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Statement of the problem

Ω is an arbitrary bounded domain in Rn, f ∈ C∞0 (Ω).

We say that u is a variational solution of the Dirichlet problem if

(−∆)mu = f , u ∈ W̊ m,2(Ω)

where W̊ m,2(Ω) is the completion of C∞0 (Ω) with respect to the
norm

‖u‖W m,2(Ω) =
( ∑
|α|≤m

‖Dαu‖2
L2(Ω)

)1/2
.

How smooth is the solution?

Sobolev: W m,2 ↪→ C k for k < m − n
2 , 2m > n
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I Polyharmonic equation (∆mu = f ), Ω ⊂ R3 arbitrary:
∇m−1u ∈ L∞(Ω) /sharp/
Biharmonic equation: ∇u ∈ L∞(Ω) /sharp/

I Pointwise estimates on the Green function /sharp/

I Polyharmonic equation (∆mu = f ), Ω ⊂ Rn arbitrary:
all k such that ∇ku ∈ L∞(Ω) /sharp/

I Necessary and sufficient conditions for u ∈ Cm−1(Ω), Ω ∈ R3,
polyharmonic capacity

I Biharmonic equation, Ω ⊂ Rn convex
∇2u ∈ L∞(Ω)
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Arbitrary domain

Question 1: Let Ω be an arbitrary domain in Rn.
Is |∇m−1u| bounded in Ω?

I n ≥ 4 NO
Case I: m ≥ 3, Ω = B(O, 1) \ {O} ⊂ R4

u(x) := η(x)
∑

|α|=m−3

cαDα
(
|x |2m−4 log |x |

)
where η ∈ C∞0 (B(O, 1/2))
and η = 1 in B(O, 1/4).

Then u satisfies
(−∆)mu = f ∈ C∞0 (Ω), u ∈ W̊ m,2(Ω).

But |∇m−1u| ∼ log |x | 6∈ L∞(Ω)
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Arbitrary domain

Question 1: Let Ω be an arbitrary domain in Rn.
Is |∇m−1u| bounded in Ω?

I n ≥ 4 NO
Case II: m = 2
K1 := {x ∈ R4 : x4 > |x | cosα/2}, α ∈ [π, 2π)

(circular cone)
Then |x | (c1 cos θ + c2 θ/ sin θ) , cos θ = x4/|x |,
is a solution of ∆2u = 0 in K1. It satisfies zero Dirichlet data
iff tanα = α (α ≈ 1.4303π). That is, the 1st eigenvalue of
the corresponding operator pencil λ1 = 1.
Then for K ⊃ K1 we have λ1 < 1, u ∼ |x |λ1 =⇒ ∇u 6∈ L∞(K )

=⇒ U := ηu, η as before, is a solution of ∆2U = f ∈ C∞0 (Ω)
in Ω = K ∩ B(O, 1), U ∈ W̊ 2,2(Ω), while ∇U 6∈ L∞(Ω)
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Arbitrary domain

Question 1: Let Ω be an arbitrary domain in Rn.
Is |∇m−1u| bounded in Ω?

I n ≥ 4 NO

I n = 2, 3 YES

Theorem
Let Ω be an arbitrary domain in R3 or R2 and u be a solution of
the Dirichlet problem for the polyharmonic equation with
f ∈ C∞0 (Ω). Then

|∇m−1u| ∈ L∞(Ω).

We gain one extra order of smoothness in comparison with
the result of Sobolev embedding theorem.
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Green function on an arbitrary 3-dim domain

Theorem
Let Ω be an arbitrary domain in R3. Then for every x , y ∈ Ω∣∣∣∣∇m−1

x ∇m−1
y (G (x , y)− Γ(x − y))

∣∣∣∣ ≤ C

max{|x − y |, d(x), d(y)}
,

where Γ(x − y) = Cm|x − y |2m−3 is the fundamental solution for
(−∆)m, d(x) is the distance from x to the boundary. In particular,

|∇m−1
x ∇m−1

y G (x , y)| ≤ C |x − y |−1 ∀ x , y ∈ Ω,

where G is the Green function for biharmonic equation and C is an
absolute constant.
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Dirichlet problem

Theorem
Let Ω be an arbitrary domain in R3 and

∆mu =
∑

|α|=m−1

Dαfα, u ∈ W̊ m,2(Ω).

Then

|∇m−1u(x)| ≤ C
∑

|α|=m−1

∫
Ω

|fα(y)|
|x − y |

dy , x ∈ Ω

Corollary

‖∇m−1u‖L∞(Ω) ≤ C
∑

|α|=m−1

‖fα‖Lp(Ω), p > 3/2
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Regularity in higher dimensions

Question 2: What happens in higher dimensions?

Theorem
Let Ω be an arbitrary domain in Rn, n ≥ 3, and u be a solution of
the Dirichlet problem for the polyharmonic equation with
f ∈ C∞0 (Ω). Then

|∇ku| ∈ L∞(Ω),

for k = m − n
2 + 1

2 when n is odd
and k = m − n

2 when n is even.
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Green function estimates, n odd

The main estimate:

|∇m− n
2 + 1

2
x ∇m− n

2 + 1
2

y G (x , y)| ≤C |x − y |−1

Lower order estimates: if 0 ≤ i , j ≤ m − n
2 + 1

2 , i + j ≤ 2m − n,

|∇i
x∇j

y G (x , y)| ≤ C min

{
1,
(

d(x)
|x−y |

)m− n
2 + 1

2−i

,
(

d(y)
|x−y |

)m− n
2 + 1

2−j
}

1
|x−y |n−2m+i+j

×max
{

d(x)
|x−y | ,

d(y)
|x−y | , 1

}2m−n−i−j
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Green function estimates, n odd

In particular,

|G (x , y)| ≤ C d(x)m− n
2 + 1

2 |x − y |m−
n
2−

1
2 ,

when d(x) ≤ d(y) ≤ |x − y |;

|G (x , y)| ≤ C d(x)m− n
2 + 1

2
d(y)2m−n

|x−y |m−
n
2

+ 1
2
,

when d(x) ≤ |x − y | ≤ d(y);

|G (x , y)| ≤ C d(y)2m−n,

when |x − y | ≤ d(x) ≤ d(y);

the remaining cases can be recovered from symmetry.
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Green function estimates, n even

The main estimate:

|∇m− n
2

x ∇m− n
2

y G (x , y)| ≤ C log
(

1 + min{d(x),d(y)}
|x−y |

)

Lower order estimates: if 0 ≤ i , j ≤ m − n
2

|∇i
x∇j

y G (x , y)| ≤ C min

1,

(
d(x)
|x−y |

)m− n
2−i

,

(
d(y)
|x−y |

)m− n
2−j
×

× 1
|x−y |n−2m+i+j max

{
d(x)
|x−y | ,

d(y)
|x−y | , 1

}2m−n−i−j

×

× log
(

1 + min{d(x),d(y)}
|x−y |

)
,
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Green function estimates, n even

In particular,

|G (x , y)| ≤ C d(x)m− n
2 |x − y |m−

n
2 log

(
1 + d(x)

|x−y |

)
,

when d(x) ≤ d(y) ≤ |x − y |;

|G (x , y)| ≤ C d(x)m− n
2

d(y)2m−n

|x−y |m−
n
2

log
(

1 + d(x)
|x−y |

)
,

when d(x) ≤ |x − y | ≤ d(y);

|G (x , y)| ≤ C d(y)2m−n log
(

1 + d(x)
|x−y |

)
,

when |x − y | ≤ d(x) ≤ d(y);

the remaining cases can be recovered from symmetry.
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Regularity in higher dimensions

Question 2: What happens in higher dimensions?

Theorem
Let Ω be an arbitrary domain in Rn, n ≥ 3, and u be a solution of
the Dirichlet problem for the polyharmonic equation with
f ∈ C∞0 (Ω). Then

|∇ku| ∈ L∞(Ω),

for k = m − n
2 + 1

2 when n is odd
and k = m − n

2 when n is even.

This result is sharp: ∃ Ω ⊂ Rn, f ∈ C∞0 (Ω) such that
|∇ku|6∈L∞(Ω), for k = m − n

2 + 1
2 +1 when n is odd

and k = m − n
2 +1 when n is even.
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Continuity of ∇m−1u

Ω = B(O, 1) \ {O} ⊂ R3

Consider

u(x) := η(x)
∑

|α|=m−2

cαDα|x |2m−3

where η ∈ C∞0 (B(O, 1/2))
and η = 1 in B(O, 1/4).

Then u satisfies
(−∆)mu = f ∈ C∞0 (Ω), u ∈ W̊ m,2(Ω).

The assertion ∇m−1u ∈ L∞(Ω) is sharp
in the sense that it cannot be replaced by ∇m−1u ∈ C (Ω).

Question 2: Conditions on Ω ensuring the continuity of ∇m−1u at
a boundary point?
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C 0,ω domains

Theorem
Let Ω ⊂ R3 be a C 0,ω domain and m ≥ 2. If∫ 1

0

t dt

ω2(t)
=∞

then every solution to the polyharmonic equation satisfies
∇m−1u ∈ C (Ω).
Conversely, for every ω such that∫ 1

0

t dt

ω2(t)
<∞

there exists a C 0,ω domain and a solution u of the polyharmonic
equation such that ∇m−1u /∈ C (Ω).

16



Wiener regularity for −∆

Let Ω be a bounded domain in Rn,

−∆u = f in Ω, f ∈ C∞0 (Ω), u ∈ W̊ 1,2(Ω).

Definition
We say that a point O ∈ ∂Ω is regular if u(x)→ 0 as x → O for
any f ∈ C∞0 (Ω).

Theorem (Wiener, 1924)

The point O ∈ ∂Ω is regular if and only if∫ 1

0
cap(Bσ \ Ω)σ1−n dσ =∞,

where

cap(K ) = inf

{∫
Rn

|∇u|2 dx : u ∈ C∞0 (Rn), u > 1 on K

}
is the Wiener (harmonic) capacity of a set K (n > 2).
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Regularity with respect to (−∆)m

Let Ω be a bounded domain in Rn,

(−∆)mu = f in Ω, f ∈ C∞0 (Ω), u ∈ W̊ m,2(Ω).

A point O ∈ ∂Ω is regular with respect to (−∆)m if u(x)→ 0 as
x → O for any f ∈ C∞0 (Ω).

Theorem (V.M., 2002)

Let m = 2 and n = 4, 5, 6, 7,
or m ≥ 3 and n = 2m, 2m + 1, 2m + 2.
The point O ∈ ∂Ω is regular with respect to (−∆)m if and only if∫ 1

0
cap(Bσ \ Ω)σ2m−n−1 dσ =∞,

where

cap(K ) = inf

{∫
Rn

|∇mu|2 dx : u ∈ C∞0 (Rn), u > 1 on K

}
, n > 2m.
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New polyharmonic capacity

Denote by Y k
` the spherical harmonics of degree `, ` ≥ 0, |k | ≤ `.

Let Π denote the space of functions

P(x) =
m−1∑
`=0

∑̀
k=−`

bk
` Y k

` (x), bk
` ∈ R,

equipped with the norm ‖P‖Π =
√∑(

bk
`

)2
.

Then for a compactum K ⊂ R3 \ {O} and P ∈ Π we define the
polyharmonic capacity of K by

Capm,P (K ) = inf ‖∇mu‖2
L2(R3)

where the infimum is taken over u ∈ W̊ m,2(R3 \ {O}) such that
u = P in a neighborhood of K .
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Continuity of ∇m−1u

Let Ω be a bounded domain in R3, O ∈ ∂Ω and

(−∆)mu = f in Ω, f ∈ C∞0 (Ω), u ∈ W̊ m,2(Ω).

We say that O ∈ ∂Ω is (m − 1)-regular with respect to (−∆)m if
∇m−1u(x)→ 0 as x → O, x ∈ Ω.

Theorem (S. Mayboroda, V.M.)

•
∫ 1

0
inf

P∈Π: ‖P‖=1
Capm,P (Cs \ Ω) ds = +∞ =⇒ (m − 1)-regularity

• inf
P∈Π: ‖P‖=1

∫ 1

0
Capm,P (Cs \ Ω) ds = +∞ ⇐= (m − 1)-regularity

Here Cs = {x ∈ Rn : s < |x | < 2s}.
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Exterior of a cusp

Ω∩B(O, 1) = {x ∈ B(O, 1) : θ > h(r)}
h is nondecreasing, h(2r) ≤ ch(r)
(Ω is exterior of a cusp in a
neighborhood of O )

O is m − 1-regular if and only if∫ 1

0
h(s)2 ds

s
= +∞

Compare to Wiener condition for −∆:
the point O is regular if and only if∫ 1

0
| log h(s)|−1 ds

s
= +∞
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Example

The complement of Ω is a compactum
of zero harmonic capacity situated on a
circular cone

O is not 1-regular with respect to ∆2

(e.g. consider the solution
u(x) = |x | cosα− x3 on the cone
{x : x3 = |x | cosα})
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Instability of irregularity for ∆2

The complement of Ω is a compactum
given by the points

Ak = (2−k , α, π/2), Bk = (2−k , α, π)

Ck = (2−k , α, 3π/2), Dk = (2−k , βk , 0)

in spherical coordinates. They do NOT
belong to a common circular cone.∑

k(βk − α)2 = +∞ =⇒ O is 1-regular,
for example,
if βk = β 6= α =⇒ O is 1-regular
but if βk = α =⇒ O is not 1-regular.

Therefore, irregularity is not stable under
affine transformations
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Convex domain

Let Ω be an arbitrary convex domain in Rn, f ∈ C∞0 (Ω) and
u ∈ W̊ 2,2(Ω) be a solution of the Dirichlet problem for the
biharmonic equation. Let ∇2u denote the vector of all second
derivatives.

Question 4: Is |∇2u| bounded in Ω?

I n = 2 YES V. Kozlov, V.M., 2004

I n ≥ 3 ?

Theorem
Let Ω be a convex domain in Rn and u be a solution of the
Dirichlet problem for the biharmonic equation with f ∈ C∞0 (Ω).
Then

|∇2u| ∈ L∞(Ω).
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Convex domain

Let Ω be an arbitrary convex domain in Rn, f ∈ C∞0 (Ω) and
u ∈ W̊ 2,2(Ω) be a solution of the Dirichlet problem for the
biharmonic equation. Let ∇2u denote the vector of all second
derivatives.

Question 4: Is |∇2u| bounded in Ω?

I n = 2 YES V. Kozlov, V.M., 2004

I n ≥ 3 YES S. Mayboroda, V.M., 2007

Theorem
Let Ω be a convex domain in Rn and u be a solution of the
Dirichlet problem for the biharmonic equation with f ∈ C∞0 (Ω).
Then

|∇2u| ∈ L∞(Ω).
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The case of ∆2 in Ω ⊂ R3: main identity

Let Ω be an arbitrary domain in R3, u ∈ C∞0 (Ω) and
v = et(u ◦ κ−1). Then for every function g

∫
R3

∆u(x)∆

(
u(x)|x |−1 g(log |x |−1)

)
dx

=

∫
R

∫
S2

[
(δωv)2g + 2(∂t∇ωv)2g + (∂2

t v)2g

−(∇ωv)2
(
∂2

t g + ∂tg + 2g
)
− (∂tv)2

(
2∂2

t g + 3∂tg − g
)

+
1

2
v 2
(
∂4

t g + 2∂3
t g − ∂2

t g − 2∂tg
)]

dωdt.
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The case of ∆2 in Ω ⊂ R3: the choice of weight

Lemma
A bounded solution of the equation

d4g

dt4
+ 2

d3g

dt3
− d2g

dt2
− 2

dg

dt
= δ(t),

subject to the restriction g(t)→ 0 as t → +∞, is the function

g(t) = −1

6

{
et − 3, t < 0,

e−2t − 3 e−t , t > 0.

Lemma
For Ω, u, v , g as above and ξ ∈ Ω, τ = log |ξ|−1

1

2

∫
Sn−1

v 2(τ, ω) dω ≤
∫

Rn

∆u(x)∆

(
u(x)|x |−1g(log(|ξ|/|x |))

)
dx ,
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The case of ∆2 in Ω ⊂ R3: local estimates

Theorem
Let Ω be an arbitrary bounded domain in R3, O ∈ ∂Ω,
R ∈ (0, 1

4diam Ω). Let

∆2u = f in Ω, f ∈ C∞0 (Ω \ B4R), u ∈ W̊ 2
2 (Ω).

Then

|∇u(x)| ≤ C

R

(∫
−

(BR\BR/4)∩Ω
|u(y)|2 dy

)1/2

for every x ∈ BR/8.
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The case of ∆2 in a convex domain: Identity 1

Let Ω be an arbitrary bounded domain in Rn, O ∈ Rn \ Ω and

u ∈ C 2(Ω̄), u
∣∣∣
∂Ω

= 0, ∇u
∣∣∣
∂Ω

= 0, v = e2t(u ◦ κ−1),

where Rn 3 x
κ−→ (t, ω) ∈ R× Sn−1.

Then for every function g

∫
Ω

∆u(x)∆

(
u(x)g(log |x |−1)

|x |n

)
dx

=

∫
κ(Ω)

[
(δωv)2g + 2(∂t∇ωv)2g + (∂2

t v)2g

−(∇ωv)2
(
∂2

t g + n ∂tg + 2n g
)
− (∂tv)2

(
2∂2

t g + 3n ∂tg +
(
n2 + 2n − 4

)
g
)

+
1

2
v 2
(
∂4

t g + 2n ∂3
t g +

(
n2 + 2n − 4

)
∂2

t g + 2n(n − 2) ∂tg
)]

dωdt.

29



Convex domains: additional estimates

For every v ∈ W̊ 2
2 (Sn−1

+ ),

1

2n

∫
Sn−1

+

|δωv |2 dω ≥
∫

Sn−1
+

|∇ωv |2 dω ≥ (n − 1)

∫
Sn−1

+

|v |2 dω.

Therefore, for any convex domain Ω and any function g ≥ 0 with
∂2

t g + n∂tg ≤ 0

∫
Ω

∆u(x)∆

(
u(x)g(log |x |−1)

|x |n

)
dx

≥
∫

κ(Ω)

[
−(∂tv)2

(
2∂2

t g + 3n ∂tg +
(
n2 − 2

)
g
)

+
1

2
v 2
(
∂4

t g + 2n ∂3
t g +

(
n2 − 2

)
∂2

t g − 2n ∂tg
)]

dωdt.
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Convex domains: choice of g

A bounded solution of the equation

d4g

dt4
+ 2n

d3g

dt3
+
(
n2 − 2

) d2g

dt2
− 2n

dg

dt
= δ(t)

subject to g(t)→ 0 as t → +∞, is

g(t) = − 1

2n
√

n2 + 8

 n e−1/2(n−
√

n2+8)t −
√

n2 + 8, t < 0,

n e−1/2(n+
√

n2+8)t −
√

n2 + 8 e−nt , t > 0.

Then for g as above and for every ξ ∈ Ω, τ = e−|ξ|

∫
Ω

∆u(x)∆

(
u(x)g(log(|ξ|/|x |))

|x |n

)
dx ≥ 1

2

∫
κ(Ω)∩Sn−1

v 2(τ, ω) dω

+

∫
κ(Ω)

(
−2∂2

t g(t − τ)− 3n∂tg(t − τ)−
(
n2 − 2

)
g(t − τ)

)
(∂tv)2 dωdt
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Convex domains: Identity 2

Suppose Ω is a bounded Lipschitz domain in Rn, O ∈ Rn \ Ω, and

u ∈ C 4(Ω̄), u
∣∣∣
∂Ω

= 0, ∇u
∣∣∣
∂Ω

= 0, v = e2t(u ◦ κ−1).

Then

2
∫

Ω
∆u(x)∆

(
u(x)g(log |x|−1)

|x|n

)
dx −

∫
Ω

∆2u(x)

((
x·∇u(x)

)
g(log |x|−1)

|x|n

)
dx

=

∫
κ(Ω)

(
− 1

2 (δωv)2∂tg + (∂t∇ωv)2 (∂tg + 2ng)

+ (∂2
t v)2

(
3
2 ∂tg + 2ng

)
+ n(∇ωv)2∂tg

+ (∂tv)2
(
− 1

2∂
3
t g − n∂2

t g − 1
2 (n2 + 2n − 4)∂tg − 2n(n − 2)g

))
dωdt

− 1

2

∫
κ(∂Ω)

(
(δωv)2 + 2(∂t∇ωv)2 + (∂2

t v)2
)

g cos(ν, t) dσω,t ,
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Convex domains: global estimates

Suppose Ω is a smooth convex domain in Rn, O ∈ ∂Ω,

u ∈ C 4(Ω̄), u
∣∣∣
∂Ω

= 0, ∇u
∣∣∣
∂Ω

= 0, v = e2t(u ◦ κ−1).

Let ξ ∈ Ω, τ = e−|ξ|. Combining Identities 1 and 2 implies

1

2

∫
κ(Ω)∩Sn−1

v 2(τ, ω) dω

≤ (n + 1)

∫
Ω

∆2u(x)

(
u(x)g(log |ξ|/|x |)

|x |n

)
dx

−n

2

∫
Ω

∆2u(x)

(
(x · ∇u(x))g(log |ξ|/|x |)

|x |n

)
dx
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Convex domains: local estimates

Let Ω be a convex domain in Rn, O ∈ ∂Ω, and fix some
R ∈ (0,diam (Ω)/10). Suppose u is a solution of the Dirichlet
problem (∗) with f ∈ C∞0 (Ω \ B10R). Then

|∇2u(x)| ≤ C

R2

(∫
−

(B5R\BR)∩Ω
|u(y)|2 dy

)1/2

for every x ∈ BR/5∩Ω,

In particular,

|∇2u| ∈ L∞(Ω).
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Weighted Positivity and Boundary Point
Regularity

Vladimir Maz’ya, University of Liverpool
(joint work with Guo Luo, The Ohio State University)
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Weighted Inequalities

Weighted integral inequalities of the type∫
Ω

Lu ·Ψu dx ≥ 0, (1)

where Ω is a domain in Rn and L is an elliptic operator, are
important in the qualitative theory of elliptic boundary value
problems.

These inequalities have been established for certain scalar
operators.

Does a similar property hold for systems?
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The Elliptic Operator

Let L be a general second-order elliptic operator

Li (x ,Dx)u :=
N∑

j=1

n∑
α,β=1

−Aαβ
ij (x)

∂2uj

∂xα∂xβ

=: −Aαβ
ij (x)Dαβuj , (i = 1, 2, . . . ,N).

L is said to be positive with weight Ψ(x) if∫
Ω

Lu ·Ψu dx ≥ 0,

for all real valued, smooth vector functions u ∈ C∞0 (Ω).
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A Necessary Condition

Theorem 1 (Luo and M. 2007)

Assume Ψ ∈ C∞(Rn \ {0}) and is homogeneous of order 2− n, i.e.
Ψ(x) = |x |2−nΨ(x/|x |). If L is positive with weight Ψ, then
LT (0,Dx)Ψ = δM where δ is the Dirac delta function, LT (0,Dx)
is the formal adjoint of L(0,Dx), and M ∈ RN×N is a symmetric,
semi-positive definite matrix. Furthermore,∑
i ,α,β

Aαβ
ip (rω)ξαξβΨip(ω) ≥ 0, ∀ξ ∈ Rn, (p = 1, 2, . . . ,N)

for all r > 0, ω ∈ Sn−1 such that x = rω ∈ Ω.
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The Lamé System

Let L be an elliptic operator and Ψ be a weight satisfying the
conditions in Theorem 1.

Is L indeed positive with weight Ψ?

This question has been partially answered for the 3D Lamé system

Lu = −∆u − α grad div u,

where the weight is the fundamental matrix

Φij(x) =
α + 2

8π(α + 1)
r−1

(
δij +

α

α + 2
ωiωj

)
(i , j = 1, 2, 3).
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Weighted Positivity of the Lamé System

Theorem 2 (Luo and M. 2010)

The 3D Lamé system is positive with weight Φ when
α− < α < α+, where α− ≈ −0.194 and α+ ≈ 1.524. It is not

positive with weight Φ when α < α
(c)
− ≈ −0.902 or

α > α
(c)
+ ≈ 39.450.
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Regularity of a Boundary Point

As an application of the weighted positivity of the Lamé system,
we study the regularity of a boundary point w.r.t. the system.

Definition 3
Let Ω be an open set in R3 and consider the Dirichlet problem

Lu = f , f ∈ C∞0 (Ω), u ∈ H̊1(Ω). (2)

A point P ∈ ∂Ω is regular with respect to L if, for any f ∈ C∞0 (Ω),
the solution of problem (2) satisfies

lim
Ω3x→P

u(x) = 0.
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A Sufficient Condition

Theorem 4 (Luo and M. 2010)

Suppose the 3D Lamé system L is positive with weight Φ. Then
O ∈ ∂Ω is regular with respect to L if∫ 1

0
cap(Bρ \ Ω)ρ−2 dρ = ∞,

where cap(·) denotes the classical harmonic capacity and Bρ is the
open ball centered at O with radius ρ.
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