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For given ¢ =(ay,..., a,) and f=(B,,..., B.), with ~wsqa,<f, < (i=
1, ..., n), and continuous functions u, . . ., u,, set

U(a;ﬂ)={$aiui:afiSai<Bi (i=1,...,n)}.

This paper is concerned with best approximating continuous functions, in the
uniform norm, from U(e; ). We exactly characterize the u,, .. ., u, for which
the best approximant to every continuous function is unique. We also present a
general theorem characterizing all best approximants. When (u;,...,u,) is a
Descartes, or a weak Descartes, system on [0, 1], explicit characterizations of the
best approximants in terms of equioscillations are given. These results are applied
to spline spaces. They are also used to complete the characterizations in certain
specific examples previously considered in the literature.

1. Introduction

LEeT B denote a compact Hausdorff space containing at least » + 1 points, and let
C(B) be the normed linear space of real-valued continuous functions on B
endowed with the uniform norm

11l = max |f ()1

U, will denote an n-dimensional subspace of C(B). For given a = (a4, ..., @,)
and B=(By,..., B, satisfying —o<q,<f;<» (i=1,...,n), and a given
basis (u,, . . ., u,) for U,, we set

U(a;ﬁ)={u=§aiui:aisais[3i (i=1,...,n)}.

We are interested in the problem of best approximating functions in C(B) from
U(a; B). Since U(ea; B) is convex, closed, and non-empty, a best approximant to
each f € C(B) exists. Thus our concern will be with both characterizing best
approximants, and determining when uniqueness holds.
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2 A. PINKUS AND H. STRAUSS

In Section 2, we first present a general characterization result for convex,
closed, non-empty subsets of U,, and then apply it to U(ea; B). In Section 3, we
determine the u,, . .., u, such that, to each f € C(B), there exists a unique best
approximant from U(e; B) for every @ and § as above. We show that it is both
necessary and sufficient that {u,, ..., u,} be a Haar system for every choice of
distinct i;,...,5e€{l,...,n} and every k=1,...,n. We also prove strong
uniqueness in this case.

From Section 4 onward, we assume that B =[0, 1]. In Section 4, we assume

that (uy, ..., u,) is a ‘Descartes’ system and characterize via equioscillations the
unique best approximant from U(e; f) to each f e C[0,1]. In Section 5, we
consider the case where (u;,...,u,) is a ‘weak Descartes’ system, and

characterize all best approximants in this case.

In doing so, we complete some characterizations which were considered in the
literature, and expand upon some incomplete ones. Finally, in Section 6, we
consider spline spaces and obtain a full characterization of all best approximants
from U(a; B), where (uy, ..., u,) is a B-spline basis for the space.

For a general review of problems of best approximation with constraints, the
interested reader should consult Chalmers & Taylor [3], and the references
therein.

2. Characterization: general case

Let C(B) and U, be as defined in Section 1. Let K be any closed, convex,
non-empty subset of U,. We say that u* is a best approximant to f from K if
u*e K, and

If —u*|| = min {|If —ull : ueK}.
It is well known that a best approximant always exists. The following general
result is essentially to be found in Deutsch & Maserick [5].

THEOREM 2.1 Assume f € C(B)\K. Then u* is a best approximant to f from K if
and only if there exist distinct points {x;};_;, with 1<r<n+1, and non-zero
numbers {c;};_, satisfying

() (f—u")x) =(sgne) If —w*ll (j=1,...,7),
(b) 2 cu*(x;) = i cu(x;) foralluek.

Remark. Deutsch & Maserick prove this result using functional-analytic methods.
It may also be directly proven by more standard techniques paralleling those
used, for example, in Rivlin [13: p. 63], where the above theorem is proved for
K=U,. However, it is then necessary to replace a Caratheodory-theorem
argument with a Helly-theorem argument.

The following simple consequence is well worth noting, since it will be used in
the subsequent analysis.

COROLLARY 2.2 Let u* be a best approximant to f from K satisfying (a) and (b).
Assume i is any other best approximant to f from K. Then u*(x;) = i(x;) (j=
1,...,r).
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Proof. Let u € K. From (a) and (b), we have

r r

Sl 1 = ull= 3, of =)= 2 6 = W)

j=1 j=1
<2 lq] I = ul.
Setting 4 = &, and since ||f —u*|| = ||f — ]|, we obtain
G(f — ) =¢(f ~ D) (=1,...,0).
Moreover, ¢; #0 for all j, and thus u*(x;)) =d(x;) (j=1,...,r). O

We now specialize the above results to the case of coefficient constraints. To
this end, we first introduce the following notation. For @ = (ay, ..., «,) and
B=(B1, ..., B, satisfying —e<sq,<f;<w (i=1,...,n), set

A(e;B)={a:a=(ay,...,a)eR", o;sag;<f; (i=1,...,n)}.
For a given basis (uy, . .., u,) for U,, set

U(a; )= {21 au;:acAla; ﬂ)}.

To u*=Y",afu;e U(a; B), we associate the vector b* = (b7, ..., b;;), where

1 ifaf=8,
b¥=q 0 ifa;<a}<B;
-1 ifaf=a,.

As a direct application of Theorem 2.1, we obtain the following result.

THEOREM 2.3 Let f e C(B)\U(a; B). Then u* =X, a}u; is a best approximant
to f from U(a;B) if and only if there exist distinct points {x;}/_1, with
1<r=n+1, and non-zero numbers {c;}/_, satisfying

(a) (f—u?)x)=@6gne) lIf —u*ll (G=1,...,71),
, =0 ifb=1

(b) : > cuix;)) =0 ifbF=0 i=1,...,n).
=1 <0 ifbr=-1

Part (a) of the next result is simply a restatement of Corollary 2.2. Part (b) is
also of importance, as shall be seen in the next sections.

ProrosiTioN 2.4 Let u* =Y afu; be a best approximant to f from U(a; )
satisfying (a) and (b) of Theorem 2.3. If a=X?,du; is any other best
approximant to f from U(e; B), then

(a w*(x)=a(x) (j=1,...,r)

S _ _[Biifbl=1,
(b) If i;c,ui(xj)aéo then a,f"=a,~={ai by = —1.
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Proof. On the basis of Corollary 2.2, it is only necessary to prove (b). As a
consequence of (a), we have

'21 cu*(x;) = '21 cia(x;).
j= 1=
Thus

Zn:l <(a? — &) 2’1 c/'ui(xi)) =0.

From (b) of Theorem 2.3, we have af — a; =8, — a,=0 if £j_, cju,(x;) >0, while
a;k - di = a’,- - [i,‘ = 0 lf Z;=1 C]'ui(x]') < 0. ThuS

(af —a) 2 qui(x)=0 (i=1,...,n).
j=1

Therefore, (af —a;) Xj_, cu(x)=0fori=1,...,n, and (b) follows. [

Remarks. (i) We do not consider, in the definition of A(a; B), the possibility of
«; = B, for any i, since this would simply imply a reduction of the basis u,, . . . , u,
to a subset thereof, and a translation of the solution.

(ii) The choice of A(a; B) and U(a; B) is a special case of the following general
situation. Let D = [dij]§’;1}'=1. Seta=(ay,..., a,) and B=(By, ..., Bn), with
~osg<f=<w (=1,...,m), and

A(D;a;ﬁ)={a:a=(a1,...,a,,)e[R", a,»SEd,jajSB,- (i=1,...,m)},
j=1

UD;a;p)= {21 au;:aeA(D; a;ﬁ)}.

We do not deal with this general case. However, it should be noted that, if
rank D = m, there then exists a basis (v,, . . ., v,) for U, for which

U(D;a;ﬂ)={2 ajv;ia;sal<P; (i=1,... ,m)}.
i=1

3. Uniqueness and strong uniqueness

We are interested in determining when to each f € C(B) there exists a unique
best approximant from U(a; B). For ease of exposition, we present the following
definition.

DEerINrTION 3.1 If to each f € C(B) there exists a unique best approximant from
U(a; B), then we say that U(a; B) is a unicity set for C(B).

Unicity sets are often referred to as Haar sets in the literature. The reason for
this latter term is due to the following classic theorem of Haar [6].

Haar THEOREM An m-dimensional subspace U, =span {u,, . .., u,,} of C(B) is
a unicity set for C(B) if and only if det [u,-(x,-)]ﬁf}=1¢0 for every choice of m
distinct points {x;}/Z, in B.
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Such a subspace U, will be referred to as a Haar space, and {u,, ..., u,} asa
Haar system.

To determine whether U(a; $) is a unicity set, we make use of the seemingly
innocuous part (b) of Proposition 2.4. Let us see how.

Let u* € U(e; B) be a best approximant to f € C(B)\U(e; ). Assume that the
points {x;}] and non-zero numbers {c;}] satisfy (a) and (b) of Theorem 2.3 with
respect to u*. Set

I= {i : gcjui(xj) = O},

andJ={1,...,n}\L

From (b) of Proposition 2.4, for every best approximant u=Y7_,au;e
U(e; B) to f, we have that a}=aq; for all i eJ. Thus our original problem is
equivalent to that of approximating

ff=r- Z alu;
iel

from U*(a*; ") = {Yicau; i o;<a;<f; (iel)}. Let U =span{y;:iel}. For
each i € I, we have, from (b) of Theorem 2.3, that

(bl) i Cjui(x]-) = O,

while (a) of Theorem 2.3 holds for f* and ¥,.;a/u;. (We also have 1sr<sn+1
rather than 1=<r<|I{+1, where [I| is the number of indices in I, but this is
unimportant). Conditions (a) and (b’) imply (by Theorem 2.3 with a; = — and
B; = for all i eI) that X;.,afu; is a best approximant to f* from U, with no
constraints whatsoever on the coefficients. If u = Y7 a;u; is any best approximant
to f from U(e; B), then ¥;.;a.u; is necessarily a best approximant to f* from U,.
(The converse need not hold.) This simple observation together with Haar’s
theorem immediately implies the following result (see also Rozema & Smith

[15]).

ProrosiTioN 3.1 Let N={i:a; = —, B; =} If {u,, ..., u,} is a Haar system
for every choice of distinct iy, ..., €{l,...,n} satisfying Nc{iy,..., i},
then U(a; B) is a unicity set for C(B).

We do not know if the converse result is valid in this generalization. It is
however true with a slight additional assumption.

ProposITION 3.2 Let N={i:a;=—x, §;=x}, and assume that, for. all i¢
N, —o< q; < B; <. If U(a; B) is a unicity set for C(B), then {u;,...,u,} isa
Haar system for every choice of distinct iy, ..., €{l,...,n} satisfying Nc

{iv, oo o5 Ik}

Proof. Let Nc {iy, ..., ik} ={1,...,n} and assume U, =span {u;, ..., u;} is

not a Haar space. We will prove that U(e; f) is not a unicity space for C(B).
From Haar’s theorem, there exists an f € C(B) and u',u’ € U, with u'=u?,

such that u' and u? are best approximants to f from U,. Since Au'+ (1 —A)u® is
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also a best approximant to f for every A€(0,1), and since u'+u (i=1, 2) are
best approximants to f + u from U, for any fixed u € U,, we may assume

k k
1_ 1 2_ 2
u = E au;, u = 2 a;u,
j=1 j=1
where
1,2 .
@, <a, a,-j<ﬁ,-j G=1,...,k).

From Theorem 2.3 and Proposition 2.4, it follows that there exist points {x;}],
with 1<r=<k +1, and non-zero numbers {c,}, satisfying

(a) (f—u)o)=(sgne) If —u'll (1=1,2;5=1,...,7),
(b) i cui(x)=0 forie{iy,..., i}

Set 0={1,...,n}\{is, ..., i}. If O =0, then there is nothing to prove, since
ul,u> e U(a; B). Assume Q #I. Since N < {iy, ..., i}, then, by our assump-
tion, —o < a; < fB; <o for each i € Q. Divide Q as follows. Set Q=0 _,U QU
Q,, where -

Q—l if 2 C]'u,‘(xj') < O,
j=1

iedQo if E cjui(x;) =0,
j=1

0, if 2 qui(x;)>0.
( i=1

For i € Q,, choose y; € [«; , B:]. Set

F=Ff+ 2 v+ 2 B+ 2 au,

i€Qo ieQ ieQ_1
7=u+ 2 Yiu; + Z Biu; + Z au; (j=1,2).
ieQq i€y i€Q-1

It is now easily checked, using (a), (b), and Theorem 2.3, that &' and i are two
best approximants to f from U(e; ). O

As an immediate consequence of Propositions 3.1 and 3.2, we have the
following.

CoroLLARY 3.3 U(ea; B) is a unicity set for C(B) for every choice of (a;8)
satisfying —e<o; <f; < (i=1,...,n) if and only if {u,, ..., u,} is a Haar
system for every choice of distinct iy, ..., €{l,...,n}.

Under the assumptions of Proposition 3.2, not only is U(e; f) a unicity set for
C(B), but it is also true that strong unicity holds. The proof of this fact is
somewhat standard, but we include it for completeness (see also Chambers &
Taylor [4]).

ProposiTION 3.4 Let N={i:a;=—w, §;=x}, and assume that, for all i¢
N, —o < q; < ; <. Assume that {u,, ..., u;} is a Haar system for every choice
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of distinct iy, . .., i satisfying Nc {i;,...,i}c{l,...,n}. Let f € C(B), and
let u* denote the unique best approximant to f from U(a; f8). Then there exists
y >0 (dependent on f) such that, for all u e U(ea; B),

Wf = ull=If —u*| +y ju*—ull
Proof. If f =u*, set y=1. Assume f #u*. Let {x;}] and {c;}| be as in Theorem
2.3. Let u* =Y/ aju;, and define I = {i : ¥j_, ciu;(x;) =0} and J = {1, ..., n}\
I Letu=Y"au e U(a;B), with u #u*.
For i € J, we have

(af —a;) Z cui(x;) =0,
j=1

since af = B, if b7 =1, and a} = «; if b} = —1. Thus
> ot =) = 2 (@ - ) 2 cux)) =0,
j= i= j=

If u*(x;) # u(x;) for some je{1,...,r}, then

max (sgn¢;)(u* —u)(x;) >0.
j=1,..., r

If u*(x;)=u(x;)) (j=1,...,r), then it also follows from the above that a} =a;
for all i e J. Thus

> qux) =0 (iel),
j=1
> (af ~ au(x;) = u*(x;) —ulx)=0 (j=1,...,7)
iel
Since N c I, we have that U, =span {u;:i€l} is a |I|-dimensional Haar space
and therefore rank [u;(x;)]ics, /=1 = min {}I|, r}. Since ¢;#0, it follows that

af =a,, for all { e I. Thus u =u*, a contradiction.
We have proved that, for all u € U(a; B), with u #u*,

max (sgnc;)(u* —u)(x;) >0.
j=1,..., r

Since U, is a finite-dimensional subspace, a compactness argument implies that

max (sgn¢)(u*—u)(x;)=y |[u* —ul|
j=1 r

.....

for all u € U(a; B) and some y > 0.
Assume that u € U(e; B), and that k € {1, . . ., r} satisfies

(sgn )™ —u)(xe) =y llu* —ull.
Then, using also (a) of Theorem 2.3,
If — ull = (sgn ci)(f —u)(x)

= (sgn ce)(f — u*) () + (sgn c)(@* — u)(xe)
Z|f —u*| +y|lw*—u|l. O
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4. Descartes systems

We will now restrict ourselves to the case where B is a real interval. For
convenience we assume B =[0,1]. We will also assume that the conditions of
Corollary 3.3 hold. Moreover, for ease of exposition, we further assume that
(uy, - .., u,) is a Descartes system,

DeriNiTION 4.1 (U4, . . ., U,) is a Descartes system on [0, 1] if
det [ui,(xs)]lr(,s=1 > 0

for every choice of 1=i;,<:-:--<i,=n and O0sx,;<.--<x,=1, for k=
1,...,n

We will use a well-known consequence of the Descartes property which is
actually equivalent to it. But first we introduce some ancillary notation.

(a) For f e C[0, 1], z(f) will denote the number of distinct zeros of f on [0, 1].

(b) Fora={(ay,...,a,) eR", s"(a) denotes the number of weak sign changes
of a, and is defined by

s (a)=max {k : a,q;

4, <0 (j=1,...,k), 1<i;<---<ipyy<n}.
The (weak) orientation of a is the sign of its last non-zero coefficient.
(c) If z(f) =s (a), with @ e R"\{0}, we say that the sign orientations agree if
the following hold:
(i) If f(1) #0, then sgn f(1) is equal to the orientation of a.
(ii) If f(1) =0, then the orientation of a is equal to —sgnf(1—¢) for all
€ > 0 sufficiently small.
With this notation, we can now state (see e.g. Karlin & Studden [8: p. 25] and
Karlin [7: p. 233]) the following result.

ProrosiTioNn 4.1 If (uy,...,u,) is a Descartes system on [0,1] and u=
Y au;, with a=(a,, ..., a,) and a#0, then z(u) <s (a). Further if z(u) =
s (a), then u changes sign at each of its interior zeros and the sign orientations
agree.

Before stating the main result of this section, we must introduce additional
notation.

(d) Let a=(ay, ..., a,) e R"\{0}. Then s*(a) denotes the number of strong
sign changes of a, and is defined by

s*(a) =maxs~(a’),
a’'eA

where A is the set of all vectors a’ = (a3, . . ., a,,) satisfying a; = g; for all q; #0.
The vector a is said to have (strong) positive orientation if a,>0, or if
a,=0,-1=+" =0a,,,=0 and a,(—1)""">0. Otherwise it is said to have
(strong) negative orientation.

(e) Let g € C[0, 1], with g # 0. We say that g equioscillates on exactly k points
if there exist points 0<x;<---<x;<1 and a sign €e{-1,1} for which
g(x)=¢e(=1)"**|igll (i=1,...,k) and there exists no such set of k + 1 points.
We also say that g has positive orientation if € =1, and negative orientation if
e=-1.
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We recall that, for u* = Y7 aju; € U(a; B), we set b* = (b5, ..., b)), where

1 ifaf=4,
br=4 0 ifa<a’<B,
_]. ifa;k=a’,'.

Our next result is a characterization of the best approximant to f from U(e; ).
It differs from Theorem 2.3 in that it is geometric in nature. It should also be
viewed as a semi-discrete version of results in Pinkus [11].

THEOREM 4.2 Assume (uy, ..., Uu,) is a Descartes system on [0,1]. To each
f € C[0, 1] there exists a unique best approximant u* from U(a; B). The function
u* is uniquely characterized as follows:

(1) If b* =0, then f — u™ equioscillates on at least n + 1 points.

(ii) If b* #0, then f — u* equioscillates on at least s*(b*) + 1 points. Further, if
the number of points of equioscillation of f — u* is exactly s*(b*) + 1, then f —u*
and b* have orientations of the same sign.

In the proof of Theorem 4.2 we will use the following lemma.

Lemma 4.3 Let u*=Y7aju;, a*=(af,...,a}), and b*=(bY,..., b}) be as
defined above. Let @ = (a,, . . ., d,) € A(a; B). Assume b* #0 and a* + a. Then

sT(a* —a) <s*(b*).

Further, if equality holds, then the (weak) orientation of a* — a agrees with the
(strong) orientation of b*.

Proof. If b} =1, then a} — a; = f; — a;=0. Similarly, if b} = —1, then a} — a4, <
0. From these facts it follows that s™(a* —a)<s"(b*). The case of equality is
also easily checked. O

Proof of Theorem 4.2. Assume that f € C[0,1]\U(a; B) and u* = L] a}u, is the
unique (from Corollary 3.3) best approximant to f from U(a; B).

From Theorem 2.3, there exist points 0sx;<---<x, <1, with 1sr<n+1,
and non-zero numbers ¢, . . ., ¢, satisfying

(a) (f—unx)=@6gne) If —u*ll (G=1,...,7),
. =0 ifbr=1

(b) > cui(x)y =0 iftb}=0 (i=1,...,n).
=t <0 ifbf=-1

From (a), the number of equioscillations of f—u* is at least s™(¢)+1
(=s*(c)+1), where c=(cy, ..., C).

If b* =0, then it is well known that, since {u,, ..., u,} is a Haar system, we
must have s*(¢) + 1=n+1, and (i) holds.

Assume b*#0. The matrix [u,(x;)]L,}=, is strictly totally positive (STP).
Therefore, if Yj_cu(x)=0 (i=1,...,n), then s*(¢)+1=n+1 and (ii)
holds. Otherwise it follows (see Karlin [7: p. 219]) that

st ((121 c,-u,-(x]-)>:l=1> s (¢).
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Further, from (b) and the definition of b*,

n
i=

st(b*) = s*((j:il cjui(x]-)> 1>.

Thus f—u* equioscillates on at least s*(b*)+1 points. If the number of
equiosciltations is exactly s*(b*)+ 1, then equality holds in the above two
inequalities. From Karlin [7: p. 223], the (strong) orientations of b* and ¢ must
agree, implying (ii).

Assume that f € C[0, 1\U(e; B), and that u* = X} afu, € U(a; B) satisfies (i)
or (ii). If f —u™ equioscillates on at least n + 1 points, then, since U, is a Haar
space, it follows that u* is the unique best approximant to f from all of U, and
thus from U(e; B).

We therefore assume that (ii) holds, s*(b*)+ 1=k +1, and f — u* equioscill-
ates on m + 1 points, with k <m <n. Now assume that

n
aeU(a;B), a=> au, a=(a,...,a,),
1

and suppose (for contradiction) that ||f — || <||f — u*||. We will prove that this
cannot occur. Since f — u* equioscillates on m + 1 points, from Proposition 4.1,

m sZ((f —u*)y—(f - ﬁ)) =z(d —u*)= z(}j: (a; — a,*)u,-) <s (a@a—a").

From Lemma 4.3, s™(@ —a*) <s*(b*) = k. By assumption, m =k. A contradic-
tion ensues unless m = k. If m =k, then (ii) gives us that f — u* and b* have the
same orientation; also, from the above, m = k implies

k=z(i—u*)=s"(a—a*)=s"(b").

The (strong) orientation of b* agrees by assumption with the orientation of
f —u* which, in turn, is the same as the ‘orientation’ of i —u* (=(f —u*)—
(f — %)) since ||f —u*||>||f —@||. From Proposition 4.1, we obtain that the
(strong) orientation of b* agrees with the (weak) orientation of @ — a*. However,
from Lemma 4.3, the converse holds. This contradiction implies that, for all
ueU(a; ), we have ||f —ul||=||f —u*|. Moreover, from Corollary 3.3, the
best approximant to f from U(e; B) is unique. Thus ||f —u|| > |If —u*|| for all
ueU(a;p) withu#u*. O

As examples of Descartes systems of [0, 1], consider

(1) (e, ...,e*) foranya;<---<a,,
2 (x+c)™,...,(x+c)*™) foranya;<---<a,andc>0.
Many other examples exist, and the interested reader can consult Karlin &
Studden [8].

An important example is the following:

Let TT,_, denote the space of algebraic polynomials of degree <n — 1, and let
{x;}1 be distinct points which lie outside [0, 1]. Set

K={penn—1:yisp(xi)$6i (i=1)---;n)};
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where —w<y;<§;s® (i=1,...,n). There exist u;,...,u, €T, ;, and a
pair (a; f) for which K=U(e; ), and (u,, ..., u,) is a Descartes system on
[0,1]. To see this, assume

X< --<x;<0<1<x,<---<x,4; (0sr=n).

For i=1,...,r, let u;eT,_, satisfy u;(x;)=(-1)"*""9,; (j=1,...,n), and
let

_{ y; fori odd, ﬁ{ 6, foriodd,

6; forieven, ~y; forieven.

For i=r+1,...,n, let w, e, satisfy wu,(x;)=(=-1)"*"8,; (j=1,...,n),
and let
ar—{ y; form+ieven, ._{ 8, forn +ieven,
" 1-6, forn+iodd, "7 |l-y, forn+iodd.

It is not difficult to check that K = U(e; #). With a bit more work, using the
common zeros of any subset of the polynomials {u;:i=1, ..., n}, it also follows
that (u;, ..., u,) is a Descartes system on [0, 1] and therefore Theorem 4.2 can
be applied.

5. Weak Descartes systems

DEerintTiON 5.1 (uy, .. ., u,) is a weak Descartes system on [0, 1] if the u; are
linearly independent thereon, and

det [u; (x,)]*,=1=0

for every choice of 1si;<---<isn and Osx,<---<x,=<1, for k=
1,...,n.

When dealing with weak Descartes systems rather than Descartes systems, we
lose the uniqueness of the best approximant to each f € C[0, 1]. However, there
is always at least one best approximant that is ‘well behaved’ (as the u* of
Theorem 4.2). This is an immediate consequence of ‘smoothing’ (see Karlin
[7,p- 103]) and a known weaker form of Proposition 4.1. As such, we only state
and do not prove this next result.

THEOREM 5.1 Assume (uy, . . ., u,) is a weak Descartes system on [0, 1]. To each
f e C[0,1] there exists a best approximant u* from U(a; B) that satisfies (i) and
(ii) of Theorem 4.2. Conversely, if u* € U(a; B) satisfies (i) and (ii) of Theorem
4.2, then u* is a best approximant to f from U(a; B).

Thus, if to a particular f € C[0, 1] there exists a unique best approximant from
U(ea; B), then, from Theorem 5.1, we can characterize it explicitly.

In some cases, (u,, ..., u,) is a weak Descartes system that comes very close
to being a Descartes system. For example

(1) (,x,...,x"" ") is a Descartes system on (0, 1], but not on [0, 1].

2 (Q—-x)""Lx(1—x)""%...,x" ") is a Descartes system on (0, 1).

(3) If {u;}? is an (extended complete Tchebycheff) ECT-system on [0, 1]
satisfying u{’(0)=0 (j=0,...,i~2;i=2,...,n) (see Karlin & Studden
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[8: p. 378]), then it is a Descartes system on (0, 1], but not on [0, 1]. (Example 1
is a special case.)

There is a ‘natural’ set of functions for which uniqueness always holds when
approximating from U(e; #), with respect to each of the above examples. To
explain this, we consider two classes of functions.

DerFiNmTiON 5.2 The system (w4, ..., u,) is said to satisfy Condition A if
(4, . .., u,) is a Descartes system on (0, 1], with »,(0)=9,, (i=1, ..., n). The
system (u,, . .., u,) is said to satisfy Condition B if (u,, ..., u,) is a Descartes
system on (0, 1), with #;(0) =9, and ©,(1)=9,,, (i=1,...,n).

We first state these next two results.

ProrosiTION 5.2 Assume (uq, ..., u,) satisfies Condition A. Let u™ be a best
approximant to f from U(a; B). If f(0)— B1#||f —u*|| and f(0) — oy #—||f —
u*||, then u* is the unique best approximant to f from U(a; B). In particular, if
a, < f(0) < B, then the best approximant to f from U(a; B) is unique.

ProrosiTION 5.3 Assume (uy, ..., u,) satisfies Condition B. Let u* be a best
approximant to f from U(a; B). If both f(0) — B, and f(1) — 3, are not equal to
Ilf —u*|l, and f(0) — a; and f(1) — «,, are not equal to —||f —u*||, then u* is the
unique best approximant to f from U(a; B). In particular, if a;<f(0)=<p, and
a, <f(1) < B,, then the best approximant to f from U(e; B) is unique.

Remark. In [14], Roulier & Taylor considered the above problem for the
example (1,x,...,x"""). They proved Proposition 5.2, but did not have
Theorem 5.1 or any similar result. As such, their characterization was incompl-
ete. Chalmers [2] improved their result but without obtaining the full charac-
terization. Passow [10] considered the example ((1—x)""%, x(1-
x)"72, ..., x"1). In the case that ;=0 and B; = (all i) and f =0, Passow
proved the uniqueness of the best approximant from U(e; ). However, the full
characterization, as given by Theorem 5.1, was again lacking.

We will prove Proposition 5.2. The proof of Proposition 5.3 follows in a totally
analogous manner.

Proof of Proposition 5.2. From Condition A, it not only follows that
{ui,, ..., u,} is a Haar system on (0, 1] for all 1 <i; <- - - <i; <n, but also that
it is a Haar system on [0,1] forall 1 =i, <---<i, <n.

Let u* = Y aju; be any best approximant to f from U(e; ). From Theorem
2.3, there exist distinct points {x;}], with 1sr<n+1and O0<x,<---<x, <1,
and non-zero numbers {c;}], satisfying

(a) (f —unx)=(gne) If —uw*ll (=1,...,7),
) =0 ifbr=1

(b) >, culx)y =0 ifbF=0 (i=1,...,n).
=1 <0 ifb}=-1

Let & =Y"du; be any other best approximant to f from U(e;pB). From
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Proposition 2.4 we have
(c) u*(x)=a(x;) (=1,...,r),
(d) af=a; foralli¢l,

where I={i: Y], ciu;(x;) =0}. We shall determine when it is possible that
u* #1i.

Case (i): 1€l From (d) and the definition of I it follows that X;.;au; and
Y.iera;u; are best approximants to

fr=f~3 atu,

igl

from U; =span {u; : i € I'}. Since 1 € I, the space U, is a Haar space on [0, 1], and
therefore a; = a; for i € I. Thus u* = @ and uniqueness holds.

Case (ii): 1¢1, x,>0. As above, ¥,.;a]u; and ¥, ,d;u; are best approximants to
f* from U,. Let |I| denote the number of indices in /. From the definition of /,

i cui(x)=0 (iel).

Since x;>0, the matrix [ui(xj)]iel, ;21 has rank min {|I|, r} and, because
c;#0 (allj), it follows that r > |I|. However, from (c) and (d) we obtain

ZI @' —a)u(x)=0 (=1,...,7r).

Since r > |I| =rank [u,-(x,-)],-el, j=1, this implies a/ =4; (i el). Thus u* =i and
uniqueness holds.

Case (iii): 1¢1, x, =0, ¢,bf <0. Since u;(0) = 9§, , we have
E cu;(x;) = Z cqu(x;)) (i=2,...,n),
j=1 j=2

2 cui(x;)—c1= 2 ciuy(x;).
j=1 j=2
The condition ¢;b{ <0 together with 1 ¢ I implies that

,
¢ 2 cjus(x;) <O.
j=1

If r=1, then ¢? =c, - c;u,(0) <0, which is a contradiction. Thus r =2, and we
also have

b¥ D>, cjuy(x;)>0.
j=2
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We now replace (a) and (b) by

(a) (f—uEx)=@gne) If —uw*l} (j=2,...,71)
. =0 ifbr=1

(b") > cux)y =0 ifbF=0 (i=1,...,n).
/=2 <0 ifbr=-1

The previous analysis proves that (a’) and (b') are valid. Theorem 2.3 is therefore
valid with (a’) and (b’), and we have reverted to case (ii). Thus u* =4 and
uniqueness holds.

Non-uniqueness can therefore only occur if 1¢7, x;=0, and c¢;b7>0. (If
c,by =0, then 1el) If ¢;>0 and by >0, then f(0)—u*(0)=||f —u*||, and
u*(0)=af=p,. Thus f(0)—B,=|f —u*|. If ;<0 and bf <0, then f(0)—
w*(0) = —||f — u*|l, and u*(0) = a% = @ Thus f(0) — @y = —||f —u*[|. O

We now return to the general case where (uy, ..., u,) is a weak Descartes
system on [0, 1]. In Theorem 5.1 we noted the existence of a specific type of best
approximant, but we did not characterize all best approximants. In this next
theorem, using the properties of weak Descartes systems, we give an alternative
form of Theorem 2.3. In the case U(a; B) = U, (i.e. no constraints) this theorem
was proved by Micchelli [9].

Some additional notation is needed. For x;€[0,1] and {i;,...,i} ¢
{1,...,n}, we set

i
u( ! ") = det [us (e) oo,
» xk

X1y oot
il’ P ik k  k+1
U( ; ’ =det [u;(x)],_, ._,-
xl,...,x]',...,xk+1 s#f

THEOREM 5.4 Assume (uy, ..., U,) is a weak Descartes system on [0,1]. Let
feC[0,1\U(a; B). Then u* = L} aju; is a best approximant to f from U(a; B) if
and only if there exist points {x;};, with 0<x,<---<x,<land 1sr<sn+1,
and € € {—1, 1} such that the following conditions (A) and (B) hold.

(A) (f—uS)x)=e(=1/If—u*ll (G=1,...,7)
(B) There exist indices ig=0, 1<i,<:--<i,_;<n, and i, =n + 1 for which
(1) U(lly .A. . y lf-l) >0 (]: 1’ e, r)
Xy oo v Xjy e ovy X,
and

(ii) for i_,<i<iy, where 1<k <r, and defining

i, «evsipmpyl
m;=U >
X1, PN y Xp

i
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we have that m; # 0 implies

a*={ﬁi ife(-1)"=1,
Y olay ife(—1D)Fl=—1.

Remark. 1t is to be understood that, if » =1, then (B)(i) is disregarded.
Proof. Assume (A) and (B) hold.
Case 1: r = 1. Set ¢, = &. Then, from (A),

(f —u*)(x)) = (sgney) |If —u*||.

Since (uq,...,u,) is a weak Descartes system, m; =u,;(x;)=0. If m;#0 and
¢, =¢€=1, then (B)(ii) gives a; = §;, implying b} =1 and c,u;(x,)>0. If m; #0
and ¢, = €= —1, then af = «;, implying b/ = —1 and c¢,u;(x;) <0. Thus (a) and
(b) of Theorem 2.3 hold, and u* is a best approximant to f from U(e; ).

Case 2: r>1. Let i,...,i,-; be as in (B). There exists a vector c¢=
(cy, ..., c,)#0 such that

Ecjuim(x]-)=0 (m=1,...,r—1).
j=1

From (B)(i), we have cic;,; <0 (j=1,...,r—1), and c is determined up to
multiplication by a constant. We may therefore assume that sgnc; =&. Thus,
from (A),

(f —u")) = (gne) If —u*ll (G=1,...,7).

If ip_, <i<i and m; =0, then it follows that

_21 ¢ji(x;) = 0.
=

If m;#0, then it easily follows from the weak Descartes property and linear
algebra that

(—1)* e D cjui(x;) > 0.
i=1

Thus, if ¥/-; ciu,(x;) >0, then &(—1)*"'>0 and (B)(ii) gives a; = B;, implying
b¥=1. If £7_, cu(x;) <0, then &(—1)*"'<0 and (B)(ii) gives a; = «;, implying
b} = —1. Thus (a) and (b) of Theorem 2.3 hold, and u* is a best approximant to f
from U(a; B).

It remains to prove the converse result, namely: if u* is a best approximant to f
from U(a; B), then u* satisfies (A) and (B).

Since u* is a best approximant to f there exist, from Theorem 2.3, points {x;}],
with 0<x,;<---<x,<1 and 1<r<n+1, and non-zero numbers {c;}},
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satisfying
(a) (f —une)=(sgne) If —u*ll (G=1,...,7),
, =0 ifb}=1
(b) > cux)y =0 ifbf=0 Gi=1,...,n).
=1 <0 ifby=-1

Set I = {i: Ljycui(x;) =0}
Among all choices of {x;}] and {c;}] as above, choose a set with r minimal.
Among all sets with » minimal, choose a set for which |I| is maximal.

Case 1: r=1. In this case there is essentially nothing to prove, since (A) and
(B)(ii) are direct consequences of (a) and (b).

Case 2: r>1 and |I| = n. (This case may be found in Micchelli [9].) Since

ECjui(Xj)=0 (i=1, PP ,n),
i=1

with » minimal and ¢; #0 (all j), we have

rank [ui(x]-)]i:lj:'l =r_1. )
Therefore ¢ is determined up to multiplication by a constant, and there exist
1=<i;<---<i,_y=<n satisfying

: i ca I

_ -1 1 » fr—1 .

¢;=(-1) CU< . ) (G=1,...,r),
X1, Xy,

where ¢ is some non-zero constant. Since (uy, ..., u,) is a weak Descartes

system and ¢; #0 (j=1,...,r), we have

i i .
U(l) . Jr1>>0 (]:1,__";‘)
X1y oo Xjy oo s X,

and ¢ic;41 <0 (j=1,..., r—1). Further,

U(il, ---)ir—l’i >=0
X1, [ y Xp

for all i, from the rank condition. Thus (A) and (B) obtain.

Case 3: r>1 and |I|<n. Set I={s,..., s}, with 1<s;<-.-<s,<n and
k=|I| (so that k=0 if I=¢). We will prove that rank [u,(x)]f,;Z1=7—1
(and therefore k = |I|=r —1).

Assume k> 0. Since Y- ciu,(x;)=0 (i=1,...,k) and ¢; #0, it follows that
rank [u,(x;)]: 41 ;21 <r —1. Assume rank [, (x)]: %1 ;21 <r—1. There then ex-
istsd=(d,, ..., d,)eR’, linearly independent of ¢ =(cy, . . ., c,), such that

> diug(x) = 21 cu(x)=0 (=1,...,k).
i=1 j=

o)
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Fori¢l, set
,
c; = 2, ciux;), d;= 2 dju(x;).
j=1

For any 6 e R,

S 6= 0 = {0, _ 50 Gon)

Since ¢;#0 (j=1,...,r) and ¢;#0 (i ¢ I), then, by definition, there exists
6o € R\{0} for which

¢(ci—60d)=0 (j=1,...,r),  ci(ci—080di)=0 (i¢l),
while at least one of the ¢;—68¢d; (j=1,...,r) and ¢; — d¢d; (i ¢1I) is zero.

However, this then contradicts either the minimality of  or the maximality (with
this r) of |I|. From this contradiction, it follows that

rank [u,(x)]; %, ; 2, =r—1.
If kK =0, then a contradiction ensues from the above argument. Therefore, as in
Case 2, ¢ is determined up to multiplication by a non-zero constant by the

conditions on I, and there exist indices 1=<i;<---<i,_;=n, with
{is; - -5 i1} = {51, - . -, s} =1, for which

o (i, i .
cj=(—-1)’cU(xl1 s p 1) (G=1,...,n).
R N A

The constant ¢ # 0 is uniquely determined by the value ¥.7_, cju,(x;) for any i ¢ L.
Since (u,, ..., u,) is a weak Descartes system, and ¢;#0 (j=1,...,7r), we
obtain

i1, i_ .
U(l i T 1>>0 G=1,...,r),
Xipeonr Biyoo, X,

and ¢i¢;+1<0 (j=1,...,r—1). Set e=sgnc;. Then (A) and (B)(i) hold. It
remains to prove (B)(ii). Let

b, ---)ir—l)i)

m,=U<
X1, y Xy

and assume i;_; <i<ix, where ip=0 and i, =n + 1. If m; =0, then

-21 cju,-(xj) = O,
j=

i.e. iel If m;#0, then, with the above choice of &, it follows from the weak
Descartes property and linear algebra that

e(=1%' Y qui(x;) > 0.
j=1
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If ¥i_icuix;)>0, then from (b) we have b/ =1 and therefore a;=p,. If
Yi-1 cu;(x;) <0, then from (b) we have b/ = —1 and therefore 4 = ;.
The theorem is proved. O

Remark. Note that Proposition 2.4 also remains valid. If i = Y] 4;u; is any other
best approximant to f from U(e; ), then u*(x;)=d(x;) (j=1,...,r) and, if
m; ¢O in (B)(ll), then a? = di‘

6. Splines

One of the main motivating examples for the study of weak Descartes systems
is splines. Splines also satisfy many additional properties, and from these
properties it is possible to obtain characterizations of best approximants different
from that given by Theorem 5.4. In Theorem 6.2, we give a characterization
which is closer in spirit to Theorem 4.2. First we give some explanations
concerning splines.

We will deal with the space of splines of degree m — 1 with s simple fixed knots
in [0,1]: 0< &, <.--<§ < 1. This space has dimension n =m +s, and we will
denote it by S,, ;. One basis for this space is

(1’ Xy ovny xm_l’ (x - EI)T_IJ LRIKIP] (x - gs):—l_l)y

Ceme [=E)T ifx=E,
(=8 _{0 ifx <&

where

The above basis is a weak Descartes system on [0, 1] (where we will always
assume m =2 so that the splines are continuous functions). However, we choose
to deal with a different basis for §,, ,.

Let &,_,,<--<&E_,<&,=0 and 1=&,,,<---<&,,,, be 2m additional
points. By u; we denote the B-spline of order m (degree m — 1) with suppu; <
(&i_.» &) (i=1,...,n), where suppu = {x : u(x) #0} is the support of u. By
this we mean that u; is a spline of degree m — 1 with simple knots {&;};{*7 which
identically vanishes outside (&;_,,, &;). Such splines are known to be determined
up to multiplication by a constant and vanish nowhere in (§,_,, , &) (see e.g. de
Boor [1]). We therefore assume that u;(x)>0 for all x € (§,_,,,&;). Now, on
[O ’ 1]’

Sms=span{uy, ..., u,}

and (uy, ..., u,) is a weak Descartes system thereon. In fact, it is well known
(see e.g. de Boor [1]) that, for any given 1<i;<---<i,<snand O0sx;<:--<

x <1,
U(ll, ... ,lr>>0,
Xiy oo,y X,
with strict inequality if and only if x; e suppu; =(§;-ns &) (G=1,...,7).

In preparation for the main result of this section, we prove the following.

PrROPOSITION 6.1 Letl<i;<:--<i,_y<nand 0sx,<-.--<x,=<1, and assume

.l

AN
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that '

I, i,
*) U<1 : ! 1)>0 G=1,...,r).
Set xl,...,xj',..., -

m, = U(il’ ces by k )
X1, e y Xp
Then the following results hold.
) Ifiil<k<i,_jandke¢{i,...,i,_1}, then m #0.
() Ifl<k<p<i,and m;#0, then m,#0.
(i) Ifi,_.<p<k<=<nand m#0, then m,+0.

Proof. From (*), it follows that

(a) Xy € Supp u;,,
(b) xjesuppu,_ Nsuppu; (j=2,...,r—1),
(c) X, €ESUpp u; _,.
Assume i;<k<i,_;, with k¢ {i,...,i,_4}. Then i,_;<k<i, for some
te{2,...,r—1}. Now m, #0 if and only if
(a") X; € supp u;, G=1,...,t=-1),
b)) X, € SuUpp Uy,
(c) x;esuppu;_, (j=t+1,...,7).

Obviously (a’) and (c') follow from (a), (b), and (c). Since t€ {2, ...,r— 1}, we
have x, e supp u;_, Nsupp u, from (b). Since i,_, <k <1, it is easily checked that
supp u;,_, Nsupp u; < supp u,. Thus (b") holds and m, # 0, proving (i).

To prove (ii), assume m, # 0. Thus
(a") X € Supp uy
(b") xjesuppu;,_, (j=2,...,r).

Therefore m, # 0 if and only if x, € supp u,. But x; € supp u, N supp u; = supp u,
since k < p <i,. Thus (ii) is proved. Result (iii) is proved similarly. O

We can now state the main result of this section, which, in the case
Ul(a; B)=U,, was proved by both Rice [12] and Schumaker [16] (see also
Micchelli [9]).

THEOREM 6.2 Let uy, ..., u, be as above, and assume that f € C[0, 1\U(e; B).
Then u*=Y.7afu; is a best approximant to f from U(e; B) if and only if there
exists an interval [§;,§;.,], with 0<j<s+1—tand 0<st<s+1, for which the
following conditions (1) and (ii) hold:

() (b1 - -, bfsiem—r) =0 implies that f —u* has at least t +m points of
equioscillation on &, §;..];

() bfir .- bfiem—1) #0 implies that f —u* has at least

S+(b;k+1: ce ey b;k+t+m—1) +1
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points of equioscillation on [§; , §;.,,] and, if it has exactly this number, then the
orientation of the points of equioscillation and of the vector (b}'y1, ..., b} rim—
agree.

In addition, there exists an interval [§; , §;.,] satisfying (i) or (ii), and such that
every best approximant i € U(a; B) to f satisfies i = u* thereon.

Remark. Theorem 6.2 holds for our particular basis for §,,,. There exist, as
previously indicated, different choices of bases which are also weak Descartes
systems. For most such choices, similar (but not necessarily identical) results will
obtain. We have chosen to consider this B-spline basis since it is both
theoretically and computationally more useful.

Proof. Assume u* = Y1 alu; € U(a; B) satisfies (i) or (ii). We will prove that u*
is a best approximant to f from U(e; ).
On the interval [&;, §;..],

n J+t+m—1
* do *
u" = 2 ai ui - 2 ai u,-
i=1 i=j+1

since suppu; =(§i—p, &) (i=1,...,n). Assume t>0. On [§,§;.], the or-
dered set {u;}/1i*" ! is a weak Descartes system of dimension ¢+ m —1. Our
result is then a direct consequence of Theorem 5.1 thereon. Assume t=0, i.e.

[& 5 &) = {&;}. We must be in case (ii) with b/,;=---=b}, ,e{-1,1}. If
bls1=---=b}\,,—1=1, then, for any u € U(e; §),
n j+m—1 j+m-—1 n
u(§) = 21 au(§)= E . au(§) = 2 . Bui(&;) = 21 a?ui(gj) =u*(§).
i= i=j+ i=j+ im
Thus

If —ull=(f —u)(§) = (f —u*)(E) = IIf —u”ll.

A similar inequality holds in the case b/, =+ =b/,,_;=—1.

We now assume that u* = Y7 a]y; is a best approximant to f from U(e; ) and
construct an interval [§; , &;..] satisfying (i) or (ii).

Let {x;}7, with O0<x;<---<x,<1, be as given in Theorem 5.4. Define
[& & by §<x,<E; ,and &, <x,<§&,.
Case 1: r =1. Here we will differentiate between the possible cases =0 and
t=1. Note that =0 if and only if x, = §; for some j€ {0, ..., s +1}.

(a) t=0: Here x,=§;€[0,1]. For all i, we have u;,(x,) =0 while u;(x;) >0 if
andonlyifie {j+1,...,j+m—1}. From Theorem 5.4, if

(f —u®)x) = |If —u*ll,
then a) = B; and hence b =1forallie{j+1,...,j+m—1}. If

(f —u*)(x) = =If —u*ll,
then a} = o; and hence bf=—1 for all ie {j+1,...,j+m—1}. In either of
these cases, (ii) is satisfied.
(b) t=1: Here x, € (&, ;1) for some je{0,...,s}. As above, u;(x,)>0 if
and onlyifie {j+1,...,j+m}. We now follow, exactly, the reasoning of the
previous Case 1(a).

~

&£
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Case 2: r > 1. From Theorem 5.4(B)(i), we have

i
U( : ”1)>o (p=1,...,7)
Xiso oo Xpy ooy Xy

Therefore

X1 € SUpp u;,, Xp €supp u;,_, Nsupp u; (p=2,...,r=1, X, €suppu; ..

From our definition of &; and &;,,, we obtain
ll—m$]<ll—1, i,_l_(m_1)$j+t<i,_1.

Thusj+1=<i;<i,_;<j+t+m-1

(a) bf=0(@=j+1,...,j+t+m—1): We first claim that i;,...,i,_, are
consecutive integers. If théy are not consecutive, there then exists some k, with
i<k <i,_;, for which k¢ {i;,...,i,_;}. From Proposition 6.1, m, #0. From
Theorem 5.4, this implies that b;#0. But ke {j+1,...,j+t+m—1},
contradicting our assumption. Thus i,, . . ., {,_; are consecutive integers.

Now assume that j + 1 <i;. Since §; <x; <§;,;, we must have x, e supp u;,,. It
is now readily deduced that m;.,#0, implying b;,,+#0. This contradicts our
assumption, and therefore i; =j + 1. We similarly show that {,_;=j+¢t+m —1.
Therefore (iy,...,i-1)=(+1,...,j+t+m—1) implying that r=¢+m.
Thus (i) holds.

(b) bfiry .-y bfvrem—1)#0: Recall that j+1<iy<i,_;sj+r+m—1 If
r=t+m,ie. (i,...,5-1)=0(+1,...,j+t+m—1), then

S*bjfin, - b ) FIStEm—1<r

and we are finished. (f — u* equioscillates on at least  points on [&;, &;.,].) We
therefore assume that r <t +m. Set

il; "';ir—1)k>

mk=U<
X1, y Xy

Ifj+l<sk<j+t+m—1, with k¢ {iy,..., i}, then, from Proposition 6.1
and the fact that x, e supp u;,; and x, e supp #;,,.,,—;, it follows that m,; #0.
Thus, from Theorem 5.4, setting i, =j and i, =j +t —m, and letting i, _; <i<i,
and i,_, <k <i, for some p,q e {1, ..., r}, we obtain
b¥bi(—1)P1=1.
Therefore,
S+(b;‘k+17 AL} bj+t+m-—1) +1=r

If equality holds, then it follows from (A) and (B)(ii) of Theorem 5.4 that the
orientation of the r points of equioscillation and the (strong) orientation of
(bfs1, - - -, bfyiim—1) must agree. This proves the converse result.

If i is also a best approximant to f from U(e; f8), then it follows from the
remark after the proof of Theorem 5.4 that #=u* on [§;,§;.]. O
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