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M.-F. Bidaut-Véron (1998):

�. . . Up to now, our proof is limitated to the 
ase
q < N(N + 2)/(N − 1)2,but we hope to extend it up to the 
ase

q < (N + 2)/(N − 2).. . . �



<1> We are mainly interested in the

existence / nonexistence of singular solutionsfor a given 
lass of ellipti
 equations or systems.

In parti
ular, we study the impa
t of boundary 
onditionson the existen
e of boundary singularities.

In the nonexisten
e 
ase our methods also guaranteeuniform a priori estimates of solutions.
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<6> Boundedness and a priori bounds for p < p∗
D

:
• Bidaut-Véron, Vivier 2000; Bidaut-Véron, Yarur 2002;Q., Souplet 2004

Singular solutions for p ≥ p∗
D

:
• Souplet 2005 f(x, u) = a(x)up, a ∈ L∞(Ω), p > p∗D

• Del Pino, Musso, Pa
ard 2007 f(u) = up, p∗D ≤ p < p∗D + ε

• Bidaut-Véron, Pon
e, Véron 2007-2009+ behavior of singularities

Ω not smooth: p∗
D

= p∗
D
(Ω) ( = N

N−1 for hyper
ubes)

• M
Kenna, Rei
hel 2007; Horák, M
Kenna, Rei
hel 2009



<7> Singular solution of −∆u = a(x)up for p > p∗
D

:
φ(x) :=

1Σ(x)

|x|αp
, α =

2

p− 1
,

Σ = Σ1 ∩ BR ⊂ Ω, Σ1 � 
one with vertex at 0 ∈ ∂Ω

�
�

�
��

Σ
Ω

0

p > p∗
D

⇒ φ ∈ L1
δ(Ω)

−∆u = φ in Ω,

u = 0 on ∂Ω

⇒ u(x)p ≥ cφ(x)

⇒ −∆u = a(x)up for some a ∈ L∞



<8> Singular solution of −∆u = up for p ∈ [p∗
D
, p∗

D
+ ε) :Set α = 2

p−1 , z = x
|x| .1. Singular solution of the form

u(x) = |x|−αφ(zN )(1 + o(1)), xN > 0 (p ∈ (p∗
D
, p∗

D
+ε))

u(x) = c|x|−α log(1/|x|)−α/2zN (1 + o(1)), xN > 0, |x| < 1

(p = p∗
D
)

2. Fixed point argument in a general domain(using invertibility of ∆ with singular RHS)
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<10>

Scaling exponents:

α :=
2(p+ 1)

(pq − 1)+
, β :=

2(q + 1)

(pq − 1)+

u, v solutions of −∆u = vp, −∆v = uq, λ > 0

⇒ uλ(x) := λαu(λx), vλ(x) := λβv(λx) are also solutions

q < q∗
D
(p) ⇔ max(α, β) > N − 1

q < q∗
N
(p) ⇔ max(α, β) > N − 2

q < q∗(p) ⇔ max(β − (N − 2), α − (N − 1)) > 0
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Idea of the proof of boundedness(and a priori estimates in the superlinear 
ase):
Alternate bootstrap and

• (N) . . .Lp − Lq estimates

• (D) . . .Lp
δ − Lq

δ estimates
• (DN) . . .Lp ∩ Lp̃

δξ − Lq
δ and Lp

δ − Lq ∩ Lq̃
δξ estimates

:( ),( ) Q., Souplet 2004; Souplet 2005 ( )Improvements: Li 2010, Kosírová 2010Systems with more than 2 
omponents: Li 2009( ) Kelemen, Q. 2010
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ase):
Alternate bootstrap and

• (N) . . .Lp − Lq estimates

• (D) . . .Lp
δ − Lq

δ estimates
• (DN) . . .Lp ∩ Lp̃

δξ − Lq
δ and Lp

δ − Lq ∩ Lq̃
δξ estimates

References:(D),(N) Q., Souplet 2004; Souplet 2005 (f(x, u, v), g(x, u, v))Improvements: Li 2010, Kosírová 2010Systems with more than 2 
omponents: Li 2009(DN) Kelemen, Q. 2010



<12>







−∆u = 0 in Ω,

∂u

∂ν
= g(x, u) on ∂Ω, |g(x, u)| ≤ C(1 + |u|r)

Q., Rei
hel 2008: The 
riti
al exponent is r∗ =
N−1

N−2(also for more general nonlinear equations)

Systems with nonlinear boundary 
onditions:Kosírová (work in progress)



<13> Singular solutions of −∆u = 0 in Ω, ∂u
∂ν = g(x, u) on ∂Ω:

1. If Ω = {x : xN < 0}, g(x, u) = ur, r > r∗ =
N−1

N−2
,then there exists solution of the form

u(x) = |x|−1/(p−1)h(θ), where cos θ =
xN

|x|
.

2. For bounded Ω with a �at boundary pie
e, N ∈ {3, 4}

g(x, u) = ur − u, r ∈ (r∗, r∗ + ε),perturbation arguments (and variational methods)guarantee existen
e of multiple singular solutions.


	
	
	
	
	
	
	
	
	
	
	
	
	
	

