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Abstract. The new identifying problem is formulated for general linear functional operators
PF =} c;F oa; which significantly generalizes in particular the well-known Ulam stability
problem. The results obtained can be very useful when processing experimental data of any
kind as they enable to determine with high precision the structure of a compactly supported
Banach-valued function F' by using a rather restricted information concerning PF'.
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1. INTRODUCTION

We study the general linear functional operator PF = )" c¢;F(a;), where a; and c¢; are given
functions and F' is a compactly supported Banach-valued function of one variable. The best known
and well-studied operators of this kind are the Cauchy operator

CF:=F(z+y)— F(z) - F(y), (z,y) €R?,
the Jensen operator
3F = F(aac—{—ﬁy)—aF(IE) _ﬁF(y)v ($7y) 6R27

where « and 3 are positive constants with a + 5 =1,
and the quadratic operator

QF : = F(z +y) + F(z —y) — 2F(z) = 2F(y), (2,y) € R%.

Quite recently (see [3-6]), significantly more general operators P were considered from different
points of view in connection with a set of problems in diverse fields of analysis (including inte-
gral geometry, boundary problems for hyperbolic differential equations, and integral equations).
Moreover, one of these operators turned out to be closely related to a purely physical problem of
linearized flow of a chemically relaxing gas. Therefore, along with traditional problems concerning
existence, uniqueness, and qualitative properties of solutions to the equation PF = H, the question
of approximate solutions (i.e., solutions of the inequality |PF| < €) becomes especially important.
In the simplest situation of the Cauchy operator €, this problem (in a slightly different setting)
was posed for the first time by Ulam [1] and solved by Hyers [2]. Their result can be formulated as
follows. For an arbitrary ¢ > 0 and F' € C(R), the inequality

|CF(x,y)| <e forall (x,y) € R? (1)

implies the estimate
|FF—plc <e forsome ¢pek (2)

with K the one-dimensional subspace in C'(R) formed by the linear functions F'(z) = Az. In other
words, any solution F' to problem (1) is an almost element of the subspace K.
Recently (see [7]), it was shown that, if I is a compact interval and C;y(I) is a subspace of all

functions in C'(I) having Holder smoothness at a single chosen point only, then the same result
remains valid for the operators P, even with nonlinear a; and nonconstant c¢;, under the following
significantly weaker condition:

‘PF‘F‘H < ce, (3)

where T" is a curve in I x I and ¢ is a constant (independent of ¢ and F).
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In this paper we solve the analogous problem for a wide class of the operators P including
the above classical operators €, J,. Namely, with any such operator P we associate a
corresponding finite-dimensional space K and a sufficiently smooth curve I’ providing the
validity of the implication (3)=(2) with I'» and K instead of I" and K, respectively. Such
conclusions may be very useful, in particular, when processing the experimental date of any
kind, as they reduce the search of a needed function F' whose values at some points of a
curve I' are known, to testing the only elements of the subspace Kp.

2. MAIN NOTIONS AND DEFINITIONS

We begin with some standard notation. The kernel and the range of any linear operator L
are denoted by ker L and RL, respectively. We denote by I the interval {¢t| —1 <t < 1}.
Given a Banach space B with the norm |- |p we denote by |F| = sup;c; |F(t)|p the norm
in the space C(I, B).

Let D C R™, n > 2, be a domain, and I" a one-dimensional submanifold in D. For an
arbitrary function w € C(D) we denote by wr the restriction of w to I'. Let (: I — I" be a

one-to-one C-map (parameterization of I'). We set wg = wr o (. Introduce the operator

N
Pr:F — ZCEF(Z>FOG§F(Z>7 zel,
=0

which can be interpreted as the restriction of the operator P to I' and plays the important
role in the following.
The problem we deal with in this work is formulated in the most general form as follows.

IDENTIFYING PROBLEM. For a given operator P of the above form, find a finite-
dimensional subspace KK C C(I,B) and a subset T' C D, as small as possible, such that
a function F C C(1, B) for which the values of PF are sufficiently small at the points of T’
is as close as desired to K.

The solution of any such problem makes it possible to determine the structure of a
function F’ with a high precision using the sufficiently small information about PF. When
dealing with different applied problems, such a possibility may be of the fundamental sig-
nificance.

Definition 1 Given an operator P, a term cpF o ay is called leading term of P if the
function a; maps D onto 1.

Definition 2 A curve I' C D is called P - admissible if for a leading term ¢ F o aj the cir
does not vanish and the agr maps I' one-to-one onto I.

The following function spaces turns out to be very useful when studying the problems
in question. Let 7 > 0. If 7 € N, then, by definition,

Ciny(I,B) = {F | F(t) = Z bith +17p(t), te T}, (4)
j=0

where ¢ € C(I,B) and ¢(0) = 0. If 7 € N and [7] stands for the integral part of 7, then
the elements of C(y(I, B) are all functions

[7]
F(t) = ijtj o (t) +tip (1), tel, (5)
j=0
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where

t, t>0 0, t>0
ty = and t_ =
0,t<0, _t7t§07

¢+ (t) stand for continuous functions on I with ¢4 =const for ¢ < 0 and ¢_ = const for
t > 0. These spaces endowed by the norms

Flry = > bl + ||
=0

and
[7]

|F‘<T> = Z |bj| + ‘90+| + ’80*‘7
=0

respectively, are Banach spaces.

Remark Alternatively, C(y, (I, B) is the space of all B-valued continuous functions on
I differentiable at the point ¢ = 0, whose derivatives satisfy the Holder condition of order
ratt=0.

3. RESULTS: FORMULATION AND PROOFS
The operator we deal with in the present paper is
PE: = F(a1xz + agy) + F(bix + bay) — A1 F(x) — A2 F'(y), (z,y) € D,

with
D ={(z,y)|larx + asy| < 1, |brz +bay| < 1, |2 <1, [y < 1}.

(a1 a2
and assume that the numerical parameters of P satisfy the following conditions:

i) a;>1,j=12 b1 >0, bp<1;
(ii) A1+ Ay >2, A1Ay > 0.

We associate with P the matrix

Let A = (A1, A2) be a unique solution of the equation
M = (1, )9)
and let p be a unique z-solution of the equation
AN+ Ao =1
with ;ig = Ay — 1. Introduce the curve
I'={(z,y) e D|x=M\t, y=Xt; tel}

and define the seminorm
<w>F,T = |w1€|<7)a T >0,

on the space C(y(D, B). The following theorem - the main result of the work - completely
solves the above identifying problem.
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Theorem 1 1° The curve I' lies in D and is admissible.

2° The subspace K, = (ker B:) N C,) (I, B) consists of the functions o1t + oot” with o1, 0
being arbitrary elements of B, if p ¢ N, and K, = {ot’}sep, if peN.

3° For an arbitrary T > p, the a priori estimates

. pl . <
glgg |F' — ot ‘<T> < C|PFF|<T>, Fe C(ﬂ([, B),
if pe N, and
|Fl(zy < e|RFliry, Fe€Cry(I,B),
if p € N, hold with a constant ¢ not depending on F'.

In particular, if a1 = a3 = by =1, by = —1, and A} = Ay = 2, the P is nothing but the
well - known quadratic operator. The reader can easily check that in this situation

2 1

AM==, == =2
1 3’ 2 3’ P )

and therefore I' is the straight line

2t 1t tel
xr= — = -
37 y 37 Y

situated in D. By the Theorem, if (PF) » < ¢, for some 7 > p, then
|F(t) — Ut2|<7_> <ce

for some o and c. In other words, in any space C) (I,B), 7 > 2, the function ¢ = ot? is
a good approximation for the solution of the inequality (PF)r , < e. Thus, this solves the
identifying problem for the quadratic operator 9 in the framework of the subspaces C';) of
the space C.

Proof. 1° To begin with we note that the unique solution A = (A1, A2) to the equation
M = (1, )) (6)
exists by (i) and satisfies the inequalities
O<M<l, 0<X<Ll (7)

Indeed, it suffices to check that both A; and A are positive. Then the relations \; < 1, j =
1, 2 follow from

a1 + asho =1, (8)
by (i). According to (6)
b1 + (bQ — 1)/\2 =0,

whence
by — 1
aiby —agby —ay’
By (i), we see that Ao > 0, and, therefore, A; > 0.
We now show that the curve

Ay =

I'={(z,y) |z=Mt, y=Dot; t € I}
is admissible with respect to the coefficient

a(z,y) = a1z + azy.
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In other words, the I is situated in D and the a maps I' one-to-one to I. The first assertion
follows from the obvious convexity and central symmetry of D as the point A = (A1, \2) in
I corresponding to t = 1 lies in D by (8). The second one is trivial as

a (Alt, )\215) — t,
by (8), for all ¢t € I. This proves 1°.

2° First of all, we establish the correctness of the definition of number p. By property (ii)
of the parameters A;, Ay and property (7) of A1, A2, the function

D(2) = AN + A3
is monotone decreasing. The existence of the unique p with ®(p) = 1 follows from
®(0)=A; + Ay >1 and ®(c0) =0.
It is verified directly that for the I' in question
(PrF)(t) = F(t) — AiF(A\it) — AyF(Xot), tel.

To describe the space K,, we consider separately the cases p € N and p ¢ N. We represent
an arbitrary function F' from IC, in the form (4), if p € N, and in the form (5), if p ¢ N.
Let p ¢ N and PrF = 0 for the function F' in (5) with 7 = p. Let us find the b;, ¢ (t) and
¢_(t) ensuring the relation F' € ker Pr. To this end we rewrite the relation PrF = 0 in a
detailed form

(o]
D b1 — AN — ANt
j=0

— 17 [p4(t) — Aty (Mit) — AsXop (Not)]

— 1 [p—(t) — A1Np_ (Mt) — AoM§p_(Nat)] = 0,

for all t € I. By monotonicity of the function ®(z) and by the choice of the number p
all values 1 — A1\ — Ao)), j = 1,...,[p], are nonzero. It is possible only if all b; = 0.
Furthermore, supports of the function ¢ and ¢_ are mutually disjoint. Therefore,

i (t) — AN o (Ait) — Ao\ (Mot) = 0, £ = 0.

Let us show that both functions ¢4 and ¢_ are constants. By definition of ¢, it suffices
to show that ¢4 = const for ¢t = 0.
Let
M: = = 1].
Qax (1) = o+ (to), to €[0,1]
As A1 \] + AVQ)\S = 1, both numbers ¢ (A1tg) and ¢ (Aatg) are equal to M and, therefore,
o+ (Ato) = M, for all natural n. It follows that

©+(0) = M.

In just the same way we conclude that

and this proves that ¢4 = const for ¢ = 0.
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Returning to representation (5) of an arbitrary element ' € K,, p ¢ N, we arrive at
the following result:

’Cp = {U-i-ti + U—t/i}oq-GB, o_€B-
Let now p € N. Then, in just the same way, using (4) for the representation of an arbitrary
element I from K, we arrive at the relations b; = 0 only for j = 0,...,p— 1. However, as
AN} + AoN) =1, all terms of the first sum in (4) vanish. As above, we find that for ¢ in
(4) _
tlp(t) — AiATp(Mt) — A2Xjp(Mat)] = 0, t €L

Using the above approach with max and min results in the relation
©(t) = const in I.

whence (t) = 0, by the postulated property ¢(0) = 0. Therefore, if p € N, then
]Cp = {Utp}oeB-

This completes the proof of the part 2° of the theorem.

3° The proof is completely based on Proposition 1 in [P5]. For the completeness, we
remind it. Let L: By — Bj be a closed linear operator between Banach spaces and K = ker L.
If the range R(L) is closed, then there is a positive constant ¢ such that the a priori estimate

inf |F'— ¢|p, <c|LF|p, (9)
pek

holds for all elements F' ¢ K. In our case the spaces By and Bj coincide with Cy(I, B)
and the operator B
Pr: F(t) — F(t) — AlF()\lt) — AQF()\Qt).

plays the role of L. As the closeness of the operator Pr follows from its continuity, to obtain
estimate (9) it suffices, by the above Proposition, to prove solvability of the equation

F(t) — AiF(\t) — AyF(\ot) = H(t) (10)

in C(y(I, B) for an arbitrary H from some closed subspace in Cy ([, B). To this end
we compare the asymptotic expansions of the left hand side in (10) with the analogous

expansions
(o]

P

D bith +47h(t) and Y bit! + thhy () + T (t)
j=0 §=0

of the function H corresponding to the cases p € N and p ¢ N, respectively. In both

situations we obtain immediately that

¢;=bi/(1— AN — AN, for j=0,...,[p] — 1,

and [p] 7\l
b[p] = C[p] <1 — Al)\lp — A2)\2P > .

It follows that if p ¢ N, then all coefficients ¢;, 0 < j < [p], are defined uniquely by the given
function H. But if p € N, then ¢; are defined by H only for 0 < j < [p] — 1, whereas b, = 0.
The latter means that the range of the operator Pr. coincides with the closed subspace of
functions H € C,y with H (P)(0) = 0 (what does not obstruct using Proposition 1 from [7]).
In both cases the desired functions ¢4+ and ¢ from representations (4) and (5) are nothing
but solutions of the equations

0 (t) — AN (Mt) — AMJpu (Nat) = ha(t), t€ I,
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and
p(t) — AATp(Mt) — AaATp(Aat) = h(t), t e,

in which p,h € C(I,B), p+,he € C(Ix,B)and Iy = {t € I, t > 0},I_ ={t eI, t <O0}.
All these equations have the same operator form
f - Af = ha
where B
A f(t) = AL f(Mt) + A3 f(A2t)

is the linear operator in C'(I4, B) with the norm
JA| < AIN] + AoA] < 1.

The latter inequality follows by the choice of the value p and by (7). Applying the classical
result in functional analysis (the invertibility of the operator F—.A, E the identical operator)
results in the unique solvability of equations in question for an arbitrary functions hy €
C(I+, B). Thus, we have proved solvability in the space C (I, B) of equation (10) for all
elements H from a close subspace in C, (I, B) and hence the validity of 4 priori estimate
(9). It remains to establish that the subspace K in (9) coincides with {0}, when p ¢ N,
and coincides with IC,, when p € N. Let K = ker Pr N C((Z, B). If p € N, then 7 > p and
hence K C K,. It follows, by 2°, that any function ¢ € K can be represented in a form

1/) = Ulti +02tp,

with 01,09 from B. On the other hand, being an element of I this function % has a form
Y =t7((t) with ( € C(I, B). However, it is clear that the relation

tT¢(t) = ot +oot?, tel,

may be true under condition 7 > p only if o3 = g9 = 0. Therefore, K = {0}.

Let p € N. It is obvious, that L C K, as 7 > p. On the other hand, K, C K, because
Ky, = {ot’}sep, by 2°, and t¥ € C*°. Therefore, K = K, and this completes the proof of
the theorem.
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