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n-WIDTHS IN APPROXIMATION THEORY: A SURVEY
Allan Pinkus
0. Introduction

What we today refer to as the n-widths in the segée of
Kolmogorov was introduced by Kolmogorov in 1936 [21].
Essentially little attention was paid to this concept until
1960 when Tichomirov initiated a series of papers which laid
the foundation for and motivated much of the subsequent theory.
At last count there were approximately 200 articles devoted
to various aspects of n-widths and the subject has slowly
drawn the attention of more and more approximation theorists
as 1s evident, at the least, from the fact of this survey
article.

The title is, of course, a misnomer. As with any survey
I cannot and will not give a complete account of the subject
matter. What I have tried to do is to give a sketch of some
of the theoretical results concerned with n-widths and illus-
trate them by various examples. It is not possible or practi-
cal to reference all the papers concerned with the various as-
pects of the theory of n-widths. (As such apologies are due
to the many authors whose works are not mentioned.) A fuller
exposition of the theory is to appear in [40], where I hope to
redress all wrongs.

This survey is organized as follows. In Section 1 we de-
fine the basic concepts and discuss various general properties
of n-widths. n-Widths in a Hilbert space setting are discus-
sed in Section 2. 1In Section 3 are considered exact n-widths
for classes of functions generated by integral operators of
total positivity type. A discussion of n-widths induced by

diagonal matrices is given in Section 4. 1In Section 5 we
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review the recently proved asymptotic estimates for n-widths
of Sobolev spaces. We conclude, in Section 6, with a discus-
sion of some results on exact n-widths of classes of analytic
functions.
1. Basic Results
Let X be a normed linear space (over R or ¢) and A a sub-
set of X. For an n-dimensional subspace Xn of X, define

E(A;Xn) = sup inf [l a~xil .
a€A x € Xn

The n-width, in the sense of Kolmogorov, of A in X is defined

by

dn(A;X) = inf E(A;Xn) = inf sup inf {la-xl

Xn Xn aeA x € Xn

where the left-most infimum is taken over all subspaces Xn of

X of dimension at most n. Equivalently, we may write

d_(A;X) = inf inf{d : A > 0 , A < X_ + AS(X)}
n % = “n
n
where S(X) denotes the unit ball of X. If dn(A;X) = E(A;Xn)

for some subspace Xn with dim(Xn) < n, then Xn is said to be
an optimal subspace for dn(A;X). (Optimal subspaces need not
exist, see e.g. Brown [4]).

dn(A;X) measures the extent to which A is approximable by
n-dimensional subspaces of X. It is, in a certain sense, a
measure of the "thickness" or "massivity" of A in X. It also
provides a lower bound on the degree of approximation of A by
any particular n-dimensional subspace of X.

For specific A and X, interest is generally directed to
two questions: (1) Calculate dn(A;X) and determine (or char-
acterize) optimal subspaces Xn for dn(A;X). (2) Determine tﬁe

asymptotic behaviour of dn(g;x) as nt». The latter question

&y
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is of interest because geﬁerally the former is intractable,
and even if solvable, too much computational effort is involv-
ed for its practical use. Often very simple n-dimensional sub-
spaces may approximate A in an asymptotically optimal manner,
and this fact is often worth knowing.

The following properties of dn are fairly immediate con-
sequences of the definition (see e.g. Lorentz [24], Pietsch
[36], and Singer [43]).

THEOREM 1.1: Let X be a normed linear space and A < X.

(i) dn(K;X) = dn(A;X), where A is the closure of A.
(ii) For every scalar a,
dn(aA;X) = jai dn(A;X).

I

(iii) For each A < X, let b(a) fox : x € A, lai < 1} be

the balanced hull of A. Then

d, (a;x) = d (b(a)ix].

(iv) dn(co A;X)==dn(A;X), where co A is the convex hull of A
(v) For any two sets A,B < X, set
E(A;B) = sup inf jla-hbii.

a€A be€B
Then if B < A,

d (A;X ) - E(A;B) < d (B;X) < d (A;X).
(vi) da (A;x) > d ,(aiX) , n=0,1,... .

(vii) Let X and Y be normed linear spaces, A c X < Y. Then

dn(A;X) > dn(A;Y).

(viii) A is compact if and only if dn(A;X) v 0 and A is
bounded.
On the basis of properties (i), (iii) and (iv) we can and
will henceforth assume that A is a convex, closed, centrally
symmetric subset of X. Many examples exist of strict inequali-

ty in (vii), e.g., 4 (s(%);8,) =1/2, while d_(s(2)ic,) =1
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for all n > 1 (Hutton [13]).

Garkavi (the proofs may also be found in Singer [43])
proved the followiﬂg results concerning the existence of opti-
mal subspaces. ‘

THEOREM 1.2 (Garkavi [8]): Let X be a normed linear space and

X' the dual space of X. For every A < X' there exists an opti-

mal n-dimensional subspace for dn(A;X').

THEOREM 1.3 (Garkavi [8]): Let X be a Banach space. Assume

that there exists a projection P of X" onto X of norm one.

Then for every A < X there exists an optimal n-dimensional

subspace for_dn(A;X).

The proof of Theorem 1.2 is based on the compact-
ness of the unit ball of X' in the weak*-topology. Theorem
1.3 is a fairly simple extension of Theorem 1.2.

If A is a subset of an (n+l)-dimensional subspace, then
it always has an optimal n-dimensional subspace.

THEOREM 1.4 (Brown [4]): Let A be a closed, convex, centrally

symmetric subset of an (n+l)-dimensional subspace X+l of X.
Then

a (a;x) = inf{llxll : x € 3A}.
Furthermore, there is an n-dimensional subspace of X1 which

is optimal for dn(A;X).

The statement of Theorem 1.4 does not preclude the exis-
tence of optimal subspaces not in Xo+1-

The proof of Theorem 1.4, and more especially the lower
bound, is based on a central result in the theory of n-widths.

It is the following, often referred to as the Fundamental

Theorem of Tichomirov.

———— o —
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THEOREM 1.5 (Tichomirov [48}): Let Xn be any (n+l)-dimen-

+1

sional subspace of a normed linear space X and let S(X ) be

n+1

the unit ball of X . Then
n+l _

d (s(x_..) : X) = 1.

n+l
The main idea inherent in the proof of this theorem is

that given Xn and any n-dimensional subspace Xn of X (and

+1

not necessarily of X ), there exists an x € Xn ~ {0} whose

+1

best approximation from Xn is the zero function, i.e.,

n+l

E(x;Xn) = |Ix[|l. This latter result was first proved by Krein,
Krasnoselski, and Milman [23]. (It is an application of the
Borsuk Antipodality Theorem.) For a proof see e.g. Lorentz
[24}. Tichomirov first noted its application in obtaining

lower bounds for n-widths. The idea is to find an (n+l)~dim-

ensional subspace Xn for which AS(Xn+l) < A. Then by prop-

+1

erties (ii) and (v) of Theorem 1.1 and by Theorem 1.5,

a_(a;x) > d (As(x_ ;) 5 X) = A,

n+1

As an example of its application, consider the following
(Tichomirov [48]):

Let Am(R), R > 1, denote the class of functions f analy-
tic in AR = {z : |z| < R} which satisfy

™ = swplie™ @)1 sz e ag) < 1
L (AR)

We will determine the n-widths of Am(R) as a subset of Lm(A ).

1

Babenko [1] proved that E(A (R);m ) ==Rm_n(n—m)!/n!
m n-1 Lw(A )
1

zn—l}.

(for n > m), where L = gpan{l,z,..., Thus

-1

[oe] m—
a(a (R 7)) < R77

(n-m)!/n!. To prove the lower bound,

let Xop1l = Ty By the above reasoning it therefore suffices

to prove that for all p € n (n > m),
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-1l
B em) L () < el

co — co

L (AR) L (Al)

This is a well-known inequality which is a consequence of the

inequalities
a) upll s RMpll
L (AR) L (Al)
b) P < nlipll
L (ay) L (4aq)

The inequality (b) is implied by Bernstein's inequality
[[t'[g fﬂn[[t[k for all t € Tn (trigonometric polynomials of
degree < n). Thus dn[Am(R); Lw(Al)) = Rm—n(n—m)!/n! for all
n > m (see also Theorem 6.1).

This method of obtaining lower bounds for dn(A;X) has
been codified and we have:

DEFINITION 1,1; Let A be a convex, closed, centrally symmet-

ric subset of a normed linear space X. The n~width, in the

sense of Bernstein, of A in X, is given by

bn(A;X) = ;up sup{A : AS(Xn+l) < A}
n+1
= sup inf I xll,
Xn+l x € a(Xn+l n 2

where X ., is any subspace of X of dimension at least n + 1.

Thus from Theorem 1.5, dn(A;X) > bn(A;X). There are al-
so inequalities which go in the opposite direction. Mityagin
and Henkin [34] proved that

2
d,(a;x) < (n+tl)” b _(A;X)
and if X = H is a Hilbert space, then
dn(A;H) < (n+l) bn(A;H).
Pukhov [41] improved this latter result if H is a Hilbert

space over the reals, to obtain

w
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dn(A;H) < Ve vn+¥l b (AiH).

It is conjectured, again by Mityagin and Henkin, that the

correct inequality should be
dn(A;X) < (n+l) bn(A;X)

for general X, while for a Hilbert space H it should be
dn(A;H) < vn+1 bn(A;H).

These bounds can certainly not be bettered as it is known

that d_(S(&;)jcy} =1, b_(S(8;)7c,) = (n+1) L, while

n 1770 ' “n 1770 !
. = . = -1/2
4, (sq)i%,}=1, b (S(29)i2,} = (n+l) .
One other general method of proving lower bounds for

dn(A;X) is known when X = C(B) (B a compact Hausdorff space).

THEOREM 1.6 (Lorentz [24]): Let A be a subset of C(B). Assu-
me that there exist n+l points in B, KyreoorX g and a num-

ber A » 0 with the following property: For every choice of

signs &, € {-1,1},4i=1,...,n+l, there is a function f € A

such that
sgn f(xi) = 61 and |f(xi)| > Ay, i=1,..., n+l.
Then dn[A;C(B)} 2 A

This theorem follows from the fact that the set of points
(f(xl) pee ey f(xm_l)}, as f ranges over a subspace of dimension
n, must miss the interior of some quadrant in Rn+l.

Many other n-width concepts appear in the literature
(see e.g.,Pietsch [36],[37] and Tichomirov [50]). We shall dis-
cuss only two others., The first of these simply replaces best
approximations by linear approximations, which are often more

practical.

DEFINITION 1.2; Let X be a normed linear space and A a subset

of X, The linear n-~width of A in X is given by

6n(A;X) = inf sup Hx—Pn(X) Il
Pn x €A
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where the infimum is taken over all continuous linear operat-

ors P of X into X of rank n, i.e., for which the range of P

is of dimension n.

P is said to be optimal if d&A;X)=supﬂk—R&x)H:){EA}.
Properties (i), (ii), (iii), (iv) and (vi) of Theorem 1.1
hold with dn replacing d . In addition we also have, by defin-
ition, Gn(A;X) z_dn(A;X), and the easily proven
PROPOSITION 1.7: Assume that A < X € Y and X is a subspace

of the normed linear space Y. Then

GD(A;X) > dn(A;Y).
The statement of Theorem 1.4 may also be modified so that

it holds for 61 (as does Theorem 1.5).

We now introduce another n-width concept, the motivation
for which will become evident later.

DEFINITION 1.3: Let X be a normed linear space and A < X. The

n=width, in the sense of Gel'fand, of A in X, is given by

a™(a;x) = inf sup i xil

™ xeani”

where the infimum is taken over all closed subspaces " of X

of codimension n.

1" is said to be optimal if a™(a;x) = suplllxil: x€AN ).
It is not in general true that dn(A;X) = dn(i;x) or that
d™(a;x) = d"(coh;X). However, we always assume that A is
closed, convex and centrally symmetric.

Unlike the case for dn and én, we have

PROPOSITION 1.8 (Helfrich [11]): Let X and Y be normed linear

spaces and assume X is a subspace of Y. Then for every A c X,

aa;x) = at(a;v).
This implies that it suffices, in the calculation of

dn(A;X), to take X =span(A). If X is only a subset and.not a
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subspace of Y, e.g. X = QEGR) , ¥ = 2$(¢), then strict inequa-
lity may, and sometimes does, occur, d" also satisfies Theo-
rems 1,4 and 1.5, with the obvious modifications,and we have
s (AiX) > d"(A;X) > b (A;X)

as was the case with dn(A;X). No a priori relationship exists
between dn and d". There are examples for which dn>dn and
also examples for which dn < a”.

It is only rarely that one deals with a truly arbitrary
subset A of X. It is most often the case that A is the image
of the unit ball of some normed linear space X under a cont-
inuous linear mapping T of X to Y, or some variant thereof.
(Note that here A is a subset of Y, We apologize to the read-
er for this altered notation, but it is the common one used.)
We write

dn(T(X);Y} = inf sup inf Il Tx-y Il
X HXIlX<_1 y € X,

the infimum being taken over all n-dimensional subspaces X
of Y.

When we are considering n-widths in this explicit form,
then different definitions of Gn and a% are given, which could
not possibly have been previously given. We set

§ [T(X);Y} = inf sup [l Tx-P_xI|
n P lixll <1 "

where Pl is any continuous linear operator of X into Y of

rank n, and

a"(r(x);Y) = inf sup (Il Tl
ok llo<1
x € L"

where L" is any subspace of X of codimension n.
Again we emphasize that these definitions differ from

the previous ones.
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For ease of notation, let L(X,Y) denote the class of con-
tinuous linear operators from X to Y, and K(X,Y) the class of
compact operators in L(X,Y) (often referred to as the class of
completely continuous operators). For T € L(X,Y), let
T' € L(Y', X') denote its adjoint. Then we have
PROPOSITION 1.9 (Ha [10], Pietsch [36]): For every
T € L(X,Y),

a™(T;v) = a (T ;ix')

From Schauder's Theorem and property (viii) of Theorem
1.1:

PROPOSITION 1.10: d"(T(X);Y) + 0 iff T € K(X,Y).

This statement is not true for §_(T(X);Y).

The reverse inequality to that of Proposition 1.9 is not
valid without further restrictions, e.q. dn(S(ll);co) =1,
dn(S(Jll);SLm) = 1/2, for n > 1 (Hutton [13]).

THEOREM 1.11 (Pietsch [36]): If T € K(X,Y) or if Y is a

reflexive Banach space, then

d (Tx);¥) = a’(T'(v');x').
And analogously

THEOREM 1.12 (Hutton [13]): If T € K(X,Y) or if Y is a reflex

ive Banach space, then

s (T(x);y) =6 (T'(x");x').

2. Hilbert Spaces

Kolmogorov in his 1936 paper considered two specific ex-
amples which almost fall within the framework of the follow-
ing basic general result.

Let H,,H, be two Hilbert spaces and let T € K(Hl’Hz)'

1772
The operators T'T and TT' (T' is the adjoint of T) are self-

adjoint, non-negative, compact operators. Let {)\k(TT')}k=l

23
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denote the sequence of positive eigenvalues of TT', listed to
their algebraic multiplicity and given in non-increasing ord-
er of magnitude. Let {wk}k=l denote the orthonormal eigenvec-
, . . \ - .

tors of TT', which satisfy TT'y, = A ¥, . Then {wk}k=l is

complete in the range of TT'. The s-numbers (singular values)
of T are defined by s, (T) = (A (TT)1Y2(= D (1" 1 11/2) . Let

— ' = ' =

O =T, k=1,2,... . Then T'T¢, = A, ¢, .
THEOREM 2.1: Let T € K(H ,H,), and let {sk(T)} . {wk} and

{¢k} be as defined above. Then

d (r(u));H,) = a“(T®y) H) = § (T(H)) H,) =
b (T(H):H,) = s ,(T) , n=0,1,2...

Furthermore,

1) X, = span{wl,...,wn} is optimal for dn'
2) 1 =1{¢: ¢ € Hy o (8,6) =0, k = 1,...,n} is optimal
for av.
_ n . . .
3) P = zi=l( ,¢i)wi is optimal for én.
4) X . = span{wl,...,¢n+l} is optimal for b .

The proof of this result is via the max-min and min-max
characterizations of the (n+l)st eigenvalue of a compact,
self-adjoint, non-negative operator.

Remark: These optimal subspaces are not unique.

As a simple application of Theorem 2.1, consider the
following:

2 2 . 2
EXAMPLE 2.1: Let L° = L7[0,2n] with usual norm Ilflb =

1/2n 2 If(x)lzdx. Let k € L2 be real, 2n-periodic and
0

. o imx
kix) ~ Z__a e » where lagl > Ja;| > la,l > ... . Set

1 2

?2 = {kx¢ : el < 1}.
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2y _ .12y = .12)= -
Then d,(K,iL%) =la,l,d,, ; (R,i0%) =d, (RyiL9=ial, n=12,..,

and Tn—l (trigonometric polynomials of degree <n-1) is an op-
timal (2n-1)-dimensional subspace for d2n—l(?2;L2) (and hence
also for dzn(?Z;Lz)).

Before discussing other examples, we list some generali-
zations of Theorem 2.1, and alsc some results which are not,
in fact, direct generalizations.

I) Let TEL(Hl,H

Assume that TT'wk = k=1,2,...,

2) . )\kwk ’
where Al > Az > .. > xn+l > Ai >0 , i > n+l, and that

the {wk} form an orthonormal basis for the range of TT'.

. _,1/2
Then d_(T(H,);H,) = A /]~
II1) Let TE K(Hl’HZ) and let {sk(T)} be as above. For

g € [1,=], set

B = {T¢: Tl + lond < 13.
2

1
, - q 1/q
Then d _(BiH,) = s_ ;(T)/(s ;1 (T) + 1) .

III) Let Ur be a fixed r-dimensional subspace of H2, and set
C, = {T¢+u :II¢HH1_5 1, uc¢€ Ur}. Let Q_ denote the or-
thogonal projection of H2 onto Ur and Tr==T-—QrT. Then

@ , n <r
d (C_;H,) = {
n r’'2

dn_r(Tr(Hl),Hz) ;1> r
dnd for n > r, span{Ur,wl,...,wn_r} is optimal for
dn(Cr;Hz) whenever span{wl,...,wn_r} is optimal for
dn—r(Tr(Hl);H2)' ®

1v) Let Vieee iV, be r linearly independent functions in Hl'

and set
Drz{T¢:|l¢IlH <1, ($v) =0, i=1,...,r}.
1
Let P denote the orthogonal projection of Hy onto

r _ -
Vr = span{vl,...,vr}, and T =T TPr. Then

—— -- - —— — —_— - ——— e —
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r _ r .
4, (D";Hy) = d (7" (H)):H,),
and the optimal subspaces agree.
V) (Melkman and Micchelli ([32]). 1In place of the Hl consid-

ered above, let HO and Hl be two Hilbert semi-normed spa-

ces over the same linear space M. Let II-Ib ’ II-IIl de-~
note their respective semi-norms. Then || -|l,
= max{ll-lb , II-IIl} defines a semi-norm on M and we

denote this semi~normed linear space by E. Set
F = {T¢ : II¢Hi <1, 1i=0,1}

where T € L(E,Hz). For each » € [0,1], setII-Ik =

2 _ n2y1/2 _ .
(Al-ng + (-M1-17)7%, and F, = {T¢ : li¢ll, <1}. Then

dn(F;H2) = 1nf{dn(Fk;H2) : 0 <A <1}
and if dn(F7H2):=dn(Fu7H2) and Xn is optimal for
dn(Fu;HZ)' then it is also optimal for dn(F;Hz).

VI) (Ismagilov [l14]). Let K € C([0,1]x[0,1]) and set
1
Ky = {f : £(x) = [; K(x,y)h(y)dy , Ilhll; < 1}
1, P 1/p

where |Ihll = (Jyinty)ifay)~"P. Tet &4, > 2, > ... and
¢l,¢2,... denote the eigenvalues and orthonormal eigen-

functions of the compact, self-adjoint, non-negative in-

tegral operator with kernel K'K(x,y)==L}K(z,x)K(z,y)dz.

Then

s 1/2 2 z 2:1/2
( b A.) / < dn(Kl;L ) < max ( T AsloL (x) ] ) .
j=n+1 J 0<x<1l j=n+1 ]

Before presenting further theoretical results, let us

consider some examples.

EXAMPLE 2.2 (Kolmogorov [21]): Let W(;)(= W(;)[O,Zn]) denote
the LP Sobolev space of periodic functions on [0,2n]. Thus
W(;) = {f : £ is 2n-periodic, £(r71) ¢ abs.cont. and

£ e tPro,zmy. set BC = e s r e WE L e 0 < 1) ana

let us calculate dn(g(g);Lz),
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Every f € W(g) may be written in the form

2mn
£(x) = a, + D é p_(x-t) £ (t) at

with the stipulation that f2" f(r)(t)dt = 0, and
0
1 2n ) .
a, = 5= é £(t)dt. The kernel D_(x) is given by
o cos{kx - %})
Dr(X) = ¥ ————
k=1 kT

Thus from a combination of (III) and (IV) (see also Example

2.1) we obtain d,(8(3):1%) =w, a, @) ;1% =a, ®E) 1% =

n_r ,n >1, and Tn—l is an optimal subspace for d2n—l (and

hence for d2n)'

EXAMPLE 2.3 (Kolmogorov [21]): w(;)(= W(;)[O,l]) will denote

the 1P sobolev space of functions on [0,1], given by

W(;) = {f :f(r_l) is abs. cont., f(r) € Lp[O,l]}. Set

B(;) = {f:f € W(;), IIf(r)Ilp < 1}. We wish to calculate

dn(B(g);L2). Every function f € W(g) has the representation
£(x) = fgi £ 0y xt/in o+ 1/(e-1)0 él(x—y)r;l £ (y)ay.

i=

An application of (III) gives

(r) 2, _
dn(B2 IL)—

1/2
r, n-r+l !

n>r
where Ar,k is the k th eigenvalue (arranged in decreasing or-
der of magnitude) of the eigenvalue problem
1Ty ) = vy
vy =y P =0, 1 =0,1,..., r-1,
r-1

and span {1,x,...,X , yr,l(x),..., yr,n—r(x)} is an optimal

subspace where Yr k is the eigenfunction associated with the
I v

eigenvalue Ar,k'

nt

e

-
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EXAMPLE 2.4 (Melkman [27]): Let L®(R) denote the space of
complex~valued square integrable functions on IR with the

usual Lz—norm. For T,c > 0, let

Dy = 1 : £ € L@, £(t)

0 for |t > T}
and
Bo ={f : £ € L20R), £(x) = 0 for Ixl > o},
DT is the class of functions "time-limited" to (-T,T), and BU

the class of functions "band-limited" (-o0,0). Let D and B de-

note the projections of LzaR) onto UT and Bo’ respectively,

given by
[ f(t) , It < T
(DE) (t) = i
0 ' ltl > T
[ 2(x) ’ x| < o
N
(BE) (x) =
0 ’ x| iO ’
and set
G=1{f:£feL’® , INI-DIEIl < &, I(I-B)EIl < n}

BD is a self-adjoint, non-negative, compact operator. It has

eigenvalues {Ak}:=l, where 1 > Al > AZ > ... .  We have
X 82 i n2 + 2en q;:z 1/2
dn(G;L R)) = T—% ’
- n+l
and
n + € va
a (Gt (-1,m)) = ———2*
n T =
n+1l

(These n-widths do not tend to zero.)

EXAMPLE 2.5: Let k be continuous and 2w-periodic,

© .
imx

k(x) ~ Emame where Iaol > lall > ... . Set
?l = {kx¢ Hellq < 1}. Then (from (VI) and Example 2.1),
2 . 2.1/2 , w 2.
d, (R ;L) = ( = la |“) , while 4, (X.;L%) =
2n-1'"1 Ik I>n k 2n "1
2 2,1/2 . .
( =z la 17+ la 1) - T _, is optimal for d, ., and

Ik l>n+1
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span{Tn , cos(nx+a)}, for any real o, is optimal for d

-1 2n’
We would like to apply this result to the calculation of

dn(ﬁ(i);Lz). However we cannot due to the orthogonality con-

dition [2"¢{T)(t)at = 0. From the method of proof of (VI)
0
one may obtain (Taikov [47])

_— 1/2 N
sup ( £ k2% (1-cos ky)) idn(B(§)7L2)
T

k=n
0<y< o217

®  or 172
< sup < Ik (1-cos ky))
k=n
{The upper bound is the exact error in approximation from
Tn—l')

As previously mentioned, the eigenfunctions are not the
only subspaces which are optimal for 4 (T(H;);H,). This fact
was noted by Karlovitz [16], [17]. We shall not deal with the
general question of when a subspace is optimal, but will con-
struct explicit optimal subspaces for certain classes of func-
tions. We consider integral operators whose kernels possess
total positivity properties. Our first class of kernels is

the following:

DEFINITION 2.1: We say that the function K€ C({0,1]1x[0,1]) is

nondegenerate totally positive (NTP) if for every choice of

0 < Xy < L. < X < 1; 0 < ¥q < ... < Yn < 1, and all n
Xagoeeey X

1 K(l “)io
Yyeeooe ¥y

2) dim span{K(xl,-),...,K(xh,-)}
= dim span{K(*,y),...,K(*,y )} = n.
The condition of nondegenerate total positivity implies

that the kernel KK'(x,y) is totally positive (TP) and

KK|(X1,..., Xn> s o
Xl,..., Xr1

i

[V g
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for all 0 <xl <ol <X <1l. This in turn implies that the eig-
envalue problem KK'wk)&=flKK'(x,y)w(y)dy] = Ay (x) possesses an
infinite number of eigengalues, all of which are positive and
simple, i.e., Al>>\2>...> 0, and if wi denotes the eigenfunc-
tion (unigue up to multiplication by a constant) associated
with eigenvalue Xi, then on (0,1) wi has exactly (i-1) sign
changes and no other zeros. Set ¢i==K'wi. Then K‘K¢i = Ai¢i

and ¢i also has exactly (i-1) zeros (sign changes) on (0,1).

Let

0 < g <eeu< g <13 0<n << <1

n n

denote the n zeros of ¢n+l and wn+l’ respectively, on (0,1).

THEOREM 2.2 (Melkman, Micchelli [31]): Let K be an NTP kernel,

and K, = {K¢ : (K¢) (x) = ['K(x,y)¢(y)dy, lldll, < B. Then
0 —_—

and the following three subspaces are optimal for dn:

1) Xi = span{wl,...,wn},

2) %2 = span{K(,E)) ... K¢, )}

3) Xg = span{KK'(-,nl),...,KK'(-,nn)}.

The following three subspaces are optimal for'dnwz;L25@=Aiii):
1) Lrl‘ = {h : (h,¢;) =0,i=1,...,n},

2) er‘ = {h : (Kh) (ny) = 0,i = 1,...,n},

3) L3 ={h : (K'Kh)(E;) = 0,i=1,...,n}.

This theorem, as stated, cannot be directly applied to

(r)

the set B 5 (see Example 2.3) due to the presence of the free

r-dimensional subspace w However, the above result was

r-1°
extended to include this class. We state not the full exten-

sion, but only the result for B(E).

There exist points 0<£l <...< g < 1 and 0<nl <...< U <1

n-r
such that the following subspaces are also optimal for

(r) ,2
d (B57;L%).
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, ) _ -
1 K2 =span{l,x, ...« et oL, eep, R

2r-1 2r-1 2r-1
2) X{z:{s ss€span{l,x,...,x"" ", (x=n) ST, (x=n) +r b

sM oy =1y =0,i=r,..., 20-1}.

Furthermore, interpolation from Xi or Xi at the points {nﬁigl
is also an optimal method of approximation. (Note that Xi is
a class of "natural splines".)

Analogues of the results of Theorem 2.2 exist for class-
es of periodic functions. However the kernel K(x,y) =k (x-y)
of such a class cannot possibly be totally positive, since the
even order determinants (as given in Definition 2.1) must
change sign. Nonetheless we can obtain analogues of Theorem 2.2
for even integers n when k is a cyclic variation diminishing
kernel. We prefer, however, to present a slightly altered
class of functions, since they include, as a special case,
3(5) (see Example 2.2). Set
By, = {a+ (Gx¢)(x) = Ipll, <1, ¢ L1, ac€m}
where by ¢ L 1 we mean 62"¢(y)dy==6.wAssume that G is a real,

2n-periodic, continuous function such that for every choice of

0 < Yy <...< Ym < 2m, and each m, the subspace °
m m ¢
Xm = {b + 'Z bi G(-—yi) : X bi = 0}
i=1 i=1

is of dimension m, and is a weak Tchebycheff system for m odd.

In this case we say that G satisfies Property B. If

G(x)fvzfmamelmx and G satisfies Property B, then

a > m=1,2,... .
| ml > | (- 12,

am+1
THEOREM 2.3: Let G satisfy Property B. Then,

2, _ T2y 12y -
d,(8,i1%) ==, andd, ,(B,;L%) =d, (B,;L%) =la | ,n=1,2,... .
Furthermore,
1) Tho1 is optimal for don-1 .

.

[3L})
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5 2n-1 im 2n-1
2) X5n = {b + izobi G(-- 7;) : igo b, = 0} is an optimal

2n-dimensional subspace for SO

In addition, there exists a B € [0,n/n) for which inter-

imy2n-1

. 2
polation from X at {s + T1i=0

is an optimal method of
approximation.

3. Exact n-Widths for Integral Operators

One of the first major results in a non-Hilbert space
setting was due to Tichomirov [48). He calculated dn(ﬁ(i);Lw)

and proved the optimality of Tn for d (The

-1 2n-1 (= d2p)-
upper bound is the Favard, Krein, Achieser Theorem.) More

striking was a later result of Tichomirov [49], where he cal-

(r),

o !

culated dn(B Lm) (the non-periodic case) and proved the
existence of an optimal subspace of the form
span{l,x,...,xr_l,(x—gl)r;l,..., (x—gn_r)n;l} for some choice
vl
To explain this latter result, recall that every f EB(i)

of 0 < & < ... < En—p < 1-

is of the form

i 1 r-1 _(r)
f(x) = E a;x” + 0T L (x-y) + £ (y)dy

where Hf(r)lk < 1. The optimal subspace obtained is spanned by
the kernel of the integral operator evaluated at n-r distinct
points and, of necessity, the fixed r-dimensional subspace
spanned by l,x,...,xr—l. The underlying property which permits
us to calculate the n-widths, and determine optimal subspaces
for this class, is the total positivity of the kernel (x—y)r;l.

To ease our exposition we will consider sets of the form

1
K. = {Kh(x) : Kh(x) = J K(x,y)h(y)dy . Ilh|b< l}
P 0 e

and concern ourselves with the evaluation of the n-widths of
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Kp in Lq(p,q €f1,o]), i.e., we disregard the complications
due to the presence of a fixed finite-dimensional subspace.

To state the main result, we define

An = {é : g = (51,...,£n) , 0 < El < +.. < gn < 13, .
For each £ € An’ set hg(x) = (-1, x €(£i_l,€i),
i=1,..., ntl, where 50 =0 , £n+l = 1. >

THEOREM 3.1 (Micchelli, Pinkus [33]): Let K be an NTP kernel,

and g € [1,o]. There exists an g* € An (dependent on q) such
that
IIKh§flh = 1nf{|lKh§lh t &€ An}.
Furthermore,
.1.9) = g» ,1.9) = .19y =

d, (K sL7) =a (K ;L") § (K iL™) HKhé*Ilq ’

and
= . o R (e EX i i

1) Xn span{K( ,El),..., K( ,gn)} is optimal for Xn'
2) " = {h : Kn(n¥) = 0, i=1,...,n} is optimal for 4",

where the {ni}izl are the n unique zeros of th* in (0,1).

3) The unique operator of interpolation from Xn at the points

w1 D .
{ni ;=1 is optimal for Gn.

From duality considerations (Proposition 1.9 and Theorem
1.11), we also have
PROPOSITION 3.2 (Micchelli, Pinkus [33]): Let K be an NTP
kernel, p € [l,»] , 1/p + 1/p' = 1. Then

R S | .+l o o1y oo . .
dn(Kp'L ) =d (Kp,L ) Sn(Kp,L ) inf{lIK hg}lp' : £ € An}.

A statement concerning optimal subspaces, as in Theorem

3.1, is also valid for Proposition 3.2. (The above quantities

i

equal the associated Bernstein n-widths when g =« (in Theorem
3.1), and p=1 (in Proposition 3.2).)
It is conjectured that for all 1<g<p<« ,dn(Kp;Lq) =

dn(Kp;Lq)==6n(Kp;Lq), and that there exists an optimal



n-WIDTHS IN APPROXIMATION THEORY: A SURVEY 173

subspace for d_ of the form X =span{K(:,£;),..., K(-, €)1,
with the analogous statements for a® and dn. However this has
only been verified when g=«; p=1; and p=q=2.

When dealing with periodic functions the situation is

somewhat different, but still analogous. Set
§p={a+ (G¥h) (x) : llhl, <1, hil,a€R)

and h_(x) = (-1)+ , BE=D o md oy 2n
n I3 n X = hor 7oy .

THEOREM 3.3 (Pinkus [40]): Let G satisfy Property B (see

Section 2). Then

o, _ _2n-1 ey Loy
() 4, (B_;L7) =4 (BiL7) =8, 1 (B_iL7) = liGxh |
1) Th1 is optimal for d2n—l'
2) 1™ loqsife® £ L7} is optimal for a®"7l.

3) For f=a+Gxh, set S f=a+ t*xh, where t* is the

2n-1

unique best Ll-approximant to G from Tn

Then

-1

Syn-p is optimal for &, ..

9y = géng 19y o .19y = i
(B) dZn(%m,L) asm @ i) azn(%m,L) IlG*han for all

q € [1,=].
2n-1 ni 2n-1

1) X2n=%3+ oz biG('_—H): oz bi=0} is optimal fordZn—l'
i=0 i=0

2) 1-f:teq_, £(&) =0,i=0,1,...,2n-1} is optimal

for d2n—l.

3) There exists a B € [0,n/n) such that interpolation

: ni,2n-1 , .
from X2n at the points {B-r;r}i:zo is optimal for
62n'
1, _ .2n-1,o . 1, _ 1 ,
(c) dzn_l(%l,L ) =4 (BsL7) =6, 1 (B sL7) =il Gxh_i|_ and

the optimal subspaces of (A) are optimal here.

1, _ .2n ol o 1y )
(D) d2n('gp,L )y = d (%’p,L ) 52n(%p,L ) HG*hnllp., for all

p€[l,»], where 1/p+1/p' =1, and the optimal subspaces

of (B) are optimal here.
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It is conjectured that the following hold for l<g<p<e.

CONJECTURE 1: T__, is optimal for d2n_l(T§p;Lq) )
CONJECTURE 2: X, , as above, is optimal for d2n(%’p;Lq) .
CONJECTURE 3: dZn_l(%’p;Lq) = d2n(gp;Lq).

We have seen that Conjectures 1 and 3 are valid if
p=qg€{l,2,»}, and Conjecture 2 holds for p=q=2; p ==,
all g;g=1, all p.

The following generalization of a result of Taikov [45]
proves Conjectures 1 and 3 for g=1, all p.

THEOREM 3.4: Let G satisfy Property B. Then for p€ [1,] ,

1/p+1/p' =1,

1, _ .2n-1 Ry
dppoq Byl = 4 (BitP ) =1l Gxh Il v
1y T,_; is optimal for dono1-
2) 1P loye £€B_, £1T _,} is optimal for g%t
Analogues of the above results, i.e., Theorems 3.3 and

3.4, are valid when we replace 'Ep by

Rp = {kxh : bl < 13
where k is a cyclic variation diminishing kernel (see Pinkus
[38]1).

For the special case of the Sobolev class of periodic
functions, there has been some very nice work done by
Korneichuk and associates (see e.g. Korneichuk [22], Motornyi
and Ruban [35)}, Ruban [42], and references therein). Their
interest is with n-widths of the class of functions f Ew(i)
for which w(f(r—l) it) <w(t), where w(t) is a given concave

modulus of continuity.

4. Matrices and n-Widths

When dealing with the n-widths of the class

A={Tx: lixll<1}, TEL(X,Y), it is natural to first consider

Lig

A
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simple linear operators. We will therefore assume that T is

given by a matrix D€ cmxm and X = SLp((tm) (=SLI£), Y=4 ((L‘m) (=Slm) .

g 9
Except when p=gq=2 (and n=0,n=m-1), very little is known
about these n-widths for a general matrix. When D is totally
positive then analogues of the results of Section 3 (and Sec-
tion 2) hold, but the matrix setting is, in some sense,

incidental;

We will assume that D is an mxm diagonal matrix,

D=diag{Dl,...,Dm}, where without loss of generality, we ass-
ume that D, >D, i"'iDm>0 . Set Dp={D>_<: “§“£m < 1}.

P
THEOREM 4.1 (Pietsch [36]): Given 1 < g < p < =, let

l/r = 1/g-1/p. Then for 0 < n < m,
m

dn(Dp:J&;n) = dn(Dp;JLI;) = 6n(Dp;!L$) = (k=§+1Di)l/r'
Furthermore,
1) X = span{gl,...,gn} is optimal for d,, where gi is the
ig unit vector.
2) 1" = {x : Xi:O , i=1,...,n} is optimal for a".
3) P = diag{Dl,..., Dov Osenny 0} is optimal for dn'

While this is hardly a surprising result, it does not re-

main true if g >p, nor do these n-widths equal the Bernstein

m
ot

When g > p, we have the following two results.

n-widths bn(Dp;SL } except when g=p.

PROPOSITION 4.2: If l<p<g<w, 1/r=1/9-1/p(<0), and D, <

n+1l
(= Di)l/r, then
k=1
my _ gn s (0 4™ =b (0 e = (505l
s L =qa (D ;% = ; = B = R
dn(Dp q) (,p q) ! P q) n(Ppity =k
THEOREM 4.3 (Sofman [44]):
1/2
m, _.n LM - Rryul — .o - r-n
dn(Dl,QZ)—d (92,9,00) Gn(Dl,JLZ) Gn(Dz,Rw) max P .
n<r<m -2
— D X
k=1

(Note that r=n+1 in Theorem 4.3 if and only if the inequality

of Proposition 4.2 holds.)
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Because of their importance in the asymptotic estimates
of n-widths of Sobolev spaces, much effort has been devoted to
. m n m, _ ., LM

estimates of d (D;:2,) Ed (D132,) =68 (D,52,)) and d_(D,i8))
%dn(Dl;Zg)] when D=1, the identity matrix. Set
I_ = {x: lxl

P
m
d (D8, -

- < 1} The following lower bound holds for
JLP
PROPOSITION 4.4 (Pinkus [39]):
a_(1;:4™ > (1 + [(m-1)n/(m-n)]) /2.
This lower bound is sometimes attained and sometimes not.
It can only be attained if nyimin{n2 ,(m-n)z} (Melkman [29]),
and a full discussion of the lower bound, and when it is att-
ained (or is not attained) may be found in Melkman [29].
Various estimates have been given for the more important
upper bound. We list these below:
(1) Ismagilov [15], Glushkin [9]: dn(Il;zﬁ);ic/ﬁ,/n, c a
constant independent of m and n.
(2) Kashin [18]: d_(1;;¢% < 2((2n m)/n) /2.
1/2

. A
(3) Kashin [19]: For n<m<n" , dn(ll;zi)_icx/n :Cy

depends only on A.

(4) Kashin [201: a (T,;;2™) < < @+ an(®)'/2, ¢ indepena-
/n
ent of m and n.
(5) Hollig [12]: d (I,ilh) < 2 (anm
vn &n n

Different techniques enter into these different estimates.
Estimate (5), for example, uses algebra to obtain estimates on
a combinatorial problem. Estimate (2) is based on an inequali-
ty from probability theory. A totally different approach rela-
ted to packing on the unit sphere is applied by Melkman [23].

We also have:

e

L2

A2
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THEOREM 4.5 (Kashin [20]):

4, (1,20 < = (1 + tn(m/n))

v/n

3/2
’

where ¢ is a constant independent of m and n.

This is a much more difficult problem than the previous
one. The proof of Theorem 4.5 is probabilistic in nature and
very complicated. A simpler and constructive proof of this
inequality would be'of interest.

5. Asymptotic Estimates of n-Widths of Sobolev Spaces

One problem which was the subject of considerable inter-
est for a number of years was the determination of the asymp-

totic behaviour of the values dn(B(;);Lq), dn(B(;);Lq) and

;);Lq) for p,q€ [1,x]. This problem has been essentially

solved. (There are some open problems when r is small.)

(
6, (B

We write dn(B(;);Lq)x n® to mean that there exist posit-
ive constants C and D, independent of n, although they may and
generally do depend on p,q and r, for which

pn® < dn(B(;);Lq) < Cn”.

THEOREM 5.1: For r > 2 , 1/p + 1/p' =1,
n"" Fl<asp
n"* ;) 2<pSgse

1) dn(B(;);Lq) ” {n—r+l/P—l/2 ,l<p<2<qgsoe
n—r+l/p—l/q ,1 - q < 2
n* rl<gspse
n_r s 1 <p<qgc= 2

2) a ;LY » a2/ g cpca g
V4 VL P
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-r

n rl2g<ps=
n—r+l/p—l/q ,1<p<qc<2

3) 5n(B(;);Lq)H nrH/p=l/a o, Spgxe
n—r+l/p—l/2 ,1<p 2<q<w®, p' >q

nTEH/27V4 oy b <2< qg< @, p! f49.

These results extend, with minor modifications, to the

unit cube inJRN. In this case we replace r by r/N, and it is

then necessary that the associated B(;) lies in Lq, i.e., the
Sobolev Embedding Theorem obtains, or in other words
r/N-1/p+1/q > 0. It may also be extended to more general com-
pact domains in:RN. Furthermore, interpolation theory tech-
niques allow for extensions of these results to Besov spaces.

It transpires that the lower bounds are more easily ob-
tained than the upper bounds. The lower bounds are calculated
by a discretization technique.

THEOREM 5.2 (Maiorov [25]): For p,q € [1,=]

dn(B(r);Lq) —>_ Cm_r+l/P_l/q dn(l ;2

m

p p'tg

a® e E) ;19 s emTH/Pla g L0y,
p 2 p’tq

’

where C is a constant independent of n and m, and m is any

positive integer.

The lower bounds of Theorem 5.1 are then proven by an ap-
plication of Theorem 5.2 with m = 2n, and using the results of
Section 4.

The upper bound is more interesting. From Birman and
Solomjak [2] it follows that

cn”* rl<asp<e
5,805 <
Cn—r+1/p—1/q , 1

A

p<gqgg>®.
The crux of the problem is therefore the upper bound for

d (B(;);Lq) when p<q, q>2; for dn(B(;?;Lq) when p<qgq, p<2;
n

<3

Ny
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and for én(B(;);Lq) when p<2<qg. It was for some time gener-
ally thought that the upper bound n"EHL/PL/q g p<q was
asymptotically optimal, and that the lower bound needed to be
improved. The converse turned out to be true. The upper bound
is based on the following inequality which results from
factorization and telescoping.

THEOREM 5.3 (Maiorov [25]): Let sn denote any of the three

quantities dn’ an or 6n. Then
o _ b
s_(B1E);19) < ¢ ¥ 27RE-L/PHAN g (1 5y Ky

neop T k=0 P Pod

where bk==r+2k, and the n, are non-negative integers for which

co

Z n, < n.

k=0 K =
It transpires that it suffices to prove
dn(B(;);Lm) < Cn_r+l/p_1/2, for 1<p <2, to complete the pic-

ture for dn' It is here that the estimate of Kashin, Theorem

(r)

4.5, is used. For 6n, one must prove that 6n(B P
Cn—r+l/p—l/2

7Lp') <

for 1 <p<2, and here an estimate of Hollig [12]
is used in Theorem 5.3 (see also Maiorov [26]}). A totally dif-
ferent and interesting proof of the upper bound for §$B(%B;Lm)
is due to de Boor, DeVore, and Hollig [3].

6. n-Widths of Analytic Functions
-

Let AR=={z : izl <R}. Let £ be analytic in Ap and for r <R,

set 2mn .
(1/2n J |£(ret®) |Pag) /P , 1l <p <o
0

Mp(r,f) i0

[
8

max{|£(re )| : 0 < 6 < 2w} , )

We define the Hardy space
gt = {f : f analytic in A, , lim M_(r,f) < «}.
R R P
r+R

H: is simply the set of bounded analytic functions on AR ,
while Hé is the class of power series I anzn for which

. 9 5 n=0

z Rnia| < oo,

n=0 n
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For p€[1l,=], set [Ifll = 1lim M_(r,f), and for fixed
H r4R P

m=0,1,..., R>1, set R

Agm,p) =1t : £™ ¢ w2, ™y
HR
In Section 1 we showed that df AR(m,w);Holo) =

< 1}.
RO (n-m)! /n!
for n > m. In fact the following result holds. -

THEOREM 6.1 (Taikov [46]): Let R>1,m=0,l, .., p€ [1,]. Then

L®]

d, (ag(m,p);HY) = a”(Ag(m,p);Hy) = s (A (m,p);H}) =

o , < m
bn[AR(m,p);Hg) = -
R (n-m)!/n! , n >m
When considering the n-widths of AR(m,p) in H? for p+4q,
nothing is known. When attempting to carry over the above
result to the area norm, rather than the boundary norm, then
again nothing is known except when m = 0 (in which case all

the n-widths equal R—n—2/p).

In a Hilbert space setting, rather more can be said. Let

2

A=Al(0,2) ={f:fe€n", lIflil 2

H

<1} .

Let y be a positive measure on a compact set K, KcA The cal-

1°
culation of the n-widths dn(A;Lz(K,du)](= dn==én==bn) is equi-
valent, by Theorem 2.1, to the evaluation of the eigenvalues
of

Af(z) = J —£iﬂé— du(w) , z € Al.
K 1 - wz

Fisher, Micchelli [6] consider this problem and prove that o

1) the eigenvalues are simple and distinct

)

2) if fk is the kEE eigenfunction of the above eigenvalue

problem, then fy has exactly k-1 zeros in Al (counting
multiplicities).
From Theorem 2.1, it may be seen that span{fl,...,fn} is

an optimal subspace for 4., with the analogous statement for
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a". Using the above results, they obtain:

THEOREM 6.2 (Fisher, Micchelli [6]): If z*,...,z; € Al are
the n zeros of fn+l’ then
n 2

L ={g=9€H Ig(za"):OIj:ll'"In}

is optimal for dn(A;Lz(K,du)) (with the understanding that the

appropriate derivatives are taken in case of equal z*¥'s).

J
Let X denote the orthogonal complement to L' in n2.

Then x, is also optimal for dn[A;Lz(K,du)].

n 2z-=z¥
If the z*'s are distinct, set B(z) = @ ——:l— , and
J j=1 l—zgz
_B(Z) 1 T *) —=
Mj(z) —TE:?§T ETTE?T’ j=1,...,n. Then Mj(zk)-—éjk, and the
Mj span Xn'
In certain cases, e.g. if f, (z) = zk—l, k=1,2,..., then

this method does not give us any additional optimal subspace.
Now, let

co

A= Al(Olw) ={f:feH”H , Il fll o < 1}
and let K be again a compact subset 'of A. Set X = C(K) or
X = L9(u) for some g€ [l,») and some positive measure u with

support on K.

DEFINITION 6.1: A Blaschke product of degree m is any

function of the form

m
B(z) =0 ) J B

where Iqjl <l,j=1,..., m and lol =1.
Let Bm denote the class of Blaschke products of degree
< m. The following striking result holds.
THEOREM 6.3 (Fisher, Micchelli [5]): For A and X as_above,
d (A;X) = a"(A;X) = 6 (A;X) = min{liBll « B € B J.
It is an interesting open question as to whether, for
X =C(K) in particular, the minimum norm Blaschke product is

unique.
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In Example 2.4 we considered the class of time- and band-
limited functions in an L2 setting. The following L~ version
of the result was recently proved by Melkman [30].

Let B(o,T) denote the class of entire functions f of ex-
ponential type ¢ for which [f(t)l < 1 for all
t € (-=, =T) U (T,»).

THEOREM 6.4 {(Melkman [30]): There is a function Fn € B(o,T),

which is real on R and such that:

1) Fn equioscillates on [-T,T] between the values

£ |l F_|I

n h[—T,T] exactly n+l times at the points

Pl “+++ Pnyy

2) Fn equioscillates outside (-T,T) between * 1.

3) Fn has only the real, simple zeros implied by (1) and (2).

4) If (IF | then |F_(2T) | =|Fn|%[—T,T]' Otherwise

cr-t,t] <1
IFn(tT)I = 1.

Let {ti}iz denote the n unique zeroes of Fn in (-7,T).

1
Then

THEOREM 6.5 (Melkman [30]):

d (8(o,m); Cl-T,T] =a"(B(o,T) ; c[-T,T])
= (Sn(B(O',T) H C[—T,T]) =bn (B(O:T) ; C[—TIT]) =HFn” c[-T,T]"
Furthermore
_ j,n=-1 . . )
1) Xn = span{h(t)t }j=0 is optimal for dn, where
F!(t) (£2-1%)
m (t-p.)
i=1 *
2) 1" = {g:g€B(o,T), gft;) =0, i=l,...n} is optimal for an.

3) 1Interpolation at the {ti}izl from X is an optimal

operator for 6 .

n
4) ¥ {E‘n(t)p(t)/w(t) :p€ nn,w(t) =i21(t—ti)} is optimal for bn’

(%)

¢

©y

1
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set s, = {z:2z€q¢, |Im z] <B}. Let ﬁg denote the class of

functions f which are analytic in SB' real and 2n-periodic on
2n

the x-axis, and satisfy 1/2wn j | Re f(t+iB)|p<iti 1. We wish
0

to calculate dn(ﬁg;Lq[O,Zn]) . This class was considered by

Tichomirov [48] for p=g=«. A complete proof in that case was

i)

given by Forst [7]. A function f is in ﬁB

if and only if it is
of the form
2n
f(z)=1/2n J KB(z—t) Re [f£(t+iB]dt,
0

_ ® cos kz
for z ESB, where KB(z)--l+2k§l cosh kp"

kernel KB is cyclic variation diminishing. It therefore

follows that the analogues of Theorems 3.3 and 3.4 hold for

As it turns out the

this class.
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