On a Best Estimator for the Class N
Using only Function Values
CHARLES A. MICCHELLI & ALLAN PINKUS

1. Introduction. Let BV]0, 1] denote the set of all real-valued functions of
bounded variation on [0, 1]. For r = 2, we define the class of r-fold integrals of
elements in BV[0, 1] by

o’ = 9w'[0, 1] = {f @) = Saa™ + 2 [ @ 0.7 v,

AchV[()) 1]7 (al y Tt ar)cRr}'

Fixx=(z;, +,2.),0< 2, < -+ <z, <1,n 2 r, and let f denote the
vector (f(x,), - - - , f(z,)). In this paper, we are concerned with best methods of
estimating a function f ¢ 9", given its function values f. Without any additional
prior information on f, arbitrarily large errors in estimating f may be encountered.
It is the purpose of this paper to describe an optimal estimator for f when a
bound on the total variation ||A/|| of N\, on [0, 1] is available.

The specific problem we will treat is formulated as follows:

Any mapping T (not necessarily linear) from R" into 9" determines an
estimate Sf = Tf for f. The (relative) error for this estimate S, given only
that f e 9, is defined as

B(x; ) = sup W=l

rene I
where ||-||; = L'-norm on [0, 1]. We call S, an optimal estimator provided that
E(x) = inf E(x; S) = E(x; S,),
S

where the infimum is taken over all estimators S, as defined above.

Our main result depends on the following lemma which we prove in Section 2.
Before stating this lemma, we require the following definitions.

Let 8., = 8,..(x) denote the class of spline functions of order r with the
n knots x = (x,, +-+ , x,), that is,

r n
Srn = {S ZS(ZC) = Z afxl_l + Z ai+r(2 - m1')+r—-1; (al y T an+r) CRM.'} ’
i=1 i=1
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and, in addition, for n = r define

gr.n = {g : g(x) = _/; (2: - t)+'_th(t) dt + s(x)l
$e8,.,,970) =¢" 1) =0,{=0,1, -+ ,r — 1},

where he(t) = (—1),2; <t S 2;4,,§ = 0,1, -+ ,n;20 = 0, Tpyy = 1.

Lemma 1.1. There exists a g, € G,., which equioscillates n — r + 1 times on
[0, 1], z.e.,

g!("?i) = a(_l)i ”gx”‘m ’ 1= ,--,n—1r+ 1,
where 0 < 7, < -+ < fuysy < 1, 6° = 1, and |||l = sup norm on [0, 1].
Furthermore,

lexll- = min{lgll. ,

and gy has exactly n — r zeros £ = (¢, -+ , £.—,) contained in (0, 1).

Let S, denote the (linear) estimator which interpolates f at x by a spline
function of order r with n — r knots &€ = (¢, , --- , £&-,), L.e., Suf £ 8,.n_r(¥)
and (Sf)(z;) = f(x:), % =1, --- , n. We shall prove (Lemma 2.3) that such
an estimator exists. In addition, let ¢(x) = sup {||f|l,: f(z:) = 0,2 =1, --- | n,
fe®,}, where ®, = {f : fe 9, ||\ = 1}.

Theorem 1.1. For fixedx = (x,, -+ ,2.),0 <2, < -+ < 2, < 1, and
f & M, there exists a unique Sif € 8, ._.(¥) such that

(S!f)(xo) = f(xi)’ 1= 17 RN (2)
and Sx is an optimal (linear) estimator for f. Furthermore,
E(x; S;) = E(x) = c¢(x) = ||gxl]« -

This theorem will be proven in Section 2 in somewhat greater generality.

Finally, using results on the n-widths of ®, in L'[0, 1] obtained in [2], we are
able to determine (in Section 3) a choice of x which minimizes E(x).

The results on optimal estimation which we herein obtain may be viewed
as the L'-analogue of results in [3]. In that paper, an L° bound on f gave
rise to a different optimal (spline) estimator for .

2. An optimal estimator. We shall make use of the notation
2.1) ki(z) = 2*7, t=1---,r, and K(,t) = (x — t),7},

where z,””' = 27! for & = 0, and zero otherwise.

Below we list properties of these functions required in the subsequent analysis.
I. {ki(z), -+, k.(x)} forms a Chebyshev system on [0, 1], that is,
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1,1

K = det (k@) >0,

it,4=1,"

Yoy o Yr

forally,, -+, 4. ,0=pn< -+ <y, =L

II. Foreverym = 1,ands,, ---,s,with0 <s, < --- <s, <1, {k(x), ---,
k.(z), K(z, s1), --- , K(z, s,)} forms a weak Chebyshev system of dimension
r + m on [0, 1], and for some choice of 8, , +++ , 8,-,,0 < 8 < -+ < 8,—, < 1,
the linear map f — f = (f(z.), - - , f(x.)) is one-to-one on the space spanned
by the functions k,(z), - - - , k.(x), K(z, 81), * -+ , K(=, 85-,).

Our second property entails that the determinant

kl(tl) ot kl(tr+m)

1) ety Ty 81yttt 5 8, kr(tl) cre ’cr(tr+m)
by oy bm K(tl } 81) e K(tr+m ysl)

K(tl ) 8,,,) e K(tr+m ’sm)

is nonnegative forall0 < s, < -+ < s, <land 0 =, < - < tyw S 1,
the functions k,(z), - - - , k.(z), K(z, s1), + -+ , K(z, s,) are linearly independent
for each choice of 0 < s, < -++ < s, < 1, and there is some choice of n — r
points, 0 < 8, < -+ < §,-, < 1, for which

K L ooe 1y 81y o0y Suesr
Try ooty T

is strictly positive.

The fact that these properties hold for functions of the form (2.1) is a funda-
mental result from the theory of spline functions, see [4]. In fact, much more
is known. The Schoenberg-Whitney Theorem [4], tells us exactly when the
above determinants are positive. However, this information will not be required
in our proofs. Rather, properties I and II will suffice for our purposes. We will
now let k,(z), - -« , k.(x), K(x, t) be any continuous functions which satisfy proper-
ties I and I, and consider the problem of estimating the class

m = {f f(@) = 2_; a:ki(z) + fol K(z, t) dN1),

NeBV|[0,1],(ar, .-+, a,)tR'}'

using only the function values f = (f(z,), - - , f(z.)).
We shall also have occasion to use the auxiliary kernel
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1;"',1’,t

J(x) t) = J,(x, t;x) = 1 y Ly y .
K 1’--.’1-}
Tyy oo, Xy

Forfixedx = (21, -+ ,2a), 20 =0 <2 <+ <2 < Zorr = 1, let In(2) =
(D, z; <22 241,5=0,1, -+, n, and set

§={o:0) = [ V0, 0@ ds — 3 clarns 0, e, oo ) e R

Lemma 2.1. Every g ¢ G has at most n — r distinct zeros in (0, 1).

Proof. Suppose to the contrary that there exists a g e G with n — r + 1 zeros
{t:}ia"in (0,1),0 < & < -+ < Faersr < 1. Since the functions {k,(z), -

k.(x), K(z, ¢,), -+ , K(z, ;‘,._,,,,)} form a weak Chebyshev system, there

exists a non-trivial function
r+

u(z) = Eak(x)+"zle<xn

which exhibits (weak) sign changes at z, , -+ , z, , t.e., (—1)'u(x) = 0, 2; S
T = 2iy1,j=0,1, .-+, n. Since

ki) -« ki) Fou(z)
T ) - k(@) (@)

w(@) - oulx,)  uw@)

u(x) = [

x,

Z b, J(z, ¢2),

...

we have

[ @) az = g(—n" [ a - F et

zi

oSy [T Eeie )

i=1

n—r+1

12_; big($) = 0.

This contradiction proves the lemma.

Lemma 2.2. There exists a function gx € G which equioscillates at n — r + 1
points 0 = ny < ¢+ ¢ < fuorsr = 1, that s,

22  g() =o(-D'lgslle, =1, =1, mn—r+1
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and

Hlgxll- = min |[g]|. .
gt §

Proof. Letv;(t) = J(r4:,8),¢ =1, -+ ,n — r. Then according to Sylvester's
determinant identity,

K[ly"' 3Py by v )tn—r]
y Tn

det ~ w:(2) =

i,0=1,"",n

K [ 1’ S ]
Ty, v, @,

Hence properties I and II imply that {v,(t), - , v,—,(f)} is a weak Chebyshev
subspace of dimension n — r. Thus, by a result of Jones and Karlovitz [1], the
function [,' J(z, t)he(zx) dx has a best Chebyshev approximation from the sub-
space spanned by v,(t), -+ - , v,—.(t) which equioscillates at at least n — r + 1
points. The lemma is proven.

Furthermore, the method of proof of Jones and Karlovitz [1] (‘“‘smoothing”
a weak Chebyshev system into a Chebyshev system) may easily be applied to
prove the existence of constants Ny , «++ , Mpeps1

n—r+1

> N=1,  M=DIzO0, =1, ,m—r+1,

i=1
such that

n—-r+1 n—r+1

(23) Z )‘iv"(ni) = Z )‘iJ(er' ) 771') = 0’ i = 17 e, — T
=1 i=1

and

n—r+1

3 noa)| = Ul
Define

n—r+1

(2.4) fx(x) = ; Nid (, m;)-
Thus,
(25) f!(xi) = 07 .7 = 1; MR ()
and

n—r+1

vell = 2 Il = 1.
The usefulness of f, is in the fact that it solves the dual maximum problem
associated with the best approximation of [,' J(x, Oh(z) dx. Combining (2.2),
(2.3), (2.4) and the definition of g, gives
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I

o1 = [ W@hie) da

n—-r+1

=S N [ @I, 0 de

i=1

n—r+1 1 n—r

= Z )‘i[f hs(2)J (2, 0;) dz — Z dJ (@, 71:‘)]
i=1 0 l=1
n—r+1

= Zl Nig<(n;)

= =|[gxl|w -

Furthermore, by the well-known duality formula for the distance of a function
to a subspace,

(2.6) [(he 5 £ = 1192w
= max [0 ( fo J(z, Dhe() dx) FNO)
where
f' J@i, 0d\l) =0, i=r+1,--,n

Let us note that specializing Lemmas 2.1 and 2.2 to the choice (2.1) yields
Lemma 1.1.

Lemma 2.3. The function g, constructed in Lemma 2.2 has exactly n — r
distinct zeros in (0, 1) at 0 < ¢, < -+ < &, < 1, and

1; ,7',51,"' !En—-r

Tyy 20ty &p

2.7 K > 0.

Proof. From Lemma 2.1, g, has exactly n — 7 distinct zeros in (0, 1). Assume
that (2.7) is false. Hence there exists a non-trivial function

s) = 3 eiJ(@s ) 1)
i=1

which vanishes at ¢ , --- , §,, . Since J(%,41 , 8), -+ , J(z. , t) are linearly
independent (property II), there is a z ¢ (0, 1)\{& , - -- , &-.} with s(z) # 0.
Thus we may choose a constant ¢ such that the function g,(f) — cs(f) vanishes
n—r+ 1ltimesatz &, -+, &, . However g, — cs ¢ G, and this conclusion
contradicts Lemma 2.1. The proof is complete.

Now, from Lemma 2.3, we obtain that for every vectory = (y,, -** ,¥.) eR"
there exists a unique function Ty in

Sy mn() = {s s@) = X aki(@) + Z bK(z, s;)}

i=1 =
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where £ = (¢, - -+, £.-.), as constructed in Lemma 2.3, such that (Ty)(x;) = y,,
t =1, ---, n Set S;f = Tf. Thus

1:"' :"‘)Ely"' )En—r)t]
Tyy oty T, T
1)"' )ryél"" }En-r]

Z,

Tiy sy X

K

2.8) @) — (8:)(@) = f ' dA().

o K

We are now prepared to prove our main theorem.
Theorem 2.1. 8 is an optimal (linear) estimator, and
Ex; 8) = c(x) = |lgslle = [Ifsll: = E).

Proof. Recall that ¢(x) = sup {||f||, :f(@@:) =0,2=1, - ,n,fe®,}, where
®, = {f:fe M, ||\]| = 1}, and note that fe ®, , f(x;)) =0, =1, -+, n, if
and Only iff(x) = .Iol J(x’ t) d)\,(t), ”)‘f” =1, and f(xl) = 0:] =r+1,:,n
Thus,

c(x)gftlg {(hxyf) :f(xi) =0,7=1,--- ’n}

max { fo 1 ([ T, Dhy(a) dac) INOR fo @, D) = 0,

HIMISt

i=r+l,~--,n}

]

gxllo

as a result of (2.6).

To prove E(x) = ¢(x), we parallel the argument used in [3]. For any estimator
S obtained from a mapping 7' : R — 91", and for fe B, , f(z;) = 0, =1, - -+ , n,
we have

E@x; 8) z |If — Toll,, and E(x;8) 2 [If + To]l, .
Thus,
E(x; S) z 3l|lf — Toll, + [If + To]],]
2 [Iflls
and therefore E(x) = ¢(x). Hence
(2.9) llgslle = c(®) = E(x) = E(x; S5).

To prove that equality holds throughout, we consider ||f — S.f||, with
[IA/]] £ 1. Now, utilizing (2.8) and property II,
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[If = Sflli = max (h,f— S
heL>[0,1]
lhllos1
Kll)"'7r;glr"’ﬂ§n—r)t]
1
< max maxf 2 RAMEE. XX h(x) dx
lulzll;"l”llg.slll osts1 | Jo K!l,"‘,r,fly"‘;sn—r]
Ty, y Tn
Kly"'iryfl"”}én—r!t
1
=maxf L ERAAEE BE hy(x) dx|-
0osts1 0 Kl,”*,’l’,&,"';fn—r]
Tyy oty Xy
The function
Krl,"',T,El,"',E,,_,,t]
1
R() = g:() —f Tyttt Tes B he() dz
0 K[I;"'yrysl)"'lgn—r]
Tyry oy ¥n

vanishes at &, , --- , §,-, and is in 8, ,,_,.(¥). Thus, from (2.7), R(t) = 0, and
If = Seflli = |lgxll [[A/]| for f e 9n". Therefore ||g:||. = E(x; Si), and from
(2.9), we obtain

[(he s £ = |lgelle = E(®x) = c¢(x) = E(x; Sy).
Since ||fel|: = ¢(®) = |(he, fo)| = ||fll: , the theorem is proven.

Note that specializing Theorem 2.1 to the choice (2.1) yields Theorem 1.1.

3. A best choice forx = (z,, -+, z,). In [2], we prove the existence of an
x*= (@* -, 2%,0 <z*< - <az* <1, such that

el = 51 [ 0 a0 do

Jzie

equioscillates at n — r + 1 points in [0, 1], and

E(—l)"f’ ki(x) dz = 0, t=1,.,7r,

i=0 zj

where

']r(z) t; X*) =
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Consequently, we may express ¢g,» in the form

gus(t) = g(—l)i f K(z, t) da.

For this choice of x*, we also show (in [2]) that
Hgv”w = dn(®,),
where d,(®,) is the n-width of ®, in L'[0, 1], defined by
d.(®,) = infsup inf [|f — ¢||:,

Xn fe®r geXn

where X, is any n-dimensional subspace of L'[0, 1].
Theorem 2.1.
inf E(x) = E(x*) = d,(®,).

Proof.

E(X) ?‘;101: Hf - Sxf”l )

d(®,) = |G|
= sup [If = Seflly = E(x*).

(1%
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