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M.-F. Bidaut-Véron (1998):

“...Up to now, our proof is limitated to the case
qg< N(N+2)/(N—1)2
but we hope to extend it up to the case

g < (N+2)/(N—2).."



We are mainly interested in the
existence / nonexistence of singular solutions

for a given class of elliptic equations or systems.

In particular, we study the impact of boundary conditions

on the existence of boundary singularities.

In the nonexistence case our methods also guarantee

uniform a priori estimates of solutions.
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Question: Impact of boundary conditions on p*
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very weak solution: u € L1(Q), f(-,u) € L}(Q),

Jo(ulp+fau)p)de=0  VpeC?(@), 2jpa=0



CAu=fu) @ |f@u)] < OO+ ulP)
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very weak solution: u € L'(Q), f(-,u) € L}(Q),
Jo(uhp+ f@u)p)dz=0  VpeC (@), 22lon=0

Bquiv.:  u(z) = [ Galz,y) (f(y,u(y)) +uly)) dy,

( _AGN(xv ) + GJ\/'(xv ) = 0z in {),
where ¢ :
0Guz, ) =0 on Of)
\ v
Gulz,y) ~ |z —y
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e p>p* = 3 f ugL>Q)



“Au= f(z,u) inQ, (2, u)] < O+ |uff)
u=>0 on 0f)



“Au= f(z,u) inQ, (2, u)] < O+ |uff)
u=>0 on 0f)

LY(Q) = LYQ,6(x)dx), §(x) := dist(z, Q)



Au=few) Q. |f(eu)] < O+ )
u =0 on 0}
LY(Q) = LYQ,6(x)dx), §(x) := dist(z, Q)
very weak solution: u € L'(Q), f(-,u) € L}(Q)



{ —Au = f(z,u) in Q, |f(z,u)] < C(1+ |ulP)
u=20 on 0N
LY(Q) = LYQ,6(x)dx), §(x) := dist(z, Q)
very weak solution: u € LY(Q), f(-,u) € L}(Q)
Jo(uAQ+f(x,u)p) de=0 YocC?(Q), ploa=0

Equiv.:  u(z) = [ Go(z,y)f(y,u(y)) dy,

—AGD(Z‘, ) 53; n Q,
where
Gp(x,) =0 on 0f2



Au=flru) Q. |f@w)] <O+ )
u =0 on 0}
LY(Q) = LYQ,6(x)dx), §(x) := dist(z, Q)

. N+1
Critical exponent: p7, = -

e p<pp = wuelL®Q) (L§— Li-estimates)

e p>pr = 3If ugL>9)



“Au= f(z,u) inQ, (2, u)] < O+ |uff)
u=>0 on 0f)

LY(Q) = LYQ,6(x)dx), §(x) := dist(z, Q)

. N+1
Critical exponent: p7, = -

e p<pp = wuelL®Q) (L§— Li-estimates)
e p>pr = 3If ugL>9)

N . .
pr Sp<p"= N~ = boundary singularity



Boundedness and a priori bounds for p < pi:

® Bidaut-Véron, Vivier 2000; Bidaut-Véron, Yarur 2002;

Q., Souplet 2004

Singular solutions for p > p3:
® Souplet 2005 f(z,u) = a(x)uP, a € L>*(Q), p > p;
® Del Pino, Musso, Pacard 2007 f(u) =u”, p) <p<pp+¢

® Bidaut-Véron, Ponce, Véron 2007-2009+ behavior of singularities

(2 not smooth: pi = ph(Q) ( = 5~ for hypercubes)

® McKenna, Reichel 2007; Horak, McKenna, Reichel 2009



Singular solution of —Awu = a(x)u? for p > p;:

oy =20 o 2

o xfer p—1’

Y =X1NBr C, X1 - cone with vertex at 0 € 992

p>ph = ¢ € LHQ)

> —Au=¢ in ),
0 uw=0 on 0f

= u(z)? > co(x)

= —Awu=a(x)u’ for some a € L™



Singular solution of —Awu = u? for p € [pk,p5 +¢):

2 T
Set o = T 2T

Singular solution of the form

u(z) = lz["*o(zn) (1 +o(1)), an >0  (p€ (Pp,Pp+e))

u(z) = clz|~*log(1/]z]) =225 (1 + o(1)), zn >0, |z| <1
(p = pp)

Fixed point argument in a general domain

(using invertibility of A with singular RHS)



—AUZf(ZCaU) in Qa |f(£l§',?})‘ SC(1+‘U‘p)
_szg(ZC,U) iIl Qa |g(£C,U)‘ SC(l—F‘U‘q)
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(\) ¢ — Av = g(x,u)
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N+1 N

N—-1 N -2

qg<q" = u,v€L>®,

¢>q = 3 fg9 uwvg L™
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Scaling exponents:

Y 2(p+1) _ 2(q +1)

(pg —1)4° (pg — 1)+

u, v solutions of —Au=v", —Av=u? A>0

= uy(2) = A u(Az), vy(z) := Mo(A\z) are also solutions

q<qyplp) < max(a,0)>N-—1

¢ < qdp) & max(a,[) >N —2
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Idea of the proof of boundedness
(and a priori estimates in the superlinear case):
Alternate bootstrap and

e (N)...LP — L9 estimates
e (D) ...Ly — L} estimates

e (DN) ...LPN ng — Liand Ly — L9N ng estimates
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Alternate bootstrap and

e (N)...LP — L9 estimates
e (D) ...Ly — L} estimates

e (DN) ...LPN ng — Liand Ly — L9N ng estimates

References:

(D),(/\/) Q., Souplet 2004; Souplet 2005 (f(:z:,u,v), g(x,u,v))
Improvements: Li 2010, Kosirova 2010

Systems with more than 2 components: Li 2009

(Dj\/) Kelemen, Q. 2010
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( —Au=0 in €2,
\ ou )
5, = 9@ on ol g(z,u)| < C(+ |u|")
.. ) N—-1
Q., Reichel 2008: The critical exponent is r* = o

(also for more general nonlinear equations)

Systems with nonlinear boundary conditions:

Kosirova (work in progress)



13

Singular solutions of —Awu = 0 in {2, % = g(x,u) on 0L

1. If Q={z:zy <0}, g(x,u):ur,r>r*:§—_;,

then there exists solution of the form

w(z) = |z|7/P~Vn0), where cosf = 9’;—]\’[

2. For bounded ) with a flat boundary piece, N € {3,4}
g(x,u) =u" — u, re (r*,rf +e),
perturbation arguments (and variational methods)

guarantee existence of multiple singular solutions.



	
	
	
	
	
	
	
	
	
	
	
	
	
	

