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Abstract

In this paper we study the degenerate mixed boundary value
problem:

Pu = f in Ω, Bu = g on ∂Ω \ Γ,

where Ω is a domain in Rn, P is a second order linear elliptic operator
with real coefficients, Γ ⊆ ∂Ω is a relatively closed set, and B is an
oblique boundary operator defined only on ∂Ω \Γ which is assumed to
be a smooth part of the boundary.

The aim of this research is to establish some basic results concern-
ing positive solutions. In particular, we study the solvability of the
above boundary value problem in the class of nonnegative functions,
and properties of the generalized principal eigenvalue, the ground state,
and the Green function associated with this problem. The notion of
criticality and subcriticality for this problem is introduced, and a crit-
icality theory for this problem is established. The analogs for the
generalized Dirichlet boundary value problem, where Γ=∂Ω, were ex-
amined intensively by many authors.
2000 Mathematics Subject Classification. Primary 35J25; Secondary
35B05, 35B50, 35J15.
Keywords. Green function, ground state, oblique derivative, principal
eigenvalue.
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1 Introduction

The aim of this paper is to study some positivity properties of a degenerate
mixed boundary value problem for a second order elliptic operator P in
a general domain in Ω ⊆ Rn, where an oblique boundary operator B is
defined only on a smooth and relatively open portion of the boundary. On
the remaining part of the boundary which we call the singular set Γ, we do
not explicitly impose any boundary condition. Nevertheless, since we look
for positive solutions of minimal growth at Γ (and at infinity), the boundary
condition on Γ should be interpreted as a zero Dirichlet boundary condition
in some generalized sense. Therefore, we indeed deal with a mixed boundary
value problem.

Let Ω be a domain in Rn, and let P be a second order linear elliptic
differential operator with real coefficients of the form

Pu = −
n∑

i,j=1

aij(x)∂iju +
n∑

i=1

bi(x)∂iu + c(x)u, x ∈ Ω. (1.1)

Let Γ ⊆ ∂Ω be a relatively closed set, and suppose that ∂Ω \ Γ is a C2,α-
portion of ∂Ω. For x ∈ ∂Ω\Γ, let ~n(x) be the unit outward normal from the
boundary, and ~ν(x) be a unit vector pointing outward from the boundary.
Let B be an oblique boundary operator of the form

Bu = γ(x)u + β(x)
∂u

∂ν
, x ∈ ∂Ω \ Γ. (1.2)

We always assume that

aij , bi, c ∈ Cα(Ω̄ \ Γ), 1 ≤ i, j ≤ n, (1.3)

and that for all x ∈ Ω̄ \ Γ and ξ ∈ Rn \ {0}

0 < Λ0(x)
n∑

i=1

ξ2
i ≤

n∑

i,j=1

aij(x)ξiξj ≤ Λ(x)
n∑

i=1

ξ2
i . (1.4)

Furthermore, it is always assumed that

Γ̄ = Γ, ∂Ω \ Γ ∈ C2,α, γ, β, ~ν ∈ C1,α(∂Ω \ Γ), and

γ ≥ 0, β > 0 and ~ν · ~n > 0 on ∂Ω \ Γ.
(1.5)
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Remark 1.1 Sometimes we use the equivalent formulation for the bound-
ary operator B, namely,

Bu = γ(x)u + ~β(x) · ∇u x ∈ ∂Ω \ Γ, (1.6)

where γ ≥ 0, γ, ~β ∈ C1,α(∂Ω \ Γ), and ~β · ~n > 0.

We investigate the degenerate mixed boundary value problem

Pu = f in Ω, Bu = g on ∂Ω \ Γ. (1.7)

Note that we do not exclude the case where Γ = ∅, and the case where Γ =
∂Ω. Recall also that the boundary condition on Γ should be interpreted as
a zero Dirichlet boundary condition in some generalized sense. It turns out
that in the regular case, where the closed set Γ is a smooth relatively open
part of ∂Ω, we actually impose zero Dirichlet boundary condition on Γ. It
follows that classical boundary value problems like the Dirichlet, Neumann,
Robin, Zaremba and even some cases of the Poincaré problem are covered by
our setting. For related results concerning these boundary value problems,
see [2, 6, 8, 11, 12, 13, 14, 15, 20, 30, and the references therein].

We study the principal eigenvalue, criticality theory, and general prop-
erties of the cone of positive solutions. The analogs for the generalized
Dirichlet problem (where Γ = ∂Ω, and Ω is an arbitrary domain) were
examined intensively in [18, 21, 22, 23, 25, and the references therein]. Note
that this case is also covered by our setting.

When one compares the present problem with the generalized Dirichlet
boundary value problem, one sees that some fundamental properties which
hold true for the generalized Dirichlet boundary value problem are not valid
or at least are not obvious in our case (see Example 7.8 and 8.21). Conse-
quently, the construction of the Green function for our case is much more
complicated. Moreover, even if we impose on Γ the Dirichlet boundary con-
dition, then already in the smooth bounded domain case, the problem is in
general not elliptic. Another difficulty that arises is that the natural adjoint
boundary operator does not satisfy the assumption (1.5). In this paper, we
refrain from discussing the adjoint problem.

The following sets of positive solutions and supersolutions play an impor-
tant role in our study:
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Definition 1.2 We define the following families

HP,B(Ω)=HP = {u∈C2(Ω)∩C1(Ω̄\Γ)| u>0 in Ω,
Pu=0 in Ω, and Bu≥0 on ∂Ω\Γ}, (1.8)

H0
P,B(Ω)=H0

P = {u∈C2(Ω)∩C1(Ω̄\Γ)| u>0 in Ω,

Pu=0 in Ω, and Bu=0 on ∂Ω\Γ}, (1.9)

SHP,B(Ω)=SHP = {u∈C2(Ω)∩C1(Ω̄\Γ)| u>0 in Ω,
Pu≥ 0 in Ω, and Bu≥0 on ∂Ω\Γ}, (1.10)

SH0
P,B(Ω)=SH0

P = {u∈C2(Ω)∩C1(Ω̄\Γ)| u>0 in Ω,

Pu≥0 in Ω, and Bu=0 on ∂Ω\Γ}. (1.11)

If u ∈ SHP,B(Ω), then u is said to be a positive supersolution of the
operator (P,B) in Ω.

We consider the one-parameter family of operators

Ptu := Pu− tW (x)u in Ω,

where W ∈ Cα(Ω \ Γ) is a real function, and t ∈ R. We also introduce the
set

S = {t ∈ R| HPt(Ω) 6= ∅}.

If u belongs to one of the families (1.8)–(1.11), then Hopf’s lemma implies
that u > 0 on Ω̄ \ Γ. The starting point of our analysis is Theorem 2.1,
where we extend slightly the generalized maximum principle [26]; it holds if
SHP 6= ∅ and either Γ 6= ∅ or Ω is unbounded. Furthermore, Theorem 5.2
states that in this case H0

P 6= ∅. Therefore,

S = {t ∈ R| H0
Pt
6= ∅} = {t ∈ R| SHPt 6= ∅}.

Moreover, as in the Dirichlet case, it follows that S is a closed interval, and
if S 6= ∅, then S is bounded if and only if W changes its sign (see lemmas
6.3, and 6.5).

In [14], G. M. Lieberman used the Perron method to derive the solvability
of the regular oblique boundary value problem in bounded domains under
the assumption that c ≥ 0. Using the same approach, we generalize this
result, and prove the solvability of the degenerate problem, in the class of
nonnegative functions, and in any domain, under the weaker assumption
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that SHP 6= ∅. The key ingredient of this approach is the property of local
solvability, which is proved in Section 3. In Section 4, the Perron process is
applied and minimal positive solutions are obtained for two basic degenerate
problems (see theorems 4.1 and 4.4).

In Section 5, we define the generalized principal eigenvalue for the bound-
ary value problem (1.7) as

λ0 = λ0(Ω, P, W,B) := supS = sup{t ∈ R| HPt(Ω) 6= ∅},

and prove in Lemma 7.1 that in regular cases, λ0 is the classical principal
eigenvalue [2], namely, the only eigenvalue with a positive eigenfunction.

H. Berestycki, L. Nirenberg and S. R. S. Varadhan (in [4]), considered the
Dirichlet boundary value problem in a bounded domain. They proved that
the principal eigenvalue λD

0 is an increasing, concave, Lipschitz continuous
function of c (with respect to the L∞-norm), and a decreasing function
of the domain (see also [17, 25]). In Section 7 it is shown that λ0 is a
concave, Lipschitz continuous, increasing function of the coefficient c, and a
continuous monotone function of the weight function W . In addition, λ0 is
a decreasing function of the domain in an appropriate manner. Note that
in general, the monotonicity with respect to the domain in the standard
sense does not hold true even for the regular oblique derivative problem (see
Example 7.8).

Section 8 is devoted to the criticality theory. First, we define for our prob-
lem the notions of positive solutions of minimal growth at infinity of
Ω, the ground state, and the Green function GB

Ω(x, y). In Theorem 8.5,
it is proved that the Perron-solution of a certain problem in a neighborhood
of infinity in Ω is a positive solution of minimal growth.

We generalize the notion of criticality and subcriticality which was studied
in [18, 21, 22, 23, 29] for the generalized Dirichlet problem. The operator
(P,B) is critical in Ω if the problem admits a ground state with eigenvalue
zero, that is, a positive solution inH0

P,B(Ω) of minimal growth. The operator
(P,B) is subcritical if it has a positive solution, but does not possess a
ground state, and (P, B) is supercritical if SHP,B(Ω) = ∅.

We summarize the main results of Section 8 in the following two theorems.
These results are well known for the generalized Dirichlet problem.
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Theorem 1.3 The following assertions are equivalent:
a) The operator (P, B) is critical in Ω.
b) dimSHP (Ω) = 1.
c) H0

P (Ω) 6= ∅, and (P, B) does not admit a Green function in Ω.
d) SHP (Ω) = H0

P (Ω) 6= ∅.
e) For any W 	 0, the operator P +W is subcritical and the operator P −W

is supercritical in Ω.

Theorem 1.4 The following assertions are equivalent:
a) The operator (P, B) is subcritical in Ω.
b) dimSHP (Ω) > 1.
c) The operator (P, B) admits a Green function in Ω.
d) SHP (Ω) \ H0

P (Ω) 6= ∅.
e) For any W ∈ Cα

0 (Ω) there exists ε0 > 0 such that the operator P − εW

is subcritical in Ω for every |ε| ≤ ε0.

Notation

Rn
+ = {x = (x1, . . . , xn) ∈ Rn| xn > 0}, Rn

0 = {x ∈ Rn| xn = 0}.
Bδ(x0) = {x ∈ Rn| |x− x0| < δ}, Bδ = Bδ(0).

|u|0;Ω = sup
Ω
|u|, |u|k;Ω = ||u||Ck(Ω̄) =

∑

|β|≤k

|Dβu|0;Ω.

[u]α;Ω = sup
x6=y

x,y∈Ω

|u(x)− u(y)|
|x− y|α , where 0 < α ≤ 1,

|u|k,α;Ω = ||u||Ck,α(Ω̄) =
∑

|β|≤k

|Dβu|0;Ω +
∑

|β|=k

[Dβu]α;Ω.

Weighted Hölder norms:

Let Σ ⊆ ∂Ω, 0 ≤ k ∈ Z, 0 < α ≤ 1, k + α + b ≥ 0;

d̃(x) = dist(x, ∂Ω \ Σ), Ωδ = {x ∈ Ω| d̃(x) > δ}.
|u|(b)k,α;Ω = sup

δ>0
{δk+α+b|u|k,α;Ωδ

}, Ck,α,(b)(Ω) = {u | |u|(b)k,α;Ω < ∞},

|f |(b)k,α;Σ = inf{|g|(b)k,α;Ω| g ∈ Ck,α,(b)(Ω), lim
x→x0∈Σ

g(x) = f(x0)}.
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In a given context, the same letter C will be used to denote different con-
stants depending on the same set of arguments.

2 Auxiliary results

Let P and B be operators of the forms (1.1) and (1.2) satisfying (1.3)-(1.5).
The first theorem is a version of the generalized maximum principle [26]:

Theorem 2.1 (Generalized maximum principle) Let Ω be a domain
in Rn. In case that Ω is bounded, assume further that Γ 6= ∅. Suppose that
SHP 6= ∅. Assume that v ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) satisfies

Pv ≥ 0 in Ω, Bv ≥ 0 on ∂Ω \ Γ, lim inf
x→Γ
x∈Ω

v

u
≥ 0, and lim inf

x→∞
x∈Ω

v

u
≥ 0, (2.1)

for some u ∈ SHP . Then either v > 0 in Ω̄ \ Γ, or v = 0 in Ω̄ \ Γ.

Proof: By the definition of SHP , and Hopf’s lemma, u>0 in Ω̄\Γ, and

Pu ≥ 0 in Ω, and Bu ≥ 0 on ∂Ω \ Γ. (2.2)

Define P uw = P (uw)
u on Ω, that is,

P uw = P u
0 w + cuw = −

n∑

i,j=1

au
ij∂ijw +

n∑

i=1

bu
i ∂iw + cuw.

Clearly, the coefficients, au
ij = aij , bu

i = − 2
u

∑
aij∂ju + bi are in C(Ω̄\Γ),

and cu = P u(1) = Pu
u ≥ 0. We also define Buw = B(uw)

u on ∂Ω \ Γ, namely,
Buw = γuw + β ∂w

∂ν , where γu = Bu
u . Thus, γu ≥ 0 and β > 0 on ∂Ω \ Γ.

Now, take w = v
u , so, P uw = Pv

u ≥ 0 in Ω, Buw = Bv
u ≥ 0 on ∂Ω \ Γ,

lim infx→Γ w ≥ 0, and lim infx→∞w ≥ 0.

If w=k, where k is a constant, then lim infx→Γ w≥0, or lim infx→∞w≥0
implies that k≥0, and v=ku. Therefore, either v=0 in Ω, or v>0 in Ω.

Suppose that w 6= const.. If a point x ∈ Ω such that w(x) < 0 exists,
then by the strong maximum principle for the operator P u, either

min
{

lim inf
x→∂Γ

w, lim inf
x→∞ w

}
< 0,
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or there is a minimum point x0 ∈ ∂Ω\Γ such that w(x0) < 0. The first case
contradicts our assumption. In the second case, since P u

0 w ≥ −cuw ≥ 0 in a
neighborhood of x0, it follows from Hopf’s lemma for the operator P u

0 and
the function w that ∂w(x0)

∂ν < 0. Thus, Buw(x0) < 0, contradicting Buw ≥ 0.
Consequently, w ≥ 0 in Ω, and, by the strong maximum principle, either

w > 0 in Ω, or w = 0 in Ω. Hence, either v > 0 in Ω, or v = 0 in Ω.
Moreover, if v > 0 in Ω, then, by Hopf’s lemma, v > 0 in Ω̄ \ Γ.

Remark 2.2 When Ω is a bounded domain and Γ=∅, the above generalized
maximum principle holds true provided that u ∈ SH \ H0. Indeed, if w 6=
const., then the proof is identical, and when w=const. the proof is trivial.

We extend slightly a lemma of J. Serrin [28].

Lemma 2.3 Let Ω be a bounded domain in Rn of class C2. Assume that
P is a uniformly elliptic operator in Ω̄ of the form (1.1) with Cα(Ω̄) coeffi-
cients, and B is a boundary operator of the form (1.2) satisfying (1.5). If
there exists a function u(x) ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) such that

u > 0, Pu > 0 in Ω, and Bu ≥ 0 on ∂Ω \ Γ, (2.3)

then there exists a function ũ(x) ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) such that

inf
Ω̄\Γ

ũ > 0, P ũ > 0 in Ω, and Bũ > 0 on ∂Ω \ Γ. (2.4)

Proof: We use the Serrin’s construction. Let ρ be a positive constant, and
define a function

h(t) =
{

3ρ2 − 2ρt− t2 0 ≤ t ≤ ρ
2 ,

ρ2 t ≥ ρ,

such that h ∈ C∞[0,∞), ρ2 ≤ h ≤ 3ρ2, |h′| ≤ 4ρ and |h′′| ≤ 8. Set

ũ(x) = u(x) + εh(d(x)),

where d : Ω → R is the distance function from ∂Ω. The function h(d(x)) is
a smooth function of x for a sufficiently small ρ. Therefore, ũ(x) > ερ2 > 0
in Ω̄\Γ, and ũ(x)∈C2(Ω)∩C1(Ω̄\Γ). Moreover,

Ph = −
n∑

i,j=1

aij∂i(d)∂j(d)h′′ +
n∑

i=1


bi∂i(d)−

n∑

j=1

aij∂i∂j(d)


h′ + ch.
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By our assumption, {aij(x)} is a continuous and positive definite matrix in
Ω̄. Therefore, there exist positive numbers Λ0 ≤ Λ such that

Λ0

n∑

i=1

ξ2
i ≤

n∑

i,j=1

aij(x)ξiξj ≤ Λ
n∑

i=1

ξ2
i , (2.5)

for all x ∈ Ω̄ and ξ ∈ Rn. It follows that

Pũ ≥ Pu + ε[2Λ0 −A(3ρ2 + 3ρ)] for d < ρ/2,
P ũ ≥ Pu− ε[8Λ + A(3ρ2 + 4ρ)] for ρ/2 ≤ d ≤ ρ,
P ũ ≥ Pu− εA|h| ≥ Pu− εAρ2 for d > ρ,

where A is a positive constant depending on the maximum of ∂i∂j(d) in
0 ≤ d ≤ ρ and on the bounds of the coefficients in Ω. Furthermore,

Bũ = Bu + ε[γh + βh′
∂d

∂ν
] ≥ Bu + ε[3γρ2 + 2βρ~ν · ~n] on ∂Ω \ Γ.

It follows that for ρ and ε small enough,

inf
Ω̄\Γ

ũ > 0, P ũ > 0 in Ω, and Bũ > 0 on ∂Ω \ Γ.

Remark 2.4 Let us assume in addition to the hypotheses of Lemma 2.3
that u ∈ C(Ω̄). Then there exists a function ũ(x) ∈ C2(Ω)∩C1(Ω̄\Γ)∩C(Ω̄)
that satisfies ũ > 0 in Ω̄, Pũ > 0 in Ω, and Bũ > 0 on ∂Ω \ Γ.

3 Local solvability

In this section, we prove the local solvability property which is the key
for the construction of the Perron-solution of our mixed boundary value
problem.

Definition 3.1 (Local solvability) The boundary value problem

Pu = f in Ω, Bu = g on ∂Ω \ Γ (3.1)

is locally solvable if for each y ∈ Ω̄ \ Γ, there is a relatively open subset
N = N(y) of Ω̄ \ Γ containing y such that for any h ∈ C(N̄) there is a
(unique) solution v ∈ C2(N) ∩ C(N̄) of the mixed boundary value problem

Pv = f in N ∩ Ω, Bv = g on N ∩ ∂Ω, and v = h on ∂′N, (3.2)
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where ∂′N = ∂N ∩ Ω. We denote this function v by (h)y to emphasize its
dependence on h and y.

To establish the local solvability of (3.1), we first prove the solvability of
(3.2) for N and Ω of a special form. For 0 < R < 1, set

x0 = (0, . . . , 0,−R),

DR = {x ∈ Rn
+ : |x− x0| < 1},

ΣR = {x ∈ Rn
0 : |x− x0| < 1},

(3.3)

First, we derive some a priori bounds on solutions of mixed boundary
value problems in DR. These a priori bounds and their proofs are similar
to Lemma 3 in [14], but here we do not assume that c ≥ 0. These bounds,
in conjunction with the solvability of a particular boundary value and an
approximation argument, will be used to obtain the local solvability.

Lemma 3.2 Let P and B be operators of the forms (1.1) and (1.6) which
are defined on DR and ΣR, respectively. Suppose that

n∑

i,j=1

aij(x)ξiξj ≥ |ξ|2 for all x ∈ DR, ξ ∈ Rn, (3.4)

n∑

i=1

βi(x)ni(x) ≥ 1 for all x ∈ ΣR. (3.5)

Let m and M be positive constants with m < 1 and M > 1, such that

|c|0;DR
+

n∑

i=1

(|bi|0;DR
+ |βi|0;ΣR

) ≤ M, (3.6)

and

1 > R > max

{√
3

2
,

M√
1−m + M2

,
2M√

1 + 4M2
, (

√
m2 + 1−m)

}
. (3.7)

If u ∈ C2(DR ∪ ΣR) ∩ C(D̄R) is a solution of

Pu = f in DR, Bu = g on ΣR, u = 0 on ∂DR \ ΣR, (3.8)

then
sup
DR

d̃−m|u| ≤ K(|f |(2−m)
0;DR

+ |g|(1−m)
0;ΣR

),

where d̃ is the distance function to ∂DR \ ΣR, and K is a positive constant
which depends only on m.
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Proof: Set y = (y1, . . . , yn) = x−x0, r = |y|, wR(x) = (1− r2)m. Note that
d̃(x) = dist(x, ∂DR \ ΣR) = 1− r. One can check that





PwR ≥ m(1−m)
4 d̃(m−2) in DR,

BwR ≥ mM
(1+4M2)1/2 d̃(m−1) on ΣR.

(3.9)

Set
v± = ±u−K(|f |(2−m)

0 + |g|(1−m)
0 )wR,

where K = max{ 4
m(1−m) ,

√
5

m }. From (3.9) we infer that

Pv± ≤ ±f − d̃m−2|f |(2−m)
0 ≤ 0, in DR,

Bv± ≤ ±g − d̃m−1|g|(1−m)
0 ≤ 0, on ΣR,

v± = ±u−K(|f |(2−m)
0 + |g|(1−m)

0 )wR = 0 on ∂DR\ΣR.

Note that for R > R′ which satisfies (3.7), wR′ ∈ SHP (DR), and since
wR′ > 0 on ∂DR \ ΣR, we obtain

lim inf
x→∂DR\ΣR

v±
wR′

= 0.

Hence, by the generalized maximum principle (Theorem 2.1), v± ≤ 0 in DR.
Since wR(x) = (1 + r)md̃m ≤ 2d̃m, it follows that,

|u|d̃−m ≤ 2K(|f |(2−m)
0 + |g|(1−m)

0 ).

Remark 3.3 In fact, we have shown that there exists w ∈ SHP,B(DR)
which is strictly positive in D̄R provided that 1−R > 0 is sufficiently small.
We note that for the Dirichlet boundary value problem, if Ω is a domain
which is contained in a “narrow” strip and P is a uniformly elliptic operator
with bounded coefficients, then SHP (Ω) 6= ∅ (see [4]).

The next step is to show that (3.8) is solvable in DR under hypotheses
similar to those of Lemma 3.2.

Lemma 3.4 Let us assume in addition to the hypotheses of Lemma 3.2 that
0 < α < 1 and that

|aij |α;DR
+ |bi|α;DR

+ |c|α;DR
+ |βi|1,α;ΣR

+ |γ|1,α;ΣR
≤ M1. (3.10)
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Then for every f ∈ Cα,(2−m)(DR) and g ∈ C1,α,(1−m)(ΣR), the boundary
value problem (3.8) has a unique solution u ∈ C2,α,(−m)(DR). Moreover,

|u|(−m)
2,α;DR

≤ c(α, m,M,M1, R, n)(|f |(2−m)
α;DR

+ |g|(1−m)
1,α;ΣR

). (3.11)

Proof: First, we show that any solution u ∈ C2,α,(−m)(DR) of (3.8) obeys
(3.11). Let u be a C2,α,(−m) solution of (3.8). By the monotonicity properties
of the weighted Hölder norms [9, Lemma 2.1],

|u|(0)
0 ≤ |u|(−m)

0,m ≤ C|u|(−m)
2,α ,

so, u ∈ C2(DR ∪ ΣR) ∩ C(D̄R). It follows from the up to the boundary
weighted Schauder estimate [14, Lemma 1] with b = −m ≥ −2− α, that

|u|(−m)
2,α;DR

≤ C1(sup
DR

|d̃−mu|+ |f |(2−m)
α;DR

+ |g|(1−m)
1,α;ΣR

).

Now, with the aid of Lemma 3.2, we have

|u|(−m)
2,α;DR

≤ C(|f |(2−m)
0;DR

+ |g|(1−m)
0;ΣR

+ |f |(2−m)
α;DR

+ |g|(1−m)
1,α;ΣR

),

which implies that

|u|(−m)
2,α;DR

≤ C(|f |(2−m)
α;DR

+ |g|(1−m)
1,α;ΣR

).

As in [14], in order to obtain the solvability of (3.8), we apply the method
of continuity. Consider the Banach space

B = {u ∈ C2,α,(−m)(DR)| u = 0 on ∂DR \ ΣR},

the normed linear space

N = Cα,(2−m)(DR)× C1,α,(1−m)(ΣR),

with the norm
|(f, g)|N = |f |(2−m)

α;DR
+ |g|(1−m)

1,α;ΣR
,

and the bounded linear operators T0 and T1 from B to N given by

T0u = (−∆u,−∂nu) and T1u = (Pu,Bu).

We need to prove that T1 is surjective. By [14], T0 is surjective. Define

Tτ = (1− τ)T0 + τT1, Tτ = (Pτu, Bτu), for 0 < τ < 1.
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We infer that T1 is surjective if for every 0 ≤ τ ≤ 1

|u|B ≤ C|Tτu|N . (3.12)

Clearly, Pτ and Bτ satisfy the assumptions of the present lemma (Lemma
3.4). Hence, by the first part of the proof, (3.11) is satisfied with a constant
C which is independent on τ . But this means exactly (3.12).

Next, we prove the solvability of mixed boundary value problems in DR

with nonzero Dirichlet boundary values on ∂DR \ ΣR.

Lemma 3.5 Suppose that the operators P and B satisfy all the assumptions
of Lemma 3.4. Then the problem

Pu = f in DR, Bu = g on ΣR, u = h on ∂DR \ ΣR (3.13)

has a unique solution u ∈ C(D̄R) ∩ C2(DR ∪ ΣR) for every f ∈ Cα(DR),
g ∈ C1,α(ΣR) and h ∈ C(∂DR \ ΣR).

Proof: By remark 3.3, there exists w∈SHP (DR)∩C(D̄R) which is strictly
positive in D̄R.

Let {hk} be a C3(D̄R) sequence of function which converges to h uniformly
on ∂DR \ ΣR. Let vk be the solution of

Pvk =f − Phk in DR, Bvk =g −Bhk on ΣR, vk =0 on ∂DR \ ΣR,

(this problem is solvable by Lemma 3.4). Set uk = vk + hk. Since

P (uk − ul) = 0 in DR,
B(uk − ul) = 0 on ΣR,
uk − ul = hk − hl on ∂DR \ ΣR,

the maximum principle for to the operator Pwu = w−1P (wu) implies that

sup
DR

∣∣∣∣
uk − ul

w

∣∣∣∣ ≤ sup
∂DR

∣∣∣∣
uk − ul

w

∣∣∣∣ .

Suppose that the supremum of the right hand side is positive, and assume
that either a positive maximum point, or a negative minimum point of uk−ul

w

is achieved on ΣR. By Hopf’s lemma for the operator Pw
0 :=Pw−cw and the

function uk−ul
w , we have Bw(uk−ul

w ) 6= 0, and this is a contradiction. Hence,
∣∣∣∣
uk − ul

w

∣∣∣∣
0;DR

≤
∣∣∣∣
hk − hl

w

∣∣∣∣
0;∂DR\ΣR

,

13



thus,

|uk − ul|0;DR
≤ max |w|

min |w| |hk − hl|0;∂DR\ΣR
,

and the sequence {uk} converges uniformly to a continuous limit function
u. Therefore, |uk|0 ≤ C, and Lemma 1 in [14] implies that

|uk|(0)
2,α ≤ C(sup

DR

|d̃0uk|+ |f |(2)
α + |g|(1)

1,α).

So, the C2,α,(0) norms of the uk are uniformly bounded. It follows that
u ∈ C(D̄R) ∩ C2(DR ∪ ΣR) is a solution of (3.13).

Finally, we prove the local solvability of (3.1) for a general domain.

Lemma 3.6 Let P and B be operators of the forms (1.1) and (1.2) satis-
fying (1.3)-(1.5), and let f ∈ Cα(Ω̄ \Γ) and g ∈ C1,α(∂Ω\Γ). Then (3.1) is
locally solvable.

Proof: For y ∈ Ω, take δ > 0 sufficiently small such that N = N(y) =
Bδ(y) ⊂⊂ Ω, and such that there exists u ∈ C2(N) such that u > 0 in N̄

and Pu ≥ 0 in N . Note that the existence of a positive supersolution u in
a small ball N follows from Remark 3.3.

Now, since ∂N = ∂′N , and (3.2) is the Dirichlet problem, its unique solv-
ability for any h ∈ C(∂N) is well-known. We remark that the existence of
a positive supersolution in the relatively compact subdomain N substitutes
for the usual assumption c ≥ 0.

Let y ∈ ∂Ω \ Γ. Using Lemma 3.5, the proof of the local solvability for
y ∈ ∂Ω \ Γ is achieved exactly as in [14, Lemma 6] by straightening the
boundary, and taking a sufficiently small domain DR of the form (3.3).

4 The Perron process for the degenerate problem

The Perron process, usually reserved for the Dirichlet problem, has been
used in [14] to prove the solvability of a regular mixed boundary value prob-
lem. We use here a modification of this process to establish the solvability
of the degenerate problem (1.7) in the class of nonnegative functions. As
mentioned, the main ingredient of the Perron method is the local solvability
which was proved in Lemma 3.6.
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Theorem 4.1 Let P and B be operators of the forms (1.1) and (1.2) sat-
isfying (1.3)-(1.5). Let f ∈ Cα

0 (Ω) and g ∈ C1,α
0 (∂Ω \ Γ) be nonnegative

functions such that f and g are not both (identically) equal to zero. Assume

further that there exists a positive function v ∈ C2(Ω)∪C1(Ω̄ \Γ) satisfying





Pv ≥ 0 in Ω,
Pv ≥ δ0 > 0 in supp (f),
Bv > 0 on ∂Ω \ Γ.

(4.1)

Then there exists a unique minimal positive solution u ∈ C2(Ω)∩C1(Ω̄ \Γ)
of the problem

Pu = f in Ω, Bu = g on ∂Ω \ Γ. (4.2)

That is, u > 0 satisfies (4.2), and if w ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) is a positive
solution of (4.2), then u ≤ w.

Proof: The case where ∂Ω \ Γ = ∅ is the generalized Dirichlet boundary
value problem, and it is known that the existence of a positive supersolution
which is not a solution, is a sufficient condition for the solvability of this
boundary value problem (see for example [25, Theorem 4.3.8]).

Suppose that ∂Ω\Γ 6= ∅. By Lemma 3.6, the problem (4.2) is locally
solvable. Let {N(y)}y∈Ω̄\Γ be the corresponding system of neighborhoods.
A Perron-sub(super)solution of (4.2) is a function w∈C(Ω̄\Γ), such that

lim sup
x→Γ
x∈Ω

w

v
≤ 0, lim sup

x→∞
x∈Ω

w

v
≤ 0, (lim inf

x→Γ
x∈Ω

w

v
≥ 0, lim inf

x→∞
x∈Ω

w

v
≥ 0, )

and for any y ∈ Ω̄ \ Γ, and any h ∈ C(N̄(y)), if h ≥ w (h ≤ w) on ∂′N(y),
then (h)y ≥ w ((h)y ≤ w) in N(y) (see Definition 3.1). The set of all
Perron-subsolutions (supersolutions) of (4.2) is denoted by S− (S+).

Let w ∈ C(Ω̄ \ Γ), define w̄ = w̄y the lift of w with respect to y, as

w̄(x) = w̄y(x) =
{

(w)y(x) if x ∈ N(y),
w(x) otherwise.

We now prove the following properties (1)-(5):

(1) If w1, w2 are in S−, then max{w1, w2} ∈ S−. This property follows
immediately from the definition of a Perron-subsolution.
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(2) Take w ∈ S−, y ∈ Ω̄ \ Γ and N = N(y) ⊂ Ω̄ \ Γ. Then w̄ = w̄y ∈ S−.
Clearly, w̄ is continuous in Ω̄ \Γ, lim supx→Γ

w̄
v ≤ 0, and lim supx→∞

w̄
v ≤ 0.

Take y1 ∈ Ω̄ \ Γ and N1 = N(y1). Let h be a function in C(N̄1), such that
w̄ ≤ h on ∂′N1, we claim that w̄ ≤ (h)y1 in N1.

Since w ∈ S−, we see that w ≤ (w)y = w̄ in N , and as w̄ = w in Ω̄ \N ,
it follows that w ≤ w̄ in Ω̄ \ Γ. Set N2 = N ∩N1 and N3 = N1 \N2, thus,
N1 = N2 ∪N3.

We have w ≤ w̄ ≤ h on ∂′N1 and w ∈ S−, hence, w ≤ (h)y1 in N1 and
therefore, w̄ = w ≤ (h)y1 in N3. In particular, w̄ ≤ (h)y1 on ∂′N2 ∩ N̄3.
Furthermore, we have w̄ ≤ h = (h)y1 on (∂′N2 ∩N) ⊂ ∂′N1. Therefore,

Pw̄ = P (h)y1 = f in N2,

Bw̄ = B(h)y1 = g on N2 ∩ ∂Ω,

w̄ ≤ (h)y1 on ∂′N2,

and by the generalized maximum principle (Theorem 2.1), w̄ ≤ (h)y1 in N2.
Thus, w̄ ≤ (h)y1 in N1 = N2 ∪N3.

(3a) Let N be a neighborhood of the local solvability. If w±∈C2(N ∩ Ω) ∩
C(N̄) satisfy

Pw+ =Pw− in N ∩ Ω, Bw+ =Bw− on N ∩ (∂Ω\Γ), w+≥w− on ∂′N,

then either w+ = w− in N , or else w+ > w− in N . This property follows
from the generalized maximum principle (Theorem 2.1).

(3b) If w± ∈ S±, then w+ ≥ w− in Ω. Set

m = sup
y∈Ω

(
w−

v
(y)− w+

v
(y)

)
.

We need to prove that m ≤ 0. Suppose that m > 0. Define

S = {y ∈ Ω̄ \ Γ| w−

v
(y)− w+

v
(y) = m}.

Let ξ ∈ Γ ∪ {∞}, then

lim sup
y→ξ

(
w−

v
(y)− w+

v
(y)

)
≤ lim sup

y→ξ

w−

v
(y)− lim inf

y→ξ

w+

v
(y) ≤ 0. (4.3)
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Hence, for some R > 0, the set S is contained in the compact set Ω̄R :=
Ω ∩BR, and S ∩ ∂BR = ∅. Consequently, there exists a sequence of {yk} ∈
ΩR such that w−

v (yk)− w+

v (yk) → m. Take a subsequence {ykl
} which con-

verges to y0. It follows from (4.3) that y0 6∈ Γ. Hence, y0 ∈ Ω̄R \ (Γ∪ ∂BR),
and from the continuity of w± and v in Ω̄R \ (Γ ∪ ∂BR),

(
w−

v
(y0)− w+

v
(y0)

)
= m.

Thus, S ⊂ Ω̄R \ (Γ ∪ ∂BR) is a nonempty closed set.
We claim that S ∩ (∂Ω \ Γ) 6= ∅. Otherwise, there is a closest point y1 in

S to ∂ΩR. Since y1 ∈ Ω, then N1 = N(y1) ⊂ Ω, and ∂′N1 = ∂N1. Let w̄±

be the lifts of w± in N1. Define P vw = P (vw)
v . Now, cv ≥ 0, and

P v( w̄−
v − w̄+

v ) = 1
v (P (w̄−)− P (w̄+)) = 0 in N1,

w̄−
v − w̄+

v = w−−w+

v ≤ m on ∂N1.

According to the weak maximum principle,

sup
N1

w̄− − w̄+

v
≤ sup

∂N1

(
w− − w+

v

)

+

≤ m,

and the strong maximum principle implies that either w̄−
v − w̄+

v < m in
N1, or w̄−

v − w̄+

v = m in N1. Since w± is a Perron-super(sub)solution, and
w̄± = w± on ∂N1, then

(
w̄−

v
− w̄+

v
)(y1) ≥ (

w−

v
− w+

v
)(y1) = m.

It follows that w̄−
v − w̄+

v = m in N1 and hence,

w−

v
− w+

v
=

w̄−

v
− w̄+

v
= m on ∂N1,

which contains points of S closer to ∂ΩR than y1, contradicting the definition
of y1.

Let y1 ∈S ∩ ∂Ω\Γ, and let w̄± be the lifts of w± in N1 = N(y1)⊂ Ω̄\Γ.
Define

P vw = P v
0 w + cvw =

P (vw)
v

, and Bvw =
Bv

v
w + β

∂w

∂ν
.
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Now, cv, βv are nonnegative, and γv > 0. Since

P v( w̄−
v − w̄+

v ) = 0 in N1

Bv( w̄−
v − w̄+

v ) = 0 on ∂N1 ∩ ∂Ω,

w̄−
v − w̄+

v ≤ m on ∂′N1,

by the strong maximum principle and the Hopf lemma for the operator P v
0 ,

either
w̄−

v
− w̄+

v
< m, or

w̄−

v
− w̄+

v
= m in N̄1.

From (
w̄−

v
− w̄+

v

)
(y1) ≥

(
w−

v
− w+

v

)
(y1) = m,

it follows that w̄−
v − w̄+

v = m in N̄1. But then

Bv(
w̄− − w̄+

v
) = γvm =

Bv

v
m > 0 on ∂N1 ∩ ∂Ω,

and this is a contradiction. Consequently, m ≤ 0, so, w− ≤ w+ in Ω.

(4) S± are not empty. Clearly, 0 ∈ S−, and kv ∈ S+, for k satisfying
k > max{ |g|0ε0

, |f |0δ0
}, where ε0 = min{Bv(x)| x ∈ supp (g)}.

(5) Let N be a relatively open subset of Ω̄ \ Γ, and let {uk} be a bounded
sequence of C2(N) ∩ C(N̄) solutions of

Puk = f in N ∩ Ω, Buk = g on N ∩ ∂Ω.

Then there is a subsequence {ukl
} converging to a solution u of

Pu = f in N ∩ Ω and Bu = g on N ∩ ∂Ω.

The desired property follows directly from the up to the boundary weighted
Schauder estimate [14, Lemma 1] and the Arzelà-Ascoli theorem.

We now define
u = sup{w| w ∈ S−},

and prove that u is a C2(Ω̄ \Γ) solution of (4.2). By (4), S± are not empty.
Take w± ∈ S±. Let K be a compact set in Ω̄ \ Γ. According to (3b),
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for every w ∈ S− we have w ≤ w+ in Ω, and hence in K̄. Therefore,
{w| w ∈ S−} is a nonempty bounded from above set in every compact
set K, and u = sup{w| w ∈ S−} is well defined. Set y ∈ Ω̄ \ Γ and let
{wk} ⊂ S− be a sequence such that wk(y) → u(y). By replacing wk with
w̃k = max{wk, w1} and using property (1), we obtain a locally bounded
sequence of Perron-subsolutions. Property (2) implies that the sequence
{w̄k} of the lifts of w̃k with respect to y is contained in S−. Moreover, w̄k

are locally uniformly bounded in Ω, and w1 ≤ w̃k ≤ w̄k ≤ w+. In view of
property (5), {w̄k} has a subsequence {w̄kl

} which converges in N = N(y)
to a function w̄ ∈ C2(N) that satisfies

Pw̄ = f in N ∩ Ω, and Bw̄ = g on N ∩ ∂Ω.

We have w̄kl
≤ u in N , thus, w̄ ≤ u in N . Note that w̄(y) = u(y) (as

wk(y) ≤ w̄k(y) ≤ u(y), and wk(y) → u(y)). We claim that w̄ = u in N .
Suppose that for some z ∈N , w̄(z) < u(z), then there exists w0 ∈ S− such
that w̄(z) < w0(z) ≤ u(z). By replacing w̃k with ŵk = max{w̄k, w0}, and
taking the lifts and then a converging subsequence, we obtain a solution
ŵ∈C2(N) of

Pŵ = f in N ∩ Ω, and Bŵ = g on N ∩ ∂Ω.

From our construction of ŵ, w̄ ≤ ŵ in N , and in particular, on ∂′N , hence,
(3a) implies that either w̄ < ŵ, or w̄ = ŵ in N . Since ŵk ∈ S−, we have
ŵk ≤ u and therefore, w̄(y) = u(y) ≥ ŵ(y). Consequently, w̄ = ŵ in N ,
which contradicts w̄(z) < w0(z) ≤ ŵ(z). Thus, w̄ = u in N . Since y is an
arbitrary point of Ω̄ \ Γ, it follows that u is a C2(Ω̄ \ Γ) solution of

Pu = f in Ω, and Bu = g on ∂Ω \ Γ.

Recall that 0 ∈ S−, so, u ≥ 0. Since by our assumptions either Bu= g 6=0
on ∂Ω\Γ, or Pu=f 6=0 in Ω, we conclude that u>0 in Ω̄\Γ.

Now, let w ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) be a positive solution of (4.2). Clearly,
w ∈ S+, hence, u ≤ w and u is the minimal positive solution of (4.2).

Definition 4.2 The solution which was obtained in Theorem 4.1, is said to
be a Perron-solution of problem (4.2).

From the minimality of the Perron-solution we obtain
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Corollary 4.3 The Perron-solution of problem (4.2) depends neither on
the positive supersolution v ∈ SHP (Ω), nor on the system of neighborhoods
{N(y)}y∈Ω̄\Γ .

We can use the Perron method to obtain a positive solution for the fol-
lowing exterior degenerate mixed boundary value problem:

Theorem 4.4 Suppose that P and B are operators of the forms (1.1) and
(1.2) satisfying (1.3)-(1.5). Let K be a nonempty compact set in Ω with a
smooth boundary, and let g ∈ C(∂K) be a positive function. Assume also
that SHP (Ω) 6= ∅. Then there exists a positive Perron-solution

u ∈ C2(Ω̄ \ (K ∪ Γ)) ∩ C((Ω \K) \ Γ)

of the problem

Pu = 0 in Ω \K, Bu = 0 on ∂Ω \ Γ, u = g on ∂K. (4.4)

Moreover, u is the minimal positive solution of this problem, namely, if w is
a positive (classical) solution of (4.4), then u ≤ w. In particular, u depends
neither on the supersolution v, nor on the system of the neighborhoods.

Proof: Note that although on ∂K we impose the Dirichlet boundary con-
dition, we do not consider ∂K as part of the singular set Γ, since it is a
disjoint smooth component of the boundary.

First, we prove the solvability of problem (4.4) under the stronger as-
sumption that there exists v ∈ SHP (Ω) such that Bv > 0 on ∂Ω \ Γ.

Set Ω′ = Ω \ K. We say that (4.4) is locally solvable if for each y ∈
Ω′ ∪ (∂Ω \ Γ), there is a relatively open subset N = N(y) of Ω′ ∪ (∂Ω \ Γ)
with y ∈ N and N̄ ∩ (Γ ∪ ∂K) = ∅, such that for every h ∈ C(N̄) there is a
unique solution (h)y ∈ C2(N) ∩ C(N̄) of

Pu = 0 in N ∩ Ω, Bu = 0 on N ∩ ∂Ω, and u = h on ∂′N, (4.5)

where ∂′N = ∂N ∩ Ω′. A Perron-subsolution of (4.4) is w ∈ C(Ω′ \Γ)
satisfying

lim sup
x→Γ

w

v
≤ 0, lim sup

x→∞
w

v
≤ 0, w ≤ g on ∂K,

and for each y ∈ Ω′ ∪ (∂Ω \ Γ) if w ≤ h on ∂′N(y), then w ≤ (h)y in
N(y). A Perron-supersolution is defined similarly. The set of all Perron-
subsolutions (supersolutions) of (4.4) is denoted by S−(Ω′) (S+(Ω′)).
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As in Theorem 4.1, one can prove that

u(x)=sup{w−(x)| w− ∈ S−(Ω′)}

is a C2(Ω̄ \ (K ∪ Γ)) solution of (4.4). Note that for every y ∈ ∂K and
w± ∈ S±(Ω′) we have

(
w−

v
(y)− w+

v
(y)

)
≤ g

v
(y)− g

v
(y) = 0.

Furthermore, since ∂K is smooth, by a standard local barrier argument, u

satisfies the boundary condition on ∂K.
Suppose now that Bv ≥ 0 on ∂Ω \ Γ, we use the first part of the proof

and solve the sequence of problems:

Puk = 0 in Ω \K, (B +
1
k
)uk = 0 on ∂Ω \ Γ, uk = g on ∂K. (4.6)

Since Cv≥g on ∂K for some C > 0, the sequence {uk} satisfies 0≤uk≤Cv.
Hence, {uk} has a subsequence converging to a solution u of (4.4). Note
that the condition u=g>0 on ∂K implies that u is positive on Ω\K.

It remains to prove the minimality of u. If w is a nonnegative solution of
(4.4), then w ∈ S+

k of problem (4.6). Hence, uk ≤ w and therefore, u ≤ w.

Proposition 4.5 1. Let N be an open set in Ω, y∈N̄ ∩Γ, v∈SHP , and u

be the Perron-solution of (4.2) or (4.4). Then

lim
x→y

x∈N̄\Γ
v(x)=0 ⇒ lim

x→y

x∈N̄\Γ
u(x)=0.

2. Suppose further that v ∈ C(N̄), and v(y) = 0 for every y ∈ N̄ ∩ Γ. Then
ũ ∈ C(N̄), where

ũ(x) =
{

u(x) x ∈ Ω \ Γ
0 x ∈ N̄ ∩ Γ.

Proof: 1. Take w ∈ S−. For k sufficiently large, kv ∈ S+, hence, w(x)≤
kv(x) in N̄ \Γ. Recall that 0 ∈ S−. Therefore,

0 ≤ u(x) = sup{w(x)| w ∈ S−} ≤ kv(x) in N̄ \Γ.

Since lim
x→y

x∈N̄\Γ
v(x) = 0, it follows that lim

x→y

x∈N̄\Γ
u(x) = 0.
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2. Let y ∈ N̄ ∩ Γ, and take xn → y. If {xn} ⊆ N̄ \ Γ, then by part 1,
limxn→y ũ(x) = limxn→y u(x) = 0. On the other hand, if xn ∈ N̄ ∩ Γ, then
ũ(xn) = 0, and, lim

xn→y
ũ(x) = 0. Thus, ũ is continuous in N̄ .

5 The generalized principal eigenvalue

The aim of this section is to generalize the notion of the (classical) principal
eigenvalue to our problem, and to study its properties. To this end, we
prove that the sets S = {t| HPt(Ω) 6= ∅} and {t| SHPt(Ω) 6= ∅} are equal by
showing that the existence of a positive supersolution implies the existence
of a positive solution of the homogeneous degenerate mixed boundary value
problem.

Definition 5.1 Let Pt = P − tW , t ∈ R . The generalized principal
eigenvalue λ0 of the boundary value problem

Ptu = f in Ω, and Bu = g on ∂Ω \ Γ

is defined by

λ0 = λ0(Ω, P,W,B) := sup{t ∈ R| HPt(Ω) 6= ∅}, (5.1)

where HP is defined by (1.8).

Theorem 5.2 Let P and B be operators of the forms (1.1) and (1.2) satis-
fying (1.3)-(1.5). If Ω is bounded suppose further that Γ 6= ∅. Let SHP (Ω),
SH0

P (Ω), HP (Ω), and H0
P (Ω) be the sets as defined in Definition 1.2. Then

{t ∈ R| SHPt(Ω) 6= ∅} = {t ∈ R| HPt(Ω) 6= ∅} =

{t ∈ R| SH0
Pt

(Ω) 6= ∅} = {t ∈ R| H0
Pt

(Ω) 6= ∅}.

Proof: It is obvious that

{t| H0
Pt

(Ω) 6= ∅} ⊆ {t| HPt(Ω) 6= ∅} ⊆ {t| SHPt(Ω) 6= ∅},

and
{t| H0

Pt
(Ω) 6= ∅} ⊆ {t| SH0

Pt
(Ω) 6= ∅} ⊆ {t| SHPt(Ω) 6= ∅}.
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Therefore, it suffices to prove that

{t| SHPt(Ω) 6= ∅} ⊆ {t| H0
Pt

(Ω) 6= ∅}.

Suppose that SHPt(Ω) 6= ∅. Take {pk} a sequence of points in Ω which
converges either to p ∈ Γ (if Γ 6= ∅), or to infinity (if Ω is unbounded). Set

εk = min{ 1
k , dist(pk,∂Ω)

2 }, and Bk = Bεk
(pk).

By Theorem 4.4, there exists wk ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) that satisfies

wk > 0, Ptwk = 0 in Ω \Bk, Bwk = 0 on ∂Ω \ Γ, wk = 1 on ∂Bk. (5.2)

Fix x1 ∈ Ω \ ∪∞k=1Bk and define vk(x) = wk(x)
wk(x1) . Using the local Harnack

inequality and the interior Schauder estimate, we infer that

|vk|2,α;K′ ≤ C|vk|0;K = CMK ,

for every K ′ ⊂⊂ K ⊂⊂ Ω.
Let K be a compact set in Ω̄\Γ such that K∩Ω 6= ∅. Recall that Bvk = 0

on K ∩ ∂Ω. By the local and up to the boundary Harnack inequalities [3],
and the up to the boundary weighted Schauder estimates [14, Lemma 1],
there exists a positive constant NK such that for every k large enough

|vk|(0)
2,α;K ≤ C|vk|0;K ≤ CNK .

Using the Arzelà-Ascoli theorem for {vk} and its derivatives up to order 2,
and by applying the diagonal method, we may extract a subsequence which
converges in every relatively compact subdomain of Ω̄ \ Γ to a function v0

which satisfies

v0 > 0 in Ω, Ptv0 = 0 in Ω, and Bv0 = 0 on ∂Ω \ Γ.

Therefore, v0∈H0
Pt

(Ω). Thus, {t| SHPt(Ω) 6=∅}⊆{t| H0
Pt

(Ω) 6=∅}.

Remark 5.3 Under some assumptions, the solution v0 ∈ H0
Pt

that was
constructed in Theorem 5.2 satisfies the homogeneous Dirichlet boundary
condition on Lipschitz portions of Γ. More precisely, let N be an open set in
Ω, such that N̄ ∩ ∂Ω ⊆ Γ \ {p}, where p is the boundary point in the proof
of Theorem 5.2. Suppose that Γ ∩ N̄ is a Lipschitz portion of ∂Ω. Take
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u0 ∈ SHPt and suppose that u0 ∈ C(N̄), and u0(y) = 0 for every y ∈ Γ∩ N̄ .
Then ṽ0 ∈ C(N̄), where

ṽ0(x) =
{

v0(x) x ∈ Ω \ Γ
0 x ∈ N̄ ∩ Γ.

Indeed, let {vk} be the normalized sequence that converges to v0 in the proof
of Theorem 5.2. Fix y ∈ Γ∩N and let B8r(y) be a ball contained in N . By
Proposition 4.5, the extended functions ṽk(x) are in C(B8r(y) ∩ Ω̄). Recall
that Ptṽk = 0 in B8r(y) ∩ Ω and ṽk = 0 on B8r(y) ∩ ∂Ω ⊆ Γ. According to
the boundary Harnack principle [5], there exists C > 0, such that for every
k ≥ 1, and every x ∈ Br(y) ∩ Ω

vk(x) < C
v1(x)vk(x0)

v1(x0)
,

where x0 ∈ ∂Br(y)∩Ω. The sequence {vk} is locally uniformly bounded in Ω,
in particular, M−1≤vk(x0)<M . So, vk(x)<Cv1(x), and 0<v0(x)≤Cv1(x).
In view of Proposition 4.5, lim

x→y

x∈N̄

ṽ1(x) = 0, therefore, lim
x→y

x∈N̄

ṽ0(x) = 0. Thus,

ṽ0 is continuous in N̄ .

Proposition 5.4 Let Ω be a smooth bounded domain and Γ = ∅ (the regular
oblique derivative problem). Then

{t| HPt(Ω) 6= ∅} = {t| SH0
Pt

(Ω) 6= ∅} = {t| SHPt(Ω) 6= ∅}.

Proof: Clearly,

{t| SH0
Pt

(Ω) 6= ∅} ⊆ {t| SHPt(Ω) 6= ∅},

{t| HPt(Ω) 6= ∅} ⊆ {t| SHPt(Ω) 6= ∅}.
We need to prove the opposite inclusions. Suppose that there exists u ∈
SHPt \ SH0

Pt
. We assert that SH0

Pt
6= ∅. By the generalized maximum

principle (see Remark 2.2) and Hopf’s Lemma, u > 0 on Ω̄, therefore, for
k = 1, 2, . . ., we have

(Pt +
1
k
)u ≥ δk > 0 in Ω, (B +

1
k
)u ≥ εk > 0 on ∂Ω.

24



Take f ∈ Cα
0 (Ω) such that f 	 0. According to Theorem 4.1, there exist

positive solutions wk of the problems

(Pt +
1
k
)wk = f in Ω, (B +

1
k
)wk = 0 on ∂Ω.

We distinguish between two cases:
(a) suppose that {wk} is not locally uniformly bounded, then there exists
x0 ∈ Ω such that wk(x0) → ∞. Define w̃k = wk

wk(x0) . By a standard elliptic
argument, there exists a subsequence {w̃k} that converges to a nonnegative
function w ∈ C2(Ω) ∩ C1(Ω̄) which satisfies

Ptw = 0 in Ω, Bw = 0 on ∂Ω.

Since w(x0) = 1, it follows that w > 0 in Ω and w ∈ H0
Pt

(Ω).
(b) Suppose that {wk} is locally uniformly bounded. It follows from the
Schauder estimates and the Arzelá-Ascoli theorem that {wk} has a subse-
quence that converges to a nonnegative function w which satisfies

Ptw = f 	 0 in Ω, Bw = 0 on ∂Ω.

By the maximum principle, w > 0 in Ω̄. Thus, SH0
Pt
6= ∅.

Similarly, if u∈SHPt\HPt , take g∈C1,α
0 (∂Ω), g	0, and k ≥ 1. By solving

(Pt +
1
k
)vk = 0 in Ω, (B +

1
k
)vk = g on ∂Ω,

and repeating the above argument, we deduce that HPt 6= ∅. Thus, these
three sets are equal.

Remark 5.5 For the regular oblique derivative problem (and for the Dirich-
let problem) in a smooth bounded domain, and for W >0 in Ω̄, we only have

{t| H0
Pt

(Ω) 6=∅}⊆{t| HPt(Ω) 6=∅}.
Indeed, by [2, Theorem 4.3], if W >0 in Ω̄, then {t| H0

Pt
6=∅}={λc

0}, where
λc

0 is the classical principal eigenvalue. Moreover, by [2, Theorem 4.4] and
Proposition 5.4, S = {t| SHPt 6= ∅} = (−∞, λc

0].

Remark 5.6 If there exists a constant m ∈ R such that c−mW ≥ 0, then
λ0(Ω, P, W,B) ≥ m. Clearly, the assumption c−mW ≥ 0 implies that for
any positive constant k

(P −mW )k = (c−mW )k ≥ 0 in Ω, and Bk ≥ 0 on ∂Ω \ Γ.

By Theorem 5.2 and Proposition 5.4, HPm(Ω) 6=∅. Hence, λ0≥m.
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6 The set S = {t ∈ R| HPt
(Ω) 6= ∅}

In this section we show that the set

S = S(Ω, P, W,B) = {t ∈ R| HPt(Ω) 6= ∅} (6.1)

is a closed convex set. First, we need two auxiliary lemmas:

Lemma 6.1 If SHP 6= ∅, then for each x0 ∈ Ω there exists a positive
function w∈C2(Ω\{x0}) ∩ C1(Ω̄\({x0} ∪ Γ)), such that

Pw = 0 in Ω \ {x0}, Bw = 0 on ∂Ω \ Γ.

In other words, w ∈ H0
P (Ω\{x0}).

Proof: Suppose that SHP 6= ∅. Take x0 ∈ Ω. For 0 < ε < ε0, let Bε be a
ball centered at x0 such that Bε ⊂⊂ Ω. By Theorem 4.4, for each 0 < ε < ε0,
there exists a positive minimal solution uε of the boundary value problem

Pu = 0 in Ω \Bε, Bu = 0 on ∂Ω \ Γ, u = 1 on ∂Bε.

Take x1 ∈ Ω\Bε0 and define wε(x) = uε(x)/uε(x1). Using the local and up to
the boundary Harnack inequalities, we infer that wε are uniformly bounded
in compacts of Ω̄ \ (Γ ∪ {x0}), and by a standard elliptic argument (as in
Theorem 5.2), there exists a subsequence, denoted by {wεk

} that converges
as εk → 0 to w which is a positive solution of

Pw = 0 in Ω \ {x0}, Bw = 0 on ∂Ω \ Γ.

Lemma 6.2 Suppose that there exists a positive function w∈H0
P (Ω\{x0})

for some x0 ∈ Ω. Then HP (Ω) 6= ∅ and

w = αGD
Ω (·, x0) + w̃, (6.2)

where α is a nonnegative constant, GD
Ω (·, x0) is the minimal (Dirichlet)

positive Green function of the operator P in Ω with a pole at x0, and
w̃ ∈ HP (Ω) ∪ {0}.

Moreover, if α = 0, then w̃ ∈ H0
P (Ω), and if α > 0 and ∂Ω \ Γ 6= ∅,

then w̃ ∈ HP (Ω) \ H0
P (Ω). The case in which w̃ = 0 may occur only for the

(generalized) Dirichlet boundary value problem (∂Ω = Γ).
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Proof: If lim supx→x0
w(x) < ∞, then using [10], w has a removable sin-

gularity at x0, and we obtain (6.2), with α = 0 and with w̃ which is the
continuous extension of w. In this case w̃ ∈ H0

P (Ω).
Otherwise, take an increasing sequence {Ωk}∞k=1 of smooth bounded do-

mains that exhausts Ω such that Ωk ⊂⊂ Ωk+1 ⊂⊂ Ω, and Ω = ∪∞k=1Ωk. It
follows from [24] that

w|Ωk\{x0} = αkG
D
Ωk

(·, x0) + wk,

where αk > 0, GD
Ωk

(x, x0) is the positive minimal Green function of the
Dirichlet boundary value problem in Ωk, and wk > 0 satisfies Pwk = 0 in
Ωk, and wk = w on ∂Ωk. Hence, for a subsequence kn →∞, we have

w = αGD
Ω (·, x0) + w̃ in Ω,

where α is a positive constant and w̃ ≥ 0 satisfies Pw̃ = 0 in Ω.
Obviously, if ∂Ω = Γ (the generalized Dirichlet problem), then either

w̃ = 0, or w̃ ∈ HP (Ω) = H0
P (Ω). Note that in both these cases HP 6= ∅,

since for the generalized Dirichlet problem, it is well known that the existence
of the positive minimal Green function GD

Ω implies that HP 6= ∅.
Suppose now that ∂Ω \ Γ 6= ∅. Then GD

Ω (·, x0) = 0 on ∂Ω \ Γ, and, by
Hopf’s Lemma, BGD

Ω (·, x0) < 0 on ∂Ω \ Γ. On the other hand,

0 = Bw = αBGD
Ω (·, x0) + Bw̃ on ∂Ω \ Γ.

Since α > 0, it follows that Bw̃ > 0. Consequently,

w̃ > 0, P w̃ = 0, in Ω, and Bw̃ > 0 on ∂Ω \ Γ.

Thus, w̃ ∈ HP \ H0
P .

Lemma 6.3 The set S is a closed interval.

Proof: For the case where Γ = ∂Ω (the generalized Dirichlet problem), this
result is known (see [23]). Our proof is quite similar and covers also this
case.

Closedness: If {tk} is a sequence in S that converges to t0, then by Lemma
6.1, there exists a sequence of normalized positive solutions wk of the prob-
lem

Ptkwk = 0 in Ω \ {x0}, Bwk = 0 on ∂Ω \ Γ.
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By standard elliptic arguments, there exists a subsequence of {wk} that
converges to a positive solution w of the problem

Pt0w = 0 in Ω \ {x0}, Bw = 0 on ∂Ω \ Γ.

According to Lemma 6.2, HPt0
(Ω) 6= ∅ and S is closed.

Convexity: Let t0, t1 ∈ S. For any 0 < α < 1 denote by tα the convex
combination tα = αt1 + (1 − α)t0. Let u0 ∈ HPt0

and u1 ∈ HPt1
, and set

uα = (u0)1−α(u1)α. We claim that uα ∈ SHPtα
. Indeed,

Ptαuα = (1− α)uα(u0)−1Pt0u0 + αuα(u1)−1Pt1u1+

α(1− α)uα

(
u1

u0

)2 n∑

i,j=1

aij∂i

(
u0

u1

)
∂j

(
u0

u1

)
≥ 0,

(6.3)

Buα = (1− α)uα(u0)−1Bu0 + αuα(u1)−1Bu1 ≥ 0. (6.4)

Therefore, uα ∈ SHPtα
(Ω). By Theorem 5.2 and Proposition 5.4, we deduce

thatHPtα
(Ω) 6= ∅, and S is convex. Note that if Pt1 6= Pt0 , or more generally,

if u0 and u1 are linearly independent, then uα ∈ SHPtα
(Ω) \ HPtα

(Ω).

Remark 6.4 Lemma 6.3 can be slightly extended. Let HPt,Bt be the set

HPt,Bt = {u ∈ C2(Ω) ∪ C1(Ω̄ \ Γ)| u > 0 in Ω,

Ptu = 0 in Ω and Btu ≥ 0 on ∂Ω \ Γ},

where Btu = tγu + β ∂u
∂ν , and define S̃ = {t ≥ 0| HPt,Bt 6= ∅}. Then, as in

the proof of Lemma 6.3, it can be shown that S̃ is a closed interval.

Lemma 6.5 1. If SHP 6= ∅, and W 	 0, then S = (−∞, λ0], where
0 ≤ λ0 < ∞ is the generalized principal eigenvalue.

2. If SHP 6=∅, and W changes its sign in Ω, then S is the bounded interval
[λ−, λ0], where λ− :=inf{t ∈ S}, and −∞< λ−≤ 0≤λ0 <∞.

Proof: 1. Let

SD := {t ∈ R | ∃ut > 0 s.t. Ptut = 0 in Ω}

be the corresponding set for the generalized Dirichlet problem (Γ = ∂Ω).
Obviously, S ⊆ SD. It is known that SD is bounded from above (see [21,
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theorem 4.4]), therefore, S is bounded from above. Since 0 ∈ S, it follows
that 0 ≤ λ0 = supS < ∞. By Lemma 6.3, S is a closed interval, hence,
there exists u0 ∈HPλ0

. For every t < λ0, we have u0 ∈SHPt
. According to

Theorem 5.2 and Proposition 5.4, HPt 6=∅. Hence, S =(−∞, λ0].

2. By Lemma 6.3 and our assumptions, S is a closed nonempty interval.
Recall that S ⊆ SD. In addition, SD is a bounded set [21, theorem 4.7].
Therefore, S is the closed bounded interval S = [λ−, λ0].

7 Basic properties of λ0

With the aid of the preceding section’s results, we obtain various properties
of the generalized principal eigenvalue. In particular, we wish to show that
in regular problems, the generalized and the classical principal eigenvalue
are equal. We also show the continuity, convexity and monotonicity of λ0.

Lemma 7.1 Let Ω be a C2-bounded domain. Assume that P is uniformly
elliptic in Ω̄, the coefficients of P are in Cα(Ω̄), and W ∈Cα(Ω̄) is a positive
function. Suppose that there exists a classical principal eigenvalue λc

0 with
classical principal eigenfunction uc

0 ∈ C2(Ω) ∩C1(∂Ω \ Γ) ∩C(Ω̄) satisfying

Puc
0 = λc

0Wuc
0 in Ω, Buc

0 = 0 on ∂Ω \ Γ, uc
0 = 0 on Γ. (7.1)

Then λc
0 =λ0.

Proof: As uc
0 ∈ HPλc

0
(Ω), it follows that λc

0 ≤ λ0. Suppose that λc
0 < λ0.

Take λc
0 < t ≤ λ0 and ut ∈ HPt(Ω). Then ut > 0 satisfies

Pλc
0
ut = (t− λc

0)Wut > 0 in Ω, But ≥ 0 on ∂Ω \ Γ.

By Lemma 2.3, there exists ũ ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) that satisfies

inf
Ω

ũ > 0, Pλc
0
ũ > 0 in Ω, Bũ > 0 on ∂Ω \ Γ.

We use the the ε-maximal method. Denote by ε0 =sup{ε>0| ũ−εuc
0≥0},

and let û = ũ− ε0u
c
0. Clearly, 0 < ε0 < ∞. It follows that

û ≥ 0, Pλc
0
û > 0 in Ω, Bû > 0 on ∂Ω \ Γ,
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which implies that û > 0 on Ω̄ \ Γ. Moreover, lim infx→Γ û > 0, hence,
infΩ û > 0. By replacing ũ with û, we have ε1 > 0 such that û − ε1u

c
0 ≥ 0,

which contradicts the maximality of ε0.

Next, we establish the uniqueness of the Zaremba boundary value problem.

Lemma 7.2 Let Ω be a C2-bounded domain. Assume that P is uniformly
elliptic in Ω̄, and that the coefficients of P are in Cα(Ω̄). Suppose that
u ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) satisfies

u > 0 in Ω, Pu > 0 in Ω, Bu ≥ 0 on ∂Ω \ Γ. (7.2)

If v ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) ∩ C(Ω̄) is a solution of

Pv = 0 in Ω, Bv = 0 on ∂Ω \ Γ, and v|Γ = 0, (7.3)

then v = 0.

Proof: By Lemma 2.3, there exists ũ ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) which satisfies

inf
Ω

ũ > 0, P ũ > 0 in Ω, Bũ > 0 on ∂Ω \ Γ.

Take v that satisfies (7.3). Suppose on the contrary that there is a point
x0 ∈ Ω such that v(x0) > 0. We use again the ε-maximal method. Define

ε0 = sup{ε > 0| ũ− εv ≥ 0 in Ω}.

Clearly, 0 < ε0 < ∞. Set w = ũ− ε0v, we have

w ≥ 0 in Ω, Pw = Pũ > 0 in Ω, Bw = Bũ > 0 on ∂Ω \ Γ,

and lim infx→Γ w = lim infx→Γ ũ > 0 on Γ. By the generalized maximum
principle and Hopf’s lemma, w > 0 on Ω̄ \Γ. Hence, infΩ w > 0. Therefore,
by replacing ũ with w, there is a positive ε1 such that w − ε1v ≥ 0 in Ω,
which contradicts the definition of ε0. Consequently, v = 0 as required.

Remark 7.3 The assumption that Ω is bounded is essential for the unique-
ness (see Theorem 5.2). The requirement that v|Γ =0 is also essential even
if Γ is a singleton, as it was shown recently by G. M. Lieberman [16].

Under some assumptions, the principal eigenfunction for the degenerate
oblique boundary problem is unique. First, we need the following:
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Lemma 7.4 Suppose that Ω is a C2-bounded domain and let w, v ∈ C1(Ω̄)
satisfy w, v > 0 in Ω̄ \ Γ, ∂w

∂ν , ∂v
∂ν < 0 on Γ, and w, v = 0 on Γ. Then

w
v ∈ C(Ω̄) and w

v > 0 in Ω̄, where on Γ, w
v is defined as ∂w

∂ν /∂v
∂ν .

Proof: By dividing the Taylor polynomials of the functions w and v, the
proof is immediate.

Lemma 7.5 Assume that Ω is a C2,α-bounded domain. Let P be a uni-
formly elliptic operator in Ω̄ with Cα(Ω̄) coefficients, and

Bu = γ(x)u + β(x)
∂u

∂ν

a degenerate oblique boundary operator defined on ∂Ω with C1,α(∂Ω) coeffi-
cients such that β, γ≥0, and β+γ>0. Let w, v∈C2,α(Ω)∩C1(Ω̄) be positive
solutions of the problem

Pu = 0 in Ω, Bu = 0 on ∂Ω.

Then w = ε0v, where ε0 is some positive constant.

Proof: Set Γ = {x ∈ ∂Ω| β(x) = 0}. Clearly, w, v fulfill the requirements of
Lemma 7.4, therefore, w

v ∈ C(Ω̄) and w
v > 0 on Ω̄. Consequently, there exist

k0, k1 such that 0 < k0 < w
v < k1 < ∞ in Ω̄. Using again the ε-maximal

method, we conclude that w = ε0v.

Next, we study monotonicity, continuity and concavity properties of λ0

as a function of the coefficients of P and B, and of the domain Ω.

Lemma 7.6 (1) For i = 1, 2, let Ωi be a domain in Rn, Γi a closed subset
of ∂Ωi, and ∂Ωi \ Γi a C2,α-portion of ∂Ωi. Assume that

Ω1 ⊆ Ω2, ∂Ω1 \ Γ1 ⊆ ∂Ω2 \ Γ2 and B2|∂Ω1\Γ1
= B1.

Then λ2
0 ≤ λ1

0, where λi
0 := λ0(Ωi, P,W,Bi), i = 1, 2.

(2) Suppose that Ω is unbounded. Let {Ωk}∞k=1 be an increasing sequence
of bounded domains such that ∪∞k=1Ωk = Ω. Denote ∂′Ωk = ∂Ωk ∩ Ω, and
Γk = (Γ ∩ ∂Ωk) ∪ ∂′Ωk. Assume that

∞⋃

k=1

Ω̄k = Ω̄, Ω̄k ⊂⊂ Ω̄k+1, (∂Ωk \ ∂′Ωk) ⊂ (∂Ωk+1 \ ∂′Ωk+1).
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Let Bk be given boundary operators on ∂Ωk \Γk, and suppose that for k ≥ 1,
Bk+1|∂Ωk\Γk

= Bk. Then λk
0 → λ0, where λk

0 = λ0(Ωk, P,W,Bk) and λ0 =
λ0(Ω, P, W,B).

Proof: (1) Clearly, HPt,B2(Ω2) ⊆ HPt,B1(Ω1), thus, λ2
0 ≤ λ1

0.

(2) According to part (1), λ0 ≤ λk
0, and {λk

0} is a decreasing sequence.
Therefore, λ0 ≤ λ̃ := limk→∞ λk

0.

First, suppose that λ̃ < ∞. In the light of Theorem 5.2 (note that Γk 6= ∅),
for each λk

0 there exists a normalized solution uk
0 ∈ H0

P
λk
0

(Ωk). The sequence

{uk
0} contains a subsequence converging to a function u0 ∈ H0

Pλ̃
(Ω). It

follows that, λ̃ ≤ λ0. Hence, λ0 = limk→∞ λk
0.

If λ̃ = ∞, then λ0
k = ∞ for every k ≥ 1. It follows from Theorem 5.2

that for every λ>0, there exists a normalized function uk,λ∈H0
Pλ

(Ωk). The
sequence {uk,λ} has a subsequence converging to uλ∈H0

Pλ
(Ω). Since λ is an

arbitrarily large number, it follows that λ0 =∞.

Remark 7.7 (1) We note that for the Neumann boundary value problem,
λ0 is not a continuous function of the domain in the usual sense (see [7]).

(2) If Ω is bounded and Γ = ∅, then in general, the standard monotonicity
of λ0 with respect to the domains does not hold true, as we show in the
following example (see also [7]).

Example 7.8 Take Ω1 = B1(0), Ω2 = B2(0), P = −∆ + V , where
V |Ω1 = 0, V |Ω2\Ω̄1

> 0, and B = ∂
∂n . Then λ0(Ω1) = 0, but λ0(Ω2) > 0.

Lemma 7.9 (a) Suppose that c1 ≤ c2, γ1 ≤ γ2, β1 ≥ β2 and denote

Pi = P + ci, Bi = γi + βi
∂

∂ν
and λi

0 = λ0(Ω, Pi,W,Bi),

for i = 1, 2. Then λ2
0 ≥ λ1

0.

(b) λ0 is a concave function of the coefficient c.

(c) Let {ck}∞k=0 and c0 be Cα
loc(Ω̄ \ Γ) functions such that |ck|0;Ω′ ≤ M(Ω′)

for every Ω′ ⊂⊂ Ω̄ \Γ, and ck(x) → c0(x) for all x ∈ Ω̄ \Γ. Set Pk = P + ck

and λk
0 = λ0(Ω, Pk, W,B), k ≥ 0. Then lim supk→∞ λk

0 ≤ λ0
0.
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(d) If W > 0 and | ck(x)−c0(x)
W (x) |0;Ω → 0, then λk

0 → λ0
0. Moreover, λ0 is a

Lipschitz continuous function of c with Lipschitz constant 1 with respect to
the norm |||f ||| := | f

W |0;Ω.

Proof: (a) Clearly, HP1−λ1
0W,B1

(Ω) ⊂ SHP2−λ1
0W,B2

(Ω). By Theorem 5.2
and Proposition 5.4, HP2−λ1

0W,B2
6= ∅, and consequently λ2

0 ≥ λ1
0.

(b) For 0≤α≤ 1, denote

Pα = P + αc1 + (1− α)c0, and λα
0 = λ0(Ω, Pα, W,B).

Let ui∈HPi−λi
0W , where i=0, 1. Set uα =(u0)1−α(u1)α. As shown in Lemma

6.3, [Pα−(αλ1
0+(1−α)λ0

0)W ]uα≥0, and Buα≥0. Hence λα
0 ≥αλ1

0+(1−α)λ0
0.

(c) Let λ̃ := lim supk→∞ λk
0. By taking a subsequence we may assume that

λk
0 → λ̃. We wish to prove that λ̃ ≤ λ0

0.
Suppose first that λ̃ < ∞. According to Lemma 6.1, there exists a normal-

ized sequence of positive solution uk ∈ H0
Pk−λk

0W
(Ω\{x0}). As ck are locally

uniformly bounded, by standard elliptic arguments, the sequence {uk} has a
subsequence converging to ũ ∈ H0

P0−λ̃W
(Ω \ {x0}). Lemma 6.2 implies that

HP0−λ̃W (Ω) 6= ∅. Hence, λ̃ ≤ λ0
0.

If λ̃ = ∞, then for every λ > 0 there exists kλ such that HPk−λW 6= ∅ for
every k > kλ. It follows as above that HP0−λW (Ω) 6= ∅. Inasmuch as λ is
an arbitrarily large number, it follows that λ0

0 = ∞.

(d) If | ck−c0
W |0;Ω → 0 and W > 0, then for every 0 < ε < 1 there exists kε

such that for every kε < k ∈ N,

c0 − εW ≤ ck ≤ c0 + εW.

Now, let uk ∈ HP
λk
0

, k ≥ 0. Then for k > kε,

(Pk − (λ0
0 − ε)W )u0 ≥ (P0 − λ0

0W )u0 = 0 in Ω,

and
(P0 − (λk

0 − ε)W )uk ≥ (Pk − λk
0W )uk = 0 in Ω.

It follows that
λ0

0 − ε ≤ λk
0 ≤ λ0

0 + ε,
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for every k ≥ kε. Therefore, limk→∞ λk
0 = λ0

0, and λ0 is a Lipschitz contin-
uous function of c with Lipschitz constant 1.

Similarly, we show that λ0 is a monotone, continuous function of W .

Lemma 7.10 (a) Suppose that W1 ≤ W2 and denote λi
0 = λ0(Ω, P, Wi, B)

for i = 1, 2. If SHP (Ω) 6= ∅, then λ2
0 ≤ λ1

0. On the other hand, if W1≥ 0
and SHP (Ω)=∅, then λ2

0≥λ1
0.

(b) Let {Wk}∞k=1 and W be Cα
loc(Ω̄ \ Γ) functions such that Wk(x) → W (x)

for every x ∈ Ω, and |Wk|0;Ω′ ≤ M(Ω′), for every Ω′ ⊂⊂ Ω̄ \ Γ. Denote by
λk

0 = λ0(Ω, P,Wk, B), and λ0 = λ0(Ω, P, W,B). Then lim supk→∞ λk
0 ≤ λ0.

(c) If W > 0 and |Wk(x)
W (x) − 1|0;Ω → 0, then λk

0 → λ0.

Proof: (a) Suppose that SHP (Ω) 6= ∅. Clearly, λi
0 ≥ 0 for i = 1, 2. It

follows that SHP−λ2
0W2

(Ω) ⊂ SHP−λ2
0W1

(Ω). Hence λ2
0 ≤ λ1

0.

On the other hand, suppose that W1≥0 and SHP (Ω)=∅. It follows that
λi

0≤0 for i=1, 2, and SHP−λ1
0W1

(Ω)⊂SHP−λ1
0W2

(Ω). Thus, λ1
0 ≤ λ2

0.

(b) Assume first that λ̃ := lim supk→∞ λk
0 < ∞. By taking a subsequence,

we may assume that λk
0 → λ̃. Since HP−λk

0Wk
6= ∅, it follows as in Lemma

7.9 that HP−λ̃W 6= ∅. Thus, λ̃ ≤ λ0.

Suppose now that λ̃=∞. We may assume that λk
0 →∞. Then for every

λ > 0 there exists kλ such that HP−λWk
6= ∅ for every k > kλ. It follows

that HP−λW (Ω) 6= ∅, which implies that λ0 = ∞.

(c) If W > 0 and |Wk
W − 1|0;Ω → 0, then for every 0 < ε < 1 there exists kε

such that for every kε < k ∈ N,

0 ≤ (1− ε)W ≤ Wk ≤ (1 + ε)W.

Now let u0 ∈ HPλ0
. Suppose that λ0 ≥ 0; then

(P − λ0

1 + ε
Wk)u0 ≥ (P − λ0

1 + ε
(1 + ε)W )u0 = 0 in Ω.

Hence, λ0
1+ε ≤ λk

0 for every k > kε. Similarly, if λ0 < 0, then λ0
1−ε ≤ λk

0 for
every k>kε. Consequently, λ0≤ lim infk→∞ λk

0 and limk→∞ λk
0 =λ0.

Corollary 7.11 Fix a singular set Γ ⊂ ∂Ω. Assume that ~ν is the conormal
direction. Let λN

0 , λ0 and λD
0 be the generalized principal eigenvalues of the
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Neumann problem (γ = 0), the generalized mixed boundary value problem,
and the generalized Dirichlet problem (ΓD = ∂Ω), respectively. Then

λN
0 ≤ λ0 ≤ λD

0 .

We conclude this section with the following Protter-Weinberger type varia-
tional principle for λ0 (see [19]).

Theorem 7.12 Suppose that P and B are operators of the forms (1.1) and
(1.2) satisfying (1.3)-(1.5). Let W ∈ Cα(Ω̄ \ Γ), W > 0 in Ω, and let

K=K(Ω)={u∈C2(Ω)∩C1(Ω̄\Γ)| u>0 in Ω̄\Γ, Bu≥0}. (7.4)

Then

λ0 = λ0(Ω, P,W,B) = sup
u∈K

inf
x∈Ω

{
Pu

Wu

}
. (7.5)

Proof: Let u∈HPλ0
. Then u∈K, and for every x∈Ω, λ0 = Pu

Wu(x). Hence

λ0 ≤ sup
u∈K

inf
x∈Ω

{
Pu

Wu

}
. (7.6)

Let u ∈ K and denote µ = infx∈Ω{ Pu
Wu}. If µ = −∞, then obviously

µ ≤ λ0. Otherwise, the fact that µ ≤ Pu
Wu in Ω implies that u ∈ SHPµ(Ω).

Therefore µ ≤ λ0. So infx∈Ω

{
Pu
Wu

} ≤ λ0 for every u ∈ K. Consequently

sup
u∈K

inf
x∈Ω

{
Pu

Wu

}
≤ λ0. (7.7)

Combining (7.6) and (7.7), we obtain (7.5).

Remark 7.13 Suppose in addition to the assumptions of Theorem 7.12
that W and the coefficients of P are in C(Ω̄), and the following slightly
stronger version of the Protter-Weinberger variational principle holds true:

λ0 = sup
u∈K∩C2(Ω̄)

inf
x∈Ω

{
Pu

Wu

}
. (7.8)

Then as in [19], one obtains the following Donsker-Varadhan variational
principle

λ0 = inf
µ∈M(Ω̄)

sup
u∈K∩C2(Ω̄)

{∫

Ω

Pu

Wu
µ(dx)

}
,

where M(Ω̄) is the space of probability measures on Ω̄. Note that if ∂Ω ∈
C2,α, Γ is either empty or a smooth closed manifold of dimension n−1, and
W and the coefficients of P are in Cα(Ω̄), then (7.8) holds true.
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8 Criticality theory

This section, defines critical, subcritical, and supercritical operators, and
also examines various criteria for these cases. First, we define a positive
solution of minimal growth at infinity in Ω with respect to (P,B). This
notion was introduced by S. Agmon [1] for the generalized Dirichlet problem.

Definition 8.1 (a) Let K be a compact set in Ω. The set Ω \K is called a
neighborhood of infinity in Ω.

(b) Let Ω\K be a neighborhood of infinity in Ω. By the sets SHP,B(Ω\K),
HP,B(Ω \ K), H0

P,B(Ω \ K), we mean the corresponding sets of positive
(super)solutions in Ω \K, where we consider ∂K as part of the singular set
of ∂(Ω \K). For example, u ∈ H0

P,B(Ω \K) if

u > 0 in Ω \K, Pu = 0 in Ω \K, and Bu = 0 on ∂Ω \ Γ.

(c) A function u ∈ H0
P,B(Ω \K) is a positive solution of the operator

(P,B) of minimal growth at infinity in Ω (in short, positive solution
of minimal growth), if for every smooth K ⊂⊂ K ′ ⊂⊂ Ω and for every
w ∈ SHP,B(Ω \ K ′) ∩ C((Ω \K ′) \ Γ), satisfying u ≤ w on ∂K ′, we have
u ≤ w in Ω \K ′.

Remark 8.2 Clearly, u ∈ H0
P,B(Ω \K) is a positive solution of minimal

growth at infinity in Ω if and only if for every smooth K ⊂⊂K ′ ⊂⊂Ω and
w∈SHP,B(Ω\K ′) ∩ C((Ω\K ′)\Γ) there exists C > 0 such that u≤Cw in
Ω\K ′.

Next, we define the ground state and the Green function.

Definition 8.3 (a) A positive solution u ∈ H0
P,B(Ω) of minimal growth at

infinity in Ω is called a ground state of the operator (P, B) in Ω.

(b) Let y ∈ Ω, and let GD
Bε(y)(x, z) be the minimal positive (Dirichlet) Green

function of the operator P in Bε(y), for some Bε(y) ⊂ Ω. A positive solution
uy ∈ H0

P,B(Ω\{y}) which has a minimal growth at infinity in Ω and satisfies

lim
x→y

uy(x)
GD

Bε(y)(x, y)
= 1,

is called a Green function of the operator (P,B) in Ω with a pole at {y}.
We denote it by GP,B

Ω (x, y) or simply, GB
Ω(x, y).
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We are ready now to generalize the definition of subcriticality which was
introduced in [18, 21, 29] for the generalized Dirichlet problem.

Definition 8.4 We say that (P, B) is a critical operator in Ω if (P, B) has a
ground state. The operator (P,B) is subcritical in Ω if SHP,B(Ω) 6= ∅, but
(P,B) does not admit a ground state. The operator (P, B) is supercritical
in Ω if SHP,B(Ω) = ∅.

Theorem 8.5 Suppose that SHP (Ω) 6= ∅, and let K be a smooth nonempty
compact set in Ω. Then there exists a positive solution in D = Ω \K of the
operator (P, B) of minimal growth at infinity in Ω.

Proof: According to Theorem 4.4, there exists a positive Perron-solution
u0 of the problem:

Pu0 = 0 in D, Bu0 = 0 on ∂Ω \ Γ, and u0 = 1 on ∂K. (8.1)

We claim that u0 is the desired solution. Let K ⊂⊂ K ′ ⊂⊂ Ω, and denote
D′ = Ω\K ′. Let w ∈ SHP,B(Ω\K ′)∩C(D′ \Γ), satisfying u0 ≤ w on ∂K ′.
We need to prove that u0 ≤ w in D′.

Consider the degenerate mixed boundary value problem:

Pu = 0 in D′, Bu = 0 on ∂Ω \ Γ, and u = u0 on ∂K ′. (8.2)

Let S±(D) and S±(D′) be the sets of Perron-supersolutions (subsolutions) of
problems (8.1) and (8.2), respectively. By Theorem 4.4, we may assume that
the system of neighborhoods of local solvability of problem (8.2) is a subset
of the corresponding system of neighborhoods of problem (8.1). Moreover,
we may also take the same reference positive supersolution v ∈ SHP (Ω) for
the two problems.

We claim that S−(D)⊆S−(D′). Take w−∈S−(D), clearly, lim sup w−
v ≤0

on Γ and at ∞. Since u0 is the supremum of Perron-subsolutions in S−(D),
it follows that w−≤u0 on ∂K ′. Let y∈D′\(Γ∪ ∂K ′). As the neighborhood
N = N(y) of local solvability in D′ does not intersect ∂K ′, if w−≤h on ∂′N ,
then w−≤ (h)D

y =(h)D′
y in N , where (h)D

y and (h)D′
y are the local solutions

for the problems (8.1) and (8.2), respectively. Hence, w−∈S−(D′).
For each w± ∈ S±(D′), we have w− ≤ w+, therefore it is enough to show

that w ∈ S+(D′). Evidently, lim inf(w/v) ≥ 0 on Γ and at ∞. To see
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that w is a Perron-supersolution, we consider again y ∈ D′ \ (Γ ∪ ∂K ′) and
N =N(y). Let h be a continuous function such that w≥h on ∂′N . Inasmuch
as N(y) ∩ (Γ ∪ ∂K ′) = ∅ and (h)y = h on ∂′N , we have

Pw≥(h)y in N, Bw≥(h)y on N ∩ (∂Ω\Γ), w≥(h)y on ∂′N.

Thus w ≥ (h)y in N(y), and w ∈ S+(D′). Hence, w ≥ w− in D′, for all
w− ∈ S−(D′). In particular, w ≥ w− for all w− ∈ S−(D). Consequently,
w ≥ u0 in D′.

Remark 8.6 It can be easily shown that the Perron-solution for the prob-
lem (8.2) is equal to u0.

Theorem 8.7 Suppose that SHP (Ω) 6= ∅. Then for every y ∈ Ω there
exists w ∈ H0

P (Ω \ {y}) such that w is a positive solution of minimal growth
at infinity in Ω.

Proof: Let w∈H0
P (Ω\{y}) be the positive solution which was constructed

in Lemma 6.1. We claim that w is the desired solution. Let K ⊂⊂Ω be a
smooth compact set such that y∈ intK, and u∈SHP (Ω \K)∩C(Ω\K \Γ).
Since the sequence of positive solutions {wε} of the proof of Lemma 6.1
converges uniformly on ∂K to the continuous function w, it follows that
wε are uniformly bounded there. As u > 0 on ∂K, there exists a positive
constant k such that for every ε > 0, wε ≤ ku on ∂K. By Theorem 8.5,
wε are positive solutions of minimal growth, and wε(x) ≤ ku(x) in Ω \K.
Letting ε → 0, we obtain w(x) ≤ ku(x) in Ω \K.

Our aim now is to prove in several steps theorems 1.3 and 1.4. Since these
theorems are known to hold for the generalized Dirichlet problem, we will
assume in the sequel that Γ 6= ∂Ω. First we prove the following lemma.

Lemma 8.8 If dimSHP =1, then SHP =H0
P . In particular, dimH0

P =1.

Proof: Suppose that SHP = {Cv| C > 0}. By theorem 5.2 and Proposition
5.4, SH0

P 6= ∅, and HP 6= ∅. It follows that

SH0
P = HP = {Cv| C > 0}.

Therefore, Bv = 0 on ∂Ω \ Γ and Pv = 0 in Ω . Consequently, v ∈ H0
P .

38



Theorem 8.9 The operator P is critical in Ω if and only if dimSHP = 1.

Proof: Assume that P is critical, and let u0 be a ground state. Suppose
that w ∈ SHP , and let K be a smooth nonempty compact set in Ω. Take
C > 0 such that u0 ≤ Cw on ∂K. As u0 is of minimal growth, it follows
that u0 ≤ Cw in Ω \ K. By the generalized maximum principle, we infer
that u0 ≤ Cw in K, and hence, in Ω. Using the ε-maximal method it follows
that w = ε1u0 for some ε1 > 0 which implies that dim SHP = 1.

Suppose that dim SHP =1. Lemma 8.8 implies that

SHP = H0
P = {Cv| C > 0}. (8.3)

We claim that v is a ground state. According to Lemma 8.7, there exists a
positive function w ∈ H0

P (Ω \ {x0}) which is of minimal growth at infinity
in Ω. Furthermore, by Lemma 6.2, we have w = αGD

Ω (·, x0) + w̃, where α is
a nonnegative constant, GD

Ω (x, y) is the Green function with respect to the
generalized Dirichlet boundary value problem, and either w̃ ∈ H0

P (Ω) (for
α = 0), or w̃ ∈ HP (Ω) \ H0

P (Ω) (for α > 0). In view of (8.3), α = 0. It
follows that w̃ = w is a positive solution in Ω of minimal growth at infinity
in Ω. Thus, w = Cv is a ground state.

In the following lemmas, we prove that the operator (P, B) is subcritical
in Ω if and only if it admits a Green function.

Lemma 8.10 If (P, B) is subcritical in Ω, then for every y ∈ Ω there exists
a unique Green function GB

Ω(x, y) of the operator (P,B) with a pole at y.

Proof: We may assume that Γ 6= ∂Ω. Suppose that (P, B) is a subcritical
operator and fix y ∈ Ω. By Lemma 8.7, there exists a positive solution in
Ω \ {y} of minimal growth at infinity of Ω, denoted by uy(x). According
to Lemma 6.2, uy(x) = αGD

Ω (x, y) + u(x), where α ≥ 0 and u ∈ HP (Ω).
We proved in Lemma 8.9 that if α = 0, then (P,B) is a critical operator.
Consequently, for a subcritical operator, α > 0. Therefore, the function
GB

Ω(x, y) = uy(x)
α is a Green function of the operator (P,B) with a pole at y.

We need to prove the uniqueness. Suppose that there exists another Green
function F (x, y), with a pole at y. Since limx→y

F (x,y)

GB
Ω (x,y)

= 1, it follows that

for every 0 < ε < 1, there exists rε > 0 such that GB ≥ εF in Brε(y). As a
result of F being a positive solution of minimal growth at infinity of Ω, it
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follows that GB ≥ εF in Ω \ Brε(y), hence, GB ≥ εF in Ω. Thus, GB ≥ F

in Ω. Similarly GB ≤ F in Ω. Consequently, F (x, y) = GB
Ω(x, y).

Lemma 8.11 (P, B) is subcritical in Ω if and only if SHP (Ω)\H0
P (Ω) 6=∅.

Proof: ⇐ Suppose that SHP (Ω)\H0
P (Ω) 6= ∅. If dimSHP (Ω) = 1, then by

Corollary 8.8, SHP (Ω) = H0
P (Ω) which contradicts our assumption. Hence,

dimSHP (Ω) > 1, which implies that HP (Ω) 6= ∅. By Theorem 8.9, (P, B)
is subcritical in Ω.

⇒ Suppose that (P, B) is a subcritical operator in Ω and recall that we may
assume that Γ 6=∂Ω. In view of Lemma 8.10, there exists a Green function
GB

Ω(·, y) with a pole at {y}. By Lemma 6.2, GB
Ω(·, y) = αGD

Ω (·, y)+w(·),
where α>0 and w ∈ HP (Ω)\H0

P (Ω). Thus, SHP (Ω)\H0
P (Ω) 6=∅.

Lemma 8.12 The operator (P, B) is a subcritical operator in Ω if and only
if for every y∈Ω the operator (P,B) admits a (unique) Green function with
a pole at y.

Proof: ⇒ follows from Lemma 8.10.

⇐ Suppose that F (x, y) is a Green function of (P,B). We may assume that
Γ 6= ∂Ω. In view of Lemma 6.2, F (x, y) = αGD

Ω (x, y) + w̃, where α ≥ 0 and
w ∈ HP (Ω). Clearly, α > 0, and by Lemma 6.2, w̃ ∈ HP (Ω) \ H0

P (Ω). In
the light of Lemma 8.11, (P,B) is subcritical.

In the following lemma and theorem, we present additional characteriza-
tions of criticality and subcriticality.

Lemma 8.13 (P, B) is subcritical in Ω if and only if SHP (Ω)\HP (Ω) 6=∅.

Proof: ⇐ If SHP \ HP 6= ∅, then SHP \ H0
P 6= ∅, and by Lemma 8.11,

(P,B) is subcritical in Ω.

⇒ Suppose that (P, B) is subcritical. According to Theorem 8.9, there exist
u0 and u1 in SHP , such that u0 6= Cu1. We have

P (
√

u0u1) = 1
2

(
u1
u0

)1/2
Pu0 + 1

2

(
u0
u1

)1/2
Pu1+

1
4
u
−3/2
0 u

5/2
1

n∑

i=1

aij∂i

(
u0

u1

)
∂j

(
u0

u1

)
≥ 1

4
u
−3/2
0 u

5/2
1 Λ0

∣∣∣∣∇
(

u0

u1

)∣∣∣∣
2

	 0,
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where Λ0 = Λ0(x) is the ellipticity constant at x. In addition,

B
√

u0u1 = 1
2

(
u1
u0

)1/2
Bu0 + 1

2

(
u0
u1

)1/2
Bu1 ≥ 0.

Consequently,
√

u0u1 ∈ SHP \ HP .

Lemma 8.14 The operator (P,B) is subcritical in Ω, if and only if there
exists W 	 0 such that P −W is subcritical.

Proof: If (P, B) is subcritical, then Lemma 8.13 implies that there exists
u ∈ SHP \ HP . Define W = Pu

2u , hence, (P −W )u 	 0 in Ω and Bu ≥ 0 on
∂Ω \ Γ. According to Lemma 8.13, P −W is subcritical.

On the other hand, if there exists W 	 0 such that P −W is subcritical,
then there exists u ∈ SHP−W , and it follows that u ∈ SHP \HP . Thus, by
Lemma 8.13, P is subcritical.

Lemma 8.15 If (P, B) is not a supercritical operator in Ω, then for every
W 	 0, the operator P + W is subcritical.

Proof: Let u ∈ SHP . Clearly, u ∈ SHP+W \ HP+W , and by Lemma 8.13,
P + W is subcritical.

Theorem 8.16 The operator (P, B) is a critical in Ω if and only if for
every W 	 0, P + W is subcritical and P −W is supercritical.

Proof: ⇒ Suppose that W 	 0. If P is a critical operator in Ω, then by
Lemma 8.15, P + W is subcritical.

Moreover, if for some W 	 0, the operator P − W is not supercritical,
then, according to Lemma 8.15, the operator P = (P−W )+W is subcritical.
Consequently, if P is critical, then P −W is supercritical for all W 	 0.

⇐ Take W0 	 0 in Ω. By our assumption, for every ε > 0, P + εW0 is
subcritical. Hence, P +εW0 admits a positive normalized solution uε ∈ HPε .
By Lemma 6.3, HP 6= ∅. Therefore, P is not supercritical.

In view of Lemma 8.14, if P is subcritical, there exists W 	 0 such that
P −W is subcritical. Thus, under our assumption, P is critical.

Lemma 8.17 The operator (P, B) is subcritical in Ω if and only if for any
compact set K 6=∅ in Ω there exists u∈SHP (Ω) such that Pu>0 on K.
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Proof: If there exists u ∈ SHP such that Pu > 0 in K, then, by Lemma
8.13, (P, B) is a subcritical operator.

Suppose that (P,B) is subcritical in Ω. Take f ∈Cα
0 (Ω), f≥0, such that

f >0 in K. We claim that there exists u0∈SHP satisfying Pu0 =f in Ω.
Recall our assumption that ∂Ω \ Γ 6= ∅. Take u ∈ HP . Then for each

k ≥ 1 (P + 1
k )u > 0 in Ω, and (B + 1

k )u > 0 on ∂Ω \ Γ. By Theorem 4.1,
there exists a positive Perron-solution uk ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) satisfying

(P +
1
k
)uk = f in Ω and (B +

1
k
)uk = 0 on ∂Ω \ Γ. (8.4)

If {uk}∞k=1 is locally uniformly bounded in Ω̄ \ Γ, then there exists a
subsequence that converges to a positive solution u0 of the problem

Pu = f in Ω and Bu = 0 on ∂Ω \ Γ,

and the proof is completed.
Otherwise, we have a point x0 ∈ Ω̄ \ Γ such that uk(x0) → ∞. Set

wk(x) = uk(x)
uk(x0) . Hence, the sequence {wk} has a subsequence that converges

to a positive function w0 ∈ C2(Ω) ∩ C1(Ω̄ \ Γ) satisfying

Pw0 = 0 in Ω and Bw0 = 0 on ∂Ω \ Γ. (8.5)

We shall show that in this case w0 is a ground state, which contradicts our
assumption that the operator is subcritical.

First, it can be shown as in the proof of Theorem 8.5 that wk is a positive
solution of minimal growth with respect to the operator (P + 1

k , B + 1
k ).

Now let K ′ be a smooth compact set such that supp (f) ⊂⊂ K ′ and denote
D = Ω \K ′. Let w∈C(D̄\Γ) such that

w > 0, Pw ≥ 0 in D and Bw ≥ 0 on ∂Ω \ Γ.

There exists C > 0 such that wk ≤ Cw on ∂K ′. Obviously,

(P +
1
k
)Cw ≥ 0 in D, (B +

1
k
)Cw ≥ 0 on ∂Ω \ Γ.

Hence, Cw ≥ wk in D and therefore Cw ≥ w0 in D. Accordingly, w0 is a
positive solution of problem (8.5) of minimal growth in Ω, and hence it is a
ground state.

In the following theorem, we prove that for W with a compact support,
the subcriticality is an “open” property.
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Theorem 8.18 The operator (P, B) is subcritical in Ω if and only if for
every W ∈ Cα

0 (Ω), W 6= 0 there exists ε0 > 0 such that (P − εW,B) is
subcritical in Ω for every |ε| < ε0.

Proof: ⇒ Suppose that P is subcritical and let W ∈ Cα
0 (Ω), W 6= 0.

If W ≤ 0, then (P − εW,B) is subcritical in Ω, for every nonnegative ε.
Otherwise, define W+ = max{W, 0} and K+ = supp (W+). By Lemma 8.17,
there exists u ∈ SHP satisfying Pu > 0 in K+. Take ε+ = minK+(Pu)

2maxK+(W+u) .
Hence, for every 0 < ε ≤ ε+,

(P − εW )u ≥ (P − εW+)u ≥ (P − ε+W+)u 	 0 in Ω, Bu ≥ 0 on ∂Ω.

Consequently, P − εW is subcritical for every 0 < ε < ε+.
By replacing W by −W we obtain ε− < 0 such that P −εW is subcritical

for every ε− < ε < 0.

⇐ Take W ∈ Cα
0 (Ω), W 	 0. By our assumption, there exists ε > 0 such

that P − εW is subcritical. Let uε ∈ SHP−εW (Ω); then uε ∈ SHP \ HP ,
and P is subcritical.

Proof of theorems 1.3 and 1.4: These two theorems follow directly from
theorems 8.9, 8.16 and 8.18 and lemmas 8.11 and 8.12.

We conclude the paper with some applications.

Corollary 8.19 Suppose that W ∈Cα(Ω̄\Γ), W 6= 0. For every t ∈ int S

the operator (Pt, B) is subcritical in Ω. Moreover, if W ∈ Cα
0 (Ω), W 6= 0,

then for t ∈ ∂S the operator (Pt, B) is critical in Ω.

Proof: The first assertion follows from the proof of Lemma 6.3 and Lemma
8.13. The second assertion follows from Theorem 8.18.

Corollary 8.20 (a) Suppose that c1 ≥ c2 in Ω, γ1 ≥ γ2 and β1 ≤ β2 on
∂Ω \ Γ, and assume that not all the above inequalities are equalities. For
i = 1, 2, denote Pi = P + ci, Bi = γi + βi

∂
∂ν . If (P2, B2) is not supercritical

in Ω, then (P1, B1) is subcritical in Ω.

(b) Suppose that Ω1 $ Ω2 such that ∂Ω1\Γ1 ⊂ ∂Ω2\Γ2, and assume that the
boundary operators satisfy B2|∂Ω1\Γ1

= B1. If (P, B2) is not supercritical in
Ω2, then (P, B1) is subcritical in Ω1.
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Proof: (a) If u ∈ HP2,B2(Ω), then u ∈ SHP1,B1(Ω) \H0
P1,B1

(Ω). By Lemma
8.13, the operator (P1, B1) is subcritical in Ω.

(b) Suppose that (P,B2) is not supercritical in Ω2. Take W 	 0 with a
compact support in Ω2 \ Ω1. According to Lemma 8.15, (P + W,B2) is
subcritical in Ω2. Let K ⊂⊂ Ω1. By Lemma 8.17, there exists a function
u ∈ SHP+W,B2(Ω2) satisfying (P + W )u > 0 in K. Since W = 0 in Ω1, it
follows that u ∈ SHP,B1(Ω1) and Pu > 0 in K ⊂ Ω1. In view of Lemma
8.17, (P, B1) is subcritical operator in Ω1.

We now show that in general, if Ω1⊂Ω2, then statement (b) of Lemma
8.20 does not hold, and that dimH0

P =1 does not imply criticality.

Example 8.21 Let ΩR = Rn \ BR(0), where R > 0 and n ≥ 2. Consider
the Neumann problem:

−∆u = 0 in ΩR,
∂u

∂n
= 0 on ∂BR. (8.6)

Then dimH0
P (ΩR) = 1 for every R > 0. Moreover, for n = 2 the operator

(−∆, ∂
∂n) is critical in ΩR for all R > 0 (although it is subcritical for the

Dirichlet problem or if γ 	 0), while for n ≥ 3 the operator (−∆, ∂
∂n) is

subcritical operator in Ω for all R > 0.

Corollary 8.22 Suppose that Ω1 ⊆ Ω2 such that ∂Ω1 \ Γ1 ⊆ ∂Ω2 \ Γ2.
Suppose also that c1 ≥ c2 in Ω1, γ1 ≥ γ2 and β1 ≤ β2 on ∂Ω1 \ Γ1. For
i = 1, 2, denote Pi = P + ci, Bi = γi + βi

∂
∂ν , and suppose that (P2, B2)

is subcritical in Ω2. Denote by GPi,Bi

Ωi
the Green function of (Pi, Bi) in Ωi.

Then
GP1,B1

Ω1
(·, y) ≤ GP2,B2

Ω2
(·, y) in Ω1.

Proof: (a) By Corollary 8.20, (P1, B1) is subcritical in Ω1. Obviously,

lim
x→y

GP1,B1

Ω1
(·, y)

GP2,B2

Ω2
(·, y)

= 1.

Hence, for every 0 < ε < 1 there exists rε > 0 such that GP1,B1

Ω1
(·, y) ≤

(1 + ε)GP2,B2

Ω2
(·, y) in Brε(y). Since

P1G
P2,B2

Ω2
(·, y) ≥ 0 in Ω1 \Brε , B1G

P2,B2

Ω2
(·, y) ≥ 0 on ∂Ω1 \ Γ1,
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and GP1,B1

Ω1
(·, y) has minimal growth at infinity of Ω1, it follows that

GP1,B1

Ω1
(·, y) ≤ (1 + ε)GP2,B2

Ω2
(·, y) in Ω1 \ Brε(y), and hence in Ω1. The

conclusion follows easily by letting ε → 0.
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