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Introduction

Schrodinger operator on [0, 1]

We consider the Schrodinger operator on [0, 1]

d2
AghH = T4l +q (1)
with boundary conditions
u'(0) + hu(0) =0, /(1) + Hu(l) =0. (2)

where g € L1([0,1],R) and (h, H) € R2.
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Introduction

Schrodinger operator on [0, 1]

The operator Ay p H is selfadjoint on L2(0,1).

Its spectrum consists of an increasing sequence of simple
eigenvalues :

U(Aq,h,H) = {)‘J(q7 h7 H) ) ./ € N}

Asymptotic expansion as j — 400 :

1
(g, by H) = 272 + 2(H— h) + /O a(x)dx + o(1) . (3)
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Introduction

The considered inverse problem

To what extent is it possible to recover the potential g from
spectral data?

Which spectral data are needed to determine the potential g?

o(AgnH) =0(Aghan) = q=q7
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Short history

Does the spectrum for a single h determine the potential ?

Theorem (V.A. Ambarzumian - 1929)
Suppose that the set of eigenvalues of the problem

-y +qx)y=XAy, Y(0)=y(1)=0

is exactly the sequence (7n)?>, n=10,1,2,....
Then g = 0.

In other words : 0(Aq0,0) = 0(Aop0o) = q=0.
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Short history

Does the spectrum for a single h determine the potential ?

Theorem (V.A. Ambarzumian - 1929)
Suppose that the set of eigenvalues of the problem

-y +qx)y=XAy, Y(0)=y(1)=0

is exactly the sequence (7n)?>, n=10,1,2,....
Then g = 0.

In other words : 0(Aq0,0) = 0(Aop0o) = q=0.
But if §(x) = q(1 — x), then o(Ag n—n) = 0(Aq.h—n)
o(Ag.nh) = 0(Aghh) > a1 = a
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Short history

Two spectra determine the potential

Theorem (G. Borg - 1946)

Let g1, qo € L1(0,1), h,W,HER (h#H).

O-(AQ1,/77H) = U(Acmyh,H)

—t = .
o(Ag.t.H) = 0(Agy.hr 1) } "o
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Short history

A new point of view

Theorem (H. Hochstadt & B. Lieberman - 1978)

Let q1,q> € L*(0,1) and h, H € R.

q1(x) = q2(x) on [3,1]
= q1=q2sur(0,1).
U(AQLh,H) = O'(A(DJLH)
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The internal structure of the Earth

Mesosphers
Stratosphare

Upper Mantle
Mantle

Quter Core

Inner Care

T. Raoux
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A little trip into geophysics

The internal structure of the Earth

O.H. Hald, Geophys. J. R. astr. Soc. - 1980

Physical quantities:

- Density p,

- Incompressibility k,

- Rigidity p, A=k —(2/3)u ,

Lamé parameters
- Velocity « of the P-waves,

- Velocity 3 of the S-waves,

AssSUMPTION I - All these
functions are supposed to be
upper

mante  'adially symmetric (and defined

O lower! + on [Re, R]):
mantlet crust
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A little trip into geophysics

The internal structure of the Earth

AssUMPTION II - The Earth
consists of perfect elastic and
isotropic material

A
o= +2M, ﬁ:\/ﬁ
p p

Seismic data give a and 3.

upper Goal: obtain p on [R., R] .
mantle

lower: *
mantlet crust
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A little trip into geophysics

Determination of p

AssuMPTION III - The lower mantle is chemically homogeneous
and devoid of phase changes.

So p may be determined on [Rq, ro] by using the
Adams-Williamson's equation (where ® = o — (4/3)3°):

/ Gmp

= e
for Re<r<n

m = 4nr’p
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A little trip into geophysics

Determination of p

The equations for the torsional modes of a spherically symmetric
non-rotating earth lead to this eigenvalue problem:

2)(n—1
—(r*ud) + %r“uu =w?rtpufor Re <r <R
r
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A little trip into geophysics

Determination of p

After using a Liouville transformation,

r:R—(p(X), rE[rg,R]<:>X€[OE rG[Rc,fo]@*Xe[gﬂT]

F(x) = 2/ p(r)u(r) = r*\/p(r)B(r) (x)u(r)
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A little trip into geophysics

Determination of p

After using a Liouville transformation,
r=R —¢(x), re[rg,R]<:>x€[OE re[RC,r0]<:>xe[%,7r]
f(x) = r>3/p(r)u(r) = r*v/p( (x)u(r)
the problem becomes
(%) | pa(n+2)(n—1)p
K\ITEAT T
f(x) + r2
=q

y'(0) + (=f(0)/£(0)) ¥(0) = y'(m) + (—F'(7)/f(x)) y(m) = 0.
— —

=h =H

-y + y=w?K?y pour 0 < x <7
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A little trip into geophysics

An improvement of Hochstadt & Lieberman's result

Theorem (O. Hald - 1980)

Let q1,q0 € Ll(O, 1) and hy, hy, H € R.

q1(x) = q2(x) on [3,1]
— g1 = g2 on (051)7 hl :h2 .
U(AquhI,H) = U(AQLhzyH)
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A little trip into geophysics

An improvement of Hochstadt & Lieberman's result

Theorem (O. Hald - 1980)

Let g1,qo € L*(0,1) and hy, ho, H € R.

q1(x) = q2(x) on [3,1]
= g1 = Qg2 on (051)7 hl :h2 .
U(AquhI,H) = J(AQLhzyH)

Remark - If g1, g2 are continuous the conclusion holds under the
weaker assumption that the eigenvalues are the same except
possibly one.
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Recent advances

Some notations

In the sequel, we will denote by
- Aor A; one of the operators Ay, . 1, I = 1,2;
- Aj or \j(A;) the eigenvalue \(g;, hi, H);
- S some subset of o(Ag, n.H) N o(Ags,ho,H);

For E=0(A) or S and t € R, we will use the notation:

ne(t)=#{Ae E| X<t}
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Recent advances

F. Gesztesy and B. Simon

Theorem (F. Gesztesy & B. Simon - 1999)
Let hy, ho, H € R and qy, o € L1([0,1]) such that

e Ja€(0,3) q1=qoonlal]

o 35S C o(Ag h.H)N(Agy h,H) such that for large enough
t eR,

ns(t) > 2ana(A)(t) + % —a (4)

Then g1 = g2 on (0,1) and h; = hy.
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Recent advances

F. Gesztesy and B. Simon

Theorem (F. Gesztesy & B. Simon - 1999)
Let hy, ho, H € R and qy, o € L1([0,1]) such that

e Ja€(0,3) q1=qoonlal]

o 35S C o(Ag h.H)N(Agy h,H) such that for large enough
t eR,

ns(t) > 2ana(A)(t) + % —a (4)

Then g1 = g2 on (0,1) and h; = hy.

Remark - If q1,q> € C?*(J]a—¢,a +€[), (4) becomes
ns(t) > 2an,(a)(t) + 3 — a—(k + 1).
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Our results

The LP-case

Theorem (L. Amour & T.R. - 2007)

Let hy, ho, H € R and q1, g2 € L1([0,1]) such that
e Jac(0,3] 3Ipel,+o0)st.

g1 =q2 on[a,1] and g1 — g2 € LP(0, a).
o IS Co(Agh,H)No(Ag hH) S infinite, and 3C > 0 s.t. for
large enough t € S,

1
2ang(a)(t) + C > ns(t) > 2an,(a(t) + T 23,

Then g1 = g2 on (0,1) and hy = hy.
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Our results

The LP-case

Let hy, ho, H € R and q1, g2 € L(]0,1]) be such that
a1 = g2 on [§,1] and {Xoj(q1, h1, H)}; = {oj(q2, ha, H)};.

Then g1 = g2 on (0,1) and h; = hy.
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Our results

The LP-case

Corollary (1)

Let h1, ha, H € R and q1, g2 € LX([0,1]) be such that

g1 = g2 on [3,1] and {Xsj(qu, 1, H)}j = {Xaj(q2, b2, H)};.
Then g1 = g2 on (0,1) and h; = hy.

Corollary (2)

Let hy, ho, H € R and g1, g> € L([0,1]) be such that

q1 = q2 on [3,1] and {X2j11(q1, b1, H)}; = {Xoj41(ae, h2, H)};.
Then g1 = g2 on (0,1) and hy = hy.

A\
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Our results

The LP-case

Set § = {)\2j}j and §' = {)\2j+1}j.
ns(Ayj) = ns(Agjt1) = nsr(Agjp1) =j+1,
noay(A2j) = 2j + 1, noay(Agjr1) =2/ +2.

1 1 1
§”U(A)()‘2j)+§ = ns(Ayj) > E”U(A)()Qj) )
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Our results

The LP-case

Set § = {)\2j}j and §' = {)\2j+1}j.
ns(Ayj) = ns(Agjt1) = nsr(Agjp1) =j+1,
noay(A2j) = 2j + 1, noay(Agjr1) =2/ +2.

1 1 1 1
5Mo(a)(A2))+5 = ns(A2) > Sn5(a)(A2j) » ns1(A2js1) = 50(a)(A2j1)
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Our results

The LP-case

Set § = {)\2j}j and §' = {)\2j+1}j.
ns(Ayj) = ns(Agjt1) = nsr(Agjp1) =j+1,
noay(A2j) = 2j + 1, noay(Agjr1) =2/ +2.

1 1 1 1
SMo(a) (M) 5 = ns(A2j) > S0y (A2)) » ns'(A2jv1) = 56 ()(A2j1)
while

1 1
ns(>x2j+1)?§na(A)()\21+1) T
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Our results

The LP-case

Set § = {)\2j}j and §' = {)\2j+1}j.

ns(A2j) = ns(Agjt1) = ns/(Aojy1) =j + 1,

noay(A2j) = 2j + 1, noay(Agjr1) =2/ +2.
1 1 1 1
5Mo(a)(A2))+5 = ns(A2) > Sn5(a)(A2j) » ns1(A2js1) = 50(a)(A2j1)

while

1 1 1

1
ns(Moj+1) 25 n6(a)(A2jr1) + 75 ns(Mojr1) 25 no(ay(Aoj1) + 5 -
2 4 2 4
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Our results

The WkP-case

Theorem (L. Amour, J. Faupin & T.R. - 2009)

Fix k € {0,1,2}. Let hy, hy, H € R and q1, g2 € W*([0,1]) such
that
e Jac(0,3] 3pell, +oo]

g1 =¢q2 on[a1l] and g1 — g2 € Wk’P(O, a).

o 35 C 0(Ag,h,H) N 0(Agy,h,H) S.t. for large enough t € o(A),

k 1 1
ns(t) > 2an,a(t) — 5T TR a.

Then g1 = gz on (0,1) and h; = hy.
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Our results

Corollary
Let hy, ho, H € R and q1, g2 € L1([0,1]) such that

e gi1=qoon [%, 1] and g1 — g2 € L*°(0, %)
o 35S C o(Ag h.H)N(Ag hH) s-t. for large enough t € o(A),
ns(t) > nU(A)(t) — 1.

Then g1 = g2 on (0,1) and h; = hy.

The assumption on the spectra expresses that the eigenvalues are
the same, except possibly one. This is similar to the result of O.
Hald, but without assuming that q;, g» are themselves continuous.
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Elements of proof

The Cauchy problem

For z € C,q € L1(0,1), h € R, we denote by (., z, g, h) the
solution to the Cauchy problem

—¢"+qp =24, $0)=1, ¢/(0)=—h.
e (x,.,q,h) is an entire function.

e for z € C, we have
22 € o(Agnn) = V' (1,2,q9,h) — HY(1,2,9,h) = 0.

Fix g1, g2, h1, hy satisfying the assumptions of Theorem [AFR] and
set 1/),'(X,Z) = l/J(X,Z, qi, h,'), A,' = Aq,-,h,-,H for i = 1, 2.
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Introduction of an entire function f

We define for all z € C
(2 = [ (1wl 2dint2) - 5 ) (@00 - a2 o
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Our results

Elements of proof

Introduction of an entire function f

We define for all z € C
(2 = [ (1wl 2dint2) - 5 ) (@00 - a2 o

2eo(A)No(h) = f(z)=0.
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Elements of proof

Introduction of an entire function f

We define for all z € C
(2 = [ (1wl 2dint2) - 5 ) (@00 - a2 o

2 eo(A)No(A) = f(z)=0.
Proof : 1) asymptotic expansion of the \j(A;)'s =

2(h1 = ho) + [ (@2(x) — q1(x)) dx =0

2)
1
0 = /0 (= + (g1 — 22)1)Y2 — (=95 + (g2 — 22)ha) 11 dx
1
\:,./ f(z) + 2(h1 - h2) +/(; (QQ(X) — ql(x)) dx
int. by part
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Elements of proof

Estimate of the function f

There exists C = C(p, [lq1 — g2/l wrr(fo,a))) > 0 s:t.

Ve > 0,30: = (e, p, a, [lg1 — g2/l wrr(po,a)) > 0

2|Sz|a

limé.=0 and VzeC, |f(2)|<C

e—0 |S

—e[Sz]
(e +4c)
Z|k+1—E

for all z € C.
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Elements of proof

Suppose that f # 0.

Set ne(t) = #{z € C|f(z) =0 and |z| < t}.
Thanks to Jensen's formula and the previous estimate we have
VR >0

R 1 27 i
/ ne(t) di = / In |f(Re™®)| df — In |£(0)]
o t 21 Jo

fap <k+1—1) InR

T P

1
27'('0

IN

27
In(e=RIsnbl 1 5.) dg +0(1)

——oco quand R—+oco
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Elements of proof

Since ng1/2(t) < ng(t) for all ¢,

R
lim / ,751/2(t)dt—48R+(k+1—1)lnR——oo
R—+o0 Jg t ™ p
while the sequence
VA 4 1
(/ det—:«/)\j+<k+l—p>ln\/)\j
0

t .
JEN

is bounded from below (estimate of ns(t) in [AFR] + asymp. exp.
of \’s).
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Elements of proof

Finally we have f = 0.

It follows that g1 = g2 (as in Levin's book Distribution of zeros of
entire functions, or see also a shorter proof in [AR]).

Therefore hy = hy since 2(hy — hp) = fol(ql - q2).
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