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Bernstein’s comparison theorem and a problem of Braess

A. PiNnkus

1. Introduction

Let f,ge C"*'[a, b], and assume that |g™* V(x)|<f"*V(x) for all xe[a, b]. It
is a classical result of S. Bernstein [1], commonly referred to as the Bernstein
comparison theorem, that an upper bound on the value of the best approximation
to g in the uniform (L™) norm by polynomials of degree less than or equal to n is
the value of the corresponding best approximation to f.

In [3], D. Braess gives a partial generalization of this result to the nonlinear
problem of the best approximation of functions, in the uniform norm, by splines
of degree n with k variable knots (n and k are fixed). Namely, let &, . denote this
class of polynomial splines of degree n with k variable (free) knots. Then,

THEOREM 1 (Braess [3]). Let f, ge C""[a, b] and assume that

0= g P(x)<sf""V(x), x<[a, bl. (1)
Then,
min g —Sfl.< min [f - S| )
eF i SeS i

The method of proof of this theorem is through the study of monosplines.
Unanswered is the question of whether (2) remains valid if the assumption (1) is
replaced by

g )| < f"*"P(x), xela, bl (3)
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In this note we show how to extend Braess’ theorem to the case where (3)
replaces (1). In this case (2) is no longer valid. We demonstrate this fact by
determining the precise upper bound on the best approximation of the class of
functions g satisfying (3), by splines of degree n with k variable knots, i.e., we
solve the analogue of Theorem 1 with condition (3). What is especially striking is
that we also show that interpolation at n+k +1 fixed, distinct points by splines of
degree n with k fixed knots (the points and knots depend upon f) gives the same
upper bound as that which is obtained for the best approximation from ¥, ; to the
class of functions g satisfying (3). As a simple consequence, we also characterize
the best constant in the degree of approximation from &%, ,;, of functions in the
Sobolev space W2*" which satisfy |g"*P|.<1.

In the proof of the above facts we shall have recourse to another generaliza-
tion of Bernstein’s comparison theorem. Since we were unable to find the result in
the literature we have presented, in Section 2, a general version of Bernstein’s
comparison theorem for best approximations by weak Chebyshev systems in
any monotone normed space. However it should be noted that it is only Corollary
2.1 which is subsequently used in Section 3.

2. Bernstein’s comparison theorem for weak Chebyshev systems

Given a set of n+ 1 continuous, linearly independent functions {ug, u;, ..., U,}
on [a, b], we say that {1} is a weak Chebyshev system of degree n on [a, b] if
every linear combination of the {u;}., has at most n sign changes on [a, b]. We
say that {u;}'_; is a Chebyshev system on [a, b] if no non-trivial linear combina-
tion of the {1}/, has more than n distinct zeros on [q, b}, and that they form an
extended Chebyshev system on [a,b] if e C*"Ya,b], i=0,1,...,n, and no
non-trivial linear combination has more than n zeros, counting multiplicites (see
e.g., Karlin and Studden [7]). In what follows we shall make use of the orientation
of the Chebyshev system. This orientation depends upon the following well-
known proposition.

PROPOSITION 2.1. Let w.eCla,bl, i=0,1,...,n. Then {u}; is a
Chebyshev system of [a, b] iff

0,1,...,
U( " ) = det (1, (x))};0 # 0 )

X0s X1s v+ 53 X

for every choice of {x;}'_¢ satisfying a<xo<x,<:-- <x,<b. The set {u o isa
weak Chebyshev system on [a, b] if the above determinant (4) is not identically zero
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and does not change sign for (xg, X4, ..., X,) satisfying a <xo<x,< -+ <x,<b.
It is an extended Chebyshev system if the above determinant (4) is of one strict sign
for asxy<x;<---<Xx,<b where equalities among the x,’s indicates taking
successive derivatives in the columns of the associated matrix.

The orientation which we shall give to our Chebyshev (or weak or extended)
systems is to demand that the determinants (4) always be non-negative.

The following known proposition implies that it suffices, in what follows, to
prove our theorem only for extended Chebyshev systems (see [7]).

PROPOSITION 2.2. Let {u;}'.q be a weak Chebyshev system on [a, b]. There
exists a family of extended Chebyshev systems {ui}'_,, € >0, with the property that

im uf(x)=wu(x), i=0,1,...,n
>0

uniformly for x €[a, b].

We shail deal with the problem of approximating continuous functions by
weak Chebyshev systems with respect to any norm ||-|| on C[a, b] which satisfies
the following two properties.

D I [g(x)|<|f(x)| for all x€[a, b], then |ig||<]|fl.

M) If feCla, b] and {u}; is a weak Chebyshev system on {a, b], then there

exists a best approximation Y., a%u to f, ie.,

ol e

min

Ag, 1. .

for which f—Y" , a¥u, has at least n+1 zeros in [a, b].

It is clear that any weighted L? norm, 1< p =<, has the above properties. Any
norm which satisfies property I) is known as a monotone norm. Not every
monotone norm satisfies property II). However monotone norms have been
studied by Kimchi and Richter-Dyn [8], [9] and they show that any monotone
norm satisfies property II) if {&;}'., is an extended Chebyshev system and if we
count zeros of multiplicity up to 2. Since for any monotone norm and for any
feCla, b], lIfl=<Clfll.., where C may be taken as the monotone norm of the
function identically one on [a, b), it follows that the extended Chebyshev system
{uf}f_o of Proposition 2.2 tend to the weak Chebyshev system {u}', in any
monotone norm. This fact permits us, in the proof of the following theorem, to
consider only extended Chebyshev systems.
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Let S, denote a best approximation to h € Cla, b] from span {ug, u,, ..., u,} =
[uO’ ul} “ ey un]‘

THEOREM 2. Assume that {u;}". is a weak Chebyshev system on [a, b], and
that || - | is any monotone norm thereon. Assume that f + g are both in the convexity
cone of {ug, Uy, ..., U,}, i.e., {ug, Uy, ..., U, f=g} are also weak Chebyshev sys-
tems on [a, b]. Then

llg = Sell=<ilf — Sl

Proof. Asindicated above, we may assume that {i,}'.c and {ug, uy, ..., u., f g}
are extended Chebyshev systems on [a, b]. By the result of Kimchi and
Richter-Dyn [8], we have that Z(f—S;)=n+1, where Z counts zeros up to
multiplicity at most two.

Choose any n+1 zeros of (f—S)(x), {x}'], asx;< -+ =x,,,<b, where
each zero is listed to its multiplicity. Let S,(x)=Y", bu;(x) denote the unique
function in [u, us, . . ., &, ] which interpolates to g at the points {x;}77. Note that
f—S;and g— gg have n+1 common zeros. Since f+ g are strictly in the convexity
cone of {u}s, ie., {ug, uq,..., U, frg} are extended Chebyshev systems, it
follows that f+g—(S;+S,) have no additional zeros in [a, b].

In fact we may write

0,1,...,nfx
U( n, f g)
xlsx27-"sxn+1ax

0,1,..., ’
(5T
xl, X2, LECEECEEY xn+1

[(f£)—(S=Slx) =

where

uolxy) * * - Ug(Xps1) uol(x)

U(O,l,...,n,f:tg)___

X1 X5 o oo s X1y X U (X4) * U (Xpit) u, (x)

(Fxg)xy) - (F£Q)0s1) (FEg)x)
Due to the orientation of the Chebyshev systems,
[(F~ S £(g=8))~ 1" =0, x<x<x,

i=0,1,...,n+1, where xg=aq, x,.,=Db.
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Thus |(f—S;)(x)|=|(g—S,)(x)| for all x&[a, b] and, since ||| is a monotone
norm, ||f - S|=|lg—S,|l. Because S, is one possible, but not necessarily a best,
approximant it immediately follows that ||If — S/|=llg — S,]|.

COROLLARY 2.1. Let &, (E) denote the class of splines of degree n with k
fixed knots given by E=(&,,..., &), a<& <+ <& <b. Let f be any function for
which f®*Y(x)(~1)**=0 a.e. on [&, &4, i=0,1,...,k where &,=a, &.,=b.
Let g satisfy

lg™ V@<l ()| ae in [a bl

Then the error in the best approximation of g from ¥, (€) in any monotone norm
is less than or equal to the error in the best approximation to f from ¥, , ().

Proof. The corollary rests on the fact that any f as above lies in the convexity
cone of the weak Chebyshev system {1, x, ..., x", (x—&)%, ..., (x — &%} which is
a basis for &, . (€), see [10].

3. A problem of Braess

Let &,, denote the class of polynomial splines of degree n with k variable
(free) knots. As stated in the introduction, Braess [3] proved that if we denote by
S; and S, the best approximations to f, g€ Cla, b] from &, in the uniform norm,
then under the assumption that 0 < g"*Y(x)<f"*V(x) a.e. in [a, b], it follows that

llg — Selle <If — Stll-
In order to ease our exposition, we introduce the following notation:
Wit ={f: f" abs. cont., |f"*V).<oo}
Wh)={f: fe WL [f" " P(n)|<h(x) a.e}

where h is some non-negative function in L™, Also

n ] w1
Sk = {S(x) = Z ax'+ Z Z b(x — &)},
i=0

i=1 j=0
1
a",bﬁeR,a<§1< e <§l<b3 Z msk},

i=1

The idea of the proof of Theorem 3 is to construct an f* <€ W(h) which has the
zero function as a best approximation from ¥, ,, and for which ||g — S|l <|lf*|l.
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for all ge W(h). This generalizes Braess’ result. We shall in fact prove more,
namely that |lg—S,|l.<|if*|l.. where S, is an interpolation operator to g at
n+k+1 fixed points by splines of degree n with k fixed knots.

The construction of f*(x) is based on the following proposition.

PROPOSITION 3.1. Let W(h) be as given above. There exists a function
f*e W(h) with the following properties:

1) There exist knots £ =(&F, ..., &), &¥=a< §* - <EF<b=¢&F,, such
that (f*" " Y(x)= e(—1Vh(x), a.e. for xe(¢¥, &), i= ...k, where e = £1
fixed.

2) f*(x) equioscillates at n+k+2 points, i.e., there exist {x¥}}2F*?, a=<sx¥<
- <x¥ . .2<Db, for which

A =81, i=1,...,n+k+2
where 8 = x1, fixed. (In fact § =e(—1)")

This theorem represents a slight generalization of the existence of equioscillat-
ing perfect splines due to Karlin [6]. (See also Cavaretta [4]). We here present a
proof of the proposition for completeness and because it is short and direct.

Proof. Let 5, ={z:2=(zy, ..., Zxs1), oot |z|=b—a}. Let

=¥ 7]+ i=1,..., k+1.

=1
Thus
P=a<tP< .. <(@P=<®, =b

Set

k+1

Fw=3 Gz [ -y)sho) dy.

Note that F,(x) is a function in W(h) for which F{**V(x) = (sgn z;)h(x), a.e. for
x € (12, tP). Now, {x'}*¥ is a Chebyshev system on [a, b] and as such there exists,
for each F,(x), a unique best L™-approximation from polynomials of degree n +k.
Let Y*% a,(z)x' denote this best L*-approximation to F,(x). Since {x'}'*{ is a

Chebyshev system, either F,(x)—Y"'¥ a;(z)x" exhibits at lest n+k+2 points of
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equioscillation or F,(x) is a polynomial of degree n+k. Furthermore by the
uniqueness of the best approximation, the coefficients {a;(z)}" ¥ are continuous
functions of z, and since F_,(x)=— F,(x), they are also odd, i.e., a;(—z) =~ q;(z),
i=0,1,...,n+k.

Set G(z)=(a,1@), ..., a,.«®)). G is an odd, continuous map of Z, into R*
and hence by the Borsuk—Antipodensatz [2], there exists a point z* for which
G{@* =0, ie., a,,,@%=0,i=1,... k.

Set f*(x) = Fa(x)—Yr_o a;(z*)x". The function f*(x) is not identically zero and
thus satisfies the conditions of the theorem if we can show that z¥z¥ , <O,
i=1,...,k Since f*(x) has at least n+k -+ 2 points of equioscillation, it also has
at least n+k+1 sign changes. A Rolle’s theorem argument easily shows that
(%)= F&*P(x) must have at least k sign changes. This is possible only if
z¥z%,<0,i=1,..., k. The proposition is proved.

PROPOSITION 3.2. Let f*(x) be as above. Then the zero function is a best
approximation to f*(x) from &, in the L*-norm.

Proof. That the zero function is a best L*-approximation to f* from %, ,
follows from the fact that f* equioscillates at n + k +2 points. Indeed, assume that
Se,, is a better approximant. Thus ||f* - §|.. <||f*|l... Since f* equioscillates at
n+k+2 points, §=f*—(f*—S) has at least n+k+1 sign changes on [0, 1].
However it is well-known that any spline in &, ; has at most n + k sign changes on
any finite interval. This contradiction proves the proposition.

THEOREM 3. Let f*e W(h) and ¥, ;. be as previously defined. If ge W(h),
then

min [|g - S|l.< min [If*— S|l ={lf*[l. &)

SePux SeFu

Proof. On the basis of Propositions 3.1 and 3.2, it remains to prove that we
can find an approximant (not necessarily the best) Sg to g from ¥, for which
g —Selle<llf*l.. Let £ =(£¥F, ..., &) denote the k knots of f*(x) as defined in
Proposition 3.1. Apply Corollary 2.1 to the class ¥, ,(£*). Let §g be any best
approximant to g from &, , (£€*). From Corollary 2.1 we have

llg = Selle =< if* = Spelle = I |,

since [g" V()| <|f* " V(x)| a.e., and f*™*V(x) changes sign at the {£F}*.; and
only there. The theorem is proved.
It may in fact be shown by a Rolle’s theorem argument that the function f*(x)
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has exactly n+k+1 zeros which we denote by {yF}t*, a<y¥<..-<
y¥ «+1<b. One may also prove, see Karlin [6], that

Y?<§?<Y?‘+n+1, i=1,...,k (6)

The inequalities (6) guarantee the existence of a unique interpolant to any

g € C[a, b] at the point {y¥}!=1*! from &, , (£*). Thus from the proofs of Theorems
2 and 3 we have

THEOREM 4. Let f* and W{(h) be as previously defined. Let 5 denote the
unique interpolant to g at the points {y*}**¥ from &, (€*). Then for every g W(h)

lg = Sl < l1F*l.

As a result of Theorem 3, we also have

COROLLARY 3.1. Let ge W3, and let S, denote a best approximation to g
from &, in the L™-norm. Then,

lg = Sellk.< C* g™l ™

where C* is the norm of the equioscillating perfect spline of degree n+1 with k
knots, whose {n+1) derivative is equal to one in absolute value. Furthermore, the
inequality (7) is exact.

A perfect spline of degree n+1 with k knots is a function of the form

Px)= Z ax' Fc[x" =2(x — VT H2(x - &) - A (=D 2(x - £

i=0

where
£ <<

Remark 3.1. The above analysis applies in many situations other than splines.
For example, let K(x, y) denote an extended totally positive kernel on [a, b]1X
{c, d] (see Karlin [5]). Set

=1 i
{X Z B’K(x én): $£1<...<§ls_d,aﬁ€R,'lei€n}.

il je=

Each fe C[a, b] possesses a best approximation S; from ¥, in the uniform norm.
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Let

d
K(h*)= {g(x) = J K(x, y)h(y) dy: |h(y)|= h*(y)}

where h* is a given non-negative L-function.
Then the results of this section apply. That is to say, we can in a totally
analogous manner, prove the existence of an f*e K(h*) which is of the form

-

kil gn»)
Fw=¥ v [ keyrro ay,
i=0 e *

where 8 =c<&fF< - - <gF<¢¥ | =d, and which equioscillates at n+1 points
in [a, b]. A best approximation to f*(x) from ¥, is the zero function, and for
every ge K(h™*)

llg = Sello =<l *l-

Again interpolation at the zeros of f*(x) by a function of the form ¥, a;K(x, £¥)
is a sufficiently good approximant.

Remark 3.2. Braess obtained an exact upper bound on the error function for
g satisfying 0<g"*"P(x)<h(x). We did likewise for g satisfying —h(x)<
g"*V(x)=< h(x). Surprisingly neither method seems to carry over to the class of
functions g satisfying h,(x)=< g"*P(x)=<h,(x) for general h,, h,e L™

Remark 3.3. Since the results of Section 2 are valid for any monotone norm
and thus for any L”-norm, it is natural to ask whether the theorems of Section 3
may be extended to any LP-norm for l=p<, Each best approximant to
feCla, b]\ %, from &, in the LP-norm, 1<p <o, must have k active knots
(and hence is never the zero function). It follows from this fact that approximation
by splines with variable knots in L? for 1< p <o is strictly better than approxima-
tion by splines with fixed knots over the class W{h). Thus the methods used above
are restricted to problems of L>-approximation.
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