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1. "Fundamental” and " very singular’ so-
lutions of semilinear parabolic equations
1.1 " Fundamental”’ solutions to:

(P ug — Au + holu/P"tu=0 inQ,p>1
1
w(0,2) = kdo(x), Vk >0,

where Q = RVx (0,T), hog = const > 0, N > 1.
(H.Brezis, A.Friedman -1983). If p is supercrit-
ical

2
Zpo =1+ —,
P 2 po —I-N

then (P;) does not have solution; if p is sub-
critical: p < po, then (P1) has unique solution
ur(t,z) > 0 and:

N
up(t,0) ~t7 2 ast—0

1.2 Very singular solutions (v.s. solution):
(H.Brezis, L.Peletier, D. Terman — 1985):

If p < po (subcritical case), then there exists
function us(t, x):

Uso (= ]lim ur V(t,x) € Q : uxe(0,2) =0Vax #0,

and u., is solution of equation (P;) with infinite
initial mass:

/uoo(t,a:)da: — 00 aS t — o;
RN



moreover,

1 xXr

Uso(t,x) =t r1f(—=),

(¢, z) f(\/i

where f(n) is positive (and radial) solution of
the problem

—Af = (3, V) = F5f + holfl7H f =0 inRY

lim |n|7 7 f(n) = 0.

[n|— 00

(E1)

2. Degenerate absorption potential.

ug — Au 4+ h(t,z)|uP~lu =0,
<P2>{ t
u(0,2) = kdé(x), k — oo,

where h(t,x) > 0, h(0,0) =0

Problem: existence, nonexistence and structure
of solution usc(t,z) in dependence of h.

2.1 The case h = h(z) = |z|%, 3 > —2.

Th.1l. If p > per. := 14582 (or 6 < N(p—1)-2),
then problem (P>) does not have any solution
and, more general, arbitrary isolated initial sin-
gularity is removable.



If p<pe =142 (or B> N(p—1) —2),

then for any k < oo there exists solution wu.(¢, )
of (P,) and there exists v.s. solution us(t,z) :=
lim ui(t, x):

k—o0

_(2+h) x
Uso(t, ) 1=t 20D f7(—=),

Vit

where f*(n) O is solution of:

lim [y f(n) = 0.

| [7l—o0

Remark 1. If 8 — oo then f*(0) := f5(0) — o©
Remark 2. Existence by generalization of
M.Escobedo-O.Kavian variational method:

(Ez) <

NI 2 o(n) € HERY)), K = K(n) = exp(")

— 2 248 .2 2 +1
I(v) —R[V(|vnv| T 20—V _|_m|77|5|v|p )K dn



2.2 The case of flat degenerate potential:

h(z)|lz|™*—0 as|zl]—0 Va>O0.

Th.2. (sufficient condition of existence of v.s.s.)
Assume that h(x) is continuous, positive in
RN \{0} and satisfies flatness condition:

h(lg;)) < w(lz]) & h(z) > exp(_wl(:iﬁl)) |

where nondecreasing w(s) > 0 satisfies Dini-like
condition

[z In(

1
/ s tw(s)ds < co.
0

Then for arbitrary p > 1, £ > 0 there exists
solution wu; of (P) and v.s. solution wus with
infinite initial mass:

Uso(t, ) = IJLFEIO ur(t, ),
and the following estimate holds:
/RN oo (t, ) 2dz < crt explea(D(est)) 2] Vi > 0,
where &1 is reverse function of

®(r) = /OT“(SS)

constants ci, cp, c3 depend on N, p only.

ds,



Remark 3. Conditions of Th. 2 are satisfied if:

h(z) > cexp(—|z|’™2) VzeRY,c=const >0,

with some 6 > 0.

Th.3. (sufficient condition for nonexistence of
v.s.solution-existence of "raisor blade” (R.B.)-
solution).

Assume that continuous h(xz) > 0 satisfies:

|imi51f|a;|2|n( ) >0«

1
h(x)

Jwg = const > 0 : h(x) < cexp(—;—|()2).

lim u,(¢t,z) and
k— o0

Then there exists wus(t,x) :

us(t, ) is solution of equation (P») in domain
Q\{(t,z) : |x| = 0}. Moreover,

Uso(t,0) = o0 Vt > 0(R.B. - solution).

Let U(x) = tlim Uso(t, ). Then U is minimal
large solution of

—Au+h(zx)u? =0 in R\ {0},

i.e. the smallest solution, which satisfies:

/ u(zx)dr =00 Ve>0, B(e)={x:|z|<e}.
B(e)



Open problem: to characterize uy(t,x) if po-
tential h satisfies:

h(z) ~ exp(~w(|z|)|z[ ™) as |z| — O,

where w(s) — 0 as s — 0 and

1
/ w(s)stds = o0.
0
3. Time dependent potential h(t) > 0.
3.1 Th.4. If h(t) = t*, a > 0, then the problem
ur — Au + t*uP = 0
(P3)
w(0,2) = kdé(x)

has solution ui(¢, ), if

p<pcr:=1+ w
Moreover, there exists v.s. solution

_1l4a T
ot ) = fim ety 2) = ¢+ fa(1 7))

N

where f.,(r) is solution of the problem:

')+ 2D+ 75— f7=0
(E3) 2(1-+a)
f'(0) =0, lim 1 f(r) = 0.

77— 00

Solvability of (E3) by standard (E.-K.)- method.




Th.5. (M.Marcus, L.Veron-2002.). If

h(t) = exp(—wot™1), wo > 0,
then

uso(t, ) = U(t) == ((¢— 1) /Oth(s)ds)ﬁ

- complete initial blow-up.

Th.6. If h(t) > cexp(—42), ¢> 0,
where continuous, nondecreasing function
w(s) > 0 satisfies Dini-like condition:

1
/ w(s)?s7ds < o0,
0

then u(t,x) := klim ur(t, ) is v.s. solution with

single-point initial blow-up at (0,0).

T he proof demonstrates essentially new applica-
tion of local energy method. Its main ideas and
steps are the following:



Consider solutions ux(t, ) of the approximating
problem:

ur — Au + h(t)uP = 0,
(Px) { 12, &

uw(0,x) = uop = M, “hZ6x(x) € La(RY),
where &,(z) = cohy, ™ XBo(ny), P = exp(—pBk),
B >0, h(t) =exp(—w(t)t™1).
supp o = Bo(hk) — {ac : \:1:| < hk}, ||5k||L1 =1,
5 — 0(x) weakly as k — oo, ||6x]|2, = coh;, ™.
Therefore, ||uok||7, = coMy;
assumptions for the sequence {My}:

luoklln, = MY?h? — oo as k — oo
Introduce families of subdomains:
Q(s) =RY n{|z| > s} Vs> 0,
Q7 (s) =Q(s) x (0,7) VT € (0,T),
Q-(s) = Q(s) x (1,T), Qr =R x (7,7),
and energy functions:

Ii(r) = /Q (1V sk + Jurl? + ACE) g+ ) davdlt
=I(r) Vr<T.

Ew(T, s) ;:/

|V k| dedt + / lug (7, ) |2da
Q7(s) Q

(s)
= E(r,s) s> 0.



Step 1. To prove Th. 1 it is sufficient to find
optimal sequence {M;}, such that the following
uniform a’'priory estimate holds:

Ii(7) + Ep(7,s) < C = C(7,8) <00
VkeN, Vr >0, Vs> 0,

where constant C does not depend on k.

Step 2. Energy functions I,(7) satisfies ordi-
nary differential inequality (ODI) of the follow-
ing structure

Ii(7) < ch(r) ™1 (=L;(r))™
+ (“lower order terms’)

and, as consequence, the following uniform “ab-
sorption’” a’'priory estimate holds:

I(1) < cl</OT h(r)dr) o R c1exp ((;cj(i)y_)

V>0, Vk e N.
Step 3. Using method of introducing of pa-

rameter of O.A.Oleinik we deduce the energy
relationship of the structure:

s3 — 52
Ek(T, 82) < CQEk(T’ 31) exp < _ )
C3T

Vso > s1 > max(t/? exp(—Bk)),

which is main “diffusion” a’priory estimate.



Step 4. By standard way the following global
energy estimate of solution u; holds:

I(0) + Ex(7,0) < ||luokllz, = coMx,
V>0, Vk e N.

Step 5. Fix now arbitrary k& € N and, keeping in
the mind estimate from Step 2, define 77 by:

2wWT,
(p— )7y

It (7)) < crexp ( > L= 2_1M/;_1 =
_ 2w(Tg)
(p — 1)[In(2e1)~* + In My_,]

Step 6. As optimal sequence {M;} we choose:

Tk

M = expexpk,

2w (1g) _ _ 2ew(Tg)

therefore m; =~ ) on(i=T) = (o1) ok

Step 7. Define now shift sz by:

2
Sk

ca M7z exp ( — ) = 2_1ME_1,

C3Tg

where cqs = c> exp(cgl); c> and c3 are from Step 3.
Then from Step 3 in virtue of global estimate
from Step 4 it follows

Er(m5,s5) <27 'My_;.



Step 8. From definitions of 7, sz it follows due
to optimal choice of {My}:
s = csw(p) V2.
Step 9. Combining estimate from Step 5 and
Step 7 we get:
Er(7,s5) < Ix(m) + Ex(7,55) < Mg, V7>0.

Step 10. This estimate we use as global esti-
mate instead of estimate from Step 4 for next
round of computations. Namely, keeping in the
mind estimate from Step 2, define 7%~ by:

2wT

(p— 1)1,

It(m5-1) < crexp ( ) =2 M;_, =

2ew (15 1)
(p—1)exp(k—1)
Step 11. Define s;_; similar to sz from Step 7:

F—1 ~

St_1 1
CQME,_]_ eXD — - 2 ME—Q’
C37_E_1

Then it follows from main “diffusion” energy
estimate (Step 3):

EE(TE—lv s+ 3/2—1)

2
S_
< 2B (131, 57) €XP (— b

1 ) < (due to Step 9)

C3Tk—1

g2
. ) <27 My .

C3Tk—1

S CQME_]_ eXD ( I



Step 12. Summing last estimate with estimate
from Step 10 we obtain:

B (7, 85 + s5-1) < Ir(m521)

+ Ep(mp-1,85 + 85-1) S Mg, V7>0
where, as it follows from definition of sz_; in
Step 11:

Sk—1 — CSW(TE—l)l/Q-

It completes the second round of computation.
After (k —1) such a rounds we get:

k
E,;(T,ZSZ) <M, Vt>O0.

1=l
It is easy to check that

ZSZ - Zw(T")l/Q < CZ [ (dl exp z>] -
/dlexpl w(5)1/2
0

S
Due to Step 1 last inequalities complete the
proof.

<c

ds — 0 as | — oo.




3.2 Exponential semilinearity:
u — Au+ h(t)(expu—1) =0
(P3)
uw(0,z) =kdé(x), kK — 0.

Th.7. If h(t) ~ exp(—exp(*?)), wo = const >
0, then for arbitrary k£ > O there exists solution
ur(t,z) of (P3) and

Uso(t, ) 1= ]{!Lngo up(t,z) = U(t),

thus complete initial blow-up occurs.
If h(t) ~ exp(— exp(@)), for some positive, non-
decreasing w(s) with

1
/ w(s)?s7ds < oo
0

then us (¢, x) is v.s.solution with single-point ini-
tial blow-up at (0,0)



3.3 More general equations:
u — Au™ 4+ h(t)u? = 0,
(Pa)
uw(0,2) = ké(z), k— .

Th.8. Let g > m > 1. If h(t) ~ t%w(t)_l,
w(t) — 0 as t — 0, and

1 0 —1 _ m2—1
Jo w(s)’s™ ds < 00, 0 = Wy DI=D

then us has single-point initial blow-up at (0, 0).

4. General degenerate potential h(t,z) > 0.
Let I := {(¢,z) : h(t,z) = 0}, (0,0) € T.
Problem: to find conditions on ' and on the
asymptotic of h(¢,z) near to I, which guarantee
propagation or nonpropagation of initial singu-
larity along I.



4.1 The case I =Ty = {(t,x) = (t,2',xn) :
t =0,2 = 0}.
Let h(t,x) = h(p(t,x)), p(t,x) = max{t, |z'|*}.

(Px) Up — Au_—l— h(p(t,z))uy =0, p>1
w(0,2) = ké(x).

Th.9. Let h(s) ~ exp(—wgs™?t) as s — 0, wy > 0.
Then ug(t,xz) — U(t,z’) as k — oo, where

Ui — AU + h(p(t,2'))UP =0 in (0,00) x RN ¥
U(0,2") = ocod(x)

Th.10. Let h(z) ~ exp(—<2):

ds < oo.

1Lw(s)/?
5
Then up(t, ) — Uoso : Uo(0,2) = c0d(x).



