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Université Paris 13

CMS, Israel Institute of Technology, Haifa
1-5 March 2010

Joint work with T. Cazenave (Paris 6) and F. Dickstein (UFRJ)



Plan of this talk

• Self-similar solutions (forward)

• Asymptotically self-similar solutions

• More general asymptotic limits

• multi-profile limits
• chaotic behavior of solutions
• multi-timescale limits
• non-parabolic asymptotic limits

• Other equations and related work



Forward self-similar solutions of heat equations on RN

We consider the parabolic equation:

ut −∆u − κ|u|αu = 0. (H)

Here α > 0, and κ = 1,−1 or 0.
Also u = u(t, x), t > 0, x ∈ RN .

We denote u(t) = u(t, ·).
(α = p − 1)



As is well-known, u is a solution of (H), if and only if uλ is also a
solution of (H), for all λ > 0, where

uλ(t, x) = λσu(λ2t, λx).

We will only consider the case σ > 0, and we must have

σ = 2/α, if κ 6= 0.

The solution u of (1) is self-similar if

u = uλ, allλ > 0.

Equivalently, u is self-similar if there exists θ : RN → R such that

u(t, x) = t−σ/2θ(
x√
t

).

The function θ = u(1) is called the profile of the self-similar
solution u.



If the self-similar solution u has an intial value :

u0(x) = lim
t→0

u(t, x),

it follows from u = uλ that u0 is a homogeneous function on RN of
degree −σ i.e. u0(λx) = λ−σu0(x).

The initial value and the profile formally satisfy the following
relationship:

u0(x) = |x |−σ lim
r→∞

rσθ(
x

|x |
r).



Asymptotically self-similar solutions

Let us fix a specific self-similar solution U with profile θ :

U(t, x) = t−σ/2θ(
x√
t

).

There are three formally equivalent ways of saying that a general
solution u is asymptotically self-similar, to the self-similar solution
U.

1. uλ → U as λ→∞,
2. u(t)− U(t)→ 0 as t →∞, faster than either solution

separately goes to 0,

3. tσ/2u(t, ·
√

t)→ θ = U(1), as t →∞.



Example: the case κ = 0 (the heat semigroup):

If 0 < σ < N, then U(t) = et∆(c| · |−σ) is a self-similar solution
with profile θ = e∆(c | · |−σ).
If u0 ∈ C0(RN) is such that u0(x) ≈ c |x |−σ for large |x |, i.e.

|x |σu0(x)→ c 6= 0, as |x| → ∞,

then u(t) = et∆u0 is asymptotically self-similar to

U(t) = et∆(c | · |−σ).

Also,

U(t, x) = (4πt)−N/2e−
|x|2
4t

is a self-similar solution (with σ = N). If u0 ∈ L1(RN), then

u(t) = et∆u0 is asymptotically self-similar to

U(t) = (4πt)−N/2e−
|x|2
4t .
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Basic result, true in many circumstances, with κ = ±1 or 0
If u0 ∈ C0(RN) is such that

|x |σu0(x)→ c 6= 0, as |x| → ∞, (SL)

where σ = 2/α if κ = ±1 (i.e. u0(x) ≈ c|x |−σ for large |x |, so u0

asymptotically homogeneous for large |x |),
then the solution u(t) of the equation

ut −∆u − κ|u|αu = 0. (H)

with intial value u0 is asymptotically self-similar to the self-similar
solution U(t) whose initial value is

z(x) = c |x |−σ.

The condition (SL) can be extended by allowing c to depend on
the angle at which |x | → ∞. In this case, the intial value z(x) is
an arbitrary homogeneous function of degree −σ.



Reformulation of basic result
The condition (SL) can be (at least formally) re-written as

λσu0(λx)→ z(x), as λ→∞. (DL)

Also, let S(t) denote the semiflow generated by the (linear or
nonlinear) heat equation (H). We don’t worry for the moment if
this is well-defined.
The basic result can therefore be reformulated to say that if u0 and
z satisfy (DL), i.e. if the dilations of u0 converge to z , and if
u(t) = S(t)u0 and U(t) = S(t)z are the corresponding solutions
of (H) with intial values u0 and z , respectively (U being
self-similar since z is homogeneous), then

uλ → U as λ→∞,

and in particular,

tσ/2u(t, ·
√

t)→ θ = S(1)z as t→∞. (AL)



Multi-profile limits
A natural weakening of (DL) is to consider the possibility that the
limit exists only along a sequence λk →∞.

λσk u0(λkx)→ z(x), as k→∞. (L)

In order to get some control over the limit process, it is reasonable
to impose the condition

sup
x∈RN

|x |σ|u0(x)| <∞. (M)

It turns out that (M) and (L) are enough to recover something
similar to (AL).

Theorem
Let u0 ∈ C0(RN) satisfy (M). Let z ∈ D′(RN \ {0}) Let λk →∞
and set tk = λ2

k . It follows that the condition (L) is equivalent to

t
σ/2
k u(tk , ·

√
tk)→ θ = S(1)z as k→∞. (A)



Remarks

• The convergence in (L) is in D′(RN \ {0}), and in D′(RN) if
0 < σ < N.

• The convergence in (A) is in C0(RN).

• If κ = 0, then we need 0 < σ < N.

• If κ = −1, then we need also need 0 < σ < N, i.e. α > 2/N,
since otherwise all positive solutions of (H) blowup in finite
time. In addition, a smallness condition is required with (M).

• If κ = 1 and α < 2/N, so σ > N, we need to restrict
outselves to positive solutions only. Also, the semiflow S(t)
needs to be carefully defined, since the Cauchy problem for
(H) is not well-posed. (Marcus and Véron 1999.)



• One key technical fact used in the proof is that a closed ball
in the Banach space

Wσ ≡ {z ∈ L1
loc(RN \ {0}) : | · |σz ∈ L∞}

is weak* compact, and metrizable. So the convergence in (L)
in fact takes place in a compact metric space.

• It follows from the scaling properties of (H) that if tk = λ2
k ,

then
t
σ/2
k u(tk , ·

√
tk) = S(1)[λσk u0(λk ·)],

and so the relation (A) can be interpreted as continuous
dependence on initial data at time t = 1, with respect to the
above topology.

• The function z ∈Wσ might or might not be homogeneous
(necessarily of degree −σ). If it is homogeneous, the solution
U(t) = S(t)z is self-similar with profile θ = S(1)z . In this
case, the solution u(t) = S(t)u0 is asymptotically self-similar
along the sequence tk →∞ to the self-similar solution
U(t) = S(t)z .



Consequences

The above theorem shows, at least in a certain context, that the
long time asymptotics of a solution of (H) are determined by the
spatial asymptotics of the initial value. The limit along a specific
sequence of dilations of the initial value determines the limit of the
resulting solution (appropriately rescaled) along a corresponding
time sequence.

If we wish to produce a solution of (H) which has different
asymptotic properties along different time sequences, it suffices to
construct an initial value u0 with different spatially asymptotic
properties under different sequences of dilations. We accomplish
this by specifiying u0 on thick shells in RN which are spaced further
and further apart, such that under certains dilations, the behavior
of u0 is essentially determined by its values on one particular shell.



If u0 ∈ C0(RN) we denote respectively by Ωσ(u0) and ωσ(u0) all
the possible limits attainable in (L) and (A), then the above
theorem implies that if u0 ∈Wσ, then

ωσ(u0) = S(1)Ωσ(u0).

How big can these objects be?
In fact, there exists u0 ∈ C0(RN) ∩Wσ such that Ωσ(u0) is a
closed ball in Wσ.

Theorem
There exists a solution of (H) which is asymptotic along an
appropriate time sequence to every self-similar solution whose
initial value is in a fixed ball of Wσ.



Chaotic behavior of solutions
For any fixed λ > 1 we define the operator

Fg = Fλg = λσ[S(λ2 − 1)g ](λ·).

(“Renormalization group map” of Bricmont and Kupiainen).

Theorem
The discrete dynamical system generated by Fλ is chaotic on the
compact set S(1)BM ⊂ C0(RN), where BM is the closed ball of
radius M in Wσ.

A discrete dynamical system is chaotic if periodic orbits are dense,
it is topologically transitive, and there is sensitive dependence on
intial data.
The basic idea of the proof is to show first that for any fixed λ > 1 the
dilation operator

g → λσg(λ·)

generates a chaotic discrete dynamical system on the compact metric

space BM . Then Fλ is simply the induced action on C0(RN).



Multi-timescale asymptotic limits.

For the rest of the talk, I suppose κ = 0, and so S(t) = et∆. In
this case, there is no “intrinsic” value of σ, and so it is natural to
wonder if there exists a solution u(t) = et∆u0 to the heat equation
which has non-trivial asymptotic limits with respect to different
time scalings, along different time sequences. In particular, can it
be that one solution u(t) = et∆u0 has different decay rates along
different time sequences?



Theorem
There exists u0 ∈ C0(RN) ∩ C∞(RN), u0 ≥ 0 such that

1. for all 0 < σ < N and 0 ≤ c <∞, there exists a sequence

tk →∞ such that t
σ/2
k ‖S(tk)u0‖L∞ → c as k →∞,

2. cG ∈ ωσ(u0), ∀σ with 0 < σ < N, and ∀c ≥ 0, where
G (x) = (4π)−N/2e−|x |

2/4.

Recall that ωσ(u0) =

{θ ∈ C0(RN), ∃tk →∞ s. t. ||tσ/2
k u(tk , ·

√
tk)−θ||∞ → 0 as k→∞}.

Idea of proof (in the case N = 1): It suffices to construct
u0 ∈ C0(R), u0 ≥ 0, such that for every σ with 0 < σ < 1, and
every c ≥ 0, there exists λk →∞ such that λσk u0(λk ·)→ cδ as
measures. Then apply e∆.



Theorem
There exists u0 ∈ C0(R) ∩ C∞(R) such that

1. if σ ∈ (0, 1) is rational, then ωσ(u0) = C0(R);

2. for all σ ∈ (0, 1), we have N ⊂ ωσ(u0), where

N = {cG (k), c ∈ R, k ≥ 0};

3. for almost all σ ∈ (0, 1), ωσ(u0) = N .



Non-parabolic asymptotic limits of solutions of heat
equations

Consider u(t, x) = [et∆u0](x), and set

Γµ,βλ u(t, x) = λµu(λ2t, λ2βx).

If w = Γµ,βλ u, then

∂tw = λ2−4β∆w .

So if there is some sort of limit h as λ→∞, then we can expect

• ∆h = 0, if β < 1/2,

• ht = 0, if β > 1/2.

Since the only harmonic function in C0(RN) is 0, it is the second
case, β > 1/2, which turns out to be interesting.



Theorem
Fix β > 1/2 and 0 < µ < N. Given f ∈ S, f ≥ 0, there exists
u0 ∈ C0(RN) ∩ C∞(RN), u0 ≥ 0 with the following properties.

1. There exists a sequence λk →∞ such that Γµ,βλ u → f
uniformly on [ε,T ]× RN , where u = et∆u0.

2. There exists a sequence tk →∞ such that

t
µ/2
k u(tk , ·t2β

k )→ f uniformly, where u = et∆u0.

3. supx∈RN |x |σ|u0(x)| <∞, where σ = µ/2β.

4. If f is radially symmetric, and radially decreasing, then u0 can
be chosen to have these same properties.

Remark: Along the time sequence tk the solution u(t) = et∆u0

can not have any nontrivial parabolic limit in C0(RN). Thus, the
non-parabolic limit is essential to a complete understanding of the
asymptotic behavior of et∆u0.



Other equations and related work

• Navier-Stokes system (Cazenave, Dickstein and W)

• Schrödinger equations (Cazenave and W, Cazenave, Xie and
Zhang)

• porous medium equation, p-Laplacian (Vázquez and Zuazua)
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