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Cam-Clay plasticity 1/19

Cam-Clay plasticity is a phenomenological model used to
describe the inelastic behaviour of fine grained soils. It exhibits
both hardening and softening, depending on the loading
conditions.
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@ displacement: u: [0,+ co)xQ — R”,
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Cam-Clay plasticity is a phenomenological model used to
describe the inelastic behaviour of fine grained soils. It exhibits
both hardening and softening, depending on the loading
conditions.

The reference configuration is a bounded smooth open set

Q C R". The variables and constraints of the model are:

@ displacement: u: [0, 4+ co)xQ — R”,

@ strain: Eu= J(Vu+Vu'): [0,4+ co)xQ — Mgy,
@ additive decomposition: Eu=e + p,

@ elastic strain: e: [0, + co0)xQ2 — Mg,

@ plastic strain: p: [0, + co)x Q2 — Mgy,

@ stress: o =2pe+ Atr(e)l (u, A Lamé constants),
@ stress constraint: o (t, x) € K({(t, x)) for every (t, x),
@ internal variable: ¢:[0,4+ c0)xQ — [1,4+ o0) .
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The constraint 2/19

The sets 9K(¢) play the role of the yield surfaces. In the
typical applications they are homothetic ellipsoids in MZ)5;

passing through the origin.
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The constraint 2/19

The sets 9K(¢) play the role of the yield surfaces. In the
typical applications they are homothetic ellipsoids in MZ)5;
passing through the origin. We assume only K(¢) = ¢K(1) for
every ¢ > 1 (homothety condition), where K(1) is a compact
convex subset of M) with 0 € int K(1) (0 € K(1) and K(1)

with nonempty interior is enough, with a slightly different proof).
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The constraint 2/19

The sets 9K(¢) play the role of the yield surfaces. In the
typical applications they are homothetic ellipsoids in MZ)5;
passing through the origin. We assume only K(¢) = ¢K(1) for
every ¢ > 1 (homothety condition), where K(1) is a compact
convex subset of M) with 0 € int K(1) (0 € K(1) and K(1)
with nonempty interior is enough, with a slightly different proof).

This implies
1<¢G <6 = K(¢) CK(()-

Therefore, if ¢(t,x) > 0, the set K(¢(t, x) ) expands leading to

a hardening response. On the contrary, if {(f, x) < 0, the set
K(¢(t, x))shrinks leading to a softening response.
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The evolution laws 3/19

For simplicity of exposition, no applied forces, only prescribed
boundary displacements w(t, x) (depending on time). The
evolution law is expressed in terms of a new internal variable z,
related to ¢ by ¢ = V(z),where V: [0,4 co) — [1,4+ c0) is
nondecreasing and Lipschitz. The equations are:
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related to ¢ by ¢ = V(z),where V: [0,4 co) — [1,4+ c0) is
nondecreasing and Lipschitz. The equations are:

@ kinematic admissibility
Eu(t,x)=e(t,x)+p(t,x) on Q, u(t,x)=w(t x) on 92,
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@ kinematic admissibility
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@ constitutive equations
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nondecreasing and Lipschitz. The equations are:
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@ constitutive equations
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@ equilibrium condition
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For simplicity of exposition, no applied forces, only prescribed
boundary displacements w(t, x) (depending on time). The
evolution law is expressed in terms of a new internal variable z,
related to ¢ by ¢ = V(z),where V: [0,4 co) — [1,4+ c0) is
nondecreasing and Lipschitz. The equations are:
@ kinematic admissibility
Eu(t,x)=e(t,x)+p(t,x) on Q, u(t,x)=w(t x) on 92,
@ constitutive equations
o(t,x) =2pe(t, x)+ Atr(e(t,x))!l, ¢(t,x)= V(z(t, x)),
@ equilibrium condition
divyo(t,x) =0 0on @,
@ stress constraint
o(t,x) € K(C(t.x)),
@ flow rule
p(t, x) € Nk(¢etx)) (o (t, x))=normal to K({(t, x)) at o(t, x). “5&
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The evolution law for the internal variable 4/19

Usually the evolution law for the internal variable z is
z(t,x) =tro(t, x)trp(t, x),

and tro < 0 for every o € K(¢) (compressive condition of soil
mechanics), so that the hardening or softening behaviour is
determined only by the sign of tr p(t, x).
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Usually the evolution law for the internal variable z is
z(t,x) =tro(t, x)trp(t, x),

and tro < 0 for every o € K(¢) (compressive condition of soil
mechanics), so that the hardening or softening behaviour is
determined only by the sign of tr p(, x).

We consider here the nonlocal variant

2(t,x) = e*[(e*tro(t, ) trp(t,)](x),

where x denotes the convolution with respect to the space
variable x, and g is a smooth convolution kernel.
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The evolution law for the internal variable 4/19

Usually the evolution law for the internal variable z is
z(t,x) =tro(t, x)trp(t, x),

and tro < 0 for every o € K(¢) (compressive condition of soil
mechanics), so that the hardening or softening behaviour is
determined only by the sign of tr p(, x).

We consider here the nonlocal variant

2(t,x) = e*[(e*tro(t, ) trp(t,)](x),

where x denotes the convolution with respect to the space

variable x, and g is a smooth convolution kernel.

The convolution ensures that a very weak convergence of o

and p implies strong convergence of the corresponding z. It

gives a nonlocal character to the evolution: the size of the yield
surface at a point x is affected by tro and trp in a small D
neighborhood of x, which is not physically implausible.
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A finite dimensional example 5/19

Ew(t,x)=— 11+ l‘ﬁep, o(t) = e(t) =— x(t)11 + y(t)ﬁeD,
trep =0, K(¢) = {o € Mgy : o + 3¢/ < ¢}
X,y

Dashed lines: x(t).
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Viscoplastic approximation 6/19

We introduce a notion of generalized solution, based on a
viscoplastic approximation of Perzyna-type. Given a viscosity
parameter € > 0, the equations are:
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Viscoplastic approximation 6/19

We introduce a notion of generalized solution, based on a
viscoplastic approximation of Perzyna-type. Given a viscosity
parameter € > 0, the equations are:

@ kinematic admissibility

Euc(t.x)=ec(t.x)+p(t,x) on 2, u(t,x)=w(t.x)on 9,
@ constitutive equations

o=(t,x) = 2pe(t,x)+ Atr(ec(t,x))!, ¢ (t,x) = V(z(t,x)),
@ equilibrium condition

diyoe(t,x) =0,

@ evolution law for the internal variable
Ze(t,x) = ox[(oxtroc(t,-))trpe(t,-)](x) .
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Viscoplastic approximation 6/19

We introduce a notion of generalized solution, based on a
viscoplastic approximation of Perzyna-type. Given a viscosity
parameter € > 0, the equations are:

@ kinematic admissibility

Euc(t,x)=e(t,x)+p<(t,x) on Q, u(t,x)=w(t,x)on 0%,
@ constitutive equations

o=(t,x) = 2pe(t,x)+ Atr(ec(t,x))!, ¢ (t,x) = V(z(t,x)),
@ equilibrium condition

divyo(t,x) =0,
@ regularized flow rule (no stress constraint)

Pe(t, X) = Nig(¢_(1.x))(@<(t, X)), where

Ni(o)(0) = Lo —mke)(e)), k() Projection onto K(¢).
@ evolution law for the internal variable

Ze(t,x) = ox[(e*troe(t,-))trpe(t,)](x) -

SISSA

Gianni Dal Maso, SISSA Quasistatic evolution for Cam-Clay plasticity



Existence of the viscoplastic approximation

If we fix ¢_ in a suitable function space, the existence of v, e,
pe, and o satisfying the first four equations and a prescribed
initial condition can be obtained by adapting a result by Suquet.
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If we fix ¢_ in a suitable function space, the existence of v, e,
pe, and o satisfying the first four equations and a prescribed
initial condition can be obtained by adapting a result by Suquet.
To fulfill also the evolution law for the internal variable we use
the Schauder fixed point theorem.
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initial condition can be obtained by adapting a result by Suquet.
To fulfill also the evolution law for the internal variable we use
the Schauder fixed point theorem.

To obtain an estimate of the viscoplastic approximation we
introduce the following functions:

Stored elastic energy: Q(e(t)) : =3 / (&, x):e(t,x)dx.
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Existence of the viscoplastic approximation 7/19

If we fix ¢_ in a suitable function space, the existence of v, e,
pe, and o satisfying the first four equations and a prescribed
initial condition can be obtained by adapting a result by Suquet.
To fulfill also the evolution law for the internal variable we use
the Schauder fixed point theorem.

To obtain an estimate of the viscoplastic approximation we
introduce the following functions:

Stored elastic energy: Q(e(t)) : =3 / (&, x):e(t,x)dx.
Support function: H(¢,¢) := sup{a.g o€ K(C)}-
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Existence of the viscoplastic approximation 7119

If we fix ¢_ in a suitable function space, the existence of v, e,
pe, and o satisfying the first four equations and a prescribed
initial condition can be obtained by adapting a result by Suquet.
To fulfill also the evolution law for the internal variable we use
the Schauder fixed point theorem.

To obtain an estimate of the viscoplastic approximation we
introduce the following functions:

Stored elastic energy: Q(e =5 / (t,x):e(t,x)dx
Support function: H(S C) = sup{a &lo e K()}.
Dissipation rate: H(p / H(p(t, x),¢(t, x)) dx .
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Existence of the viscoplastic approximation 7119

If we fix ¢_ in a suitable function space, the existence of v, e,
pe, and o satisfying the first four equations and a prescribed
initial condition can be obtained by adapting a result by Suquet.
To fulfill also the evolution law for the internal variable we use
the Schauder fixed point theorem.

To obtain an estimate of the viscoplastic approximation we
introduce the following functions:

Stored elastic energy: Q(e(t)) : =3 / (t,x):e(t,x)dx
Support function: H(S C) = sup{a &lo e K()}.
Dissipation rate: H(p / H(p(t, x),¢(t, x)) dx .

Since H(-, ) is positively homogeneous of degee one, the last
definition can be extended to the case where p(t) is a measure
on Q, provided ¢(t) is a continuous function. )
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Equivalent formulation 8/19

If the kinematic admissiblity, the constitutive equations, and the
equilibrium conditions are satisfied, then the regularized flow
rule is equivalent to
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Equivalent formulation 8/19

If the kinematic admissiblity, the constitutive equations, and the
equilibrium conditions are satisfied, then the regularized flow
rule is equivalent to

@ modified stress constraint: fora.e. t > 0 and a.e. x € Q
oe(t,x) — epe(t, x) € K(C(t, X)),
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Equivalent formulation 8/19

If the kinematic admissiblity, the constitutive equations, and the
equilibrium conditions are satisfied, then the regularized flow
rule is equivalent to

@ modified stress constraint: fora.e. t > 0 and a.e. x € Q

oe(t, x) — epe(t, x) € K(Cc(,X)),
@ energy-dissipation balance: for every T > 0
T

O(eo(T)) +/ H(pe (1), ¢.(1))dt +
+ / 15e(D)]]2 0 (0(8), K(¢o(1))) ot =

— Q(e.(0)) +/ (oo (t), Eve(t)) i,
0

where d> denotes the distance in L2,

SISSA

Gianni Dal Maso, SISSA Quasistatic evolution for Cam-Clay plasticity



Equivalent formulation 8/19

If the kinematic admissiblity, the constitutive equations, and the
equilibrium conditions are satisfied, then the regularized flow
rule is equivalent to

@ modified stress constraint: fora.e. t > 0 and a.e. x € Q
0'5(1', X) - Eps(ta X) S K(Ce(tx)) )
@ energy-dissipation balance: for every T > 0
T

O(eo(T)) +/ H(pe (1), ¢.(1))dt +
+ / 15e(D)]]2 0 (0(8), K(¢o(1))) ot =

— Q(e.(0)) +/ o.(1), Ew(t)) dt,
Jo
where d» denotes the distance in 2.

We assume that t — w(t) belongs to H'((0, T); H'(€2;R")), s0 ===
that all terms are well defined. sissa
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Estimates and rescaling 9/19

The energy-dissipation balance allows to prove that for every
T > 0 there exists a constant Ct such that

i
loe(t)le < Cr and [ [pe(t)]t < Cr

forevery e > 0 and every t € [0, T].
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Estimates and rescaling 9/19

The energy-dissipation balance allows to prove that for every
T > 0 there exists a constant Ct such that

i
loe(t)le < Cr and [ [pe(t)]t < Cr

forevery e > 0 and every t € [0, T]. We will rescale the
solution using the function

t . .
se(t) = /0 (1Be()]l1 + IEW(r)]2 + 1) dr

and its inverse 2 := (s2)~".

=>4
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Estimates and rescaling 9/19

The energy-dissipation balance allows to prove that for every
T > 0 there exists a constant Ct such that

i
loe(t)le < Cr and [ [pe(t)]t < Cr

forevery e > 0 and every t € [0, T]. We will rescale the
solution using the function

t . .
se(t) = /0 (1Be()]l1 + IEW(r)]2 + 1) dr

and its inverse 2= (s2)~.

Define the rescaled functions by wZ(s) := w(t2(s)),
ue(s) = Ue(t(s)) , ec(s) := ec((s)) , ol(s) := oe(t(8)) ,
Pe(8) := pe(te(s)) » ze(s) == 2(t(s))
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Rescaled equations 10/19
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Rescaled equations 10/19

@ kinematic admissibility:

Eu2(s) = e2(s) + p2(s) on 2, u(s) = w(s) on 02,
@ constitutive equations:

o2(s) = 2pec(s) + Atr(eg(s))/, Cc(s) = V(z(s)),
@ equilibrium condition:

divel(s) =0,
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Rescaled equations 10/19

@ kinematic admissibility:
Eu2(s) = e2(s) + p2(s) on 2, u(s) = w(s) on 02,
@ constitutive equations:
oc(s) = 2ne(s) + Atr(eg(s))/, Ce(s) = V(z(s)),
@ equilibrium condition:
divel(s) =0,
@ energy-dissipation balance: for every S > 0

S
Q(eZ(S))+/0H(PE(S),CZ(S))O’S+

S -
+ [ 1629 o (o2(9). K(c2(s) s
0

S .
= 0(e2(0)) + /O (03(s), EWX(s)) ds

@ evolution law for the internal variable: e
Z(E)(S) =0x [(Q*thg(S))trpg(S)] . SISSA
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Convergence 11/19

As s2(t) — s2(ty) > tr — ty forevery t; < I, we have

0 < t(sp) — t2(s1) < so — s for every sy < s,. By the
Arzela-Ascoli Theorem we may assume that {2 converges
uniformly on compact sets to a nondecreasing Lipschitz
function °: [0, 4 co) — [0, + oo). Define w(s) := w(t°(s)).
From the definitions of s2 and {2 we obtain easily that
[pe(s2) — pe(s1)llt < [s2 — sil.
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Convergence 11/19

As s2(t) — s2(ty) > tr — ty forevery t; < I, we have

0 < t(sp) — t2(s1) < so — s for every sy < s,. By the
Arzela-Ascoli Theorem we may assume that {2 converges
uniformly on compact sets to a nondecreasing Lipschitz
function °: [0, 4 co) — [0, + oo). Define w(s) := w(t°(s)).
From the definitions of s2 and {2 we obtain easily that
[pe(s2) — pe(s1)llt < [s2 — sil.

By the Arzela-Ascoli Theorem we may assume that

pe(s) — p°(s) weakly* in My(S2; MZ)5) for every s,
and [|p*(sz2) — P°(s1)[l1 < [s2 — s1]. As [|ez(s)] is bounded,

(e}

e2(s) — €°(s) weakly in L%(22; MZ)5) for a subsequence.
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As s2(t) — s2(ty) > tr — ty forevery t; < I, we have

0 < t(sp) — t2(s1) < so — s for every sy < s,. By the
Arzela-Ascoli Theorem we may assume that {2 converges
uniformly on compact sets to a nondecreasing Lipschitz
function °: [0, 4 co) — [0, + oo). Define w(s) := w(t°(s)).
From the definitions of s2 and {2 we obtain easily that
[pe(s2) — pe(s1)llt < [s2 — sil.

By the Arzela-Ascoli Theorem we may assume that

pe(s) — p°(s) weakly* in My(S2; MZ)5) for every s,

and [[p°(sz) — p°(s1)[l1 < [s2 — s1]. As |[ec(s)]|2 is bounded,

(e}

e2(s) — €°(s) weakly in L%(22; MZ)5) for a subsequence.

As p°(s) determines uniquely e°(s), the whole sequence
converges and s — €e°(s) is weakly continuous. It follows that

R
(o]

u(s) — u°(s) weakly* in BD(Q2) for every s. Sisen”
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The limit equations 12/19

The limit functions satisfy the following equations:
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The limit equations 12/19

The limit functions satisfy the following equations:

@ weak kinematic admissibility (easy):

Eu(s)=e(s)+p°(s) @, p°(s)=(w(s)—u*(s)) Ov 82,
@ constitutive equations (easy):

o°(s) = 2pe°(s) + tr(e°(s))/, ¢(s) = V(2(s)),
@ equilibrium condition (easy):

dive©°(s) =0,
@ evolution law for the internal variable (easy, dueto o ): ==
Z(s) = o~ [(o*xtro°(s))trp°(s)] . sissa
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The limit equations 12/19

The limit functions satisfy the following equations:
@ weak kinematic admissibility (easy):
Eu(s)=e(s)+p°(s) @, p°(s)=(w(s)—u*(s)) Ov 82,
@ constitutive equations (easy):
o°(s) = 2pe°(s) + Atr(e%(s))/, ¢(s) = V(2%(s)),
@ equilibrium condition (easy):
dive©°(s) =0,
@ energy-dissipation mequallty (difficult): for every S > 0

+/H s))ds +

+ / 1(5) 12 da (0°(5). K(¢(s)) ) ds <

/ “(s))ds .

@ evolution law for the internal variable (easy, dueto o ): ==
Z(s) = o~ [(o*xtro°(s))trp°(s)] . sissa



The opposite inequality 13/19

Let By := {s < [0,5]: o°(s) € K(¢°(s)) a.e. in 2} and let
Ag - [0, S]\ Bg.

SISSA
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The opposite inequality 13/19

Let By := {s < [0,5]: o°(s) € K(¢°(s)) a.e. in 2} and let
Ag : [0, 8]\ Bg. Then the weak kinematic admissibility, the
constitutive equations, and the equmbrlum condition imply that

+/ °(s))ds <
+/ H(p s))ds +
+ /. <U°(S) — mk(¢e(s) (0°(8)), P(S))ds
S
where (-, -) is the scalar product in L2(; Mg);).

SISSA
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The opposite inequality 13/19

Let By := {s < [0,5]: o°(s) € K(¢°(s)) a.e. in 2} and let
Ag : [0, 8]\ Bg. Then the weak kinematic admissibility, the
constitutive equations, and the equmbrlum condition imply that

+/ °(s))ds <
+/ H(p s))ds +

+ /. <U°(S) — mK(¢o(s))(0(5)), P(s))ds
S
where (-, -) is the scalar product in L2(Q2; M)5"). The idea of
the proof could be explained easily if s +— e°(s) were
absolutely continuous with values in L2(2; M) and
u°(s) = w°(s) on 9RQ:

SISSA
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The opposite inequality 13/19

Let By := {s < [0,5]: o°(s) € K(¢°(s)) a.e. in 2} and let
Ag : [0, 8]\ Bg. Then the weak kinematic admissibility, the
constitutive equations, and the equmbrlum condition imply that

+/ °(s))ds <
+/ H(p s))ds +
+ <U°(S) — mK(¢o(s))(0(5)), P(s))ds

Ag
where (-, -) is the scalar product in L2(Q2; M)5"). The idea of
the proof could be explained easily if s +— e°(s) were
absolutely continuous with values in L2(2; M) and

u°(s) = w°(s) on 9R: itis enough to prove the inequality in
differential form

(o%(s), EW(s)) < (o°(5), €°(S)) + H(P(8), ¢ (s)) + ~
+ (°(8) — mh(cets) (0°(8)), P(9)) -

Gianni Dal Maso, SISSA

Quasistatic evolution for Cam-Clay plasticity



Proof of the opposite inequality 14/19

We have to prove that

SISSA
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Proof of the opposite inequality 14/19

We have to prove that

(o°(s), Ew®(s)) < <0°(S) e%(s)) + H(p*(s),¢"(s)) +
+(a°(8) = Tk (¢2(s)) (0(5)), P(8)) -
Collecting the terms W|th e°(s) and p°(s) we obtain
(a°(s), Ew(s)) < (o°(s), EU°(s)) + H(p°(s),C(s)) —
— (K (co(s))(0°(8)), P(S)) -

SISSA
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Proof of the opposite inequality 14/19

We have to prove that

(o°(s), Ew™(s)) < <<f"(8) e°(s)) + H(p°(s), ¢°(s)) +
+(0°(8) =k (c(s)) (07(8)), P(8)) -
and p°(s) we obtain

Collecting the terms with &°(s)
) E

(0°(s), Ew®(s)) < (o°(s), EU*(s)) + H(p"(s),¢(s)) —
— (mk(¢o(s)) (0°(5)). P(8)) -
Integrating by parts and using the equality diveo® = 0 we get
(o°(8), Ew°(s)) = (o°(s), Eu°(s)), so it remains to prove that

(Tk(¢o(s))(°(8)), P(8)) < H(p*(s), ¢ (s)) -

SISSA
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Proof of the opposite inequality 14/19

We have to prove that

(0°(s), EwW*(s)) < (a%(s), €(s)) + H(p*(s),(%(s)) +

+ (0°(8) = Tk (¢o(s)) (0°(8)), P(8)) -

Collecting the terms with €°(s) and p°(s) we obtain

(0°(s), Ew(s)) < (a*(s), EU°(s)) + H(p*(s),¢*(s)) —

— (mk(¢o(s))(07(8)), P(S)) -

Integrating by parts and using the equality diveo® = 0 we get
(o°(8), Ew°(s)) = (o°(s), Eu°(s)), so it remains to prove that

(Tk(co(s))(@°(8)), P(8)) < H(P(s),¢(s)) -
This is an obvious consequence of the definition of the support
function H, since mx ¢o(s))(a%(s)) € K(¢°(s)).

SISSA
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Proof of the opposite inequality 14/19

We have to prove that

(o°(s), Ew®(s)) < <<f"(8) °(s)) + H(P°(s),¢(s)) +
+(a°(8) = Tk (¢2(s)) (0(5)), P(8)) -
Collecting the terms with e ( ) and p°(s) we obtain
(a°(s), Ew(s)) < (o°(s), EU°(s)) + H(p°(s),C(s)) —
— (mk(¢o(s))(07(8)), P(S)) -
Integrating by parts and using the equality diveo® = 0 we get
(o°(8), Ew°(s)) = (o°(s), Eu°(s)), so it remains to prove that
(Tk(co(s))(@°(8)), P(8)) < H(P(s),¢(s)) -
This is an obvious consequence of the definition of the support
function H, since mx ¢o(s))(a%(s)) € K(¢°(s)).
The proof in the general case is a nightmare, and requires 15
pages of technical lemmas, which must use different
techniques in A3 and Bg. P

SISSA
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Variational formulation of the rescaled equations 15/19

The limits u°(s), e°(s), p°(s), z°(s), o°(s), ¢°(s), and t°(s)
satisfy the following conditions, where w°(s) := w(t°(s)):

SISSA
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Variational formulation of the rescaled equations 15/19

The limits u°(s), e°(s), p°(s), z°(s), o°(s), ¢°(s), and t°(s)
satisfy the following conditions, where w°(s) := w(t°(s)):
@ weak kinematic admissibility:
Eu(s)=e€(s)+p°(s) 2, p(s)=(w(s)—u(s))Ov 89,
@ constitutive equations:
o°(s) = 2pe(s) + Atr(e’(s))/,  (%(s) = V(2°(s)),
@ equilibrium condition: dive°(s) =0,
@ energy-dissipation balance: for every S > 0

+/H s))ds +

+ / I6(5)]2 02 (o°(5). K(¢*(5)))ds =
0

+ /O (), Ewe(s))ds .

@ evolution law for the internal variable: TR
Z°(s) = ox[(o*xtro°(s))trp°(s)] . sissa



Partial stress constraint and extended flow rule 16/19

Moreover they satisfy the following conditions:

AT
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Partial stress constraint and extended flow rule 16/19

Moreover they satisfy the following conditions:

@ partial stress constraint o°(s, x) € K(¢“(s, x)) for a.e.
x € Q, unless t° is constant near s.

AT
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Partial stress constraint and extended flow rule 16/19

Moreover they satisfy the following conditions:
@ partial stress constraint o°(s, x) € K(¢°(s, x)) for a.e.
x € Q, unless t° is constant near s.

@ extended flow rule: p°(s) € L2(Q; Mgyy;) for a.e. s where
the stress constraint is not satisfied, and

p°(s, x) € Nﬁ’&O(&X))(UO(s, X)),

where Nﬁ)&)(a') = {A(o—7k(e)(o)) : A>0} for
o ¢ K(¢); this is the natural extension of the flow rule to
these intervals.

AT
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Gianni Dal Maso, SISSA Quasistatic evolution for Cam-Clay plasticity



Partial stress constraint and extended flow rule 16/19

Moreover they satisfy the following conditions:

@ partial stress constraint o°(s, x) € K(¢“(s, x)) for a.e.
x € Q, unless t° is constant near s.

@ extended flow rule: p°(s) € L2(Q; Mgyy;) for a.e. s where
the stress constraint is not satisfied, and

p°(s, x) € Nﬁ’&O(&X))(UO(s, X)),

where Nﬁ)&)(a') = {A(o—7k(e)(o)) : A>0} for
o ¢ K(¢); this is the natural extension of the flow rule to

these intervals.

It follows from the former condition that the “original” time
t = t°(s) is constant on each s-interval where the stress
constraint is not satisfied. The evolution in these intervals takes ..
place instantaneously in the “original” time. )
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Flow rule 17/19

Using the energy-dissipation balance we can prove that for
every S > 0 there exists Ls <+ oo such that

lo°(s2) — o%(s1)l2 < Ls(s2 — 1)

forevery 0 < sy < s, < S, with o°(s1, x) € K(¢(s1, x)) for
a.e. x € .

AT
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Flow rule 17/19

Using the energy-dissipation balance we can prove that for
every S > 0 there exists Ls <+ oo such that

lo°(s2) — o%(s1)l2 < Ls(s2 — 1)

forevery 0 < sy < s, < S, with o°(s1, x) € K(¢(s4, x)) for
a.e. x € Q. This allows us to show that the derlvatlve o°(s)
exists in L2(22; Mgy for a.e. s with o°(s, x) € K(¢°(s, x)) for
a.e. x €9,

AT
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Flow rule 17/19

Using the energy-dissipation balance we can prove that for
every S > 0 there exists Ls <+ oo such that

lo°(s2) — o%(s1)l2 < Ls(s2 — 1)

forevery 0 < sy < s, < S, with o°(s1, x) € K(¢(s4, x)) for
a.e. x € Q. This allows us to show that the derlvatlve o°(s)
exists in L2(22; Mgy for a.e. s with o°(s, x) € K(¢°(s, x)) for
a.e. x € 2, and that for these values of s we have

(a°(s), p*(s)) = H(p(s),¢(8)).

AT
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Flow rule 17/19

Using the energy-dissipation balance we can prove that for
every S > 0 there exists Ls <+ oo such that

lo°(s2) — o%(s1)l2 < Ls(s2 — 1)

forevery 0 < sy < s, < S, with o°(s1, x) € K(¢(s1, x)) for
a.e. x € Q. This allows us to show that the derlvatlve o°(s)
exists in L2(22; Mgy for a.e. s with o°(s, x) € K(¢°(s, x)) for
a.e. x € 2, and that for these values of s we have

(0°(s), p°(8)) = H(P(s),¢"(s)). If p°(s) € L'(2; Mgyz'), this
equality implies the flow rule

P°(s, x) € Ni(co(sx))(°(s, x)) for a.e. s such that
o°(s,x) € K(¢°(s,x)) fora.e. x € Q.

It is then easy to find the natural generalization of the flow rule
when p°(s) € Mp(2; Mgy) \ L' (2; Mg).

e
& )
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Fast dynamics and slow dynamics 18/19

In the rescaled variable s we observe two different regimes.

AT
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Fast dynamics and slow dynamics 18/19

In the rescaled variable s we observe two different regimes.
@ Slow dynamics: in B := {s: o°(s) € K(¢°(s)) a.e. in Q},
which corresponds to a continuous evolution in the original
variable t = t°(s), the evolution law for p° and z° is

p°(s) € Nk(co(s))(a°(8)) 5
Z°(s) = o x[(@*tra®(s))trp°(s)] .

AT
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Fast dynamics and slow dynamics

In the rescaled variable s we observe two different regimes.

@ Slow dynamics: in B := {s: o°(s) € K(¢°(s)) a.e. in Q},
which corresponds to a continuous evolution in the original
variable t = t°(s), the evolution law for p° and z° is

p°(s) € Ni(eo(s))(a°(8)),
2°(s) = o [(@ x tro°(s)) r p°(s)] .
@ Fast dynamics: in the set A := [0, + oo) \ B, which
corresponds to jump times in the original variable
t = t°(s), the evolution law for p° and z°, which governs
the transfer during the jump, is given by
P7(s) € NR{o(s))(@%(9)) , L&,
p°(S) = A(S) (0°(S) — T cv(s))(@°(8))) » with A(s) > 0,

2°(s) = o [(0 * tro°(s)) r p°(s)] |

To find just the trajectories, we can take A\(s) = 1. sissa
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Example of fast and slow dynamics 19/19

y

SO Ew(t,x)=— 11+ tineD

L e%(s) = — x(s)/ + y(s)J=ep
o°(s) =e°(s),trep=0

K(Q) = {lo + 3¢/ < J-¢}
Trajectories (x(s), y(s))

Solid lines: slow dynamics
Dashed lines: fast dynamics

Dotted line: equilibrium points
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