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Abstract

In this paper we study the asymptotic behavior of the ground state
energy F(R) of the Schrédinger operator

Pr=-A+Vi(z)+ Va(z — R), z,ReR",

where the potentials V; are small perturbations of the Laplacian in
IR"™,n > 3. The methods presented here apply also in the investigation
of the ground state energy E(g) of the operator

P, =P+ Vi(x)+ Va(gz), z€X,9€G,

where Py is an elliptic operator which is defined on a noncompact
manifold X, G is a discrete group acting on X by diffeomorphisms
G x X 5 (g,z) — gz € X, and P is a G-invariant elliptic operator
which is subcritical in X.
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1 Introduction

In this paper we study the ground state energy F(R) of the Schrodinger
operator
Pr=-A+Vi(z)+ Vao(xr — R) z,R € R", (1.1)

where the potentials V; are small perturbations of the Laplacian in IR",n > 3
and the operators P, = —A + Vj(x) are nonnegative. Recall [1] that a
Schrodinger operator P defined in a domain € C IR" is nonnegative if and
only if there exists a positive function u which is a solution of the equation
Pu =0 in Q.

Definition 1.1 Let P be a second order elliptic operator defined in a do-
main  C IR™. A function u is said to be a ground state in the sense of
Agmon of the operator P in the domain Q with an eigenvalue zero if

(i) u is a positive solution of the equation Pu =0 in €.

(i) If v is any positive solution of the equation Pu = 0 in some subdomain
0 = Q\ Ki,K; CC Q then there exist a positive constant C' and a
subdomain Qo = Q\ Ko, Ko CC § such that u < Cv in Q.

In other words, a ground state is a positive global solution of the equation
Pu = 0 which has minimal growth at a neighborhood of infinity in .

It is well known that if the operator P admits a positive solution in
then either P admits a minimal (Dirichlet) Green function G%(x,y) and in
this case we say that P is subcritical in €2, or P admits a ground state in
the sense of Agmon with an eigenvalue zero and in this case P is said to be
critical in €. (For more details see Section 2 and also [7, 8].)

The motivation for studying the ground state energy E(R) comes from
a remarkable phenomenon known as the Efimov effect for a three-body
Schrodinger operator. Such an operator H takes (in the center-of-mass
frame) the following form

H = Hy+ Z Vik(rj — i),
1<j<k<3

where the operator Hy (the free Hamiltonian) and the operator H act on
the space L? (IRG), Vji are short-range potentials in R? and rj denotes the
position vector of the j-th particle. Suppose that all the three two-body
subsystems admit ground states in the sense of Agmon with eigenvalues zero



(so, Vjy are critical potentials) then by the Efimov effect the three-particle
system has an infinite number of negative L?-eigenvalues accumulating to
zero. Note that this effect holds true even if each pair potential Vj; is a
function with compact support.

A variational method for proving the Efimov effect was given in [6] by
Yu. N. Ovchinnikov and I. M. Sigal and was generalized by H. Tamura in
[11, 12] (see also [3, 10] and related results in [2, 13] and in the references
therein). The proof relies on the following

(i) Tt is well known that the Schrédinger operator —A + C(1 + |z|) ™2
on IR"™ has an infinite number of negative eigenvalues provided that
C<-1/4.

(i1) Suppose that the functions V;,i = 1,2 are short range critical poten-
tials in IR® . Then the ground state energy E (R) of the operator Pg
in IR? satisfies

lim R*E(R) = -3 < —1/4. (1.2)
R—o0

(ii1) The number of the negative eigenvalues of the three-body Hamiltonian
H is not less than the number of the negative eigenvalues of a certain
Schrodinger operator on IR? with a potential the leading order term
of which is F(R) (hence, the effective interaction is long-range).

So, the study of the ground state energy E(R) of such a type of pertur-
bation is a natural problem in the spectral theory of Schrodinger operators.
We show that (ii) is a very special three-dimensional fact (and there-
fore, the Efimov effect is conceivably also a special three-dimensional effect).
More precisely, suppose that the operators P; admit (Agmon) ground states
v;, in IR™, n > 4 (in other words, P; are critical in IR"). We prove that
there exists a positive constant C' such that the ground state energy F(R)

satisfies
—C|R* "< E(R) < -C Y R*™ (1.3)

provided that |R| is large enough (see Theorem 4.3 and compare it with the
remarks in pages 84 and 87 in [3]). Note that the ground states v; are in L>
if and only if n > 4.

Assume now that the operators P; are nonnegative in IR", n > 3 but do
not admit (Agmon) ground states (so, P; are subcritical in IR™). We prove
that Pr is also nonnegative (actually, subcritical) if |R| is large enough
(Theorem 3.1, see also [3, 6, 10] where potentials with compact supports



were considered). These results demonstrate again that subcriticality is a
stable property while criticality is not (for further examples see [7, 8, 9]).

The proof for the critical (respectively, subcritical) case in the above
cited papers applies only to the Laplacian in IR? (respectively, IR", n > 3).
The authors there use the explicit form of the positive Green functions of
—A + k? and thus the proofs do not apply, for example, in the case of a
perturbation of a periodic Schrodinger operator. The proofs presented here
are elementary and also more general. They are based on the general theory
of positive solutions of elliptic operators and therefore, can be applied to
more general situations (see Section 5). Nevertheless, in the case of the
Laplace operator in IR™ our results are optimal in the sense that the decay
assumptions on the given potentials V; can not significantly be weakened.

The outline of this paper is as follows. In Section 2 we give some basic
definitions, fix notations and collect and develop some general results. In
Section 3 we prove Theorem 3.1 concerning the subcritical case while in
Section 4 we prove Theorem 4.3 for the critical case.

In Section 5 we extend our results to a wider class of elliptic opera-
tors. We consider a noncompact manifold X and a discrete group G acting
on X by diffeomorphisms G x X 3 (g,z) — gz € X. We suppose that
a G-invariant (more precisely, equivariant) subcritical elliptic operator P
is defined on X. We deal with perturbations given by potentials V; with
compact supports.

In Theorem 5.2 we generalize Theorem 3.1 to the operator P, = P +
Vi(z) + Va(gx). The generalization holds even in the nonsymmetric case.
Theorem 5.4 is the extension of Theorem 4.3 to the case of a subcritical
G-invariant operator P which is formally selfadjoint. We show that if the
operators P; are critical and admit L?-ground states then under some ad-
ditional assumptions the ground state energy FE(g) of the operator P, is
negative if gxg is outside a certain compact set and E(g) behaves like the
decay rate of the Green function of the operator P.

2 Preliminaries

In this section we collect and develop some general results concerning pos-
itivity properties of elliptic operators (see also [7, 8, 9, and the references
therein)).

We consider a linear elliptic operator P of second order which is defined
on some noncompact connected countable at infinity n-dimensional smooth



manifold X such that P acts on functions u € C%(X). So, we assume that

in any coordinate system (U;xy,...,x,) the operator P is of the form
P({B, &E) = — Z a,-j(x)(%@j + Z bz(l')az + C(l‘), (2.1)
ij=1 i=1

here 0; = 0/0x;.
We assume that for every x € X the quadratic form

Z az](x)gzgja g = (61) s 7571) e R" (22)
1,j=1

is positive definite. The matrix [a%], the inverse of [a;;], defines a Rieman-
nian metric g on the manifold X

9(0/0x;,0/0x;) = a". (2.3)

We denote by p and dx the distance and volume element induced by the
Riemannian metric (2.3). By B(x,r) we denote the geodesic ball of radius
r centered at x.

We assume that the coefficients a;;,b; and c are real and locally Holder
continuous.

Let © C X be a domain and let {Q4}72, be a sequence of smooth
relatively compact domains such that Q; C Q41 and Uz 1€, = €1 Denote
by Cp(£2) the convex cone of all classical positive solutions of the equation

Pu =0 in . (2.4)

If Cp(2) # 0 then for every k > 1 the Dirichlet Green function G%‘“ (x,y) ex-
ists and is positive. By the generalized maximum principle {G%’“ (x,y)}2,
is an increasing sequence which, by the Harnack inequality, converges uni-
formly in every compact subdomain either to G%(az, y), the positive minimal
Green function of P in € and P is said to be subcritical operator in €2, or
to infinity and in this case P is critical in €). The operator P is said to be
supercritical if Cp(2) = (). It turns out that P is critical in  if and only if
P admits a ground state (in the sense of Agmon) with an eigenvalue zero.
Moreover, in the critical case Cp(€2) is a one dimensional cone. On the other
hand, P is subcritical in  if and only if there exists a positive function
u € C%(Q) such that Pu > 0 in  but Pu # 0.



A solution u € Cp(Q) is said to be minimal if for any v € Cp(Q2) with
v(z) < u(z) in Q there exists ¢ > 0 such that v = cu (in other words, u
belongs to an extreme ray of Cp(2)).

Suppose that P is subcritical in €2 and let zg € € be a fixed reference
point. Define the Martin quotient

Gp(.y)
G%(mmy)

A sequence {y;}52; C Q is called a fundamental sequence if {y;}32, has
no point of accumulation in 2 and the sequence {K(x,y;)} converges to a
function K(z,{y;}) € Cp(£2) which is said to be a Martin function. We
identify two fundamental sequences if their Martin functions are equal. By
the Martin theorem any minimal solution is (up to a multiplicative constant)
a Martin function.

The generalized principal eigenvalue g is defined by

Ao = Ao(P, ) = sup{A € R"[Cp_(22) # 0} (2.6)

K(z,y) = (2.5)

(see [5]). In the classical case, of a smooth relatively compact domain 2
and elliptic operator P with (up to the boundary) smooth coefficients, the
generalized principal eigenvalue \g is just the first (Dirichlet) eigenfunction.
Moreover, if P is defined on a general domain ) and has a selfadjoint re-
alization in L?(£2) then Ag is the bottom of the L? spectrum of P (see for
example [1, 5]).

Let P;, i = 1,2 be two subcritical operators in 2 C X. We say that
the Green functions G% (z,y) and G%Q(x,y) are equivalent (G%1 (x,y) ~
G%Q (x,y)) if there exists C' > 0 such that

C7IGP,(2,y) < GF (x,y) < CGE, (x,y) (2.7)

2

for all x,y € Q, x # y.

Remark 2.1 Throughout the paper, we usually do not indicate explicitly the
quantities that a given constant C' depends on. Moreover, in a given context,
the same letter C' may be used to denote different constants depending on
the same set of arguments.

Definition 2.2 Let P be a subcritical operator in Q and let V. € C*(2).
We say that V' is a small perturbation of P in  if

Q Q
. { sp | Gz, AV (ICH (=) dz}:o. (2.8)
k—o0 ,y€Q\Q v U\ GP(xay)




Note that a Holder continuous function with a compact support in 2 is a
small perturbation of a subcritical operator P in €. In Sections 3 and 4 we
study certain kinds of small perturbations of the Laplacian in IR", n > 3.
To this end we need the following definition.

Definition 2.3 Let n > 3, the space of functions

V)l

K° = {V € C*(IR")| lim sup / s
lyl>M & =yl

M—00 zeR™

dy = O} (2.9)

is called the Kato class at infinity (see also [9, and the references therein]).

Remarks 2.4 (a) It is easy to see that if V. € K ° then V is a small
perturbation of the Laplacian in IR"™, n > 3.
(b) If V(x) € K;° then there exists a smooth positive function w such that

(i) wV e K
(i1) lim|y| oo w(x) = 00.

For the completeness we present here the idea of the proof of the latter fact.

Let v
ak(:p):/ %dy, k=1,2,....
k<|y|<k+1 [T — y["

By the definition of K2° the series Y ag(x) converges uniformly in 2. There-
fore, there exists a nondecreasing sequence b such that limy_. . by = co and
> brag(x) is a uniformly convergent series. Define a smooth nondecreasing
function w such that

w(z)=0b, fk+1/4<]|z|<k+1,

and
bp—1 <w(z) <b, ifk<|z|<k+1/4

It is clear that such a function w satisfies the above desired properties. We
shall use these simple facts on K, ° in the proof of Theorem 3.1.

The following lemma shows that many positivity properties of a given
operator P in a domain 2 are stable under small perturbations.

Lemma 2.5 Let P be a subcritical operator in a domain 0 C X, n > 2,
and let G%(:L‘,y) be its minimal positive Green function. Let V be a Hélder
continuous function in § such that V' is a small perturbation of P in ).
Suppose that the operator P + V (x) is critical in  and let v be the ground
state of the operator P+ V with an eigenvalue 0.



(i) The operator P + tV is supercritical in Q for all t > 1 and subcritical
in Q for all0 <t < 1. Moreover,

G (@ y) ~ Gh(z,y), 0<t < L. (2.10)

(ii) Let yo € Q be a fized reference point and let & > 0 be such that
B(yo,9) CC . There exists a constant C > 0 such that

C1G%(x, ) < v(x) < CGL(x,y0) (2.11)
for all x € Q\ B(yo,9).

(iii) The ground state v satisfies the integral equation
o(@) = = [ GV ey, (2.12)

Remark 2.6 Part (iii) of Lemma 2.5 was previously proven only when V
is a nonnegative function or a function with a compact support (see [8, The-
orem 2.1)).

Proof of Lemma 2.5: Part (i) follows from [7, Lemma 2.4] and [8, The-
orem 3.1] while part (iz) follows from [7, Lemma 3.6].

So, there remains to prove part (éii). To this end, let {Vi(x)}?2, be a
sequence of Holder continuous functions such that |Vi(x)| < |V (x)| and

Vi(z) = { g(“’) ii ; gzl (2.13)

and denote also Wi, = V — V. It follows from the results in [7] that there
exist positive constants kg and C' such that for every k > ko:

(a) The operator P + W} is subcritical in €.

(b)
C G (,y) <GPy, (2.) < CCH(z,y). (2.14)

Since the functions Vj, have compact supports in 2 it follows from [8, The-
orem 2.1] that

o(@) = = [ o @) Velw)olw)dy. (2.15)
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On the other hand, (2.13) and (2.14) imply that for all z,y € R"

GPiw, (2,9 Vi(y)| < CGB(z, )|V (y)]- (2.16)
Moreover,
Jim Gy, (2, 9)Vi(y) = GB(2, 1)V (1). (2.17)

Using (2.11) and the definition of small perturbation we deduce that the
function G%(x,y)|V (y)|v(y) is integrable in IR™. Now, the Lebesgue domi-
nated convergence theorem, (2.16) and (2.17) imply (2.12). L

Lemma 2.7 Let V € K° and suppose that the operator P = —A + V(x)
is critical in R™,n > 3. Let v be the ground state of P. Then there exists a
positive constant C' such that

. v(x)
| — = 2.18

Proof: It follows from Lemma 2.5 (ii) that there exists a positive number
C such that

v(x) v(z)

C!' <liminf —r?t— < limsup —m—— <
So, we need only to prove that the limit in (2.18) does exist. Let W €
C§°(IR™) be a nonzero nonnegative function. Then the operator P + W (x)
is subcritical in IR™ and by Lemma 2.5 the ground state v satisfies the
equation

v@) = [ Gl yW @)y (2.19)

Since the Martin boundary of the operator P+ W (z) consists of exactly one
positive normalized solution u (see [9]) and G&,y (2,y) is symmetric in =
and y it follows that

Rn
lim GP+W(1‘, Y)

7 = , 2.20

where u € Cpyw (IR™). Divide Equation (2.19) by G&. ; (z,0) and let |z| —
0o. Recall that the support of W is contained in some ball B, and the
convergence in (2.20) is uniformly in B. Consequently

lim v(z)

ol e GET (2,0) / u(y)W(y)o(y)dy = C1 > 0. (2.21)



On the other hand, it follow from Lemma 2.5 and the results in [7] that
the Green function G5,y (z,y) is equivalent to G5 (z,y) and satisfies the
resolvent equation (at y = 0):

Ghiw(2,0) = GTL(2,0) — i GIA (2, 2)(V(2) + W (2)) Gy (2, 0)d.
(2.22)
Divide (2.22) by G (z,0). We have

Ghiw(@,0) 1 GEA(x,2)(V(2) + W(2)GE L (2,0)dz
T 0) 1 / i T (2.0) . (2.23)
For every |z| > 1 define the function f;(z) by

G]BZ (z,0)

We claim that the family of functions { f(2)};>1 is a set of uniformly inte-
grable functions. Suppose that |z| < |z — z| then by the triangle inequality
|x| < 2|z — z|. So, for such z

|f2(2)| < C(IV(2)] + W (2))]2[* 7. (2.25)

Therefore, by the definition of K ° we have for such z that the integral

/ fel@dz< C [ (V)| + W)z
{lz[>M}0{|z|<|z—=[} |2|>M

is arbitrarily small provided that M is large enough. On the other hand, if
|z — z| < |z| then |z| < 2|z| and therefore,

|f2(2)] < CV ()| + W (2)) |z — 2" (2.26)
and again if M is large then the integral

/ |[fa(2)ldz < C V() +W(2))|e — 2|*"dz
{lz1>M)n{=[2]a—21} |#l>M

is small. It is also clear from (2.25), (2.26) and the definition of K3° that if
M is large enough then

/ fal2)ld
{zlfa(2)>M}

10



is arbitrarily small. So, the family {f(2)}4>1 is uniformly integrable. Now,
let |x| — oo we obtain from (2.23) that

. GEiw(x,0) -
z|—00 “alx,

Combining (2.21) and (2.27) we see that the limit in (2.18) exists. U

Remark 2.8 Using the same argument as in the proof of Lemma 2.7 it can
be shown that in fact,

GPiw (@, y)
2| o0 GBA (x,0)
exists for every y € R™ (and not only for y = 0) and equals to Cou(y),

where Cy is the positive constant in (2.27) and w is the normalized positive
solution u € Cpyw (IR™). Moreover, the solution u satisfies the equation

Couly) = 1= [ GBLwln,2)(V () + W ()i

Lemma 2.9 Let W,V € K2° and suppose that P = —A + W (x) is subcrit-
ical in IR™. Define the function

w@ = [ CE @Vl (2.28)
Then
()
|x1|iinoov(a:) =0 (2.29)

(ii) the function v satisfies the equation
Py(z) = |V(z)], x € R". (2.30)

Proof: (i) It follows from Lemma 2.5 and Remark 2.4 that GX (z,y) ~
G]BZ (z,y). Therefore, there exists a positive constant C' such that

C o —yP " <GB (2,y) < Clz—y* (2.31)

The definition of K2° and (2.31) easily imply (2.29).

11



(i) Let Vi(x) be a sequence of Holder continuous functions such that
Vi(z) < |V (x)| and

_J V@) itz <k
V’f(“”)_{o if 2] > &+ 1
and let
(@) = [ GF (2, y)Vi(y)dy.
Then
Pu(z) = |V(x)| forallz € B(0,K) and k > K. (2.32)

Moreover, by the Lebesgue dominated convergence theorem

lim vg(x) = v(z). (2.33)

k—o0

Using standard Schauder estimates, (2.32) and (2.33) we obtain (2.30). [

3 The subcritical case

In this section we consider the subcritical case for Schrédinger operators in
R", n > 3. Let u € C(IR") and R € IR", we denote

u®(z) = u(z — R).
Our goal here is to prove the following theorem

Theorem 3.1 Let Vi(z) € K;°, i = 1,2, be two functions such that the

n o
operators P; = —A 4+ Vi(x), i = 1,2, are subcritical in R™, n > 3. There
exists Ry > 0 such that the operator

Pp=—A+Vg(z) = —A+ Vi(z) + Vi (2)
is subcritical for all vectors R € IR™ \ B(0, Ry).

Proof: We shall show that for |R| sufficiently large Pr admits a positive
supersolution ug in IR™ such that ur & Cp,(IR™). Let G]}%n (z,y), i =1,2,
be the Green functions of the operators P; in IR". Define

wia) = [ GB @ yViwldy. (31)

12



Since V; € K° it follows from Remark 2.4 (b) that one can find two positive
functions W; € K° such that

. Wi(z)
lim = 00. 3.2
A Vi) (32)
Define also the functions
w@) = [ GE @y)Wil)dy (3.3)

It follows from Lemma 2.9 that for every R € IR"

(-2 + V@) (vfi(2) + wfi(@) = VE@+ WiE@) (34

and
| l‘im (vft(z) + wl(z)) = 0.
We denote
Consider the function
ur(z) =vi(z) + wi(x) + vf(x) + wf(x). (3.6)

Then by (3.4) we have
Prup(z) = (=A+Vi(x)+ V3 (x))ug()
= [Vi(2)| + Vi(@)(v3' () + w5 (z)) + Wi(z) +
Vo (@)] + V3 (@) (o1 (@) +wi () + Wai(e).  (3.7)

Now, if M; <1, i = 1,2, then it is clear that Prur(x) > 0 for every R € IR".

We shall show that the positive potentials W; keep Prupr(z) positive even

at the points, where v;(x) + w;(xz) > 1 provided that R is sufficiently large.
So, it is natural to consider the compact sets

Ai = {zfvi(x) + wi(x) > 1}, i =1,2 (3.8)
and let K\ be a positive number such that A; C B(0, Ky). Denote

AR={ale=y+R, ye A}, i=12 (3.9)

13



It is clear that outside A%
Vi(@)] + Vi () (v5'(2) + wi'(2)) > 0,
and hence,
Vi(2)] + Va(2) (5 (2) + wii(2) + Wi(z) > 0, = & A (3.10)
On the other hand, using (3.2) we deduce that there exists Ry such that if
|x| > Ry then

Wi(x)
Vi(2)]

where My is defined by (3.5). Therefore, for such points |z| > Ry we have

> M27

Wi(z) + Vi(z)(v3'(2) + wii(x)) > Wi(z) — Ma|Vi(z)| > 0. (3.11)

Note that if |R| > Ry + Ko then AZNB(0,Ry) = 0 and thus Inequality
(3.11) implies that

\Vi(x)] + Vi(z) (vl (z) + wi(z)) + Wi(z) >0, = € AL, (3.12)
Combining (3.10) and (3.12) we see that if |R| > Ry + K)o

[Vi(z)| + Vi(z)(vli(z) + wl(z)) + Wi(z) > 0, € R™. (3.13)
Similarly, one proves that if |R| is large enough then

V()] + Vit (2) (v1 () + wi(2)) + Wal(x) > 0, 2 € R™. (3.14)
Now, (3.13), (3.14) and (3.7) imply that

Prug(z) > 0.

Thus, Pg is subcritical in IR™. L]

Remark 3.2 For potentials with compact support Theorem 3.1 was previ-
ously proven in [3]. In [10] B. Simon gave an alternative proof for potentials
with compact support by relating subcriticality to Brownian motion.
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4 The critical case

In this section we assume that the operators P, = —A + V;(x),i = 1,2, are
critical in IR™, n > 5. We consider again the family of operators

Pr=—A+Vg(z) = —A + Vi(x) + V(2).

Our main aim is to study the ground state energy E(R) = A\o(Pgr, R")
of the operator Pg (Ao is defined by (2.6)). We shall prove in Theorem 4.3
that (under some mild assumptions) the operator Pg is supercritical in IR"
for |R| large enough and that E(R) behaves like —C|R|?>™™ as |R| — oc.

Throughout this section we assume that the “critical” potentials V;(z),
i = 1,2 are two Holder continuous functions which satisfy the following
inequalities

|w@)§é%,xemm (4.1)

where (x) =1+ |z|, > n — 2 and C is some positive constant. Denote by
v; the ground states of the operator P; in IR". It follows from Lemma 2.5
that there exists C' > 0 so that

CHz)?™ < wy(x) < C{x)?>™™, = eR™ (4.2)

By our assumption n > 5, so, (4.2) implies that v; € L2(IR"),i = 1,2.
Without loss of generality we assume that [|v;||p2(gn) = 1.

Given the differential operator Pr one can define the maximal realization
Hp of Pg in L*(IR") as follows (see [1]):

D(Hg) = {ulu€ L*(R") N HL(R"), Vau € Li,(IR"), Pru € L*(IR")}
Hru = Pgru foru € D(Hg), (4.3)

where Pr acts on u in the distribution sense. The operator Hp is the only
self-adjoint realization of P in L?(IR™). It follows [1] that E(R) is equal to
the bottom of the spectrum of Hr and therefore,

E(R)= inf {(PR““)} . (4.4)

U‘ED(HR) ||u”%2(IRn)

The key estimates for studying the asymptotic behavior of E(R) are
given in the following lemma.
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Lemma 4.1 Let Vi(z) € C*(IR") ,i = 1,2 be two functions which satisfy
(4.1). Suppose that the operators Py = —A + Vi(x),i = 1,2, are critical in
IR™, n > 5 and let v; be their ground states. Then there exist positive con-
stants C' and Ry such that for all R € IR™\ B(0, Ry) the following inequalities
hold:

(Z) /]R v (@) (z)de < —CHR)*, (4.5)
(i)
[ @@ < o), (46)
(i) inf {W} S _OR> )
zeR" | vi(z) +vdi(z) [~ ‘ '

Proof: (i) It follows from Lemma 2.7 and the invariance of G, (R, z) under
translations that the limit

V2 (@)

——— =(C>0 4.8
|Rl=c0 GR (R, z) (48)

exists and is positive. Thus

| F@vi@u@de = ¢ [ GR(R V@) +

LN

vl (z .
/ " <G2()) - C) G]EA(R, x)Vi(z)v(z)de =

vl (x n
—Cvi(R) + .y <G]R£((R)x) - C’) GBA (R, z)Vi(z)vy (x)dx +

vlt(z N
/|ng (G’I_Ri((R?x) B C) GBA(R, 2)Vi(z)vi (x)dz. (4.9)

It follows from Lemma 2.5 (i) that there exists C1 > 0 such that

—Cwvi(R) < —C1(R)*™, ReTR", (4.10)
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and for all x, R € R"

—col<cert (4.11)

_vpir)
G®L (R, x)

On the other hand, for every negative number v < § < 0

C(R)*(x)7 if 2] < |R — x|

() (R~ )’ < { CIRY (R —2) if |R— 1| < |a]. (4.12)

Hence
(R—z) " Vi(2)|(z)? ™" < C(RY*Vi(e)| {(2) " + (R —2)> "} . (4.13)

Therefore, by definition of K°, estimates (4.2), (4.11) and (4.13), one sees
that if M is large enough then

/ M — C| GBL (R, 2)|Vi(z)|v1(z)dx < G (4.14)
ei>M | GTA (R, ) o TR
for all R € IR". Now, it follows from (4.1), (4.8) and (4.13) that we can
R
choose |R| large enough such that |1RU7?¢—C | is so small for all |z| < M
GIA(R, x)
to guarantee that
R
————— — C|GZ5 (R, )|V dr < ———. 4.15
iz | R o < i (029
Using estimates (4.10), (4.14) and (4.15) in (4.9) we obtain
(z)V; o< —— &1
vy (@)Vi(z)or (z)de < 3Ry

(i ) According to the decay assumption (4.1) on the function V5 we
deduce that v (x)|V5(x)| is bounded by C(x)*~?"(R — x)~". Without loss
of generality we may assume that 5 < 2n—4. Now, use (4.12) with v = 4—2n
and § = —f and integrate over IR" to obtain (4.6).

(#ii) A simple computation shows that for every x € R"

Vi ()[vy' () () (R — z)> " .
vi(z) + 55(:0) = C(:c)?—n +(R— )2 < C(R)*™,

which implies (4.7). Recall that P; is critical and therefore, V; is negative
somewhere in IR". So, the infimum in (4.7) is indeed negative. L
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Remark 4.2 As can be seen from our proof the assumptions in Lemma 4.1
can be slightly weakened. In part (i) of Lemma 4.1 it is enough to assume
that Vi € K2° and n > 3 while part (iii) holds true if n >3 and > n — 2.

Now, we prove the theorem.

Theorem 4.3 Let V; € CY(R"), ¢« = 1,2 be two functions which satisfy
Inequality (4.1). Assume that the operators P; = —A + Vi(z), i = 1,2, are
critical in IR™, n > 5. Then

(i) there exists Ry > 0 such that the operator Pr is supercritical for all
vectors R € R™\B(0, Ry),

(ii) there exists a positive constant C such that the ground state energy
E(R) of the operator Pr satisfies

—C|R* ™ < E(R) < —C7YR*™ for all |R| > Ry. (4.16)

Proof: The operator P is supercritical if and only if E(R) < 0. Therefore,
in order to prove the theorem it is enough to prove Inequality (4.16). We
prove first the upper bound in (4.16).

Upper bound: Let v; be the ground states of the operators P;,i = 1,2
and consider the function

up(z) = vi(z) + v () (4.17)

as a test function in the Rayleigh-Ritz quotient for the operator Hp (see
(4.4)). Note that since v;,7 = 1,2 are positive functions in the unit sphere
of L?(IR™) it follows that

In fact, limyg| o lurlL2@mn) = 2-
Furthermore,

Prup(z) = (=A+Vi(z)+ Vi(2))ugr(z)
= Pu(z) + Vi (@)oi(x) + (—A + Vi (@))vd () + Vi(2)vy (x)

= V(x)vi(z) + Vi(z)vi(z). (4.19)
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Hence, using (4.4) we have

E(R) (PruR,uR)
||URH%2(1RH)

_ e {n @V @uf @ + u@Vi@pf @) de
B ||UR||%2(]Rn)

Jrn {(Ul(x))QVQR(x) + (Uf(x))Zvl(ac)} dx

||URH%2(IRH)

(4.20)

Using (4.5) and (4.18) we find that

i {1 @)V )of! ) + o0 () Va(w)of (o) } da

HUR”%Q(IR”)

< —C(R)*™  (4.21)

for all |R| > Ro. On the other hand, (4.6) and (4.18) imply that

S {1 @D2VE @)+ @f (@) V()| da

< C(R)7". (4.22)
HURH%z(]Rn)
Combining (4.20)—(4.22) we obtain that
E(R) < —C7YR*™ for all |R| > Ry. (4.23)

Lower bound: Recall the Protter-Weinberger variational principle for E(R)
(see [5]);

e —p o {557 424

We use the same function ug as a test function for the Protter-Weinberger
variational principle.

E(R) > nf {<—A + Vi(@) +v2R<x>>uR<x>}

z€R™ UR(I')
— {%<x>v§<x>+v23<x>v1<x>}
z€R™ ur(x)
o Vi@)of () e (V@)
> xlerlllgn{uR(a;) }+xd£n{ 2n (@) } (4.25)
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Using estimate (4.7) twice in (4.25), we obtain that
~C|RI*™ < E(R),

which together with (4.23) imply the second part of the theorem and hence
also the first part. L]

Remark 4.4 (a) The case of critical potentials in IR® was treated in [3,
6, 11, 12]. The proof for the case n = 4 should be similar to the three
dimensional case but the asymptotic behavior of E(R) is different.

(b) One can check that actually l(PRuQM ~ —C|R|*>™™ as |R| — oo.

|uR”L2(]R")

Let R € IR", denote by

Sk = {(tl’t2>‘cp+t1V1+t2V2R(IRn) 7é @7 t1,t2 > 0} .

It follows from Theorem 3.1 in [8] that Sk is a convex compact set. Moreover,
since the operators P;,i = 1,2 are critical, the points (1,0) and (0,1) are
extreme points of Sg. In the following remark we discuss the asymptotic
behavior of S which is a geometric interpretation of our results.

Remark 4.5 The potentials V;,i = 1,2 tend to zero at infinity and the
operators P; are critical, therefore

limsup Sg C [0, 1] x [0, 1].

|R|—00
Theorem 3.1 implies that

liminf Sp O [0,1) x [0,1).

|R|—00
On the other hand, Theorem 4.3 implies that

(1,1) & limsup Sg.

|R|—o0

5 Extensions to manifolds with group actions

The results which were described in the previous sections for small per-
turbations of the Laplacian on IR"™ can be generalized to a wider class of
elliptic operators on certain noncompact manifolds. We now discuss these
extensions. We consider a triple (X, G, P). Here
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(i) X is a smooth noncompact connected countable at infinity manifold
of dimension n > 2. We fix a sequence {X}?°; of smooth relatively
compact subdomains which exhausts X and fix a reference point g €
X1. The point infinity (which by some abuse of the notations will be
denoted by oo) corresponds to the one-point compactification of the
manifold X. So, a neighborhood of infinity in X is any open set of the
form X \ K, where K is a compact set in X.

(ii) G is a group (with the discrete topology) acting on the manifold X by
C3-diffeomorphisms:

T:GxX—X, T(g,z) =Ty = gx.

Note that such an action induces a natural action on continuous func-
tions. Namely, for any function v on X and any g € G one defines the
function w9 by

w(z) = u(gx).

(iii) P is a linear second order elliptic operator which is defined on X,
has the form (2.1) in any coordinate system and satisfies the following
invariance condition

P (u9) = (Pu)?.

Such an operator is said to be a G-invariant operator. It is clear that if P
is G-invariant then the Riemannian structure (metric, distance, etc.) of X
which was introduced in Section 2 is also G-invariant (for more details see
).

The following are some important examples of elliptic operators which
are invariant under some group actions.

Examples 5.1 (a) The operator P is an elliptic operator on IR"™ with con-
stant (respectively, one-periodic with respect to each variable) coefficients.
Here the additive group R™ (respectively, Z") acts on R™ by shifts. More
generally, we may assume that the coefficients of P are independent on (re-
spectively, periodic in) the variables x1,...,xk, 1 <k <n.

(b) X is a noncompact Riemannian manifold, P is the Laplace-Beltrami
operator on X and G is a subgroup of the group of all isometries of X. A
particular case is when X is a noncompact covering of a compact Rieman-
nian manifold Y, or X is a homogeneous space of a Lie group.
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(c) The manifold X is R™\ {0}, n > 2 and G is the multiplicative group
IR* of all positive numbers acting on X by homotheties: © —— sz, where
x € X and s € R*. An invariant operator for this action is of the form

n

P(x,0p) = —|2* Y aij(x/|2)0:0; + || Y bi(w/|2])0; + e(a/ |,

ij=1 i=1
where a;j, b;, ¢ are Holder continuous functions on the unit sphere.

In theorems 5.2 and 5.4 we study the asymptotic behavior of the ground
state energy of the operator

Py =P+ Vy(z) =P+ Vi(z) + V4 (), (5.1)

where P is a subcritical G-invariant elliptic operator and V;, ¢ = 1,2, have
compact supports. Theorem 5.2 is the generalization of Theorem 3.1.

Theorem 5.2 Let P be a subcritical G-invariant elliptic operator on a non-
compact connected manifold X with a given group action. Let Vi(x) €
C§(X), i = 1,2, 0 < a < 1, be two functions such that the operators
P, =P+ Vi(x), i =1,2, are subcritical in X .

(1) Let {gr}i2, C G be a sequence of elements of the group G such that
lim ggzg = lim g,;lacg = 00,
k—o0 k—o0
and
lim G (grzo,w0) = lim G (g w0, 70) = 0. (5.2)
k—o00 k—o0

Then there exists ko € IN such that the operator Py, is subcritical for
all k > ko (P, is defined by (5.1)).

(i) If
Jim G (x,20) = 0. (5.3)

Then there ewists ko € IN such that the operator Py is subcritical for
all g € G such that gro,g 'z € X \ X, -

Sketch of the proof: (i) We shall show that P, admits a positive super-
solution in X for k sufficiently large. Let Gﬁ, (x,y),i = 1,2 be the Green
functions of the operators P; in X. Define

via) = [ X (e.)IVilw)ldy. (5.4)
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Since P is G-invariant and V; have compact supports it follows that for every
ged

(P + V(@) vi(z) = {(P+ Vi(2))(vi(2))} = [V} ()] (5.5)
By our assumption (5.2) and the Harnack inequality
Jim vf*(2) = lim vg’“ () =0 (5.6)

uniformly in any compact set in X. Consider the function

u(2) = 01 (2) + o (2). (5.7
Then by (5.5) and (5.6) we have for k sufficiently large
Pyuk(x) = (P + Vi(z) + V3i* (z))up(z) =

Vi) + Vi(z)vg" (z) + [V3" (2)] + V3" (z)vr(z) > 0.
Thus, P,, is subcritical in X.
Part (ii) is proved similarly. L
For the critical case we have to assume that the subcritical G-invariant
operator P is formally self-adjoint on X. That is, in any coordinate system
(U;x1,...,x,) the operator P has the form
n
—1/2( ql/2
-3 o 2 (@)ai(2))0; + efz).
0=
where a~!(z) = det[a;;(x)]. We assume that (2.2) is satisfied and that the
coefficients a;;, di(a/?a; ;) and c are real and locally Holder continuous.
For simplicity, we also assume that the critical potentials V;, ¢ = 1,2 have
compact supports.

The following lemma is essential for studying the asymptotic behavior
of E(g) = M(Py, X).

Lemma 5.3 Assume that the G-invariant operator P is subcritical and for-
mally self-adjoint on X. Let V; € C§(X) ,i = 1,2 be two functions such
that the operators P; = P + V;(x), i = 1,2, are critical in X and denote by
v; the corresponding ground states.

Let {gr}321 C G be a sequence of elements of the group G such that the
sequence {grxo}ie, is a fundamental sequence with respect to the Martin
topology corresponding to a minimal point of the Martin boundary and such
that

lim G (grzo,z0) = 0. (5.8)
k—o0
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(a) There exist positive constants C; such that

lim i (gr)

_ IR o i=1,2, z€X. 5.9
k—o0 G35 (g, o) vl ! (5:9)

(b) There exist kg € IN and C > 0 such that for all k > kg the following
equalities hold:

(b.i)
/X W8 (2)Vi(2)o1 (2)dz < —CGX (grao, o), (5.10)
(b.ii) 2
[ @ @lde <0 (GHgan ) . (5.11)
(b.iii)

m{x«m@w
eeX | vi(z) + v§* (z)

(c) Suppose further that the Martin boundary of X with respect to P is a
one point set and

}Z%mﬁ%m%) (512)

lim G (x,20) = 0. (5.13)

T—00
Then the limits

lim vil®)

=C;, i=1,2, 5.14
T—00 Gl)g(l-’xo) t ( )

exist and there exist positive constants C and kg such that inequalities
(5.10)—(5.12) hold for all g € G such that grg € X \ Xk, .

Proof: (a) It follows from Lemma 2.5 that if gz € X \ X; then the quotient
in (5.9) is bounded and bounded away from zero. Therefore, we only need
to prove that the limit in (5.9) does exist. By Lemma 2.5 the ground states
v; satisfy the equation

w(a) = = [ GEy)Vil)uil)dy. (5.15)
Using the symmetricity of the Green function G- (z,y) with respect to x

and y, the Harnack inequality and our assumption that the sequence {gxzo}
is a fundamental sequence corresponding to a minimal Martin function u €

24



Cp(X) we conclude that for every x € X the sequence {giz} is also a Martin
sequence which is equivalent to {grzo} and

X
ko0 G (gk, Z0)

uniformly in any compact set in X. Dividing Equation (5.15) by G (g, 7o)
and letting kK — oo we see that

. vilger) . o
Jim o s = [ ewVitndy =i > (5.16)

(b.7) It follows from part (a) and (5.15) that

[ ot @Vit@e@)de = € [ G (g zo)Vale)on(a)de +
X X

gk (x
/s (C%(zgk(x)m) . 02> G (g, a0 Vi)ur()de = ~Covi(gy o) +

/ (“’7)) _ 02> G (g, 0)Vi (@) (@) (5.17)

G)Pg (gk:l‘a xo

Lemma 2.5 (i) implies that there exists C5 > 0 such that for all x € X and
gk € G so that gz € X \ X3

—C’gm(gkx) < —CgGl)g(gkx,l‘o), (5.18)
and .
vy* (2) 1
—_— — <Cs; . 5.19
’Gfé (oo = 519

Now, using (5.9) and Harnack inequality one sees that if grzg € X \ Xy,
then

J;

Applying estimates (5.18) and (5.20) in (5.17) we obtain

v3* (x)

2
CX(gew z0)

GE (gre, 7o) | Vi (z)|v1 (x)dz < 0.3C3G3 (gro, T0)-
(5.20)

/X o (@) Vi (2)o1 (2)dz < —0.3CG (guzo, z0)-
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(b.7 ) Using the Harnack inequality and Lemma 2.5 we obtain

—1

2
S v2(@)[VE* (@)lda = [ ( <x>) V() |dz <

C (Gfg(gk_lxo,wo))z =C (Gf.f(gkxo,xo))z .

(b.739) Recall that Pj is critical and therefore, V7 is negative somewhere
in X. So, the infimum in (5.12) is indeed negative. Estimate (5.12) follows
easily from assumption (5.8), the Harnack inequality and Lemma 2.5.

(¢) The proof is similar to the proofs of parts (a) and (b). U

We shall use Lemma 5.3 to prove the following extension of Theorem

4.3.

Theorem 5.4 Assume that P is a subcritical G-invariant formally self-
adjoint operator on X. Let V; € C§(X) ,i = 1,2 be two functions so that
the operators P; = P + Vi(z), i = 1,2, are critical in X and admit L*(X)
normalized ground states v; with eigenvalues zero.

(i)

(i)

Let {gr}32, C G be a sequence of elements of the group G such that
the sequences {grxo}ie, and {g;lxo}z‘;l are fundamental sequences
with respect to the Martin topology corresponding to minimal points of
the Martin boundary and such that

lim G¥ (gxzo,0) = 0. (5.21)
k—o0

Then there exists ko € IN so that the operator Py, is supercritical for
all k > ko.
If the Martin boundary of X with respect to P is a one point set and

lim G (z,20) = 0, (5.22)

Tr—00

then there exists ko € IN such that the operator Py is supercritical for
all g € G with gxo, g *xg € X \ Xy,. Moreover, there exists a positive
constant C so that the ground state energy E(g) = Ao(Py, X) of the
operator P, satisfies

—CG3 (gxo, ) < E(g) < —C~'GE (g0, x0) (5.23)

for all g € G such that gro, g 'zo € X \ Xg,-
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Proof: The proof of the theorem is quite similar to the proof of Theorem
4.3. So, we prove only part (7). Since the operator P, is supercritical if and
only if F(g) < 0 it is enough to prove Inequality (5.23).

Upper bound: Consider the operator H, the maximal realization of P,
which is defined in a similar way as in (4.3). Take the function

ug(x) = vi(z) +v3(2) (5.24)

as a test function in the Rayleigh-Ritz quotient for the operator H,. Note
that since v;,i = 1,2 are positive functions in the unit sphere of L?(X) it
follows that

2 < lugllzex) < 4 (5.25)
Furthermore,
Pyug(z) = V3 (z)v1(z) + Vi(2)v3 ().
Hence,
Elg) - { i) } < ity ta)
u€D(Hg) ||UHL2(X) H“g”]ﬂ(x)

Jx {v1(@) V¥ (2)vi(z) + vi () Vi () v (2)} dz
||ug||%2(x)

Jx (v (@)V5 (z) + (v (x))*Vi(x)} da
||Ug”%2(x) '

—+

(5.26)

Since the Green function G (x,y) is symmetric in z and y and satisfies
G (g7, gy) = GE(z,y) for all g € G we have

G3 (90, w0) = G (9~ w0, 20)- (5.27)
Using (5.10), (5.25) and (5.27) we find that

Jx Ao @)V ()05 () + or (@) Vi(@)vg ()} da _

—CG (g, o) (5.28)

Huguiz(x)

for all g € G such that gzg, g 'zo € X \ Xi,. On the other hand, (5.11),
(5.25) and (5.27) imply that

Jx {vE(@)|VE ()] + (v§(2))*| Vi ()|} da
HUQH%2(X)

<C (Gf.?(gxo,xo))Z . (5.29)
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Combining (5.22) and (5.26)—(5.29) we obtain that
E(9) < —CGE(go, o) (5.30)

for all g € G such that gzg, g tzg € X \ Xg,-
Lower bound: Applying the Protter-Weinberger variational principle for
E(g) (see (4.24)) with the test function u, we obtain

Bg) > inf { Pl et }

o {mc)vg(x) + V3 () (2) }

zeX ug(z)

zeX ug(z) zeX ug(x

v

Using estimate (5.12) twice in (5.31), we obtain that
~CGp (gzo, v0) < E(g),

which together with (5.30) imply (5.23) and hence part (ii) of the theorem.
O

Remarks 5.5 (a) As it can be seen from our proofs the lower bounds in
(5.23) and also in (4.16) hold true even when v; ¢ L>.

(b) In the general case, when P is not formally self adjoint in X (and v; are
not necessarily in L>(X)) one obtains the following lower bound

E(g9) > -C (Gfo((gﬂio,xo) + vaf(g‘lxo,mo)) :
Acknowledgments
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