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Given pointsx1 < x2 < · · · < xn+1 on the real lineR, the Vandermonde determinantV =
V (x1, . . . , xn+1) of ordern+1 hasxi−1

1 , . . . , xi−1
n+1 in its ith row(1≤ i≤ n+1). If f is defined at

the pointsxj (1 ≤ j ≤ n + 1), denote byU = U(x1, . . . , xn+1; f) the determinant obtained from
V replacing the last row byf(x1), . . . , f(xn+1). A functionf defined on a setE ⊂R is n-convex
if for any choice of pointsxi ∈ E the (n + 1)st divided difference[x1, . . . , xn+1; f ] = U/V is
positive. LetE consist ofm pointsx1, . . . , xm and letf be n-convex onE (n ≤ m). Given a
point ξ ∈ (xk, xk+1) the authors, following T. Popoviciu [Bull. Math. Soc. Roum. Sci.36 (1934),
75–108; Zbl 0010.01601], construct two numbersL(ξ) andU(ξ) such thatf has ann-convex
extension toE ∪{ξ} if and only if L(ξ)≤ U(ξ); if the condition is satisfied, then settingf(ξ) =
α with L(ξ)≤ α≤ U(ξ) yields such an extension. An example is given of a 3-convex functionf
on a 6-point setE and of a pointξ not inE such thatf has no 3-convex extension toE ∪{ξ}; and
also of a 3-convex function on an 8-point setE = {x1, . . . , x8} which has a 3-convex extension
to E ∪{ξ} for anyξ ∈ [x1, x8] but has no 3-convex extension to the whole interval[x1, x8]. Given
x1 < · · · < xm the polynomialsBj(t) = [xj, . . . , xj+n; (· − t)n−1

+ ], 1 ≤ j ≤ m− n, introduced
by Popoviciu, are the B-splines of degreen− 1 with knotsxj, . . . , xj+n. If f is n-convex on
x1 < · · · < xm andcj = [xj, . . . , xj+n; f ], thenf has ann-convex extension to(a, b) ⊃ {xi} if
and only if there exists a bounded Borel measureµ ≥ 0 such thatcj = 1

(n−1)!

∫ xm

x1
Bj(t)dµ(t). As

µ varies in the set of all bounded positive Borel measures, the closed, convex coneP of the cj

in Rm−n is called the moment space induced by theBj. If n ≥ 3, m ≥ 6, thenP has infinitely
many extreme rays of the formλ(B1(ξ), . . . , Bm−n(ξ)), ξ ∈ (x3, xm−2), λ ≥ 0. The splinesBj

form a weak Chebyshev system. It follows from a theorem of C. A. Micchelli and A. Pinkus
[SIAM J. Math. Anal.8 (1977), no. 2, 206–230;MR0435669 (55 #8627)] that if µ is a positive
measure on[x1, xn+2r] relative to(Bj)1≤j≤2r then there exists a lower principal representation,
i.e.,ξ1 < · · ·< ξr in (x1, xn+2r) andλ1, . . . , λr > 0 such that

∫ xn+2r

x1
B(t)dµ(t) =

∑r
k=1 λkB(ξk)

for B ∈ B = span{B1, . . . , B2r}. The authors prove thatx2k < ξk < xn+2k−1 (1≤ k ≤ r), theξk

and theλk are unique, and a Markov-Kreı̆n-type inequality: ifν ≥ 0 satisfies
∫ xn+2r

x1
B(t)dν(t) =∫ xn+2r

x1
B(t)dµ(t) for B ∈B, then

∫ xn+2r

x1
g(t)dν(t)≥

∑r
k=1 λkg(ξk) for g in the convexity cone of

B. The authors also investigate the extension to all ofR of ann-convex function defined on a set
of m points, and upper and lower envelopes to such functions.

Reviewed byJ. Horváth
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Facult́e des Sciences de Paris, 1933. See also Mathematica (Cluj)8 (1934), 1–85.

18. —,Sur le prolongement des fonctions convexes d’ordre supérieur,Bull. Math. Soc. Roumaine
Sci.36 (1934), 75–108.

19. —,Les Fonctions Convexes,Hermann, Paris, 1944.
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