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The equation

—Au=u? inQ,
u>0 inQ, (E)
u=0 on 0Q\ {0},
where

e © C R?* smooth open set,
e 00N

Meaning of solution :

uwe CH)NCE)\ {0}).
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An exercise from Potential Theory

Fact
o Either

—Au=0 in By(0)\ {0} c R%,
uw>0 in B1(0),

u is continuous at 0,

1
w(z) ~ Cy—s.
@) ~ Cue
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Genesis

—Au+u?=0 in By(0)\ {0} c RY,
u>0 in Bi(0).

Theorem (Brezis—Véron '80)
Assume that q > 2. Then,

u is continuous at 0

and
—Au+u?=0 in B(0),
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Singularities in R*

—Au=u? inQCR*
u>0  in€,
u=0 on9dQ\{0}.

Theorem (Bidaut-Véron—P-Véron '10)

If 2 <q<3, then

@ either
u s continuous at 0,
@ or 1
u(z) ~ —2£~
)| Il
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Existence of singularities in R*
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Existence of singularities in R*

—Au=u? inQcCR
u>0 in{, (E)
u=0 on o\ {0}.

Theorem (del Pino-Musso—Pacard '07)

For every q % 5 there exists a solution such that

u(x) — 400 nontangentially as x — 0.
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Looking for solutions in R%

Take

1
u(x) =

w L
|7 )
where

~Agsw = bgw +w? in S,
w>0 in 53,

(E)
w=0 on 883;.
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Looking for solutions in R%

~Agsw = bgw +w? in S3,
w>0 in 83, (E)

w=0~0 on 883;.

Theorem
(i) If1<q< 2, then (E') admits no positive solution.
(ii) If ¢ > 5, then (E') admits no positive solution.
(iii) If 3 < q <5, then (E') admits a unique positive solution.
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Pohozaev identity

(E)

~Agsv = v+ |v|T v in 53,
v=>0 on 95%.
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Pohozaev identity

~Agsv = v+ |v|T v in 53, (E)
v=20 on 85’1.
Theorem
(a—5) / IV ss0(a) 224 do — 3(6(g — 1) +3) / (v(x))2z4 do
5 s%
— _(g+1) / IV ss0(@)|2 dr.
253
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Uniqueness
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Uniqueness

~Agsv =Ll +0v? in S,

v >0 in 5%,
v=20 on 853_.

Theorem

For every £ € R, problem has at most one positive solution
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A question
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A question

~Agv=Llv+0? in S,
v >0 in 53,
v=20

on 853_.
Question

Does problem have at most one positive solution for every £ € R?
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A priori estimate

—Au=u? inQcCRY
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A priori estimate

—Au=u? inQcCRY
u>0 in§,
u=0 on 002\ {0}.

Theorem
If1 < q< 3, then

(B)
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