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Abstract

Global bilateral estimates will be presented for Green's function of the
fractional Schrédinger operator Lu = (—A)*/2u — qu (0 < a < 2).
Here q is a general nonnegative measurable function (or measure).
These results will be deduced from sharp estimates of the kernel of the
Neumann series associated with a general integral operator with
positive kernel satisfying a quasimetric property.

Analogous estimates will be discussed for the p-Laplacian with a
natural growth term, —Apu — qu"_l, 1 < p < oo, as well as more
general quasilinear and fully nonlinear elliptic operators, in particular
Fi[—u] — qu* where F is the k-Hessian operator, for general g > 0.

Applications to: isolated singularities, equations with natural growth in
the gradient, ground states.

This talk is based on joint work with Michael Frazier, Benjamin Jaye,
Fedor Nazarov, and Nguyen Cong Phuc.
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Basic Linear and Nonlinear Operators
Elliptic equations involving the following operators will be considered:

@ The fractional Laplacian
(_A)a/2u

on the entire Euclidean space R" for 0 < a < n, or a bounded
NTA domain Q C R" for 0 < a < 2.

@ The p-Laplacian operator A, (1 < p < 00)
A,u = div (Vu|Vu[P72)
on 2 C R".
© The k-Hessian operator Fx (k =1,2,...,n)

Fk[U] = Z >\i1 s Aik-

1<i1 < <ik<n

Here A1, ..., A are the eigenvalues of the Hessian matrix D2?u on
Q CR"
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Typical global results

Fundamental solution for quasilinear equations with natural growth terms

(Serrin, local estimates; Véron, isolated singularities; Tintarev-Pinchover,
ground state alternative and criticality)

Theorem (Jaye-Verbitsky, 2010)

Lletl<p<nandw > 0.
(i) If there exists a fundamental solution u = u(x, xg) to the equation

—Apu = wuP™l 4 Oxgy u >0,

on R", p-superharmonic, infgn u = 0, then

_n [x—xo| B.(x ﬁ dr
u(x,xp) > c1 |x — Xo|g—71 exp Cz/ (M) ar
0 r

rn—P

b=l |By(x0)|s dr
X eXp C2/ n—_ — .
0 rn—P r

v
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Theorem (Jaye-Verbitsky, 2010)

(ii) Conversely, if 1 < p < n, then under a natural assumption on w
discussed below there exists a minimal fundamental solution u,

(x,x0) < cs] |p=1 /Ix_x"' IB/(x)|) > dr
u({ X, X C3 (X — Xpg(P~' eXx C —_— —
yX0) < ¢3 0 pPqCa | p p

Ix=xo| |B, dr
X exp {C4/ lﬁ%nw—} (1)
) rm—p r

(iii) If p > n, there is no positive solution to —Apu = wuP~1 4 &,
unless w = 0.

Here |B¢(x0)|w = flx—X0|<" dw.
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Global equivalence of fundamental solutions

Corollary (Jaye-Verbitsky, 2010)
Suppose, for all x, xg € R",

Ci1 |x—x0|$%r1| < u(x,x0) < Ca|x — xp E

Then necessarily

> w(B d
sup/ M_r<oo’ 1<p§2,
0

xERn r"—p r
% /(B 1/(p—1) ¢
5up / (M) _r < oo, p > 2.
x€Rn Jo r"—P r

Conversely, these conditions are sufficient for the equivalence, under a
natural assumption on w discussed below.
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Neumann Series and Fractional Schrodinger Equations

We obtain global bilateral bounds for Green's functions and kernels of
Neumann series for a broad class of differential and integral equations with
possibly singular coefficients, data, and boundaries of the domains.

Linear operators: the Schrodinger operator with potential q, defined by
H= —A — g, on a domain  C R", for n > 3. More generally, we
consider the non-local operator Hy, = (—A)®/2 — q and the associated
Green's function on . Here q is a locally integrable function (or
measure).

We consider domains Q with a Green's operator G(®) for (—A)*/2 with a
positive Green's function. Our theory is applicable to any bounded domain
Q with the boundary Harnack principle (Jerison and Kenig for NTA
domains). This principle holds for a large class of domains in R", n > 2,
including Lipschitz and uniform domains in the classical case a = 2, and
even more general domains with the interior corkscrew condition if
I<a<?2
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Global estimates of Green's function, conditional gauge

Let V denote the minimal Green's function:

V(x,y) = > (GM)i(x,y),

=1
(G™)l is the j-th iteration of Green's kernel G* (q- (Ga)j_l). Then
C1GM(x,y)e 1Y) < V(x,y) < C2G(®)(x,y)e2®xV),
1 (03 «
O(x3) = garyyy [ 67(x2) 62, y) a(z) e
G (X? Y) Q

This gives global bilateral estimates of the conditional gauge:

Cy e () < E; [efoc q(Xs)dS} < Cre® ®(xy)

where X; is a y-conditioned Brownian motion if & = 2, or an a-stable
symmetric process if 0 < a < 2 (starts at x and stops at y, lifetime ().
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Linear differential equations

Classical time-independent Schrodinger equations

Let Q C R" be a bounded domain. We want to find conditions for the
existence of a solution u to the following problems:

—Au=q-u+yponQ,
u=g on 09,

where q, ¢, and g are given. We are especially interested in the existence
of nonnegative solutions u for general nonnegative q, ¢, and g
(measurable functions, or possibly measures).

Applying the Green's function operator G = (—A) ™! to both we obtain

u = G(q - u) + G(¢) + P(g). where P is the Poisson integral. This
formulation is of the form

=Gudw)+a=a+ Gi(x,y) a(y) dw,
u=G(u J;/Q y) aly

where a = G(y) + P(g), w(y) = q(y) dy, G = G ((G)~'dw) iterated
kernel, G? = G.
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Discrete Model
Discrete Schrédinger equation (Frazier—Verbitsky)

We follow C. Fefferman, Hedberg and Wolff, and Chang, Wilson, and
Wolff in forming a discrete model for this problem. Let 2 = R", n > 3.
Let Q denote the set of all dyadic cubes Q = 27%([0,1)" + j)
(vez,jeZ")inR" and Q, = {Q € Q: £(Q) = 277}, where £(Q)
is the side length of the cube Q. For an appropriate constant ¢ > 1,
define the dyadic Green's operator

Glludw) =" > Q1 /cQu(y)dw(y) xa(x),

_2
vEZQEQ, |Q|1 o |Qle

where |Q| is Lebesgue measure of Q and |Qlo, = [ dw.
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Dyadic model

We write
|Q|w

= 72.
Q[

For our model, define

Tu(x) = Z sQ—

QeQ

al / u(y) dw(y) xa(x)-

Note that T is determined by w and the sequence s = {sq}qeg, sq > 0.
Our model problem is to find conditions for the existence of a solution u to
the equation

u=Tu+ a.

The formal solution is u = .2, Tka. Our concern is to determine

conditions under which this sum converges dw-a.e., and estimate the
kernel of (I — T)~L.
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Dyadic Schrodinger equation

Observe that we can write

Tu() = | K(xy)u(y) doy)

for

Kix,y) = 3 —2 xq(x)xaly)-

QeQ QL

Operators of this form have been studied by Nazarov, Treil, and Volberg,
among others.

Our dyadic model of the Schrodinger equation is
a() = | Klxy)uly) de(y) + o

for u, @ € L} _(dw), with arbitrary sq > 0 in the definition of K.
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Carleson measures and solvability
Define a discrete Carleson norm

-1
lIsllw = sup 1QIZ* D Isel [Pl

PCQ

Let Aq(x) = Y pcq spxp(x)- If [Is]le < 75, and

3 22 R0y (x) / €980 | (y)| do(y) < +o0
Q |Q|w Q

dw-a.e., then there exists u satisfying u = Tu 4+ a.. Conversely, if a > 0
and the equation u = Tu + « has a solution u > 0, then ||s||,, < 1 and

Z QLX) / e2ha0a(y)] dw(y) < +oo

dw-a.e. These results are deduced from bilateral estimates for the kernel
of the Neumann series >, T'.
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Discrete Neumann series

Theorem (Frazier-Verbitsky, 1/12; Frazier-Nazarov-Verbitsky, 1/4)
Let K; be the kernel of Ti. Then

V(x,y) = Z Ki(x,y) > Z al Y e2(Aa)+Aa) 3 o (x)xq(y),

for all x,y € R". Moreover, ||s||w < 1 if K(x,+) # oo dw-a.e.
Conversely, if ||s||w < %, then

oo SQ y
V(x,y) =) Kilx,y) <c) oL e®(Rald+Aa)y g (x)xq(y),
Z —1Ql.,

for all x,y € R".
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General quasimetric kernels

Let (2, w) be a measure space. Suppose K is a map from Q X Q into
(0, +00] such that K(-,y) is w-measurable for all y € Q. Define
d(x,y) = 1/K(x,y). We say that K is a quasimetric kernel on Q

( with quasimetric constant k > 1/2) if:

(i): K is symmetric: K(x,y) = K(y, x) for all x,y € Q;

(ii): K(x,y) < +o0if x # y;

(iii): d satisfies the quasitriangle inequality with constant k:

d(x,y) < k (d(x,2) + d(z,y))

for all x,y,z € Q.
Geometry of quasimetric balls B,(x) = {z € Q : d(z,x) < r}.
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Example

Suppose  C R" is a bounded domain which supports the boundary
Harnack principle for (—A)%, 0 < a < 2. For Green's function G, let
p(x) = min (1, G*(x, xg)), where xq is a fixed pole in Q.

Then (Ancona, 1999; Hansen, 2005)

G(x,y)
p(x) - p(y)
is a quasimetric kernel (sharp form of the 3-G inequality).
Inductively define K| for j < 1 by letting Ky = K and, for j > 2,

K(x,y) =

Kj(x,y)=/QK(x,z)Kj_1(z,y)dw(z).

Define the minimal Green's function

V(x,y) =D Kj(x,y).
=1
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Quasimetric Neumann series

Theorem (Frazier-Verbitsky, 2009)
V(X, y) > K(X, y)eﬁKz(X,Y)/K(X,Y)
for all x,y € Q. Conversely, there exist c,C > 0 such that

V(x,y) < CK(x,y)e KZ(XvY)/K(X,y)’

under the weak boundedness condition ||w]|lwp < c(K):

el = supE //E Koy dw( duly), ECQ.

Equivalent to boundedness of T (necessarily ||T||2(w)—12(w) < 1)-
Sharp condition: || T|| 2(w)—L2(w) < 1 [Frazier-Nazarov-Verbitsky, 2010].
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Nonlinear equations with natural growth in the gradient

Suppose  C R" is a bounded smooth domain and §(x) = dist (x, 92).
Consider

—Au=|Vu?+winQ, v=0ondQ,

w is a positive measure on €.

Theorem (Frazier-Nazarov-Verbitsky)

A.) Suppose there is a weak solution u. Then ||T||2(w)—12(w) < 1 and

/ &1 PB4l g () < oo,
oN

dm,_; is the surface measure on R, P[d dw] is the balayage.
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Exponential integrability of the balayage

Theorem (Frazier-Nazarov-Verbitsky)
B.) Conversely, suppose || T|| 2(w)—12(w) < 1 and

/ e<2 PB4 gm 1 (2) < oco.
a9

Then there is a weak solution u.

v

Equivalent to the existence of a positive solution to Schrodinger's equation
—Av=wv, v>0, v=1, on 99Q.

Exponential integrability of the balayage P[d dw] on 9 is the key
boundary condition. Weaker than d dw a Carleson measure; related to

P[5 dw] € BMO(99).
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Th. Wolff's potentials

For a positive measure g on R", p > 1, a > 0, Wolff's potential
(p = 2, & = 1 Newtonian potential):

Wo, pa(x) = /Ooo [’”‘(B’(x))]"l“jr, x € R".

rn—op r

On bounded domains, for 0 < R < 2diam(f2):

Wi»v“‘*“/o e, (x))}lldrr’ co.

yh—ap
Wolff's inequality:

A|(—A)_§M|p'dx:A W, pie dp.

For p-Laplacian: a« =1, p > 1. For k-Hessian: o« = k+1 p=k+1
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Local Wolff's potential estimates for Ap: [Kilpeldinen-Maly] (Acta Math.,
1994): If —Apu = pu, p > 0, u > 0in B3r(x) C Q, then

CWF o <u<C Bi(g’fR Y + CWiR

(constants C; > 0 depend on n, p).

Global Wolff potential estimates for Ap:

Theorem (Nguyen-Verbitsky, Ann. Math., 2008)
r = dist(x, 9R2), R = diam(2), —Apu = p in Q, u = 0 on ON:

KiWj p <u < KoWiR g,

(x € Q; Ki > 0 depend on n, p).

Inverting the p-Laplacian: If —Apu = p on R", u =0 at oo,
ux Wl,p/J,.
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Discrete models of nonlinear equations

Quasilinear equations with nonlinear source terms (1 < p < o0):

—Apu=wul+ pu, u=0on9Q,

w, W are positive measures on  C R".

“Supernatural growth”: q > p — 1 [Nguyen-Verbitsky, 2008, 2009].
“Natural growth”: g = p — 1 [Jaye-Verbitsky, 2009] (end-point case).
Dyadic Wolff's potentials (1 < p < oo, a > 0):

1

p—1

W ()= 3 [ Qe 1" .

PPy
QeD |Q| n

A dyadic model:

u=Wg,p(uqdw)+f, u=_0 at oo,

u€ Ll (R"), f=WJ ponR"
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Theorem (Nguyen-Verbitsky, J. Funct. Anal., 2009)

Let w and p be nonnegative locally finite measures on R" and let
g>p—1>0. The equation

—divA(x, Vu) = wul +

has a solution u € LY
xE€R",r>0,

/0 (w(t?t(px)))ldt a / ( (jt(:)))l]—“fq

and, for all balls B C R",

(R"), u > 0, if and only if, for all

w, loc

/B (W1, s ()] d(y) < C [Bl...

Equivalently, Wy, p[(W1,ppt)9dw](x) < CWy, pu(x) (with C < C(p,n)).

Moreover, ciW1, ppt(x) < u(x) < oWy, ppe(x).
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Quasilinear equations with natural growth terms

Theorem (Jaye-Verbitsky, 2010)

Let1 < p < nandw € MT(R").
(i) If there exists a fundamental solution to the equation
—Ap = wuP~1 4 0x,, X0 € R", then

|E|w S c capl,p(E)7

for every compact set E. Here capy () is the usual p-capacity associated
with the Sobolev space L1'P(R™). Moreover,

—n |X—X[)| B %ldr
A
0 r"—P r
|x—xo| |Br(X0)|w o
Xexp C2/ n—__ .
0 r"—P r
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Theorem (Jaye-Verbitsky, 2010)

(ii) Conversely, if the above capacitary condition holds with C = Cj(p, n),
then there exists a fundamental solution u,

o= k=l /B, (x)]o\ 7T dr
< — xp|P~1 exp< c —_— —
u(x) < c3 |x — x| xp{ 4/0 ( —p ) .

Ix=xol |B,(x0)]c dr
X exp C4/ — s ("
0 rm—p r

If p > n, there is no positive solution to —Ap = wuP~l Ox, unless
w=0.
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Hessian operators
(Caffarelli, Nirenberg, and Spruck; Ivochkina; Krylov)

Let @ C R". Let Fx (k =1,2,...,n) be the k-Hessian operator
Fk[u] = Z )‘il e )\ik.
1<i; < <ik<n
Here A1, ..., Ay are the eigenvalues of the Hessian matrix D?u.

In other words: Fi[u] is the sum of the k X k principal minors of D?u.

Recent progress:

The notion of the k-Hessian measure, weak continuity, nonlinear potential
estimates, Hessian Sobolev and trace inequalities [Trudinger-Wang] (Ann.
Math., 1999; Amer. Math. J., 2002), [Labutin] (Duke Math. J., 2003),
[Nguyen-Verbitsky] (Ann. Math., 2008), [Verbitsky], (2010).
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Local Wolff's potential estimates for Fi: [Labutin] (Duke Math. J., 2003):
If Fe[u] = i, # > 0, u < 0 k-convex in B3r(x) C €,

C;WR < |u| € Cy inf |u| + C3WZR
1 %,k+lu—| |_ ZB(X,R)l |+ 3 %,k.p]l’l”

(constants C; > 0 depend on n, p).
Global Wolff potential estimates for Fy:

Theorem (Nguyen-Verbitsky, Ann. Math., 2008)
r = dist(x, 9R), R = diam(R2), Fx[u] = p in , u = 0 on 9Q:

3 2R
KiWa \op < Jul S KW s,

k+17

(x € Q; Ki > 0 depend on n, p).

Inverting the k-Hessian: If Fg[u] = g on R", u = 0 at oo,

u~W x .
2 k1M
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Hessian operators and k-convexity
In terms of viscosity solutions [Trudinger-Wang] (Ann. Math., 1999)

An upper semicontinuous function u : Q — [—o0, 00) is k-convex in Q
if Fe[q] > O for any quadratic polynomial q such that u — q has a local
finite maximum in Q (1 < k < n). A function u € C2 () is k-convex iff

loc

Filul > 0in 2, j=1,...,k.
Denote by ®*() the class of all k-convex functions in  (not identically
equal to —oo in each component of ).
o"(Q) C " 1(Q)--- C o}(Q).

®1(Q) classical subharmonic functions in , ®"(€2) convex functions.
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Weak continuity

Theorem (Trudinger-Wang, Ann. Math., 1999)
For each u € ®%(), there exists a nonnegative Borel measure p[u] in Q
such that
Q@ uk[u] = FyJu] foru € C3(Q),
@ if {um} is a sequence in ®*(RQ) converging in L1, () tou € ®*(RQ),
then the corresponding measures pk[um] converge weakly to pu[ul.

Hessian measure: p[u] is called the k-Hessian measure associated with
u € o(Q).

Assumption

Q is a bounded uniformly (k — 1)-convex domain in R", H;(92) > 0,
i=1,...,k — 1; Hj(8R) denotes the j-mean curvature of the boundary
o0.
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Hessian capacity

Trudinger-Wang defined k-Hessian capacity analogously to complex
Monge-Ampére:

capy(E, ) = sup {/Eduk[UI},

supremum is taken over k-convex functions u in € such that
—1 < u < 0, pglu] is the k-Hessian measure associated with u.

Labutin (2003): Relation to Hausdorff measure H"~2%(.).

Nguyen-Verbitsky (2008): k-Hessian capacity is equivalent to classical
2k
fractional capacity cap 2 . ;(+) for Sobolev space Wm’k"'l(ﬂ).
k+1°
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Equations of Lane-Emden type

Removable singularities for
(—1)*FJu] = u? in Q.
Dirichlet problem (viscosity solutions) for
(—1)*Felu] =w + 4 in Q,

q > k; u, e > 0. (The case q < k simpler.)
A different capacity: a compact set E C 2 is removable iff
capy, 1. (E) = 0.
Viscosity solutions exist if and only if
u(E) < ceapy s (E).
More generally: (—1)*Fy[u] = w u9 + p (dyadic models, Wolff's
potentials, two weight inequalities) (Nguyen-Verbitsky, 2006, 2008).
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Hessian equations with natural growth terms

Consider the fundamental solution u = u(x, xg):

Fi[—u]l = wuk + 8, u>0.

Theorem (Jaye-Verbitsky, 2010)

Let 1 < k < n/2. Suppose w is a positive measure satisfying

|E|., < Ccapy(E), where C < Co(k, n). Then there exists a minimal
fundamental solution so that

u(x, xg) < c|x — xo|2 % exp (c/olx_XOI<M>l/kﬂ>

rn—2k r
x=xol o (B(xg, r)) dr
. exp<c/0 % T>

The converse also holds with another C(k,n). Ifk > n/2, then w = 0.

v
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