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Statement of the problem

We will study the problem
8
>><

>>:

� � u =
up

jxj2
x 2 
 � RN ; N � 3;

u > 0 x 2 
 ;
u = 0 on @
 :

where 
 is a bounded open set with smooth boundary and

1 < p <
N + 2
N � 2

:

We look for positive solutions.

I. Peral Elliptic problem with Hardy potential on the boundary



Table of contents
The mathematical problem
Non-existence

The main result
Proof of the main result

Statement
Three situations

Three situations

If 0 2 RN n 
. In this case
1

jxj2
is a bounded weight and we

have the usual Mountain Pass argument.

I. Peral Elliptic problem with Hardy potential on the boundary



Table of contents
The mathematical problem
Non-existence

The main result
Proof of the main result

Statement
Three situations

Three situations

If 0 2 RN n 
. In this case
1

jxj2
is a bounded weight and we

have the usual Mountain Pass argument.
If 0 2 
 we have:

I. Peral Elliptic problem with Hardy potential on the boundary



Table of contents
The mathematical problem
Non-existence

The main result
Proof of the main result

Statement
Three situations

Three situations

If 0 2 RN n 
. In this case
1

jxj2
is a bounded weight and we

have the usual Mountain Pass argument.
If 0 2 
 we have:

If 0 2 
 we will recall that there is not distributional solution.

I. Peral Elliptic problem with Hardy potential on the boundary



Table of contents
The mathematical problem
Non-existence

The main result
Proof of the main result

Statement
Three situations

Three situations

If 0 2 RN n 
. In this case
1

jxj2
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have the usual Mountain Pass argument.
If 0 2 
 we have:

If 0 2 
 we will recall that there is not distributional solution.
If 0 2 @
 the answer is: DEPENDS
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About the shape of 

Dumbbell domain

0 2 


If p > 1, the non existence is the strongest possible, i.e.:

If u;
up

jxj2
2 L1

loc and veri�es the equation in distributional sense,

then u � 0.
By contradiction, if there exist a such very weak solutionu > 0,
then by the weak Harnack inequality for Laplacian,
u � c in some ballBr (0), again by the weak comparison principle,
u(x) � C log( r

jxj ) in Br (0).
Then by Picone's inequality we obtain

Z

Br (0)
jr � j2 �

Z

Br (0)
(
� � u

u
)� 2 �

Z

Br (0)

� 2

jxj2
cp� 1(log(

r
x

))p� 1;

which is a contradiction with the classical Hardy-Sobolev inequality.
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This result is explicitly written forp = 2 in
H. Brezis, X. Cabr�e, Boll. Unione Mat. Ital. Sez. B Artic. Ri c. Mat. (8) 1 (1998), no. 2, 223{262.

If 0 < p < 1 is simple to prove existence of solution by using the
following inequality satis�ed by the energy functional,

J(u) =
1
2

Z



jr uj2�

1
p + 1

Z




up+1

jxj2
�

1
2

Z



jr uj2� C(
 ; p)(

Z



jr uj2)

p+1
2 ;

and proceed by minimization.
( See B. Abdellaoui-I.P. Proc. of the Royal Soc. of Edinburgh , Vol. 132A (2002), pg. 1-24.)

I. Peral Elliptic problem with Hardy potential on the boundary



Table of contents
The mathematical problem
Non-existence

The main result
Proof of the main result

0 2 

0 2 @

0 2 @

About the shape of 

Dumbbell domain

0 2 @
 and 
 star-shaped

In order to justify the Pohozaev method we need the following
result
Lemma

AssumeN � 2 and 1< p < N+2
N� 2 (p > 1 if N = 2). If u is an

energy solution of

� � u =
up

jxj2
; u > 0 in 
 u = 0 on @


then u 2 L1 (
), and there is some C > 0 such that

jr u(x)j �
C
jxj

; jD2u(x)j �
C

jxj2
for all x 2 
 :
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Dumbbell domain

0 2 @
 and 
 starshaped

If 0 2 @
 and 
 is starshaped with respect to the origin then there
is not solution inH1

0 (
).
Use the Pohozaev's multiplierhx; r ui , thus

Z



(� � u)hx; r ui =

2 � N
2

Z



jr uj2 �

1
2

Z

@

jr uj2h�; xi

and
Z




up

jxj2
hx; r ui = �

N � 2
p + 1

Z




up+1

jxj2
+

1
p + 1

Z

@


up+1

jxj2
h�; xi
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 starshaped

Therefore

2 � N
2

Z




jr uj2�
1
2

Z

@


jr uj2h�; xi = �
N � 2
p + 1

Z




up+1

jxj2
+

1
p + 1

Z

@


up+1

jxj2
h�; xi :

Multiplying the equation byu
Z



jr uj2 =

Z




up+1

jxj2

then

0 = ( N � 2)
�

1
2

�
1

p + 1

� Z




up+1

jxj2
+

1
2

Z

@


jr uj2h�; xi

which in a starshaped domain respect to the origin implies
u � 0 in 
.
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The shape of 
 to have solution

It is known the role of the geometry of the domain in the existence
of positive solution to the critical problem

(
� � u = u

N+2
N� 2 u > 0 in 


u = 0 on @
 :

As references to these kind of result we have

A. Bahri, J.M. Coron, CPAM, XLI (1988) 253-294.

(Nontrivial topology implies existence)

E. N. Dancer, Bull. London Math. Soc. 20 (1988), 600-602.

W. Ding, J. Partial Di�erential Equations 2 (1989), no. 4, 83 -88.

D. Passaseo, Manuscripta Math. 65 (1989) 147-165
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Following the geometrical ideas as in the critical problem we will
considerdumbbell domains.

De�nition
We call 
 � a dumbbell domain if it is a domain with smooth
boundary of the form 
� = 
 1 [ C� [ 
 2 where 
 1 and 
 2 are
smooth bounded domains such that�
 1 \ �
 2 = ; , and C� is a
region contained in a tubular neighborhood of radius less than
� > 0 around a curve joining 
1 and 
 2.

We will assume that 02 @
 1 \ @
 � .
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Theorem

Assume that
1 
 � is a dumbbell domain.
2 0 2 @
 1 \ @
 �

3 1 < p < N+2
N� 2

Then 9� 0 such that if 0 < � < � 0,
8
<

:

� � u =
up

jxj2
; u > 0 in 
 �

u = 0 on @
 �

; has a nontrivial solution.
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Passing to the limit and conclusion.
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Variational approach

To de�ne an energy functional for the problem is not obvious at
all. The natural energy should be

E(u) =
1
2

Z


 �

jr uj2 �
1

p + 1

Z


 �

up+1

jxj2
;

which is not well de�ned inH1
0 (
 � ).

We will proceed by

1 Truncation. By considering the truncated weight
1

jxj2 + �
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Variational approach

To de�ne an energy functional for the problem is not obvious at
all. The natural energy should be

E(u) =
1
2

Z


 �

jr uj2 �
1

p + 1

Z


 �

up+1

jxj2
;

which is not well de�ned inH1
0 (
 � ).

We will proceed by

1 Truncation. By considering the truncated weight
1

jxj2 + �
2 Penalization. We penalize the contribution in the energy on

the sub-domain 
1 that is where 0 is.
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Penalized and truncated energy

Consider

8
><

>:

� (s) = 0 s 2 [0; 1]

0 � � (s) � 2 and � 0(s) � 0 s 2 [1; 2]

� (s) = s s2 [2; 1 ):

For � > 0 de�ne � � (t ) = � (t =� ) t � 0:

Sincep < 2� � 1, 9q such that min
�

2; (p� 1)N
2

�
< q < p + 1 :

Considerg 2 C1(R);

8
>>>><

>>>>:

g(s) = 0 s � 0

0 � g(s) � 1 s 2 [0; 1]

0 � g0(s) � qs(p� 1) N
2 � 1 s 2 [0; 1]

g(s) = s(p� 1) N
2 s � 1

and for � > 0 de�ne g� (t ) = � (p� 1) N
2 g(t =� ).
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Penalized and truncated energy

Consider

I� (u) =
Z


 1

g� (u + � )

(jxj2 + � )
N
2

For �; �; � > 0 we de�ne the penalized energy functional

E�;�;� : H1
0 (
 � ) ! R

E�;�;� (u) =
1
2

Z


 �

jr uj2 �
1

p + 1

Z


 �

(u+ )p+1

jxj2 + �
+ � � (I� (u)) ;

whereu+ = max(u; 0).
It is standard to verify thatE�;�;� 2 C1(H1

0 (
 � )).
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Euler equation toE�;�;�

If u is a critical point ofE�;�;� then it satis�es the Euler equation
8
><

>:

� � u + a(x; u)g0
� (u + � ) =

(u+ )p

jxj2 + �
in 
 �

u = 0 on @
 �

where

a(x; u) = � 0
� (I� (u))

� 
 1(x)

(jxj2 + � )
N
2

and � 
 1 is the characteristic function of 
1.
If u 2 H1

0 (
 � ) is a solution thenu veri�es u � � � in 
 � .
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The Palais-Smale condition

In this �rst step we analyze the existence ofmountain passcritical
points of E�;�;� , �nding uniform estimates from above and from
below of the mini-max level.
Let f ung a Palais-Smale sequence forE�;�;�

(E�;�;� (un) � C, E0
�;�;� (un) ! 0).
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The Palais-Smale condition

In this �rst step we analyze the existence ofmountain passcritical
points of E�;�;� , �nding uniform estimates from above and from
below of the mini-max level.
Let f ung a Palais-Smale sequence forE�;�;�

(E�;�;� (un) � C, E0
�;�;� (un) ! 0).

f ung is bounded. Writing
C + o(1)kunkH1

0
� E�;�;� (un) � 1

p+1 E0
�;�;� (un)un

=
�

1
2

�
1

p + 1

�
kunk2

H1
0

+ � � (I� (un)) �

1
p + 1

� 0
� (I� (un))

Z


 1

g0
� (un + � )un

(jxj2 + � )
N
2

:
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The Palais-Smale condition

By using the hypotheses on� and g we conclude that there
existsC such thatkunkH1

0
� C for all n.
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The Palais-Smale condition

By using the hypotheses on� and g we conclude that there
existsC such thatkunkH1
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� C for all n.

It is also easy to show that by the Rellich compactness
argument a Palais-Smale sequence forE�;�;� admits a
convergent subsequence.
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The Palais-Smale condition

By using the hypotheses on� and g we conclude that there
existsC such thatkunkH1

0
� C for all n.

It is also easy to show that by the Rellich compactness
argument a Palais-Smale sequence forE�;�;� admits a
convergent subsequence.

Take � 2 > 0 be the principal eigenfunction of� � in 
 2 with
� j@
 2 = 0, such that k� 2kL2(
 2) = 1.
Fix A > 0 large such that

E0;�;� (A� 2) �
1
2

A2
Z


 2

jr � 2j2 �
1

p + 1
Ap+1

Z


 2

� p+1
2

jxj2
< 0:
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Geometry of Mountain Pass

De�ne
c�;�;� = inf



max

t 2 [0;1]
E�;�;� (
 (t ))

where the in�mum ranges over all continuous paths

 : [0; 1] ! H1

0 (
 � ) such that 
 (0) = 0 and 
 (1) = A� 2.
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Geometry of Mountain Pass

De�ne
c�;�;� = inf



max

t 2 [0;1]
E�;�;� (
 (t ))

where the in�mum ranges over all continuous paths

 : [0; 1] ! H1

0 (
 � ) such that 
 (0) = 0 and 
 (1) = A� 2.

E�;�;� has the geometry of the Mountain Pass Lemma, since
for kuk su�ciently small

E�;�;� (u) = ~E� (u) =
1
2

Z


 �

jr uj2 �
1

p + 1

Z


 �

(u+ )p+1

jxj2 + �

(the functional without penalization).
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Mountain pass level estimates

As a consequence we get

Lemma

There exists a critical pointu of E�;�;� with critical valuec�;�;� .
Moreover there exists a constantC independent of�; �; � such that

c�;�;� � C:

Since� � (I� (tA� 2) = 0 then maxt 2 [0;1] E�;�;� (tA� 2) is bounded
uniformly in �; �; � .
Thereforec�;�;� � C uniformly in �; �; � .
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Lemma

There exist� 0 > 0 andc0 > 0 independent of�; �; � such that
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for 0 < � � � 0.

I. Peral Elliptic problem with Hardy potential on the boundary



Table of contents
The mathematical problem
Non-existence

The main result
Proof of the main result

Variational approach
Penalized and truncated energy
Study of the functional E�;�;�
Uniform estimates of M-P critical points
An auxiliary problem
End of the proof

Mountain pass critical point

Lemma

There exist� 0 > 0 andc0 > 0 independent of�; �; � such that

c�;�;� � c0

for 0 < � � � 0.

In 
 � n 
 1 the weight 1
jxj2+ � is bounded uniformly in�; � , then

9� > 0 independently of�; � such that, for allkukH1
0

� �
1
2

Z


 �

jr uj2 �
1

p + 1

Z


 � n
 1

(u+ )p+1

jxj2 + �
�

1
4

kuk2
H1

0
:
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Mountain pass level lower estimates

By H•older and Sobolev's inequalities
Z


 1

(u+ )p+1

jxj2 + �
�

� Z


 1

(u+ )2�
� N� 2

N

 Z


 1

(u+ )(p� 1) N
2

(jxj2 + � )
N
2

! 2
N

� CkukN
H1

0
I� (u)

2
N

(This calculation motivates the penalization).
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Mountain pass level lower estimates

By H•older and Sobolev's inequalities
Z


 1

(u+ )p+1

jxj2 + �
�

� Z


 1

(u+ )2�
� N� 2

N

 Z


 1

(u+ )(p� 1) N
2

(jxj2 + � )
N
2

! 2
N

� CkukN
H1

0
I� (u)

2
N

(This calculation motivates the penalization).

So we �nd.
E(u) �

1
4

kuk2
H1

0
� C� N I� (u)

2
N + � � (I� (u)) for all kukH1

0
� �:
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Mountain pass level estimates

By studying the functionh(t ) = � � (t ) � C� N t
2
N we �nd that

h(t ) �

(
t

2
N if t � 2�

� C� N (2� )
2
N if 0 � t � 2�
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Mountain pass level estimates

By studying the functionh(t ) = � � (t ) � C� N t
2
N we �nd that

h(t ) �

(
t

2
N if t � 2�

� C� N (2� )
2
N if 0 � t � 2�

Consider
 : [0; 1] ! H1
0 (
 � ) continuous,
 (0) = 0 and


 (1) = A� 2. Take � > 0 such thatAk� 2kH1
0

> � .
De�ne t � = min f t 2 [0; 1] : k
 (t )kH1

0
� � or I� (
 (t )) � 1 g:
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Mountain pass level estimates

By studying the functionh(t ) = � � (t ) � C� N t
2
N we �nd that

h(t ) �

(
t

2
N if t � 2�

� C� N (2� )
2
N if 0 � t � 2�

Consider
 : [0; 1] ! H1
0 (
 � ) continuous,
 (0) = 0 and


 (1) = A� 2. Take � > 0 such thatAk� 2kH1
0

> � .
De�ne t � = min f t 2 [0; 1] : k
 (t )kH1

0
� � or I� (
 (t )) � 1 g:

Then for 0< � < � 0 small enoughE�;�;� (
 (t � )) �
� 2

8
we can

prove that,

c�;�;� � minf 1;
� 2

8
g
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Uniform energy estimate

Claim.- There existsC > 0 such that for allu mountain pass
critical point to E�;�;� , for all � > 0, � > 0 and � > 0,

kukH1
0 (
 � ) � C,

I� (u) � C� .

We use the upper estimate for the mountain pass level, in
particular, E�;�;� (u) � C. Then

C � E�;�;� (u) �
1

p + 1
E0

�;�;� (u)u

=
�

1
2

�
1

p + 1

�
kuk2

H1
0

+ � � (I� (u)) �
q

p + 1
� 0

� (I� (u)) I� (u):
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Uniform energy estimate

It is su�cient to note that:
1 If I� (u) � 2� then

� � (I� (u)) �
q

p + 1
� 0

� (I� (u)) I� (u) =
1
�

�
1 �

q
p + 1

�
I� (u)

2 If I� (u) � � then � � (I� (u)) �
q

p + 1
� 0

� (I� (u)) I� (u) = 0 :

3 If � � I� (u) � 2� then � � (I� (u)) �
q

p + 1
� 0

� (I� (u)) I� (u) �

�
q

p + 1
� 0

� (I� (u)) I� (u) � �
C
�

I� (u) � � C:

These estimates allow us to conclude.
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An auxiliary problem

We will study and auxiliary problem in a subdomainD
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An auxiliary problem: local supersolution

Fix r0 > 0 small and de�ne
D = f x 2 
 � : jxj < r0g
� 1 = @
 � \ fj xj < r0g, � 2 = 
 � \ fj xj = r0g

Call d� 1(x) = dist(x; � 1) then,
dp

� 1
jxj2 2 Lq(D) for someq > N. Solve

the problem the auxiliary problem8
>>><

>>>:

� � � =
dp

� 1

jxj2
in D

� = 0 on � 1

� = d� 1 on � 2

By elliptic regularity� 2 C1;� (D).
Then for someC > 0 we �nd that � � Cd� 1.
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An auxiliary problem: local supersolution

Considerc = C� p
p� 1 and 0< � < c, then

w = c� satis�es

8
>>>>><

>>>>>:

� � w �
wp

jxj2
in D

w > 0 in D

w = 0 on � 1

w � � d� 1 on � 2

Notice that this fact is related to general results by

D. Adams, M. Pierre, Annales de l'Institut Fourier 41 (1991) , no. 1, 117-135.

N.J. Kalton, I.E. Verbitsky, Trans. Amer. Math. Soc. 351 (19 99), no. 9, 3441{3497.

H. Brezis, X. Cabr�e, Boll. Unione Mat. Ital. Sez. B Artic. Ri c. Mat. (8) 1 (1998), no. 2, 223{262.
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Comparison

Let u denotemountain passcritical point of E�;�;� and w the
super-solution constructed in the previous step.
Claim.- 9� 1 > 0 independent of�; � such thatu � w in D for
0 < � � � 1.
By the uniform energy estimate and the classicalL1 and
C� -estimates gives us that

kukL1 (K ) � � (� );

for any K compact,K � �
 1 n f 0g, uniformly in �; � .
SinceI (u) � C� , implies that � (� ) ! 0 as� ! 0.
Then 9� 1 > 0 independent of�; � , such that for 0< � � � 1

u � � d� 1 on � 2:
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Comparison

Since� � u �
up

jxj2 + �
�

up

jxj2
in D;

taking (u � w)+ as test function,Z

D
jr (u � w)+ j2 �

Z

D

up � wp

jxj2 + �
(u � w)+ �

C
� Z

D
j(u � w)+ j2

�
� N� 2

N

 Z

D

juj(p� 1) N
2

(jxj2 + � )
N
2

! 2
N

�
� Z

D
j(u � w)+ j2

�
� N� 2

N

I� (u)
2
N :

SinceI� (u) � C� ,
Z

D
jr (u � w)+ j2 � C�

2
N

Z

D
jr (u � w)+ j2:

Then, if � 1 > 0 is small enough,u � w in D.
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Estimates forI� (u) as (�; � ) ! (0; 0)

Fix � 2 (0; minf � 0; � 1g). Take u�;� the mountain pass solution
found above.
Claim.- 9� 0 > 0 such that
I� (u�;� ) � � for all 0 < � � � 0 and all 0< � � � 0:

Remark
Notice that for such a� > 0,

E�;�;� (u�;� ) =
1
2

Z


 �

jr u�;� j2 �
1

p + 1

Z


 �

(u+
�;� )p+1

jxj2 + �
:

We argue by contradiction.
Assume that there exists� n ! 0, � n ! 0 such that
I� n (u� n;� n ) > � .
Let us writeun = u� n;� n the M-P solutions.
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Estimates forI� (u) as (�; � ) ! (0; 0)

By the previous estimates, up to a subsequence we have:
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Estimates forI� (u) as (�; � ) ! (0; 0)

By the previous estimates, up to a subsequence we have:
un * u weakly inH1(
 1)
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Estimates forI� (u) as (�; � ) ! (0; 0)

By the previous estimates, up to a subsequence we have:
un * u weakly inH1(
 1)
un ! u strongly inLp+1 (
 1)
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Estimates forI� (u) as (�; � ) ! (0; 0)

By the previous estimates, up to a subsequence we have:
un * u weakly inH1(
 1)
un ! u strongly inLp+1 (
 1)
u � w in D.
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Estimates forI� (u) as (�; � ) ! (0; 0)

By the previous estimates, up to a subsequence we have:
un * u weakly inH1(
 1)
un ! u strongly inLp+1 (
 1)
u � w in D.

Then one can check that

I� n (un) ! I0(u) =
Z


 1

(u+ )(p� 1) N
2

jxjN
; as n ! 1 :

MoreoverI0(u) � C� and as a consequence we �nd thatu satis�es
8
<

:

� � u + ( p � 1)
N
2

� 0
� (I0(u))

� [u> 0]

jxjN
u(p� 1) N

2 � 1 �
up

jxj2
; in 
 1

u = 0 on @
 1

(1)
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Estimates forI� (u) as (�; � ) ! (0; 0)

Multiplying the previous inequality byu+ and integrating in 
 1

yields

Z


 1

jr u+ j2 �
Z


 1

(u+ )p+1

jxj2
� C

� Z


 1

(u+ )2�
� N� 2

N

 Z


 1

(u+ )(p� 1) N
2

jxjN

! 2
N

� C
Z


 1

jr u+ j2I0(u)
2
N ;

then Z


 1

jr u+ j2 � C�
2
N

Z


 1

jr u+ j2:

Since� > 0 is small, we conclude thatu+ � 0 in 
 1 and this
implies that I0(u) = 0. But I0(u) = lim n!1 I� n (un) � � , which is a
contradiction.
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The end of the proof

If 0 < � � � 0 and 0< � � � 0 the mountain pass solutionu�;�

satis�es 8
><

>:

� � u =
(u+ )p

jxj2 + �
in 
 �

u = 0 on @
 �

Moreover
E�;�;� (u�;� ) � c0 > 0 ) u�;� 6� 0:

then u�;� > 0 in 
 � by the strong maximum principle.
Thus, �xed 0 < � � � 0 we let � ! 0. Up to a subsequence

u�;� n converges weakly inH1
0 (
 � ), and in the C1 norm on

compact sets of�
 � n f 0g.

u�;� n � w
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The end of the proof

By using dominated convergence we �nd

Z


 �

up
�;� n

jxj2 + � n
' !

Z


 �

up
�

jxj2
' as � n ! 0 for any' 2 C1( �
 � ):

Thus u� satis�es
8
<

:

� � u =
up

jxj2
; u > 0 in 
 �

u = 0 on @
 �

Then

E� n;�;� (u�;� n) =
�

1
2

�
1

p + 1

� Z


 �

up
�;� n

jxj2 + � n
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The end of the proof

Then

E� n;�;� (u�;� n) !
�

1
2

�
1

p + 1

� Z


 �

up
�

jxj2
as n ! 1 :

SinceE� n;�;� (u�;� n) � c0 > 0 we deduce that

u� > 0:
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I wish you a happy and long life!

The end
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