U)ga .
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Since T'T™ is compact, self-adjoint and nonnegative, the operator T7T*+ A1
is invertible for all A > 0 and so

(4.2) 9o = (TT" + X0)) ' Tf.
From (4.2) and (3.17) it may be shown that

_f = Tgolx
=g
1921ly

If (4.1) and (4.3) hold, then so do (3.15), (3.16) and (3.17) for h, =
f—T*g,. Thus these equations determine g,. It remains to explain how
the function A(o) is obtained. To this end, note that from Proposition
3.2, (iv) (a), ||go||y is a nonincreasing function of o, and from Proposi-
tion 3.2, (iv) (b), ||f — T%¢,||x is a nondecreasing function of o. Thus
for o € (0’,5), the function (o) is a strictly increasing function of o.
Furthermore, it is not difficult to ascertain that (o) is also a continuous
function of ¢ in (¢’,5), and

(4.3) o)

lim A(o) = oo

olé&

(since li%r} llg-|ly = 0), while

lilm/ Ao)=0.
For A > 0, set
o= (TT* + A\I)"'Tf
and define NIN
Irlly
C(A\) = ——F——.
N = =Tl

Then according to (4.2) ((A(o)) = o for o € (0/,5). That is, ( is the
inverse of A and hence in this sense determines A. More can be said about
go when f = T*g*, for some g* € Y'\{0} such that TT*g* # \g* for all A >
0. In this case, 0’ < 6. Let {\;};=; denote the nonzero eigenvalues of TT*
listed to their algebraic multiplicity. Let {g;};—; denote a corresponding
set of orthonormal eigenvectors, that is,
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Since the {g; };=; are complete in the range of TT*, and since we may
assume that ¢* satisfies (3.13), it then follows that

g = Z Qigi

for some {ai}iZI in lg.
For ¢/ < o < 4, it follows from (4.2), or using the results of the
previous section, that

where 1o
Aa?
i)
— 7 ()\z + )\)
Aa? /2"
o)
7 ()\z + )\)
Note that as A T oo, the above quantity tends to
1/2
[z
G=— 172
()
while as A | 0, it tends to
1/2
)
o= .

(zen) ™

which is understood to be zero if the series in the denominator diverges.
There are two additional examples of the results from Section 3 which
we have examined in detail. The first is the matrix extremal problem;

(4.4) qu(a) :Ingian—Dng—i—UHqu
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where f,g € R", p,q € [1,00], 0 > 0, and D is an n x n diagonal matrix
given by D = diag{d,... ,d.}. By | - ||, and [ - [|; we mean the usual [}
and [ norms, respectively. A continuous analogue of this is the following

min [|f —dgll, + ollgll,

where d is a fixed function.
Let vq,...,v, € C(Q2), where Q is a compact subset of IR™. For
1<p<oo,1<qg<oo, f=(f1,...,fn) € R" and o > 0, define

p\ 1/p
) +allglly

where L7 = L7(2) is the usual L?-space with associated Lebesgue measure
on 2.
For ¢ = 1 instead of (4.5) the appropriate form is

p\ 1/p
) +ollpllr.v.

where C*(§2) denotes the dual space of C'(£2). We identify this as the
space of all Borel measures p on €2, with norm denoted ||u||r.v., the total
variation of p over 2. Both problem (4.4) and (4.5) - (4.6) have been
studied in detail in MiCCHELLI and PINKUS [17].

cLa
g i=1

(4.5) E,,(0) = min (i

ﬁ—/w@mw@

ﬁ—/M@@@)

Q

(4.6) E,i(0) = min (z":

HEC* ()

5 — Totally Positive Kernels

We consider in this section the particular case of our general problem
where the operator T* is given by an integral operator whose kernel is
strictly totally positive (STP). Before dealing with the specifics of this
problem, we first present the general framework.

We let [a,b] or [c,d] denote closed nontrivial intervals of IR. For
1 <p < oo, L? will be the usual space with associated Lebesgue measure
on either [a,b] or [c,d]. As previously, for any interval [a, b], C*[a, b] will
denote the dual space of Cfa,b] which we identify as all Borel measures
w on [a,b] normed with total variation ||u||7.v..
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Let K(z,y) be a jointly continuous kernel for (z,y) € [a,b] x [c,d],
ie., K € C([a,b] X [¢,d]). For functions h and g defined on [a,b] and
[c, d], respectively, set

(Th)(y) = (K" () = [ K(w.p)h(a)ds

a

and

(T°g)@) = (Kg)(@) = [ K(x.y)g()dy.

(K™ here denotes the transpose of K). For v € C*[a,b] and pu € C*[e, d|,
we set

(Tv)(y) = (K"v)(y) = [ K(a.y)dv(a)
and

(T*p)(@) = (Kp)(w) = [ Klwy)dn(y)

We also set for 0 > 0 and p, q € [1, 0]

min |7 ~ Kgll, + ollgll 1<p<oo, l1<q<o,
Ey(o) =14 "
" min || f — Kull, + ollpllryv.,, 1<p<oo, ¢g=1
neC*la,b]
and

max (f,h), 1<p<oo, 1<¢g<o0

h <1
IRl <

IETh| /<o

P q

epq(U) =
max (f,v), p=oo, 1<g<o0.

Ivliz.v. <1

KTy <o

PROPOSITION 5.1.  For any f € Cla,b], 0 > 0 and p,q € [1, 0] we
have

Epy(0) = epq(0) .
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ProoOF. This follows from an application of Theorem 3.1 where some
care needs to be taken in the choice of the spaces X and Y. We divide
the possibilities into six cases

(LY, L7), 1<p<oo, 1<q<oo
(LPI,C[c,d]), l<p<oo, ¢g=1
(X,Y) = (L=, L7), p=1, 1<g<oo
(L*,Cle,d]), p=1, ¢=1
(C*[a,b],qu), p=o0 1<qg<oo
(C*[a,b],Cle,d]), p=occ g¢=1

and note that in all possibilities Assumption I holds. Also, it need be
noted for the third case that whenever f € C|a, b]

[Fll ooy = NI f1

and in the fifth case that

[ llowtapy = [1flloo -

We also observe when 1 < p < oo that Proposition 3.3 implies that

KTh|
&= H _ ||q

[l
where h(z) = ]f(;c)\p_lsgn (f(x)). Similarly if 1 < p < 00, 1 < ¢ < 0
and o € (0’, ), then the solution g, € L9 to E,, (o) is unique (Proposition
3.10), and is uniquely given by a solution to

(5.1)  KT(|f — Kgo|" ' sen(f — Kg,))(y) = Mgo(v)|""" sen (g, (v))

a.e. on [c,d] for some choice of A > 0 (see Proposition 3.6) depending on
.
To proceed further we assume that the kernel K is STP. That is, for
everya <z <...<z,<bc<y <...<y,<dandn=1,2,...
det (K (z:, ),

L >0,
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The two main facts connected with STP kernels which we shall use

are the following, cf. KARLIN [13].

a) For any h € L'[c,d],
Z(Kh) < S(h)

where Z(f) is the number of zeros of f(f € Cla,b]) on [a,b], with
the convention that a zero of f in (a,b) is counted twice if f does not
change sign at that zero. S(h) is the number of essential sign changes
of the function h. This is called the wvariation diminishing property
of the kernel K.

b) If

Z(Kh) = S(h) < o0,

and h is positive near d, then (Kh)(b) > 0, or (Kh)(b—e¢) < 0 for all
€ > 0 sufficiently small. We then say that Kh and h have the same
sign orientation.

Thus, for example, for the g, as defined above in (5.1), we get from
(a) that Z(Kg,) < S(g,) < Z(gs) < S(f — Kg,) for each o € (¢/,5).

Under this condition on K we turn our attention to the problem
Eooo(0). According to Proposition 5.1 we have

(5.2)  Fan(0) = min |If - Kglloo + ollgle = min_ (f,10).
geL™>® Il v, <1
15T plly <o

We recall the following result proved in PINKUS [21].

THEOREM 5.2. Let K be STP, f € Cla,b], and 7 > 0. Assume
f¢A ={Kg:|gllw<7}. Then there exists a unique solution g" to

(5.3) min {||f = Kglloo : [lgllc < 7}

characterized as follows: there exists a nonnegative integer m(t), points
c=6 <& <. <) <&t =d,
a<n <...<Nprg1 <0
(all dependent on 1), and some € € {—1,1} such that
a) e(-1)'g’'(y) =g le="7 a.e. forye(§-1,&), i=1,....,m(7)+1

B ) (1) (f = Kg ) = If — Kglles i=1Lv.. m(r)+ 1.
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We remark here that a discrete analogue of Theorem 5.2 may be
found in PINKUS and STRAUSS [23, Theorem 4.2]. As noted in Section 2,
the two problems (5.2) and (5.3) are related. The solution g, to E.(0)
is equal to g7 of Theorem 5.2 for 7 = ||g, || Furthermore g™ also solves
Eooo(0) for some o. To be precise, let ¢g" be as in Theorem 5.2 with
associated {&17"7) and {n;}7)"". Since K is STP, there exists a unique

set of coefficients {a}"*! satisfying

=1
(55) m(7)+1

b)Y o =1

i=1

c) e(—1)a; >0, i=1,...,m(t)+1.

m(r)+1
a) [ Z a;kK(m,y)] g (y) >0 ae yé€led

Define p* € C*a, b] by

m(7)+1

(5.6) du* = > aréy, .

=1

m(7)+1
Then ||p*||zv. = > laj| =1, and from (5.4) and (5.5),

=1
(f = Kg",p") = If = Kgllcll"[|1.v.

and

(97 KTp) = [lg" ol K11 -
Thus from Proposition 3.6, we get that g™ solves (5.2) for o = ||[K* p*||;.
In addition, it follows that ¢/ < o < 5.

Now, it need not be that the {n;}"{’™" are uniquely defined for a
given 7. That is, f — K¢” may attain its norm at more than m(7) + 1
points. In this case the p* of (5.6) is not uniquely defined. Consequently,
there may exist a range of values for ||K”p*||; where pu* is associated
with a fixed g7, as above. This range of values is necessarily an interval.
On this interval the same ¢7 is a solution to F..o(0), and thus F. .. (o)
is linear. This corresponds to a lack of differentiability at a point of the
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associated Gagliardo diagram. On the other hand, it may be that distinct
T give rise to the same p*. In this case we will have nonuniqueness of the
solution to F (o) for the associated o. We discuss this point later in
some detail.

Let us now consider the relationship between o, 7 and m(r) for o €
(¢',6). From Proposition 3.2 (iv), if 0 < 07 < 02 < 00, then

a)  [|9o1llec = (1902 lloo

5.7
(5.7) B) If = Kool < I — Kool -

Let ¢/ < 01 < 02 < &. Denote by g,, a solution to E..(c) for
o = 0;, i = 1,2. By our previous remarks g,, = g7, where 7; = ||g,, ||cc:
i =1,2. Thus from (5.7) (a) 71 > 7. Associated with each g,, = g7 is
the number m(7;) as given in (5.4).

PROPOSITION 5.3.  For o' < 01 < 09 < &, it follows that m(m) >
m(’rg).

PROOF. Assume g,, # Go,- SINCE [|go,|loc > [|goy /o and ’901 (y)‘ -
|go, |loo for all y, with S(g,,) = m(m1), we have that

S(901 = 9o,) < (T1).

Now || f — K¢goylloc > ||f — KGo, |loo, and from (5.4) (b), f — Kg,, attains
its norm, alternately, on at least m(7;) + 1 points. Thus

Z((f - KgO'Q) - (f - KgUl)) > m(TQ) :

Z((f - Kgo’z) - (f - thn)) = Z(K(gcn - go’g))
S(gtn - 902) < m(Tl) :

m(r) <
<

This proves the proposition. O
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A more detailed analysis provides us with this next result.

PROPOSITION 5.4. Assume m(7) = m(m), 0/ < 01 < 09 < 7, and
9oy 7 9oy Then
1) 7= [lga1lle > [1goslloc = 72
2) If = Kgoillso < IIf = Koy lloo>
3) 9,, and g,, have the same orientation,
)

4) f— Kg,, attains its norm, alternately, at exactly m(r) + 1 points.

PROOF. Both (1) and (2) are immediate consequences of the unique-
ness of the solution in (5.3). We know that 7 > 7. If 7y = 7, then g,,
and g,, are distinct solutions to (5.3) for the same 7. Thus (1) holds.
From (5.7) (b), ||f — Ko, |loc > || f — K90, || If equality holds, then g,,
and g,, would again both be solutions to (5.3) for 7 = 7. This proves
(2).

To prove (4), note that equality holds in (5.8), and thus f — Kg,,
cannot attain its norm, alternately, at more than m(r,) 4+ 1 points.

Equality in (5.8) also implies that K(g,, — ¢o,) and g,, — g,, have
the same sign orientation. The sign orientation of K(g,, — ¢o,) = (f —
Kg,,)—(f—Kgs,) is determined by the sign orientation of f — Kg,,, and
this, by (5.4), is in turn determined by the sign pattern of g,,. The sign
orientation of g,, — g,, is determined by the sign pattern of g,,. As such
a little bookkeeping shows that g,, and g,, have the same orientation.
This proves (3). 0

For fixed o € (0/,6), the above analysis does not imply that there is
a unique solution to E. (o). Nonuniqueness may occur but only when
the following is satisfied.

PROPOSITION 5.5.  Let o € (0/,5). Assume g. and g2 are two
distinct solutions to E o (0). Then

1) gi(y) = ag2(y) a.e. for some a > 0.

2) If S(gt) = S(g2) = m, then there exist a <y < ... < Npy1 < b and
e € {—1,1} such that

e(=1)'(f = Kgl)(m) = |If — Kg}ll~
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fori=1,... m+1andj=1,2.
3)

_ DK ) ()
gl

PROOF. Let ||g!||oc = 75, 7 = 1,2. Since (5.3) has a unique solution
and g # g2, it follows that 7, # 7.
Set g = Agl + (1 — \)g2 for any fixed A € (0,1). Then

EOOOO(J) < Hf - Kg)\”oo +UH9>\HOO
<SAMf = Kgilloo +0llgslloc) + (1 =N (If = Kg2 oo +llg2]10)
= Fwuol0).

Equality implies that g, is also a solution to E.(c). Thus
(5.9) [Ags + (1= Ngz]l. = Algolle + (1= Mgzl

and

IACf = Kg;) + (1= N(f - Kg7)l|.. =

(5.10) 1 ;
=AMf =KMo+ A =N|f — K¢ |lo -

Since g, is a solution to Ey..(0) for o € (¢/,5), it is also a solution
to (5.3), and thus |gx(y)| = [|gxll a-e. y. This fact together with (5.9),
and the form of g} and ¢?, implies that

9.(y) = agily), ae y
for a = ||gt]lo /19200 > 0.

Let S(gx) = m( = S(gl) = S(¢2)). There then exist a < < ... <
Nm+1 < band € € {—1,1} (determined as in Theorem 5.2) such that

e(=1)'(f = Kg)(m) = [If — Kgall
foralli=1,... ,m+ 1. From this fact and (5.10) we get

e(—)(f —Kgl)(m) =If — Kglll
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fori=1,..., m+1land j=1,2.
Finally
alllg e = llgslloc) = If = Kgallse = I1f = K2l
=e(—=1)'[(f — Kg,)(n:) — (f — Kg2)(m:)]
=e(—1)'K(g; — agy)(n;)
2 1
ga oo go’ o0 7
= el ~hellee] o1y kg2 m)

192100
and thus R
KGR
193]]o0
Substituting from (1), we get the same equality but with g} replacing
2
Yo 0

We now turn our attention to the problem FEi;(¢). In this case,
Proposition 5.1 gives

Ey(o)= mi - K = Jh).
u(@) = min |If = Kpls +olullry i) (fh)

For this problem we review some results from MICCHELLI and PINKUS
[16] which require that f € Cfa,b] be in the convezity cone of K. By

that we mean that for all m > 0, and all points a < 2y < ... < X, <D
and c <y < ... <y, <d,

K(l’l,yl) e K($1, ym) f(xl)
: : : > 0.

K@i, v1) o K(@mt1,Ym)  f(@mi1)

For m = 0, we take this to simply mean that f(z) > 0 for all z € [a, b].
We explain how to choose for each o € (0,5) (here ¢ = || fcd K(-,y)dyl )
a solution p* to E;;(0) in a simple way which depends linearly on the
particular f in the class.

Given any nonnegative integer m, there exist a = & < & < ... <
Em <&myr1=0band c <m < ... <Mpy1 < dsuch that for he defined by

hf(x) = (_1)i+77z+17 T € (fi—laﬁi), 1= 17 cee 7m+ 17
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we have
(KThe)(m)) = (1)K helloo . j=1,... m+1.
In fact, these conditions uniquely define £ = (&,...,&,). Let
O = [ K" hel| -

Then it is easily shown that {o,,}>°_, is a strictly decreasing sequence
(0o = ¢) and lim o, = 0. Now for o € (0,,,0,-1), there exist, for

k=12 pointsa=¢ <& <...<& =bande<nf <...<nk <d
such that for hee defined by

(5.11) her(z) = (=1)F™ we (68,6, i=1,...,m+1; k=1,2,
we have
(5.12) (K"he)(nj) = (=1 K her|loes 5 =1,...,m, k=1,2.

In fact these conditions uniquely determine the &%, k = 1, 2.
For f in the convexity cone of K, an optimal u* for F(0) is given
as follows. For o € (0,,,0,,_1), let

(5.13) dp” = E a;b,e
J
i=1

where the {a;f L, are uniquely determined by the conditions

(514 [€) =D e K@), i=1...m.

Conditions (5.13) and (5.14), together with the fact that f is in the
convexity cone of K imply that

(5.15) al(=1)*™ >0, j=1,...,m,
and

(5.16) her (0) [f(2) — (Kp*)()] 2 0,
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for all = € [a,b]. Thus from (5.12), (5.13) and (5.15),
(K" hez, ") = | K" hez|oo |1 | 7.
while from (5.11) and (5.16),

(hez, f — Kp™) = ||he2 || ool f — K] -

Applying Proposition 3.6, we see that * is indeed optimal for F1; (o).
For o = 0,,, we do much the same using the associated {&i,... ,&,} and
{n2,... ;Mm+1} (note here that 7, is an extra extrema of K”'hg).

In case f satisfies

f($1) K(wlvyl) K(xlayM)
. . . >0

f($m+1) K(Im+la yl) T K($m+lv ym)

forallm >0, pointsa <z <...<zpp1 <bandc<y; < ... <y, <d
we use the values {£]}72, and {n;}7~, (or {n;}}-, for 0 = 0,,) to solve
Eii (o).

The last problem we consider is the question of when 6 = 6. Our
first remark does not require that K be STP. Specifically, if 1 < p < oo
and 1 < ¢ < oo, and in addition f = Kg* for some g* € L%, then from
Proposition 3.9, & = ¢ if and only if

KT(|Kg" [ sgn(Kg*))(y) = Mg*()|* " sen (9°(v))

a.e. on [c, d], where
NLYAl
lg* 112

In this generality we know very little about these equations. How-
ever, for p = ¢ € (1,00) and K strictly totally positive, these were studied
in PINKUS [22]. Its solutions (there are a countable number, up to mul-
tiplication by constants) are related to certain n-width problems. In fact
for K STP, many of the extremal problems considered in the study of n-

widths seem to relate to exactly the problem of when 6 = 6. We describe
some of these cases in what follows.
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In MIccHELLI and PINKUS [15] it was shown that for any fixed non-
negative integer m,

g:(y) = (—=1)Fm+L te(ti,t), i=1,..., m+1
and p € [1, o0], the problem
mtinHthHp, t=(ty,... ,tm)

has a solution g* = g¢ (dependent on p) where £ satisfies ¢ = £, < &§ <
coo <& <&y = d and

b
/‘Kg*(x)‘P—l[sgan*(x)]K(x,&)d:L‘ =0, i=1,...,m,

a

for 1 < p < oo, while for p = co there exist a <, < ... < Ny < b such
that
(=)™ Kg* () = [ Kg"]| oo, i=1,...,m+1.

For 1 < p < oo set
W (@) = |Kg (@) sen (Kg" ()
so that
(5.17) (Kg",h") = [Kg"[|p 2" [l

where 1/p+1/p’ = 1. Moreover, from the variation diminishing property
of K (and K*) we obtain that

g () (KTh*)(y) > 0

for all y € [¢,d] and so
(5.18) (9", KTh) = g™ oo [ K H7 |y -

Applying Proposition 3.9, we get the following result.
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ProrposiTION 5.6. If f = Kg* where g* is as above for some m
and some p € [1,00), then in the problem E, (o),

IKg* s _ KRy
lolee 07l

0=0=

To handle the problem E. . (0) we define p* € C*[a, b] with ||u*||7.v. =
1 by

m+1

dp” = Z a; oy, ,
i=1

where the {a}"1" are the unique set of coefficients satisfying

m+1
a) [Z a;-kK(m,y)] g (y) =0 ae yeled

m+1
DEDHES
i=1
c) (=1)"*mtar >0, i=1,..., m+1.

From the above constructions, we get

(Kg*,1*) = [[Kg™ ||| | 7.v.

and
(95 K"p*) = [lg" (o1 KT 1" |1 -

Again Proposition 3.9 yields the next result.

ProrposiTiON 5.7. If f = Kg* where g* is as above for some m,
then in the problem E (o),

1Kol _ KTl
197 [0 ||l 7.y,

0=0=
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REMARK 5.1. Let p € [1,00] and ¢g* be as above so that either
Proposition 5.6 or 5.7 is satisfied. For 0 < 7 < [|g*||e, consider the
problem

min {|[f = Kgllp : gl <7}

For p = oo it follows from Theorem 5.2 that there is a unique solution
g”. This g7 is explicitly given by

*

r__T9
19* /oo

g

because (5.4) of Theorem 5.2 is satisfied. Moreover, this same ¢” is the
solution for all other p as well since the associated h* is a nontrivial linear
functional on LP which attains its norm on Kg*.

Interchanging the roles of K and K7 in the analysis which led to
Propositions 5.6 and 5.7, we get corresponding results for E; (o), 1 <
q < oco. Explicitly, for 1 < g < oo, let g* be the solution to

min | K7 gl
where 1/qg+1/¢' = 1, and g; is as previously defined. For 1 < ¢ < oo, set

W (y) = K79 ()" sen (K79 ()

and for ¢ = 1 let v* play the corresponding role to the y* defined above.
Then,

ProrosiTION 5.8. If f = Kh* where h* is as above for some m
and some q € (1,00], then in the problem E, (o),
KR 1K g |l

5’ pu— a’ prm— pr—
17+ lq 197/l

If f = Kv* where v* is as above, then in the problem Ey; (o),

— s BV KT gl
0=0= * - *
[ v llg*fle
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