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On Davies’ conjecture and strong ratio limit
properties for the heat kernel

Yehuda Pinchover

Abstract.

We study strong ratio limit properties and the exact long time
asymptotics of the heat kernel of a general second-order parabolic
operator which is defined on a noncompact Riemannian manifold.

61. Introduction

Let P be a linear, second-order, elliptic operator defined on a non-
compact, connected, C3-smooth Riemannian manifold M of dimension
d. Here P is an elliptic operator with real, Holder continuous coefficients
which in any coordinate system (U; 1, ...,24) has the form

d

Z 88+Zb )0 + c(x).

We assume that for each € M the real quadratic form Ezj:ﬂij (x)&:¢;
is positive definite. The formal adjoint of P is denoted by P*. Denote
the cone of all positive (classical) solutions of the equation Pu=0 in M
by Cp(M). The generalized principal eigenvalue is defined by

Ao =X (P,M) :=sup{A € R : Cp_ (M) # 0}.

Throughout this paper we always assume that A\g > 0 (actually, as it
will become clear below, it is enough to assume that Ag > —o0).
We consider the parabolic operator L

(1.1) Lu =wu; + Pu on M x (0, 00).
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2 Y. Pinchover

We denote by Hp(M X (a, b)) the cone of all nonnegative solutions of the
equation Lu = 0 in M x (a,b). Let kp'(z,y,t) be the minimal (positive)
heat kernel of the parabolic operator L in M. If for some x # y

/ kﬁ’l (z,y,7)dr < 00 (respect., / kjﬁ/‘(x,yﬂ-) dr = oo) ;
0 0

then P is said to be a subcritical (respect., critical) operator in M [I8].

Recall that if A < Ag, then P—\ is subcritical in M, and for A < A\, we
have kM, (2, y,t) = e kp! (2, y,t). Furthermore, P is critical (respect.,
subcritical) in M, if and only if P* is critical (respect., subcritical) in
M. If P is critical in M, then there exists a unique positive solution
¢ € Cp(M) satistying ¢(z¢) = 1. This solution is called the ground state
of the operator P in M [I5[18]. The ground state of P* is denoted by ¢*.
A critical operator P is said to be positive-critical in M if p*¢ € LY (M),
and null-critical in M if ¢*p & L*(M). In [15, [17] we proved:

Theorem 1.1. Let xz,y € M. Then

e(@)e” (y)
lim e*'kM (z,y,t)= fM‘P(Z)@* (z)dz

t—o0

if P— M\ is positive-critical,
0 otherwise.

Furthermore, for X < Ao, let GP NERD) fo P \(z,y, 7)dT be the
minimal (positive) Green function of the opemtor P—Xon M. Then

. A M .
(12) i e eyt = T o - NG, (@)
Having proved that lim; ., e**kM(z,y,t) always exists, we next

ask how fast this limit is approached. It is natural to conjecture that
the limit is approached equally fast for different points x,y € M. Note
that in the context of Markov chains, such an (individual) strong ratio
limit property is in general not true [5]. The following conjecture was
raised by E. B. Davies [7] in the selfadjoint case.

Conjecture 1.1. Let Lu = u; + P(x,0;)u be a parabolic operator
which is defined on a Riemannian manifold M. Fiz a reference point
rg € M. Then

M
(1.3) lim 7]{]3 (,,1) =

t—o0 ]{; (3;‘0,.130,75) a(x’y)

exists and is positive for all z,y € M.
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Remark 1.1. Theorem [T implies that Conjecture [[L1] holds true in
the positive-critical case. So, we may assume in the sequel that P is not
positive critical. Also, Conjecture [Tl does not depend on the value
of A\, hence from now on, we shall assume that \q = 0.

Remark 1.2. In the selfadjoint case, Conjecture [I.I] holds true if
dimCp(M) = 1 [2, Corollary 2.7]. In particular, it holds true for a
critical selfadjoint operator. Therefore, it would be interesting to prove
Conjecture [[LT] at least under the assumption

(1.4) dim Cp(M) = dim Cp- (M) = 1,

which holds true in the critical case and in many important subcriti-
cal cases. Recently, Agmon [I] has obtained the exact asymptotics (in
(z,y,t)) of the heat kernel for a periodic (non-selfadjoint) operator on
R?. It follows from Agmon’s results that Conjecture [[L1] holds true in
this case. For a probabilistic interpretation of Conjecture [[LT] see [2].

Remark 1.3. Let t, — oco. By a standard parabolic argument, we
may extract a subsequence {t,, } such that for every z,y € M and s <0

M ¢
a(x,y,,s) -— lim pA/Ea:,y,er nk)
k—oo kg (20, Y0, tny)

exists. Moreover, a(-,y, ) € Hp(M x R_). Note that in the selfadjoint
case, the above is valid for all s € R.

Remark 1.4. The example constructed in [I6, Section 4] shows a
case where Conjecture [[LT] holds true on M, while the limit function
a(x,y) = 1 is not a Ap-invariant positive solution. Compare this with
[7, Theorem 25] and the discussion therein above Lemma 26. Note also
that in general, the limit function a(z,y) in (L3 need not be a product
of solutions of the equations Pu = 0 and P*u = 0, as is demonstrated
in [6], in the hyperbolic space, and in Example

§2. Strong ratio properties

In the symmetric case the function ¢ — kﬁ/‘ (z,z,t) is log-convex, and
k' (zy,tts) _ 1
kS (y,t)

for all z,y € M and s € R [7]. In the nonsymmetric case we have.

therefore, a polarization argument implies that lim;_,

Lemma 2.1. For every z,y € M and s € R, we have that

t—=0oo kP (%y,t) t—o0 kp (.I‘,y,t)
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Similarly, for any s >0

M M
(2.2)  liminf i (/\i’y’ (nt1)s) <1 <limsup i (Aﬁ’y’ (nt1)s) .
n—00 kP (I‘,y,ns) n—o00 kP (:I;’y’ns)

In particular, if limy_ o0 [k¥ (2, y, t+5) / kN (2, y,t)] exists, it equals to 1.

Proof. We may assume that P is not positive-critical. Let s < 0.
By Theorem [[.J] and the parabolic Harnack inequality we have

kst (z,y,t + )
2.3 1 <limsup L2222 < C(s,y).
ks (,y,t+s)
k5t (z,y,t)
0 < qg<1andTs >0 such that

Suppose that lim inf;_, ={ > 1. It follows that there exists

EM (x,y,t) < gk (2, y,t + 5) VT < t.

By induction and the Harnack inequality, we obtain that there exist u <
0 and C > 0 such that kp'(z,y,t) < Cet for all t > 1, a contradiction
to the assumption A\g=0. Therefore, (21 is proved for s < 0, which in
turn implies (2I)) also for s > 0. (2:2)) can be proven similarly. O

k3 (,y,t+s)

EIEwy >1for s >0is

Remark 2.1. The condition liminf; .

sometimes called Lin’s condition [11].

Corollary 2.1. Let xz,y € M. Suppose that

(2.4) lim FE@, (14 1))
' n—oo  k¥(x,y,ns)

4

exists for every s > 0 (i.e., the ratio limit exists for every “skeleton’
sequence of the form t, =ns, wheren=1,2,... and s > 0). Then

M
(2.5) lim w

=1 Vr € R.
25 kM (1) '

Proof. By Lemma 2] the limit in (2.4) equals 1. By induction,

kA (2,y.ns+)

A e yms) = 1, where r =g¢s, and g € Q, which (by Harnack)
P 'Y
implies that it holds for Vr € R. Hence, [9, Theorem 2] implies (2.3). O

lim,, — oo

Remark 2.2. If there exist xg,y9 € M and 0 < sg < 1 such that

k"M(l‘Oa y07t + SO)
2.6 M((xo, Yo, So) := lim sup Lid
( ) ( ) t—o00 k‘./PXl('T’O7y0at)

< 00,
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then by the parabolic Harnack inequality, for all z,y,z,w € K CC M,
t > 1, we have the following Harnack inequality of elliptic type:

S S
ké/[('%wvt) SClkéA(xmyOa t+?0) §C2k£/[($07y07 t_ao) §C3k‘£/[(l', yat)

This estimate implies that for all z,y € M and r € R:

kM t
0 < m(x,y,r) = liminf M
t—o0 kP (x()vyOat)
kM t
lim sup it L ARSI A (@,y,t+7)

=M(z,y,7r) < 0.
t—o00 kﬁ/[(x(hyo,t) ( )

Lemma 2.2. (a) The following assertions are equivalent:
(i) For each x,y € M there exists a sequence s; — 0 of negative
numbers such that for all j > 1, and s = s;, we have
kM t
(2.7) fi PP S)
t—oo  kp'(z,y,t)

(it) The ratio limit in (2.7) exists for any xz,y € M and s € R.

kg/l (27 Yy tn JFS) y
B W w@th
EM (w0,20,tn)

t, — oo does not depend on s and has the form u(x,y), where u(-,y) €
Cp(M) for every ye M and u(z,-) €Cp« (M) for every ze M.

(b) If one assumes further ({1.7]), then Conjecture L1l holds true.

Proof. (a) By Lemma 2] if the limit in (2.7)) exists, then it is 1.

(i) = (ii). Fix zo,y0 € M, and take so < 0 for which the limit (Z.7))
exists. It follows that any limit solution u(z,y,s) € Hp(M x R_) of a
kf\;/l(:r,y,t”+s)
kX (20,90,tn)
for all s<0. So, u(zg, yo, ) is so-periodic. It follow from our assumption
and the continuity of u that u(xo,yo,-) is the constant function. Since
this holds for all z,y € M and u, it follows that (27) holds for any
z,y€ M and seR.

(i) = (iii). Fix y € M. By Remark [[.3 any limit function w of the

M
sequence % with ¢, — oo belongs to Hp(M x R_). Since

(i4i) Any limit function u(x,y,s) of the quotients

sequence with ¢,, — oo satisfies u(zo, yo, s+s0) =u(z0o, Yo, S)

klﬁ”(amy,t—i—s) B kﬁ”‘(m,y,t) kj;’t(;v,y,t—&—s)

2.8 —
28) W onzod) W wowo.t) W@t

([27) implies that such a u does not depend on s. Therefore, u = u(x, y),
where u(-,y) € Cp(M) and u(z, ) € Cpx(M).
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(iii) = (1) Write

klf.é"(x,y,t—l—s) B kf}"(x,yﬁ—l—s) k{.}’l(xo,mo,t)

2.9 -
(2.9) eyt ko0t k(o0

k' (2, tn+s)
k& (z0,30,tn)
to a solution in Hp(M x R_). By our assumption, we have

Let t,, — oo be a sequence such that the sequence converges

kzé/l(x7y,tn+8) T kgl(xvyatn) = u(z,y) >0
) ) b

li =
nLH;O k';_\,/l(.’bo,l'o,tn) n—oo kﬁ/l(x()vmo,tn
which together with ([2:9) imply 27 for all s € R.

Mz s u(z)u”
(b) The uniqueness and (iii) imply that IZZA((mOy;:t)) — u(iogu*gg),

ueCp(M) and u* €Cp (M), and Conjecture [T holds. O

Remark 2.3. Let M ; R? be a smooth domain and P and P* be
(up to the boundary) smooth operators. Denote by C%(M) the cone of
all functions in Cp(M) which vanish on dM. Suppose that one of the
conditions (i)—(iii) of Lemma is satisfied. Clearly, for any fixed y
any limit function u(-,y) of Lemma belongs to the Martin boundary
‘at infinity’ which in this case is C%(M). Therefore, Conjecture [L1]
holds true if the Martin boundaries ‘at infinity’ of P and P* are one-
dimensional. As a simple example, take P = —A and M = Ri.

where

Lemma 2.3. Suppose that P is null-critical, and for each x,y € M
there exists a sequence {s;} of negative numbers such that s; — 0, and

E t
(2.10) lim inf 72901 5)
t—00 kP (iE,y,t)

fors=sj,j=1,2,.... Then Conjecture[I1 holds true.

k#(w,y,tn-l,-s)
k' (w0,@0,tn)
with ¢,, — oo and s < 0. By our assumption, u(z,y, s +s;) > u(z,y, s),
and therefore, us(z,y,s) < 0 for all s < 0. Thus, u(-,y,s) (respect.,
u(zx,-, s)) is a positive supersolution of the equation Pu = 0 (respect.,
P*y = 0) in M. Since P is critical, it follows that u(-,y,s) € Cp(M)
(respect., u(z, -, s) € Cp«(M)), and hence us(z,y, s) = 0. By the unique-

ness, u equals to %, and Conjecture [T holds true. O

Proof. Let u(z,y, s) be a limit function of a sequence

Remark 2.4. Suppose that P is null-critical, and fix z¢y # yo. Then
using Theorem [[T] and [I4, Theorem 2.1] we have for = # y:

(Z) tliglo k#(ﬂ?,y,t) = tliglo ky(x()aymt) = 07
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(ii) / kM (2, 7) dr = / kM (0, yo, 7) dr = oo,
0 0

o0 )\‘rk/\/l .Y, d GM , %
fiii) lim {%i i (@y,7)dr Af_A(x v _ sa(:r)w*(y) .
A0 [T eA kR (o, yo, T)AT A0 G (T, 90)  (0)9* (Yo)

Therefore, Conjecture [Tl would follow from a strong ratio Tauberian
theorem if additional Tauberian conditions are satisfied (see, [3} [19]).

§3. The parabolic Martin boundary

The large time behavior of quotients of the heat kernel is obviously
closely related to the parabolic Martin boundary (for the parabolic Mar-
tin boundary theory see [§]). Theorem B.1] relates Conjecture [l and
the parabolic Martin compactification of Hp(M x R_).

Lemma 3.1. Fizy € M. The following assertions are equivalent:
(i) For each x € M there exists a sequence s; — 0 of negative
numbers such that

kM
(3.1) lim FPE: 9,01 5)
t—o0 kP (SL’,y,t)

exists for s =s;, j =1,2,....
(i) Any parabolic Martin function in Hp(M x R_) corresponding
to a Martin sequence {(y, —t,)}5%,, where t, — 00, is time independent.

M
Proof. Let K¥'(2,y,s) = limy, oo W be such a Martin
P 0,Y,tn)

function. The lemma follows from the identity

kS (2, y,tn + 8) _ ES (2, y,tn +8) kp(z,y,tn)
kjjg/[('ro’y’tn) k#(l‘,y,t”) kﬁ/t(l“o,yin) ’

and Lemma O

Theorem 3.1. Assume that (2Z.8) holds true for some xq,yo € M,
and sg > 0. Then the following assertions are equivalent:
(i) Conjecture Il holds true for a fized xg € M.

(i)

kS (z,y,t)
3.2 lim —E b/
3.2) t—oo ket (z1,y1,1)

exists, and the limit is positive for every x,y,x1,y1 € M.
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(iii)

M M
(3.3) lim L;A(x,y,t) , and lim 7165; (@,9,1)
t—o0 kP (y7yat) t—oo kP (I,$,t)

exist, and these ratio limits are positive for every x,y € M.

(iv) For any y € M there is a unique nonzero parabolic Martin
boundary point § for the equation Lu = 0 in M x R which corresponds
to any sequence of the form {(y, —tn)}2, such that t,, — oo, and for
any © € M there is a unique nonzero parabolic Martin boundary point
T for the equation uy + P*u = 0 in M x R which corresponds to any
sequence of the form {(x, —t,)}52, such that t,, — oo.

Moreover, if Conjecture [L1l holds true, then for any fized y € M
(respect., x € M), the limit function a(-,y) (respect., a(z,-)) is a positive
solution of the equation Pu = 0 (respect., P*u = 0). Furthermore, the
Martin functions of part (iv) are time independent, and ([2.7) holds for
all v,y € M and s € R.

Proof. (i) = (ii) follows from the identity

kJPM(‘T,?%t) _ kﬁ/l(xayat) .<k1'/;/l($1,y1,t)>_

k}/;/l(xlayht) B k.l/;/l(x07x07t) ijyl({L'O,(EO,t)

(ii) = (iii). Take 1 = y1 =y and x1 = y; = x, respectively.
(iii) = (iv). It is well known that the Martin compactification does
not depend on the fixed reference point zg. So, fix y € M and take it

also as a reference point. Let {—t,} be a sequence such that ¢, — oo
kﬁ/l(:v,y,t+t")
kXN (y,y,tn)
function K#'(x,7,t). By our assumption, for any ¢ we have

and such that the Martin sequence converges to a Martin

KN (2, y, b+t k3
T Lt ) T ot 10 Y S
n—oo kM (y,y,t +t,) 700 kN (y,y,7)

where b does not depend on the sequence {—t, }. On the other hand,

kM(y Yy, t+tn)
lim L2220 " — KM (y,5,t) = f().
n—oo kN (y, y,tn) r

Since

k(@ y t+tn) kgl t+t) k(g y t+tn)
k' yitn) kR yyt ) k(Y yta)

)

we have

Kp'(x,5,t) = b(2) f(t).
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By separation of variables, there exists a constant A such that
Pb—Xb=0 onM, ff+Af=0 onR, f(0)=1.

Since b does not depend on the sequence {—t,}, it follows in particular,
ks (yyt+7) _

ke (yy)
f(t) = e, LemmaZIlimplies that A = 0. It follows that b is a positive
solution of the equation Pu = 0, and

that A does not depend on this sequence. Thus, lim;_, .

kM (.’IJ, Y, t— T)
(3.4) KM (z,g,t) = lim L2 7
P T kl'/;/l (y7 Y, _T)

= b(x).

The dual assertion can be proved similarly.

(iv) = (i). Let K3'(z,9,t) be a Martin function, and so > 0 such
that K& (xo,7,s0/2) > 0. Consequently, Kp'(z,9,s) > 0 for s > so.
Using the substitution 7 = s + sy we obtain

ky(%yﬂ') — hm{ky(%yﬁ*‘so) %
kX Y.y, s)

kJJ;A (ya Y, 5) kj'g/l (I()a Y, 5+250)} :Kﬁ/[ (I7 yv SO)K}'/;/*I (TOa Y, 50)
ké/((w07y78+280)kPM(x07$0aS+SO) K#($Oagv280)

The last assertion of the lemma follows from ([B:4) and Lemma 22l O

lim
M
T—>OOkP (x07x077—) §— 00

84. Minimal positive solutions

In this section we discuss the relation between Conjecture [T and
the parabolic and elliptic minimal Martin boundaries.

Remark 4.1. By the parabolic Harnack inequality for P*, we have
foreach 0 <e < 1

(4.1) kS (2, y0,t — €) < Clyo, &)k (x, Yo, t) Ve M, t>1

Therefore, if {(yo,tn)} is a nontrivial minimal Martin sequence with
t, — —oo, then one infers as in [I0] that the corresponding minimal
parabolic function in Hp(M x R_) is of the form u(z,t) = e *uy(x, yo)
with A < 0 and uy € exrCp_x(M), where exrC is the set of extreme
rays of a cone C. If further, for some zyp € M and s < 0 one has

(4.2) lim int PP (70, Y0, £ + 5)

> 1,
t—00 kl./;/[ ('1:07 Yo, t)

then A = 0, and consequently, u is also a minimal solution in Cp(M).
Recall that in the selfadjoint case, the ratio limit in ({2) equals 1.
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Lemma 4.1. Suppose that the ratio limit in (2.7) exists for all

M
x,y € M ands € R. Let a(z,y) = lim,_ o W,
P s5Z05tn

If for some yg € M the function u(zx) := a(z,yo) is minimal in Cp(M),
then a(z,y) = u(z)v(y), where v € Cp« (M).

where t,, — 00.

Proof. Fix y € M and € > 0. By the parabolic Harnack inequality
for P* and Lemma 2.2, we have

kM (2, y,t —¢) kN (@, yo, t)
4.3 PP ) <Oy, e) L L Ve € M.
( ) k’é/l(wml‘o,t) ( )k'I/;/[(l'o,iL'()J)
Therefore, a(x,y) < C(y)u(z) which implies the claim. O

The following examples demonstrate that if Conjecture [[] holds true
while (I4]) does not hold, then the limit function a(-,y) is typically a
non-minimal solution in Cp(M).

Ezample 4.1. Consider a (regular) Benedicks domain M CR? such
that the cone of positive harmonic functions which vanish on OM is of
dimension two. By [6], Conjecture [T holds true in this case, the limit
function is not a product of two (separated) harmonic functions, and
therefore, a(+,y) is not minimal in C_A (M) for any y € M.

Ezample 4.2. Consider a radially symmetric Schrodinger operator
H:=—A+V(|z|) on R¢ with a bounded potential. Suppose that \g = 0,
and that the Martin boundary of H on R? is homeomorphic to S4~!
(see [12]). Clearly, any Martin function corresponding to {(yo,?,)} with
xg =1y =0 is radially symmetric. It follows that Davies’ conjecture holds
true for o=y =0, and the limit function is the normalized positive radial
solution in Cp(R?). This solution is not minimal in C(RY). Thus, any
limit function u(-,y) is not minimal in Cg (R?).

We conclude this section with some related problems. The following
conjecture was posed by the author in [I5, Conjecture 3.6].

Conjecture 4.1. Suppose that P is critical operator in M, then the
ground state @ is a minimal positive solution in the cone Hp(M x R).

Note that if 2I0) holds true, then by Theorem Bl the ground
state is a Martin function in Hp(M x R).

Ezample 4.3. Consider again the example in [I6] Section 4]. In that
example —A is subcritical in M, Ay = 0, and (L4 and Conjecture [[4
hold true. Hence, 1 is a Martin function in H_a (M x R). On the other
hand, 1 € extC_a(M) but 1 &€ exr H_a(M x R). So, Conjecture Bl
cannot be extended to the subcritical “Liouvillian” case (see also [4]).
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Thus, it would be interesting to study the following problem which
was raised by Burdzy and Salisbury [4] for P = —A and M C R4,

Question 4.1. Assume that \g = 0. Determine which minimal
positive solutions in Cp(M) are minimal in Hp(M x R_).

85. Uniform Harnack inequality and Davies’ conjecture

In this section we discuss the relationship between the parabolic
Martin boundary of Hp(M x R_), the elliptic Martin boundaries of
Cp_A(M), A < Ao =0, and Conjecture [[.T] under a certain assumption.

Definition 5.1. We say that the uniform restricted parabolic Har-
nack inequality (in short, (URHI)) holds in Hp(M xR_) if for any € > 0
there exists a positive constant C' = C(e) > 0 such that

(5.1) u(z,t—e)<Cu(z,t) V(zr,t)e MxR_ and Yue Hp(MxR_).

It is well known that (URHI) holds true if and only if the separation
principle (SP) holds true, that is, u # 0 is in exr Hp(M x R_) if and
only if u is of the form e~*uv, (), where vy € exrCp_ (M) [10, 13]. In
particular, the answer to Question 1] is simple if (URHI) holds.

Lemma 5.1. (i) Suppose that (URHI) holds true, then for any s < 0

kM t
¢, :=limsup W <1 (Lin’s condition).
t—o0 kP ($7 Y, t)

(ii) Assume further that for some xo,y0 € M and so <0

{_ = liminf k2 (@0, yo,t + 50)

>1
t—o0 k3 (2o, yo, t)

- )

kg($vy1tn+s)
EM (20,y0,tn)
depend on s, and has the form u(z,y), where u(-,y) € Cp(M) for every
y € M and u(z,-) € Cp« (M) for every x € M.

(i11) If one assumes further ({I4), then Conjecture Il holds true.

Proof. (i) By (URHI), if u € ext Hp(M x R_), then u(z,t) =

e Muy(x), where A < 0. Consequently, for every u € Hp(M x R_)

(5.2) u(z,t+s) <u(x,t) V(z,t) € MxR_, and Vs < 0,

then any limit function u(x,y,s) of with t, — oo does not

and equality holds for some s < 0 and (z,t) € M xR_ if and only if
ueCp(M). Clearly, (5.2)) implies that

kM t
€+ = hm sup 2P ot 2 (x’ Y * S)

<1 Vz,ye Mand s <0,
t—oo k}'/;/l(.r,y7t) y
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which together with Lemma [ZT] imply ¢, = 1.
(ii) At the point (xo,yo, So) we have £_ = ¢, =1, therefore,

=1

. kM($an07t+SO)
(5.3) Jim PkM -
o0 P (x07y0a )

Consequently, for any sequence t; — oo satisfying

lim k]/;/l/\(/lxayﬂatk +7_)
k—oo k' (zo,y0,tk)

— u(z,7) ¥(z,7) € MXR_,

we have u(xg,s0) = u(xg,2s9) = 1, and therefore, u € Cp(M). The
other assertions of the lemma follow from Lemma O

Remark 5.1. From the proof of Lemma[5.d]it follows that if (URHI)
holds true, then a sequence t,, — oo satisfies

lim k¥ (0, Yo, tn + So)

=1
n—oo k' (0, Y0, tn)

)

for some xg,y9 € M and sy # 0 if and only if

hm kPM (xv y? tn + 8)

=1 Vz,y € M and s € R.
n—oo  kp'(z,y,t5)

Corollary 5.1. Suppose that (URHI) holds true, then there exists

: k' (@,y,tn)
a sequence t, — oo such that lim,, P o o)
P(x0,20,tn

is positive for all x,y € M. Moreover, a(-,y) € Cp(M), and a(-,y) is a
parabolic Martin function for ally € M. For each x € M the function
a(x,-) satisfies similar properties with respect to P*.

= a(z,y) exists and

Proof. Take so # 0 and {t,,} such that lim,,_ k2! (wo.vo.tntso) _ 1,

k3 (20,90,tn)
and use Remark 5.1 and a standard diagonalization argument. O
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