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1 Introduction

Let X be a domain in R
n (or more generally, a smooth manifold) and consider

a second order parabolic operator

Lu = ut + ρ(x)Pu (1.1)

defined on XT = X × [0, T ). Here ρ is a positive function and P is a time-
independent second order linear elliptic operator of the form

P (x, ∂x) = −
n
∑

i,j=1

aij(x)∂i∂j +

n
∑

i=1

bi(x)∂i + c(x) , (1.2)

where ∂i = ∂/∂xi.
A nonnegative solution u(x, t) of the equation Lu = 0 in XT = X ×

[0, T ) with a nonnegative initial data u(x, 0) = u0(x) is called a solution
of the positive Cauchy problem. Such a solution can be thought of as the
temperature field at the time t in an n-dimensional body which occupies the
domain X . The coefficients aij(x) are the components of the matrix of the
thermal conductivities while the function 1/ρ(x) is the heat capacity of a
unit hypervolume. Hence nonnegative solutions of the Cauchy problem are
natural objects to study. In particular, it is of interest to know whether the
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initial condition u0 determines the solution u or whether some boundary
conditions at the “boundary” of X are needed.

The aim of this paper is to study uniqueness and nonuniqueness of the
positive Cauchy problem. There are basically two methods for proving the
uniqueness of the positive Cauchy problem (UP), one is by showing that non-
negative solutions satisfy a growth condition which guarantees the uniqueness
of the general Cauchy problem (see for example [1,2,6,23,24]). In the second
method one shows that nonnegative solutions of the equation Lu = 0 satisfy
a (restricted) uniform Harnack inequality (UHI, see definition 26) and this
property implies UP (see [16,18,20,27]).

In Section 3 and Section 4 we prove that the uniqueness of the positive
Cauchy problem holds for two classes of parabolic operators in R

n and in
certain subdomains of R

n by showing that in these cases UHI is satisfied. It
turns out that in both cases neither boundary condition nor growth condi-
tion are needed. Moreover, we show in Section 7 that although by proving
that UHI is satisfied we obtain new and in some cases almost sharp results
concerning UP, nevertheless, there are cases where UP holds but UHI does
not hold true. So, UHI is a stronger property than UP.

Sections 5 and 6 are devoted to nonuniqueness results (for previous nonunique-
ness results see [8,9,20–23,25]). In Section 5 we formulate a general sufficient
condition for the nonuniqueness of the positive Cauchy problem depending
only on properties of the Green function and the positive solutions of the
elliptic equation Pu = 0 in X (Inequality (2.19), see also (5.1)). It turns out
that a positive solution u of the stationary equation Pu = 0 in X which sat-
isfies this condition admits a smaller, time-dependent nonnegative solution
of the equation Lu = 0 in XT with the same initial condition u.

In Section 6 we show how this general sufficient condition can be applied
in the case of radially symmetric Schrödinger semigroups.

2 Preliminaries

Let X be a noncompact connected countable at infinity smooth manifold of
dimension n and let Lu = ut+Pu be a second order parabolic linear operator
on XT = X × [0, T ). Here P is a time-independent elliptic operator which in
any coordinate system (U ;x1, . . . , xn) has the form (1.2).

We assume that for every x ∈ X the real quadratic form

n
∑

i,j=1

aij(x)ξiξj , ξ = (ξ1, . . . , ξn) ∈ R
n (2.1)

is positive definite. The matrix [aij ], the inverse of [aij ], defines a Riemannian
metric g on the manifold X

g(∂/∂xi, ∂/∂xj) = aij . (2.2)

Let |·| and dx be the distance and volume element induced by the Riemannian
metric (2.2). We denote by dist(x,A) the distance of the point x from the set
A and by d(x) = dist(x, ∂Ω) the distance of x from ∂Ω, the boundary of Ω.
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We also denote by B(x, r) ⊂ R
n the open ball of radius r centered at x, and

let S(r) = ∂B(0, r) the sphere of radius r. The parabolic box Q(x0, t0, R, θ)
is the set

Q(x0, t0, R, θ) = {(x, t) ∈ R
n×R | x ∈ B(x0, R), t ∈ (t0, t0+ θR2)} . (2.3)

We assume that the coefficients of the elliptic operator P are real and
Hölder continuous. Let u0 ∈ C(X) be a nonnegative function. A function u
is a solution of the positive Cauchy problem in XT = X×[0, T ) with the initial
data u0 if u is a nonnegative continuous function in XT , u(x, 0) = u0(x) and
Lu = 0 in X × (0, T ) in the classical sense.

We say that the uniqueness of the positive Cauchy problem for the opera-
tor L in XT holds (and it will be refered to as UP) when any two solutions of
the positive Cauchy problem satisfying the same initial condition are iden-
tically equal in XT . Note that no global growth condition or boundary con-
dition are imposed. If nonuniqueness of the positive Cauchy problem takes
place we shall denote it by NUP.

It is known (see for example, [6,23]) that UP holds if and only if any
solution of the positive Cauchy problem in XT with initial data u0 = 0 is the
zero solution. Hence, it is enough to consider the positive Cauchy problem
with zero initial data.

A (nonnegative) solution u of the positive Cauchy problem in XT with
initial data u0 = 0 can be extended to a nonnegative solution of the equation
Lu = 0 in X × (−∞, T ) by defining u(x, t) = 0 if t < 0. Therefore (see
[16]), UP holds if any nonzero nonnegative solution of the equation Lu = 0
in X × (−∞, T ) is strictly positive.

We denote the cone of all nonnegative solutions of the equation Lu = 0
in X× (−∞, 0) by CL(X) and the cone of all positive solutions of the elliptic
equation Pu = 0 in X by CP (X).

Definition 21 Let M denote a parabolic operator L or an elliptic operator
P defined on X. A solution u ∈ CM (X) is said to be minimal if for any
v ∈ CM (X) with v ≤ u there exists c ≥ 0 such that v = cu (in other words,
u belongs to an extreme ray of CM (X)).

By the Choquet theorem all the nonzero functions of the cone CL(X) are
strictly positive if and only if each nontrivial minimal solution in CL(X) is
strictly positive and again, this property implies UP.

The structure of the cone CL(X) and its minimal solutions were investi-
gated by many mathematicians in various cases [4,12,16,18,20,27, and the
references therein]. The following principle holds true in many of the inves-
tigated cases.

Definition 22 We say that the separation principle holds in CL(X) (and
it will be refered to as SP) provided that CL(X) 6= ∅ and a function u is a
nontrivial minimal solution in CL(X) if and only if there exist a real number
λ ≤ λ0(P,X) and a minimal positive solution vλ of the equation (P−λ)v = 0
in X such that

u(x, t) = e−λtvλ(x) on X × (−∞, 0). (2.4)
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Remark 23 It turns out that λ0(P,X) is the generalized principal eigenvalue
of the operator P in X which is given by

λ0(P,X) = sup{λ ∈ R | CP−λ(X) 6= ∅} . (2.5)

Since each element in CP (X) is a strictly positive function it follows that
SP is a sufficient condition for UP. Moreover, SP implies also an integral
representation theorem for solutions in CL(X) (see [18,27]). For other appli-
cations of SP see [12,20,30–32].

Nonnegative solutions of parabolic equations satisfy the following (local)
parabolic Harnack inequality due to Krylov and Safanov [17].

Theorem 24 Let u be a nonnegative solution of the parabolic equation Lu =
0 in the parabolic box Q = Q(x0, t0, R, θ) ⊂ R

n, and assume that θ > 1 and
R ≤ 2. Suppose that

n
∑

i=1

|bi(x)|+ |c(x)| ≤ µ , x ∈ Q (2.6)

and

µ−1
n
∑

i=1

ξ2
i ≤

n
∑

i,j=1

aij(x)ξiξj ≤ µ
n
∑

i=1

ξ2
i , (2.7)

for all x ∈ Q and ξ = (ξ1 , . . . , ξn) ∈ R
n. Then

u(x0, t0 +R2) ≤ Cu(x, t0 + θR2) (2.8)

for every |x− x0| ≤ R/2, where C = C(µ, θ, n) .

In the sequel we shall need the following simple refinement of the Krylov-
Safanov Harnack inequality.

Lemma 25 Let u be a nonnegative solution of the parabolic equation Lu = 0
in the parabolic box Qr = Q(x0, t0, r, θ) , and assume that θ > 1 and r ≤ 2 .
Suppose that

n
∑

i=1

r|bi(x)| + r2|c(x)| ≤ µ , x ∈ Q (2.9)

and (2.7) is satisfied. Then

u(x0, t0 + r2) ≤ Cu(x, t0 + θr2) (2.10)

for every |x− x0| ≤ r/2 , where C = C(µ, θ, n) .

Proof. Let us introduce the parabolic scaling

x− x0 = rη ; t− t0 = r2τ (2.11)

and consider the function v(η, τ) = u(x0 + rη, t0 + r2τ) = u(x, t) . Then v is
a nonnegative solution of the parabolic equation

Lrv = vτ −
∑n

i,j=1 aij(x0 + rη)∂ηi∂ηjv +

r
∑n

i=1 bi(x0 + rη)∂ηiv + r2c(x0 + rη)v = 0 (2.12)
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in Q1 = Q(0, 0, 1, θ) . The coefficients of the operator Lr satisfy conditions
(2.6) and (2.7) in Q1 and therefore, (2.10) follows by applying the local
Harnack inequality (Theorem 24) to the operator Lr and the solution v in
Q = Q1 . ut

The following notion plays a key role in proving SP.

Definition 26 We say that the uniform (restricted) parabolic Harnack
inequality holds in CL(X) (and it will be refered to as UHI) if CL(X) 6= ∅
and for any ε > 0 there exists a positive constant C > 0 such that

u(x, t− ε) ≤ Cu(x, t) (2.13)

for all (x, t) ∈ X × (−∞, 0) and all u ∈ CL(X) .

It is well known (see [16,18,20,27, and the references therein]) that UHI
implies SP (and therefore also UP). Moreover, Murata [20] proved that UHI
is equivalent to the SP.

We summarize the above results in the following lemma

Lemma 27 Let Lu = ut+Pu be a parabolic operator defined on X , where P
is an elliptic operator of the form (1.2). Consider the following statements:

(i) The uniform (restricted) Harnack inequality holds in CL(X) (UHI).
(ii) The separation principle holds true in CL(X) (SP).
(iii) Any nontrivial minimal solution in CL(X) is strictly positive.
(iv) Any nontrivial solution in CL(X) is strictly positive.
(v) A nonnegative solution of the equation Lu = 0 in XT with a zero initial

data is identically zero.
(vi) The uniqueness of the positive Cauchy problem holds in XT (UP).

Then

(i)⇐⇒ (ii) =⇒ (iii)⇐⇒ (iv) =⇒ (v)⇐⇒ (vi) . (2.14)

For the second part of our paper dealing with nonuniqueness results we
need some additional notions and results.

Let Ω ⊂ X be a domain and let {Ωk}∞k=1 be a sequence of smooth rel-

atively compact domains such that Ωk ⊂ Ωk+1 and ∪∞k=1Ωk = Ω. Assume

that CP (Ω) 6= ∅ then for every k ≥ 1 the Dirichlet Green function GΩk

P (x, y)

exists and is positive. By the generalized maximum principle {GΩk

P (x, y)}∞k=1
is an increasing sequence which, by the elliptic Harnack inequality, converges
uniformly in every compact subdomain either to GΩ

P (x, y) , the positive min-
imal Green function of P in Ω and P is said to be subcritical operator in Ω ,
or to infinity and in this case P is critical in Ω. The operator P is said to be
supercritical if CP (Ω) = ∅ . Similarly, one defines kΩL (x, y, t) the (minimal)
heat kernel of the parabolic operator L in Ω .

Assume that the elliptic operator P is subcritical in X and denote by
k(x, y, t) the positive minimal heat kernel of the operator L in X . It is well
known that

GX
P (x, y) =

∫ ∞

0

k(x, y, t)dt . (2.15)
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Let u ∈ CP (X) . It follows from the generalized maximum principle that
either

∫

X

k(x, y, t)u(y)dy = u(x) for some (and hence for all) x ∈ X (2.16)

or
∫

X

k(x, y, t)u(y)dy < u(x) for some (and hence for all) x ∈ X . (2.17)

Moreover, the function v(x, t) = u(x) −
∫

X k(x, y, t)u(y)dy is a nonnegative
solution of the equation Lu = 0 in XT with v(x, 0) ≡ 0 . Therefore, in order
to show that UP does not hold for the operator L on X it is sufficient to
show that v is a nontrivial nonnegative (and hence positive) solution for some
u ∈ CP (X).

Remark 28 A positive solution u ∈ CP (X) which satisfies (2.16) is called a
positive invariant solution. In 1982 D. Stroock has conjectured that if λ0 = 0
then P admits a positive invariant solution. Recently, it turned out that this
conjecture is false [29]. Note that if P1 = 0 and Equation (2.16) holds for
u = 1 one says that L conserves probability.

It is well known [5] that Inequality (2.17) holds true if and only if there exists
λ < 0 such that

−λ

∫

X

GX
P−λ(x, y)u(y)dy < u(x) (2.18)

for some x (and hence for all) x in X . Furthermore, as in [24], it follows that
(2.18) is satisfied if

∫

X

GX
P (x, y)u(y)dy <∞ (2.19)

for some x and hence for all x in X . Inequalities (2.18) and (2.19) are closely
related to the notions of the equivalence of two Green functions and of small
perturbations.

Definition 29 Let Pi, i = 1, 2 be two subcritical operators in Ω ⊂ X .
We say that the Green functions GΩ

P1
(x, y) and GΩ

P2
(x, y) are equivalent

(GΩ
P1
(x, y) ∼ GΩ

P2
(x, y)) if there exists C > 0 such that

C−1GΩ
P2
(x, y) ≤ GΩ

P1
(x, y) ≤ CGΩ

P2
(x, y) (2.20)

for all x, y ∈ Ω, x 6= y .

Definition 210 Let P be a subcritical operator in Ω and let V ∈ Cα(Ω) .
We say that V is a small perturbation of P in Ω if

lim
k→∞

{

sup
x,y∈Ω\Ωk

∫

Ω\Ωk

GΩ
P (x, z)|V (z)|GΩ

P (z, y)

GΩ
P (x, y)

dz

}

= 0 . (2.21)
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It is known [28] that if the operators P and P + V are subcritical in Ω
and V is a small perturbation of P in Ω then GΩ

P (x, y) ∼ GΩ
P+V (x, y). This

follows from pointwise estimates of the iterated Green kernels corresponding
to the Neumann series expansion of the Green function GΩ

P+εV (x, y) in terms

of GΩ
P (x, y) and V (see [28]). In particular, if V ≡ 1 is a small perturbation of

the subcritical operator P in X then GX
P (x, y) ∼ GX

P+1(x, y) . It is also known

[26] that if GX
P (x, y) ∼ GX

P+1(x, y) then (2.19) holds for each u ∈ CP (X) .
We summarize the above results in the following lemma

Lemma 211 Let Lu = ut+Pu be a parabolic operator defined on X , where
P is a subcritical elliptic operator in X of the form (1.2). Consider the fol-
lowing statements:

(i) V ≡ 1 is a small perturbation of the operator P in X .
(ii) GP (x, y) ∼ GX

P+1(x, y) .
(iii) There exists u ∈ CP (X) such that (2.19) is satisfied.
(iv) There exists u ∈ CP (X) such that (2.18) is satisfied.
(v) There exists u ∈ CP (X) such that (2.17) is satisfied.
(vi) UP does not hold true on XT .

Then

(i) =⇒ (ii) =⇒ (iii) =⇒ (iv)⇐⇒ (v) =⇒ (iv). (2.22)

Remark 212 Throughout the paper, we usually do not indicate explicitly the
quantities that a given constant C depends on. Moreover, in a given context,
the same letter C may be used to denote different constants depending on the
same set of arguments.

3 Separation principle in R
n

In this section we deal with a parabolic equation in R
n . We have

Theorem 31 Let L be a parabolic operator with real Hölder continuous co-
efficients defined on X = R

n , n ≥ 1 . Let ρ be a Hölder continuous function
on X such that

C−1(1 + |x|) ≤ ρ(x) ≤ C(1 + |x|) for all x ∈ R
n . (3.1)

Suppose that L has the form

Lu = ut + Pu =

ut − ρ(x)γ
∑n

i, j=1 aij(x)∂i∂ju+
∑n

i=1 bi(x)∂iu+ c(x)u . (3.2)

Assume that γ ≤ 2 and there exists a positive constant C such that for
all x ∈ X and for all ξ = (ξ1, . . . , ξn) ∈ R

n ,

C−1
n
∑

i=1

ξ2
i ≤

n
∑

i,j=1

aij(x)ξiξj ≤ C

n
∑

i=1

ξ2
i , (3.3)
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and

ρ(x)−γ/2
n
∑

i=1

|bi(x)| + |c(x)| ≤ C . (3.4)

Then the separation principle (SP) holds true in CL(Rn) . In particular, the
uniqueness of the positive Cauchy problem (UP) holds true for L in R

n .

Proof. It follows from Lemma 27 that it is enough to prove that UHI holds
true on R

n . It is clear that (3.4) implies that CP−λ(X) 6= ∅ for λ < 0 small
enough and therefore, CL(X) 6= ∅ . Consider u ∈ CL(X) and let ε > 0 be
fixed. Since the local (Krylov-Safanov) Harnack inequality holds true in any
compact subset of R

n it is sufficient to prove (2.13) for every x ∈ R
n such

that |x| ≥ 2 . Let us fix (x0, t0), |x0| = R ≥ 2, t0 < −(1+ ε) . Consider the
parabolic annulus

AR =

{

(x, t) | R− Rγ/2

2
< |x| < R+

Rγ/2

2
; 0 ≤ t− t0 ≤ 1 + ε

}

. (3.5)

Let us introduce the dilation

x = Rη ; t− t0 = R(2−γ)τ ; x0 = Rη0 (3.6)

and consider the function v(η, τ) = u(Rη, t0 + R(2−γ)τ) = u(x, t) . The
annulus AR is mapped onto the annulus

A1,R =

{

(η, τ) | | |η| − 1 | < R(γ/2−1)

2
; 0 ≤ τ ≤ (1 + ε)Rγ−2

}

. (3.7)

The parabolic box Q = Q(η0, 0, R
(γ/2−1)/2, 1+ ε) is contained in A1,R . The

nonnegative function v is a solution of the equation LRv = 0 in Q , where

LRv = vτ − R−γρ(Rη)γ
∑n

i,j=1 aij(Rη)∂ηi∂ηjv +

R1−γ
∑n

i=1 bi(Rη)∂ηiv +R2−γc(Rη)v . (3.8)

In this box the coefficients of LR satisfy (2.7) and (2.9) with r = R(γ/2−1)/2 .
Hence, Lemma 25 implies that there exists a constant C which may depend
on ε, n and the constants in (3.3) and (3.4) but not on (x0, t0) and u such
that

u(x0, t0 + 1) = v(η0, R
γ−2) ≤ Cv(η0, R

γ−2(1 + ε)) = Cu(x0, t0 + 1 + ε) .

Since such an inequality holds true for any ε > 0 it means that nonnegative
solutions of the operator L satisfy UHI in R

n . ut

Remark 32 In [2] the authors prove UP for a time-dependent parabolic op-
erator L in R

n . It is assumed there that L has the form (3.2), 0 ≤ γ ≤ 2 and
the coefficients of P and of P ∗, the formal adjoint of P , satisfy (3.3) and

ρ(x)−1
n
∑

i=1

|bi(x)|+ ρ(x)γ−2|c(x)| ≤ C . (3.9)
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So, there is a gap between the lower order terms growth condition (3.4) which
guarantees SP and (3.9) which (under some probably unnecessary additional
assumptions) guarantees UP. It seems that in this gap SP does not hold, see
examples 71, 72, and 73. See also [1,10,11,13–15,18,21,33, and the refer-
ences therein] for related uniqueness results.

As can be checked from the proof of Theorem 31 the density function
ρ need not be two sided bounded by the distance function. We have the
following extension of Theorem 31

Theorem 33 Let L be a parabolic operator with real Hölder continuous co-
efficients defined on X = R

n, n ≥ 1 . Let ρ be a Hölder continuous function
on X such that

(i)

0 < ρ(x) ≤ C(1 + |x|)2 for all x ∈ R
n , (3.10)

(ii)

C−1 ≤ ρ(x)

ρ(x0)
≤ C (3.11)

for all xo ∈ R
n, |x0| ≥ 1 and x ∈ B(x0, r(x0)), where r(x0) = ρ(x0)

1/2/(2C|x0|) .
Suppose that L has the form

Lu = ut + Pu =

ut − ρ(x)
∑n

i,j=1 aij(x)∂i∂ju+
∑n

i=1 bi(x)∂iu+ c(x)u , (3.12)

the coefficients aij satisfy (3.3) and there exists a positive constant C1 such
that for all xo ∈ R

n, |x0| ≥ 1 and x ∈ B(x0, r(x0))

ρ(x0)
−1/2

n
∑

i=1

|bi(x)|+ |c(x)| ≤ C1 . (3.13)

Then the separation principle (SP) holds true in CL(Rn) . In particular, the
uniqueness of the positive Cauchy problem (UP) holds true for L in R

n .

Example 34 The following functions satisfy conditions (3.10) and (3.11)
of Theorem 33.

(1)

ρ1(x) = (1 + |x|γ) log(1 + |x|) in R
n, γ < 2 ,

(2)

ρ2(x) =







1 + |x|α+ if x > 1
1 + |x|α− if x < −1
2 if |x| ≤ 1 ,

where α± ≤ 2 and x ∈ R .
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4 Separation principle for domains satisfying the cone condition

In this section we discuss the separation principle for a certain class of
parabolic operators defined on domains in R

n satisfying the cone condition.
Note that in [3] this condition plays an important role in proving intrinsic
ultracontractivity which implies NUP (see [20,21]).

Definition 41 (Internal Cone Condition). An open set Ω ⊂ R
n is said to

satisfy the (A, δ, β)-internal cone condition if there exist A ⊂ Sn−1, δ > 0
and β > 0 such that the following holds: for each x ∈ Ω with d(x) < δ there
is a point y(x) ∈ ∂Ω and a rotation Rx ∈ SO(Rn) so that x belongs to the
open cone

C(y(x);Rx(A); δ) =

{

y ∈ R
n| |y − y(x)| < δ ,

y − y(x)

|y − y(x)| ∈ Rx(A)

}

.

of vertex y(x) , base Rx(A) and height δ and this cone is contained in Ω .
Moreover,

dist

(

x− y(x)

|x− y(x)| , S
n−1 \Rx(A)

)

> β .

Theorem 42 Let L be a parabolic operator with real Hölder continuous co-
efficients defined on a domain X ⊂ R

n , n ≥ 1 , which satisfies the (A, δ, β)-
internal cone condition. Let ρ be a Hölder continuous function on X such
that

C−1 min(d(x), δ) ≤ ρ(x) ≤ C min(d(x), δ) (4.1)

for all x ∈ X . Suppose that L has the form (3.2) and that (3.3) and (3.4)
are satisfied with γ ≥ 2 . Then the separation principle (SP) holds true in
CL(X) . In particular, the uniqueness of the positive Cauchy problem (UP)
holds true for L on X .

Proof. As in Theorem 31 it is clear that CL(X) 6= ∅ and let u ∈ CL(X) .
It is enough to prove the UHI in a δ/2-neighborhood of ∂X since outside
this neighborhood the coefficients of the operator L are bounded and P is
uniformly elliptic. Let x0 ∈ X , d(x0) = R < δ/2 < 1 . Without loss of
generality, we may assume that y(x0) = 0 . Fix ε > 0 and use the dilation
(3.6) to dilate C(0;Rx0

(A); δ)× [0, 1+ ε]∩AR onto BR = C(0;Rx0
(A); 2)×

[0, (1 + ε)Rγ−2] ∩ A1,R , where AR and A1,R are the annuli (3.5) and (3.7)
respectively. There exists a constant 0 < Cβ ≤ 1 which depends only on

A, β and n such that the parabolic box Qβ = Q(η0, 0, CβR
(γ/2−1)/2, 1 + ε)

is contained in BR . Consider the function v(η, τ) = u(Rη, t0 + R(2−γ)τ) =
u(x, t) . Again, the nonnegative function v is a solution of the equation
LRv = 0 in Qβ, where LR is given by (3.8).

The rest of the proof is similar to the last part of the proof of Theorem
31. ut
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Remark 43 (i) Theorem 42 can be extended to include more general density
functions ρ (see Theorem 33).

(ii) Note that unlike [25] we do not have any assumption on ∇ρ and the
domain X need not be C∞ and bounded.

(iii) It follows from the results in [25] that if X is a smooth bounded
domain (resp. X = R

n), the operator L has the form Lu = ut + ρ(x)γ∆u
with γ < 2 (resp. γ > 2) and ρ satisfies (4.1) (resp. (3.1)) and also some
additional conditions as in [25] then NUP holds. So, in terms of the exponent
γ our results are sharp (see also Section 6 and [9,25]).

5 Nonuniqueness of the positive Cauchy problem

In this section we prove a nonuniqueness lemma for general parabolic oper-
ators of the form Lu = ut + ρ(x)Pu . We shall use this result in the next
section.

Lemma 51 Consider the parabolic operator Lu = ut + ρ(x)Pu defined on
X . Assume that P is subcritical in X and ρ is a positive Hölder continuous
function. Then UP does not holds true if

∫

X

GX
P (x, y)u(y)

ρ(y)
dy <∞ . (5.1)

for some u ∈ CP (X) and x ∈ X . In particular, if 1/ρ is a small pertur-
bation of P in X then NUP holds. Moreover, in this case the separated
nonnegative solutions of the form (2.4) are not minimal solutions for all
λ < λ0(ρ(x)P,X) , where λ0(P,X) is the generalized principal eigenvalue
given by (2.5).

Furthermore, if V is a Hölder continuous small perturbation of P in X
and the operator P +V is subcritical in X then (5.1) implies that NUP holds
also for the parabolic operator L+ ρ(x)V (x) .

Proof. Consider the elliptic operator Pρ = ρ(x)P then the positive minimal
Green function of Pρ is given by

GX
Pρ
(x, y) =

GX
P (x, y)

ρ(y)
. (5.2)

Moreover, CPρ(X) = CP (X) . Hence, the first assertion of the lemma follows
directly from Lemma 211. Note also that by (5.2) the function 1 is a small
perturbation of the operator Pρ if and only if 1/ρ is a small perturbation of
the operator P . Therefore, Lemma 211 implies that if 1/ρ is a small pertur-
bation of the operator P in X then UP does not hold for the operator L on
XT .

Let λ2 < λ1 < λ0(ρ(x)P,X) . A function u is a positive solution of the
equation (Pρ − λ1)u = 0 if and only if u > 0 and satisfies the equation
(P −λ1(ρ(x))

−1)u = 0 . Since 1/ρ(x) is a small perturbation of the operator

P in X it follows from [28] that G
P−λ2(ρ(x))−1

X (x, y) ∼ G
P−λ1(ρ(x))−1

X (x, y) .
Therefore, Theorem 2.3 of [26] implies that there exists a constant C > 0
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such that for each minimal solution vλ1
∈ CP−λ1(ρ(x))−1(X) there exists a

minimal solution vλ2
∈ CP−λ2(ρ(x))−1(X) such that

C−1vλ2
(x) ≤ vλ1

(x) ≤ Cvλ2
(x) , x ∈ X . (5.3)

Hence, exp(−λ1t)vλ1
(x) is not a minimal solution of CL(X) . By the same

reasons, if V is a small perturbation of P in X and (5.1) is satisfied for the
operator P with some u ∈ CP (X) then there exists v ∈ CP+V (X) such that

∫

X

GX
P+V (x, y)v(y)

ρ(y)
dy <∞ . (5.4)

By the first part of the lemma this implies NUP for the operator Lu =
ut + ρ(x)(P + V (x))u . ut
Remark 52 According to Lemma 211 and Section 7 the separation principle
SP may be thought as a “strong” uniqueness property (UP). Lemma 51 shows
that if the function 1/ρ is a small perturbation of the operator P in X then
we have a “strong” nonuniqueness property. Namely, NUP holds and “almost
all” the separated solutions are not minimal solutions.

6 NUP for radially symmetric Schrödinger semigroups

In this section we discuss some nonuniqueness results for a parabolic operator
of the form Lu = ut+ρ(x)Pu on R

n , n ≥ 2 , where P is a subcritical radially
symmetric Schrödinger operator.

Consider a Schrödinger operator P = −∆ + V (|x|) on X = R
n with a

radially symmetric potential V . We assume that CP (Rn) 6= ∅ . Denote by
g(r) the (normalized) radial positive solution of the equation Pu = 0 in R

n

and let f(r) = r(n−1)/2g(r) and w(r) = V (r) + (n− 1)(n− 3)/4r2 . It is easy
to check that f solves the Jacobi equation f ′′ = w(r)f . The operator P is
subcritical in X if and only if 1/f ∈ L2(1,∞) (see [19]) and in this case the
Green function at zero is radial and is given by

GRn

P (0, y) = Cng(|y|)
∫ ∞

|y|

f(t)−2dt . (6.1)

We need the following

Lemma 61 (i) Suppose that w ≥ 0 and n ≥ 2 then

f(r)f ′(r)

∫ ∞

r

f(t)−2dt ≤ 1 . (6.2)

(ii) Let n > 2 and suppose that Vi , i = 0 , 1 are subcritical radial potentials
such that V0 ≤ V1 and w0(r) = V0(r)+(n−1)(n−3)/4r2 ≥ 0 . Let gi , fi
be the corresponding solutions. Then

f1(r)

f ′1(r)
≤ f0(r)

f ′0(r)
, r > 0 . (6.3)
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Proof. (i) Since f(0) = 0 and f ′′ ≥ 0 it follows that f ′ > 0 . On the other
hand,

1

f2(t)
≤ 1

f2(t)

(

1 +
f2(t)w(t)

(f ′(t))2

)

= −
(

1

f(t)f ′(t)

)′

. (6.4)

Hence,

∫ ∞

r

dt

f2(t)
≤ 1

f(r)f ′(r)
, (6.5)

which implies (6.2).
(ii) We may assume that Vi are smooth functions. The positive functions

Fi = f ′i/fi solve the equations

F ′i + F 2
i = wi , i = 0 , 1 (6.6)

in (0,∞) . Therefore, the function F = F1 − F0 satisfies the differential
equation

F ′ + (F0 + F1)F = V1 − V0 . (6.7)

After integrating (6.7) we obtain

f0(r)f1(r)F (r) =

∫ r

ε

(V1(s)− V0(s))f0(s)f1(s)ds+ f0(ε)f1(ε)F (ε) . (6.8)

It follows from the asymptotic behavior of fi near 0 that

lim
ε→0

f0(ε)f1(ε)F (ε) = 0 (6.9)

which together with (6.8) implies that F ≥ 0 and therefore, (6.3) is proved.
ut

Lemma 62 Let ρ be a positive Hölder continuous function defined on R
n

and let 1/ρ̃(r) =
∫

S(1)
1/ρ(rξ)dσ(ξ) , where r = |x| , ξ ∈ S(1) and rξ is

the polar coordinate representation of the point x . Consider the parabolic
operator Lu = ut + ρ(x)Pu , where P is a subcritical radially symmetric
Schrödinger operator in R

n . Then UP does not hold true for the operator L
in R

n if

Cn

∫ ∞

1

f2(r)(ρ̃(r))−1

∫ ∞

r

f(t)−2dt dr <∞ . (6.10)

Moreover, if w ≥ 0 and n > 2 then NUP holds if

∫ ∞

1

f(r)

f ′(r)ρ̃(r)
dr <∞ . (6.11)
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Proof. We want to show that (5.1) holds true with x = 0 and u(x) = g(|x|),
where g(|x|) is the positive radial solution of the equation Pu = 0 in R

n .
Recall that f(r) = r(n−1)/2g(r) . Using polar coordinates, (6.1) and (6.10)
we have

∫

Rn\B(0,1)

GRn

P (0, y)g(|y|)
ρ(y)

dy =

C

∫ ∞

1

f2(r)(ρ̃(r))−1

∫ ∞

r

f(t)−2dt dr <∞ (6.12)

and therefore, Lemma 51 implies that NUP holds.
Using estimate (6.2) of Lemma 61 we see that (6.10) is satisfied if (6.11)

holds true. ut
Remark 63 (i) Assume that V0(|x|) ≤ V1(|x|) , w0(|x|) ≥ 0 and 0 <
ρ0(x) ≤ ρ1(x) , x ∈ R

n , n > 2 . Consider the corresponding parabolic
operators Li , i = 0 , 1 . It follows from Lemma 61 that if condition (6.11)
holds for L0 in R

n it is also true for L1 and therefore, the positive Cauchy
problem for L1 does not have a unique solution in R

n .
(ii) If the operator L satisfies the conditions of Lemma 62 then NUP holds

true also for subcritical small perturbations of the operator P (see Lemma 51).

Corollary 64 Consider the parabolic operator Lu = ut + ρ(x)Pu , where
P = −∆ + V (|x|) is a subcritical radially symmetric Schrödinger operator
in R

n . Assume that V ≥ 0 and that V −1/2 ∈ L1(1,∞) . Then the positive
Cauchy problem does not have a unique solution if 1/ρ is a bounded function.

Proof. It follows from [22] that under the above conditions f/f ′ ∈ L1(1,∞)
and therefore, Lemma 62 implies NUP. ut

Note that under the same assumptions on the potential V (using a dif-
ferent approach) Murata [22] has shown nonuniqueness for ρ = 1 . Moreover,
under some additional assumptions on the potential V it was shown in [21]
that V −1/2 ∈ L1(1,∞) is also a necessary condition for NUP (ρ = 1).

Corollary 65 Let P be a Schrödinger operator with a radially symmetric
potential defined on R

n . Assume that dim CP (X) > 1 and let ρ(x) be a
positive Hölder continuous function such that ρ(x) ≥ C(1 + |x|2) . Then UP
does not hold true for the operator Lu = ut + ρ(x)Pu in R

n .

Proof. It is known [19] that dim CP (X) > 1 if and only if
∫ ∞

1

f2(r)r−2

∫ ∞

r

f(t)−2dt dr <∞ . (6.13)

Since ρ(x) ≥ C(1 + |x|2) it follows that (6.10) is satisfied and this implies
NUP. ut
Corollary 66 Suppose that that V (x) = a|x|β , |x| > 1 , a , β ∈ R and
assume that P = −∆+ V is subcritical in R

n .

(i) If β > −2 and a > 0 then NUP holds if

r−β/2ρ̃(r)−1 ∈ L1(1,∞) . (6.14)
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(ii) If β ≤ −2 and n ≥ 3 , then NUP holds if

|x|2−n(ρ(x))−1 ∈ L1(Rn) . (6.15)

Proof. (i) In this case the radial solution f is given by

f(r) = Cr1/2I(n−2)/(β+2)(cr
(β/2+1)) , (6.16)

where Iν is the modified Bessel function of order ν and c = a1/2(β/2 + 1)−1

(see [19]). It follows from the asymptotic behavior of the Bessel functions at
infinity that f(r)/f ′(r) ∼ r−β/2 . Hence, condition (6.11) is satisfied if (6.14)
holds.

(ii) Consider the parabolic operator Lu = ut+ρ(x)∆u in R
n× [0, T ) , n ≥

3 . Using either Lemma 51 with u = 1 or estimate (6.11) we deduce that if
(6.15) is satisfied then the Cauchy problem does not have a unique solution
in the class of nonnegative solutions and also in the class of bounded solu-
tions. The function |x|β , β < −2 is a small perturbation of the Laplacian in
R
n , n ≥ 3 [19,26,28]. Therefore, NUP for β < −2 follows from Lemma 51.
Suppose now that β = −2 . Then the product of the positive (radial)

solution u ∈ CP (Rn) and the Green function at the origin equals C|x|(2−n) .
Hence, NUP follows from (6.15) and Lemma 51. ut
Remark 67 An indirect proof of the NUP for the parabolic operator Lu =
ut + ρ(x)∆u in R

n × [0, T ) , n ≥ 3 , with a density ρ satisfying (6.15) can
be deduced from a recent paper of Eidus and Kamin [9]. In fact, it is shown
there that for each bounded initial data there exists a solution for the Cauchy
problem which decays at infinity in an appropriate integral sense. Moreover,
for nonnegative initial data this solution is nonnegative. This clearly implies
nonuniqueness of the Cauchy problem in the class of bounded solutions and
also in the class of nonnegative solutions (NUP) since the bounded solution
u ≡ 1 does not satisfy this decay condition. For related nonuniqueness results
see [8,13,25]

7 Examples

In this section we present some examples which demonstrate the sharpness
and the drawback of our results. The first examples show that UP may hold
true while the separation principle is violated.

Example 71 Consider the parabolic operator Lu = ut − ∆u − |x|βu , 0 <
β ≤ 2 on X = R

n , n ≥ 1 . Then CP−λ(X) = ∅ for every λ ∈ R and therefore,
SP is not satisfied. On the other hand, it follows from [2,21] that UP holds
true.

The next example shows that UHI may not hold true when UP holds and
CL(X) 6= ∅ .

Example 72 Consider the parabolic operator Lu = ut −∆u− x1u on X =
R
n , n ≥ 1 . Then the function

u(x, t) = exp(t3/3 + x1t) (7.1)
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is a positive solution in CL(Rn) which does not satisfy UHI. On the other
hand, it follows from [2,21] that UP holds true.

Example 73 Consider the parabolic operator Lu = ut − ∆u − x1ux1
on

X = R
n . Then for every λ ∈ R the function

uλ(x, t) = exp(λ2e2t +
√
2λx1e

t) (7.2)

is a positive solution CL(Rn) which does not satisfy UHI. In fact, uλ is a
(nonseparated) minimal solution in CL(X) .

More generally, let B be a 2 × 2 real matrix with eigenvalues λi such
that <λi > 0 , i = 1 , 2 . Consider the two dimensional Orenstein-Uhlenbeck
parabolic operator

Lu = ut −∆u− (Bx,∇u) on X = R
2 . (7.3)

The minimal nonnegative solutions M(x, t, y), y ∈ R
2 of CL(X) were com-

puted explicitly in [4]. It is easy to check that M(x, t, y), y ∈ R
2 are strictly

positive solutions which do not satisfy SP. Hence, any nontrivial solution in
CL(X) is strictly positive and UP holds true. On the other hand, CP (X) 6= ∅
but the separation principle does not hold. Note that the fact that UP holds
true for every Orenstein-Uhlenbeck process in R

n follows also from the more
general results in [2].

Example 74 (see also [7] p. 294) Consider the operator

Lu = ut − a(x)(a(x)uxx + a′(x)ux) = ut + a(x)Pu x ∈ R , (7.4)

where a is a positive smooth function and Pu = −(au′)′ is a Sturm-Liouville
operator. Two linearly independent solutions of the equation Pu = 0 in R

are u = 1 and v(x) =
∫ x

x0
a(t)−1dt . By changing the independent variable

x 7→ v = v(x) =
∫ x

0
a(t)−1dt the operator L on R is transformed to the

classical heat operator on an interval I ⊆ R . In particular, UP holds true
for the operator L on R if and only if it holds for the heat operator on I .
Furthermore, I = R if and only if

∫ 0

−∞

a(t)−1dt =

∫ ∞

0

a(t)−1dt =∞ . (7.5)

Since UP holds for the heat operator on I if and only if I = R it follows that
UP holds for L on R if and only if (7.5) is satisfied.

On the other hand, in order to prove nonuniqueness results using Lemma
51 we need that P is a subcritical operator and this happens if and only
if (7.5) is not satisfied. If we suppose further that 1/a ∈ L1(R) then it is
easy to show that all the conditions of Lemma 51 are satisfied and therefore,
UP does not hold for L on R . But condition (5.1) is not satisfied when
1/a ∈ L1(−∞, 0) and 1/a /∈ L1(0,∞) . Hence, the global condition (5.1) may
not show nonuniqueness which is caused by the behavior of the coefficients of
the operator L near one part of the ideal boundary of X .
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