CRITICAL NONLINEARITIES

IN PARTIAL DIFFERENTIAL

EQUATIONS



Introduction

Critical nonlinearities are divided into three classes:

(I) — Fujita type critical nonlinearities

(II) — Bernstein type critical nonlinearities

(III) — Sobolev type critical nonlinearities

All these three critical nonlinearities are related to ‘‘the
Hamlet problem = to be or not to be global solutions to
nonlinear PDES".

In this lecture we consider the Fujita type critical nonlinearities.



EXAMPLES

1. Parabolic equation:

{ ur = Au + uP in RJ_I\Z+1 (p>1), (1)

ult=0 = up(z) > 0, wug(x) #O.

LLocal analysis:

Vp>13T =T(ug): Ju(t,z) for 0<t<T, zeRY.

Global analysis:

?T=o0c0 ! 3por=1+% (H. Fujita '66)

Vp: 1 <p<pcr Au(t,z) Yug>0:

Vug > 0 ITeo = Too(ug) < 0o, [ uP(t,x)dxr — 400, t — Teo.
RNV



2. Hyperbolic equation:

ugt = Au+ |ulP in R]_X_l_l (p>1),

u = ug(x) for t =0, (2)
ut = u1(x) > 0 for t = 0.

N\

\

LLocal analysis:

Vp>13T =T(ug,uy): Ju(t,z) for 0O<t<T, zeRY

Global analysis:

?T=co ! 3por=tt (T. Kato '80)

Vp: 1 <p<pcr there |s no global in t

(i.e., for all t > 0) solution to (2)

Ao = Too(ug) < 00, [ vP(t,x)dr — 400, t — Teo.
RN



METHODS

1. Comparison method (maximum principle, positivity
of the fundamental solution of the corresponding linear
operator).

2. Self-similar solutions.

This method essentially reduces the class of nonlinear
equations to scalar second order ones, which possess the
positivity property.



METHOD OF NONLINEAR CAPACITY (S.P., 1997)

It turns out that the blow-up of the solution is connected
with the nonlinear capacity induced by the nonlinear
operator.

“Each nonlinear operator has its own nonlinear
capacity.”

The general scheme: nonlinear operator —
nonlinear capacity — capacity dimension — blow-up conditions.



Advantages:

generality of the method

simpler method

sharpness (non-improvability) of the obtained criteria

stability of critical exponents with respect to nonlinear
perturbations



Comment

ur = Au+uP in RY x (0, +00),
u=wug >0 for t = 0.
? Pcr — 1—|—2/N
H. Fujita '66, 1<p<1+42/N
J. Lions '69, 1<p<1+42/N.
7 p=142/N
K. Hayakawa '73, N =2
D. Aronson, H. Weinberger '78

VN: per =14 2/N.
l1<p<14+2/N

1978 — 1966 = 12 years!



Example

{ up = Autul ) = u(t):

ug(z) =1

1

ur = uP —
{ oy Zu® =[1— (=17

1
Vp>1 (p > pcr) = blow-up Too = —1
p_



Problem
{ ur = Au+ |ulP + f(¢, )
ult=0 = uo(x)

? Pcr = Pcr(N7 I UO)

T
Let //f(t,x)dtdx‘T:RQ—l— / wo(x) dz > cg(14+ RY)
[z|<R O z|<R

with v > 0, ¢y > 0 (without assumptions f > 0, ug > 0!)
Then { 00, if v > N,
Pcr — 2 .
1—|——N_7, if 0 <~ < N.
Estimate of the existence domain

2(p—1
Too < Tx = (cx/cg)?, 0= (p—1) for 1 < p < per

i (v-N)p+N+2—-7~
Roo < Ry = T*/ : 6 is the sharp exponent!




How does the nonlinear capacity “‘appear’ and ‘““work’’?

Pilot example: A(u) = —Au — uf

—Au > u?in RV,
u>0, q>1.

Definition: w € LL_ (RY),u > 0: [ui) < — [ulyp Vi € CEZ(RY), > 0.

loc

Xioc®Y) = {u € LL (RY), u > 0}

loc

LetezeR={$€RN||x|SR}7¢ECS(RN)>¢ZO'¢($):{ 0 IxIE

1/ N 1/¢
Juws-[awy=-[uny< (/qu) q( 'jf'f)

AT Ap|?
/ u‘-’é/u%é |wq,¢1 —inf |¢q,¢1 = Cap(4, er)

|z[<R

Thus the capacity = the optimal a priori estimate in a certain class

of test functions.



How does the capacity ‘“‘work’?

Evidently, if Cap(A,er) — 0 for R — oo, there is no nontrivial global

(i.e., VR > 0) solution.

A
wl'

We have Cap(A4,er) < /

1, p<1,

_ — N-2¢
Yolp) = { 0, p=>kr>1, i =1 R g’—l

N
) =LA for N > 2
Hence if 1 = N-2 ’ then
<4< o { 400 for N=1,2,

Cap(A,er) — 0 for R—>oo¢/uq=0,u20$u=08.e. in RN,

The limit case: N = 2¢/, Cap(A,er) <cy < coVR > 1= /uq < 00

/qufu%g—/umb=— / ulg <

|lz|[<R SUPpPAY

lb(x) = 1o (%) , Y0>0, 4oeC?

(] ) (1A (] ) oo

SUPpAY R<|z[<kR



A counterexample

Vg > qer (N > 2)
Ju(z) = A(1 + [z[2) >0

2— N 1
<A< ——+
q—1

with

and A=2|Al- (N —-242X) > 0:

—Au>ulinRY,  N>2.



Stability of the critical exponent

Aluw): = —-Au—ui, u>0, g>1.

N
~—= for N >2
gor =4 N-2 > <
400  for N < 2.

Let A(u) = —div(a(z, u, Du) - Du) — b(x,u, Du), u > 0

with { O<(1,0§CL($,’U,,DU) SCL]_, (H)

b(x,u, Du) > bglul?, bg > 0.
Then gcr(A) = ger(A).



Moreover, for the operator A :

Du

Aq(vw) = —div | a(x, u, Du) — b(x,u, Du)

V14 [Dul?

under assumptions (H) we have

ger(A1) = qer(A) = qer(4).

In particular, for

D
Aq(u) = —div - —ul, u>0
V14 [Dul?

we have

gcr(A1) = qer(A).



The concept of nonlinear capacity
(S.P., Doklady RAS, 1997)
QCRY, X(Q)C L)
A X(Q) — X'(Q).

e C €2 is compact

Co(e, Q) ={v e Cx(Q)|0<yY <1inQand ¢ =1 in e}.



Definition 1. We call the quantity

Cap , Q) = inf sup A d 3
A @)= inf - sup g{ (Wyde  (3)

nonlinear capacity.

Remark. For coercive operators A, we introduce an
extra restriction

lullx < [|¥|lx-

For anti-coercive operators A, we remove this restriction.



Example

1. A(u) = —Au

X(2) = W02 ()

Capa(e,) = inf - sup 4~ [Au-vde||uli < |¢l12
—  inf /|V¢|2dac
¢608°(e,Q)Q

Capal(e, 2) is the classical (harmonic) capacity



2. A(u) = —Dpu := —div(|DulP~2Du) (p> 1)

X (2) = W, 0P ()

Capa(e,) = _inf _ sup = [ Apu-vde|fulli, < ¢l
'(rDECO (G,Q) ue‘/vl:é’g(g'z) O
= inf IV|P da

wECSO(e,Q)Q

CapAp(e,Q) is the p—harmonic capacity



Definition 2. Let M be a multiplier corresponding to the
operator A. Define A,, as

AM — MA,
so that MA: X,;,c(2) — D'(2). Then
Capy,,(e,€2): = Capyra(e, £2)

| (4)
= inf sup /MA(u)zp dx.
PeCEe(e,2) ue X (Q) 4



Example 1. Nonlinear elliptic capacity
A(w): = —Dpu—uf, p>1 g>p—1

Xi0c(2) ={u e VV@’?(QNU > 0, / | Du|Pu® + / wIT < 0.}

loc loc

Let M(u) =u® with 1 —p < a<0. Then

dx

1 D7
Capgy,, (e, ) = inf 1l ¢|1
YeCs(e,2) ¢4 (LA

With ¢ > 0 and v = PAT ).
q—p+1




Remark. If one replaces ¢ — (: ¢ = (7, then

. v
Capu. .(e.Q)= inf —/D Vdx
A, (e, 2) peomte | | D¢
Q
This implies

N(p—1

(p ) for N > p,
qcr = N —p

+o00 for p > N.

For p = 2, one has gcr = (N >2) —

N —2

the J. Serrin exponent.



Example 2. Nonlinear parabolic capacity

0
A(u): = 8—?: — D(u?|DulP™?Du) —ul, >0 in R]_X_H,

p>1, %—I—a—l—p—1>1, qg>max{l,c+p—1}.

_ Dy | gz N1
Capay (e, )= _nf J] it et ¥ = v w), @ CRY
with ~; = _ Plate) R N )

772_
q—(c+p—1) qg—1
Hence,

p
— _1.
dcr N+U+p

It is the Galaktionov exponent — ‘82, ‘94.



Stability of critical exponents in X7 (RY*1)
Example.
. G,
A(u): = 8—?: — div(a(.. . )u’|DulP~?Du) — b(...),

. N—+1
u>0In R—I—

a(...) =a(t,z,u, Du,...),
b(...) =b(t,z,u,Du,...)

O<CLO§CL(---) Sa'la
b(x,u, Du) > bglul?, bg > 0.

with under assumptions:

We have

gcr(A) = qer(A) = % +o+p—-1

under the previous assumptions on p, g and o.



The generalized Zeldovich—Kompaneets—Barenblatt equation

Ag(u): = up + (1) AFu™ — [ufp in REF!

with p > m > 1.

Dkay|d p
We have CapAO(e,Q) = inf //' ,M Wf'
YeCE (e,9) e 1 wp—l

/ q /

p
with ¢ = —, ¢ = —— —_P
1 m’ 1 q— 1 p—1
2k
pcr(AO)—m‘l‘—



i [ Aow) > f(t, ) in RYTH
u = ug(x) fort =0, z € RN

T
with / / £(t.2) dtdw'T:Re +B/ wo(x) dz > cy(1+ RY),
R

0 Bp
p—1
0 = 2k and cg > 0, then
p—m
2k
m + for 0 <~ < N,
pCr(A07f7 UO) — N_7 =
—+ o0 for v > N.

Stability of the critical exponent

Consider A(u) = us + AFa(t, z,w) — b(t, z,u),
la(t, z,u)| < clul™, b(t,z,u) > bglulP

with p >m > 1, bg > 0. We have

per(A) = per(Ap).



Example 3. Nonlinear hyperbolic capacity

Aw): =—5— Y DYAq(t,z,u) — b(t,z,u)|ul? in RYT!
I<|a|<L

with |A.(t, z,u)| < c|ulP, p > 0, b(t,x,u) > by > 0.

Capa(e,2) < C inf {// \D¢|% V™ LY =Y(t,T), QcRN+1}

YeCT (e,92) =1 w -1

with Y1 = L, Yo = L
q—p qg—1
This implies
2N 4+ 1
T for 2N — [ > 0,
gcr = 2N — [

00 for 2N — [ < 0.



Corollary

u) =5 u — |ul? in 1

p=11l=L=2,q¢>1

: [AY[T A [ |7 N+1
Cap(e.Q) < C  inf /7 b = (L), Q CR
pA( ) ~ 7706080(6,9) J; w,y_l ”éb w( 37) +
: q
with = —
Y g— 1

Hence,

2N -1+42 N+1

qgcrlp=11=2 = = (N > 1),

2N -1 -2 N -1
i.e., the Kato exponent.



Nonlocal nonlinearities

Nonlinear integral equations and inequalities.

Liouville theorems

1
Example 1. u(z) = / lu(y)|9dy
. — y[N=F
RNV
For 0 < B < N we have - N
qcr = N _ ﬁ

Let 1 <q < qcr.

Then there are no nontrivial solutions.



Example 2. Consider a more general case

> q

L(u) / " |N Slu(w)|%dy

with 8 < N, where L is a linear differential operator.
Then there exists gcr > 1 such that for

1 < q < ger there is no nontrivial solution.



1
Example 2.1. u; — Au > / lu(y)|9dy
iz — y|N=F

RN
N+ 2
= O<B<N).
o =N 5 (0<p )
1
Example 2.2. wuy — Au > / lu(y)|9dy
jz —y|N=F
RN
N +1
forO< B <N —1,
qcr =y N—-—1-20 &

+ o0 for N -1 <3 < N.



Consider the following Cauchy problem:

( ak
- Y Dlaltau) / =y NuCt, )| dy + [, 2),

otk
g I<|a|<m (5)

(Oa:)—u,(a:) i=20,...,k—1.

\ 8251
Theorem. Let k> 1,1> 1, N > 8> 0 and functions u; € L, . (R")
and f € LY (R4 X RN) be such that

T
o S : . >0
I|mR|E1;/uk_1(x)da:_O, IlmR,ij//f(t,x)dxdt_O

Br 0 B
Let ao satisfy the estimate |ao(t,z,u)| < co|lu|P with some co > 0,

p > 0 and q > max{l,p}. Then problem (5) has no nontrivial

( (kN -B)p+1+8
N8k T if (N—38—Dk+1>0,

| +oo if (N—8—1Dk+1<0.

solutions for q < qcr = |




Corollary

Example (the generalized John-Kato problem)
(524
o = du> [ o=yl Nult ) dy + £(t0) in R,
< .
uw(0,z) = uo(x) in RY,
o
=(0,2) =wi(2) in R,

(6)

\

whereq > 1 and N > 3 > 0. Let functions ug,u1 € L}, (RY), f € LL (R4 x RY),

T

lim inf /ul(a:)dzUZO, |imRi7[1f //f(t,x)da:dtzO.

R—o
BR O BR

Then problem (6) has no nontrivial solutions for

N+1
IFO<B<N—-1,
q < gcr = N—-1-0 &

+o0 ifN—-1<3<N.




T he Kuramoto-Sivashinsky equation

Let g be a bounded domain in RY with smooth boundary
0€2p and 0 € 2.

Let 2 = RN\ Qq. Consider the problem in Qr:

wr + A?u + Au = |Dul? in Qp, (7)
0

u=—u-+ Au) =0 on [, (8)
on

u=ug(x) for t =0, x € Q2. (9)

Here Qr = (0,7) x Q and ' = (0,T) x 9929.

The problem is considered in the space WQI’TE)C(QT).



T heorem. Let

1
T r(ug)
R—>ooR 5

I
T r(uo) _
R—>OOR2 In R

1
= r(uo) _
R—o0 R

sv—5 — T

o0

—+ o0

for N > 2,
for N = 2,
for N =1,

where In(ug) ‘= / wo(z) dz. Then problem (7) — (9) has

Qg

no global solution for all t > 0. Moreover, there is no
solution u(t,z) for x € Qpr with R > Ry« and t > Tg,,
where R« and Tr_ are determined by the initial data of

the problem.



Remark. Note that the asymptotic exponent of the

3N —
behavior of the initial data ug, namely 5 for N > 2, is

sharp (non-improvable). This follows from a corresponding
counterexample demonstrating existence of a global solution

to the problem for
N-—-2
lug(z)| < Clz| 2= (N >2, R>1),

which implies

3IN-2
/ wo(z)dz| < CR™ 2~ for N>2, R> 1.
(2R




Schemes of application
of nonlinear capacity

I. The explicit scheme

Let A(u) > f(u) >0 in Xjoc(RY),
f(u) =0=u=0 a.e. in RV,

Fix Bp ¢ RN and ¢ > 0,

v € CPRY), ¢(xz) =1 for z € Bp.

Then [ f(uw) < [ fww < [ A < Capa(Bp,RY) -0 =
Bpr

—~ =0 a.e. in RV.



Estimate of the ‘“size’” of the possible existence
domain. A scheme

A(u) > h >0 in Xjoc(RY)
[ he < [ AG < Capa(Bp,RY) for R> 1

If /hch-R& for R > 1 and Cap4(Bp,RY) < ¢y - RY
Bpr
for R > 1, then
1R <R, k>0
Ry = max{l, (cz/cl)l/(’”“_e)}



II. The implicit scheme

Let there exist a nonnegative functional of the form

/ E(u)dzr, ué€ Xl_(L_C(RN):

RN

E(u) > 0 and /E(u)dx=0:>u:0 a.e. in Q.
Q

Let for any solution u € Xl‘gc(]RN) of the inequality A(u) > 0
there hold

[ E@)d < coCapa(en, B™).
Q2

Then, if Capa(ep, RN) — 0 for R — oo, one has u = 0 a.e.
in RV,



Some generalizations
The k-th order entropy and its aplications

Let for a certain non-stationary problem in ]R{ﬂ\_]"'l there
hold an inequality of the form

OHy . 90H,
=0 L>Woin RYTY (10)
(915 —1 8%
1=

on the solutions of the problem under consideration from
the corresponding class. Here Hg,Hq,...,Hy and W are
functions depending on t, x, the solution u and its derivatives
of order k > 0 that belong to the class C1 in the range of
the variables.



Let these functions satisfy the inequality

N
W > co(|Hol* 4 > [Hil*) (11)
=1
with some constants ¢ > 0, ¢, q1,...,9qny > 1 in the whole range of

the arguments under consideration.

Definition 1. A pair of functions (Ho, H), where Hg is a C?! scalar
function and H = (Hy,...,Hy) is a C! vector function satisfying
inequalities (10)—(11) on the solutions of the problem, is called the
k-th order entropy for the original non-stationary problem.

An essential characteristic of this concept is the quantity

N /
q . qi :
szg—kl—q/ with q’=q_1 and quqi_l (i=1,...,N). (12)
=1 "



Application of the k-th order entropy to the problem of
existence of global solutions to non-stationary problems

Note that the considered class of solutions is determined by conditions

{ Ho, Hi, W € L} (RYT),

loc

loc

(13)

Definition 2. A generalized solution of the non-stationary problem
satisfying conditions (13) is called a k-entropy one, if for this solution
there exists the k-th order entropy satisfying inequality (10) in the
sense of distributions D/, (RY*1).

Theorem. Let the non-stationary problem under consideration have
the k-th order entropy with 6 < 0.

Then this non-stationary problem does not admit a nontrivial global

k-entropy solution in the whole Rﬂf“ if the initial conditions are such
that



The Hamilton—Jacobi equation
with a nonnegative Hamiltonian

(O
2 — H(u, Du), (z,t) € R2

! ot (15)
| u(0,z) =up(z) > 1, zeR

Define for this problem the 1st order entropy, i.e. vector
function (Ho, Hl) with Hyg = Ho(u,p), Hq = Hl(u,p) (p ~ Du)
satisfying relations (5)—(6) on smooth solutions of equation
(15).



Validity of inequality (10) for all values of the corresponding arguments
by (11) implies
OH1 OH OHyg

. 16
Op Op Op (16)
Choosing
Ho(u,p) = u%|p|’, u>1, peR,
we get
OH1 al 1o OH
—— = bu’|p|" *p——.
op op
Hence for
OHo OH;, , ou ou
W(u,p) := — with  — = H(u,p), p = —
(u,p)i= === 7, ot (u,p), p= o
we find

W (u,p) = a(l — b)u|p|’H (u,p) + b(b — 1)ua’_1p/(aH(u, s) + uHy(u, s))|s|’2ds.

Application of the previous theorem vyields the following result.



Theorem. Let a nonnegative C1 Hamiltonian be such
that there exist parameters a and b € R, for which and for
functions Hqg, H1 and W defined above there holds

W > co(|Hol? + |H1|71)

for allu>1 and p € R with some cg >0,q>1 and q1 > 1
such that

q/
0=-"+1-q¢ <O0.
q1

Then there exists no nontrivial global solution of the
Cauchy problem (15) with a C1 initial function ug(z) > 1.



Example. Consider the Cauchy problem

Ou = u'“’|Du|>‘, (z,t) € R2,
ot (17)

| u(0,2) =ug(x) 21, xR

with ug € C1(R). We restrict ourselves to the case \ > 1,
A+ > 1. Then for parameters a and b such that b6 > 1
and a4+b+ X4+ u—1 <0 there hold all assumptions of
the theorem with

b+ A\ b+ A\ 1—b
L, g1 = + and 6 = —— < 0.
b b+ X\—1 A
Hence there exists no nontrivial entropy solution of the
Cauchy problem (17) for all ¢ > 0. In particular, there is

no nontrivial (i.e., u Zconst) C2 solution of this problem
for all t > 0.

q:



A mathematical model of a roof crash

~— —div = —klu/T tu+h(z) inRY, k>0

The principal steady state: v < 0 (the u—axis is directed
downwards)

D
_div L = kul?+ h(z), h(z) = Hp in RY.

V14 [Dul?

Then for R > Roc there exists no solution in the ball Bp.

For Roo, We have the estimate

where ¢’ =

d , Cx — C*(N,ki)
q—1



NONLINEAR CAPACITY AND EXISTENCE

Example
(d
 dt - () = —9 - (18)
1 —ugpt
| ult=0 = uo

= wug < 0 d global solution

1
= ug >0 3 blow-up solution with Too = —
uQ



NONLINEAR CAPACITY APPROACH

p(t) >0, ¢ecC5(R)

e(T) =0, p(0)=1

T T T /2
[ wPe < —uo + (/ u%) (/ g‘;) (19)
0 0

0



Scaling:
o(t) = wo(r), T=1t/T,

¢o > 0, ©o(0) =1, ¢o(1) =0

po € C5(R)

(S)

1
1
Then /—dt ?/ 0 4r and (19) =
0]

T - T 1/2
[uPe < —uo+ =22 | [u?p (20)
0




Consider
1@,2
min / O _dr:ppe S
¥0

After replacement og(7) — Yo(7): Yo = ¢8

900

vveget/ d7—4/¢

T hen

min /¢62d7:¢065 = 1.



Thus Cyp, = 4 and (20) =

r 2 2 (71 2 v
O/u90<uo+ﬁ(0/us0) =

- 1/2 5 (21)
(O/U290> —% S—UO-I-%.




Consequently:
If ug <0 = —ug+ 1/T > 0= 3 solution for any T > 0.

If ug>0and T <1/ug= —ug+ 1/T >0, and there is
solution for T' < 1 /uyg.

If ug >0 and T > 1/ug, we have —ug+1/7 <0 and
there is no solution for T' > 1/ug.

T hus: o = 1/ug

is the same as before from the explicit form of the
solution!



In this talk results obtained jointly with Professor Enzo
Mitidieri were used.



Further development:
Critical exponents —
— regularity of solutions —

— the 19th Hilbert problem



David Hilbert — Mathematical Problems, 1900

‘“...the essence of mathematical science is such
that each real progress in it comes together with
finding stronger techniques and simpler methods that
facilitate the understanding of earlier theories and
replace complicated old arguments...”



