Functional Analysis and Its Applications, Vol. 87, No. 1, pp. 46—60, 2003
Translated from Funktsional'nyi Analiz i Ego Prilozheniya, Vol. 87, No. 1, pp. 55-72, 2003
Original Russian Text Copyright (©) by B. P. Paneah

On Solvability of Functional Equations Relating to
Dynamical Systems with Two Generators

B. P. Paneah

Received January 27, 2002

ABSTRACT. In this paper, some solvability problems for functional equations of the form

F(t) — a1 (t)F(01(t)) — az(t)F(d2(t)) = h(t),  tel,
are studied. Here I is a finite closed interval in R, F' is an unknown continuous function, é; and
Jdo are given continuous maps of I into itself, and a;(t), as(t), and h(t) are real-valued continuous
functions on I. Such equations are of interest not only by themselves as an object of analysis, but
they are also a necessary link in solving various problems in such diverse fields as integral and
functional equations, measure theory, and boundary problems for hyperbolic differential equations.

The major part of the proofs is based on the new results in the theory of dynamical systems
generated by a noncommutative semigroup with two generators.

KEY WORDS: dynamical system, orbit, functional equation, boundary problem, hyperbolic differ-
ential equation.

1. Introduction

In this paper, we consider a wide class of functional equations of the form
F(t) = ai(t)F(01(2)) — az(t)F(02(t)) = h(t),  tel, (1)

on a finite closed interval I C R. Here §; and Jo are given continuous maps of I into itself, a1, ao,
and h are given real-valued functions on I, and F' is the unknown real function on 7. In particular,
this equation can be regarded as an analog of the well-known cohomological equation F(t) —
F(4(t)) = h(t) appearing in connection with many problems of the theory of dynamical systems and
ergodic theory. An essential distinctive feature of Eq. (1) is that it involves two noncommuting maps,
and the appearing dynamics is determined by a noncommutative semigroup with two generators.
In this connection, it is worth mentioning Lemma 3 describing some regular properties of orbits of
this semigroup. Precisely these properties form the technical basis of the majority of subsequent
proofs. We also note that these equations are of interest not only as an object of analysis but also
as an adequate technical tool for investigating some new problems in the theory of functional and
integral equations as well as in the theory of boundary problems for higher-order (> 2) hyperbolic
differential equations. This fact is partly reflected below in Secs. 5-7.

In conclusion, I would like to thank Prof. A. Vershik of St. Petersburg University for very useful
discussions of dynamic aspects of this work and for constructive criticism of an earlier version of
this paper. I am also deeply indebted to Prof. Yu. Lyubich of the Technion of Haifa for numerous
useful discussions whose stimulating role cannot be overestimated.

2. Definitions and Notation
Throughout this paper, we use the notation
I={t|-1<t<1} and [ ={t]-1<t<1}.

In relation to the parameters determining Eq. (1), it is assumed that they are continuous (unless
otherwise stipulated) and that

(i) both functions d; and d2 do not decrease in I;
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(ii) the inequalities da(t) <t < 81(t), t € I, hold;
(iii) the ranges of the maps J; and dy are the closed intervals [0, 1] and [—1, 0], respectively;
(iv) the coefficients a1(t) and ag(t) are nonnegative and satisfy the hypothesis

0<a1(t)+a2(t)<1, tel.

It follows from (ii) and (iii) that
01(—1) =0d2(1) =0, 6(1)=1, d(-1)=-1. (2)
Let us introduce the guiding sets
SN={tel|axt)=0}, A={tel|ai(t)=0}, and T=7U%.

The points of the set .7 are said to be Z-guiding. It follows from (iv) that 7 N % = &.

The concluding hypothesis concerns a mutual property of the maps ¢; and the functions ag,
1 < 7,k < 2, namely,

(v) a;(t) = 0 on each interval of constancy of the function d;(¢), 1 < j < 2.

In particular, if the function 0;(¢) increases, then the function a;(t) satisfies the only hypothe-
sis (iv). We note that hypotheses (i)—(v) are not artificial in the sense that all type (1) functional
equations that have up to now arisen in various problems in geometry, in the theory of integral and
functional equations, and also in the theory of boundary problems for hyperbolic partial differential
equations satisfy these conditions (in particular, see Secs. 5-7).

The maps d; and Jo generate a noncommutative semigroup ®5. The elements of &5 are all
the maps of I into itself of the form §; = d;, o ... o d;,, where J = (j1,...,j,) is a multi-index
with jr equal to 1 or 2, and o denotes the composition of maps. It can be verified easily that
this semigroup is not free in the general case. The semigroup @5 naturally determines a dynamical
system. In what follows, we use the geometric terminology below relating to ®; and not coinciding
completely with the traditional one.

1) Given a map d; of I into itself with a multi-index J = (j1,...,7n), an ordered set ¢ =
(t1,...,tns1) of points in I is called an orbit (or, sometimes, an orbit of the point t1) if

b1 = 0j, (L) (3)
for all 1 < k < n < oco. In the sequel, the term “orbit” is also used for describing infinite sequences
(t1,t2,...) satisfying condition (3).

2) An orbit 6 = (t1,...,th+1), n=1,2,..., is said to be F-proper if

5jk:51 for t, € 74 and 5jk=(52 for t, € %

in (3).
3) If all points of an orbit & belong to a guiding set , then & is called a J-guided orbit.
4) An orbit & = (t1,...,tp+1) is called a periodic orbit or a cycle if t; = tpy1.
Definition. We denote by ‘ﬂg the set of all Z-proper Z-guided periodic orbits in 1.

3. Solvability of the Homogeneous Equation (1)

The main result of this section is Theorem 1 describing the conditions and the character of
the solvability of Eq. (1) with h = 0. Its proof is based on the maximum principle for the class
of functional equations in question, which is also of independent interest. In turn, the proof of
the maximum principle is based on the study of the noncommutative dynamical system generated
by the semigroup ®s. This dynamic approach makes it possible to overcome analytical difficulties
frequently appearing in the theory of functional equations and to obtain results of broad generality.
The possibilities of this approach are certainly not exhausted by the problems solved in this paper.
For example, a variation of a guiding set .7 along with a description of J~proper attractors of
the corresponding dynamical system may prove to be productive in some closely related problems.
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Denote by ﬂj’ and 7’ the sets of all limit points of the sets .75, j = 1,2, and .7, respectively. In
what follows, it is assumed that if both sets 97 and % are infinite, then the numbers

7 =min{t|t€ Z} and m=max{t|te T}
satisfy the inequality

T1 > To. (4)
Theorem 1. 1°. Let
ar(t)+az(t)=1 on I (5)
and let
ar(~1)az(1) 0. (6)
Then all solutions of the homogeneous equation
F(t) — a1 (t)F(61(t)) — ax(t) F(d2(t)) = 0 (7)
are constant functions if
Ny = . (8)
2°. Let
0<ai(t)+az(t) <1 on I, (9)

and let the set 8 = {t | a1(t) + az(t) < 1} contain some deleted neighborhood* of the boundary OI.
Then, under hypothesis (8), Eq. (7) has no nontrivial solution.

Theorem 2 (Maximum principle).  1°. If hypotheses (5), (6), and (8) are fulfilled, then any
solution of FEq. (7) takes its maximal and minimal values at boundary points of the interval I.

2°. Assume that the set % is not empty. Then any solution of problem (7) takes its positive
mazximum and negative minimum at points of the set I\ 4. If hypothesis (8) is fulfilled, then these
extremal values are taken on the boundary 01 .

We will obtain this result as a consequence of some general assertion concerning attractors of
the dynamical system generated by the semigroup ®s. This assertion is of interest by itself and
it is by no means related to Eq. (1). However, for brevity we preserve all the preceding symbols,
definitions, and conditions involving them with the only exception, namely, in Lemma 3 below, .73
and 5 denote arbitrary closed sets in I that have no common points and contain all intervals of
constancy of the functions d» and d;, respectively. In particular, in this case, the set ‘ﬁf consists
of all F~proper periodic orbits contained in the set 7= 7 U %.

Lemma 3. Under hypothesis (8), for any point t1 € I , there is a T-proper orbit 0 = (t1,ta,...)
converging to one of the boundary points of 1.

Proof. If one of the sets .7; (say, %) is empty, then the proof is obvious, namely, the orbit
0 = (t1,01(t1),62(t1),...) is F-proper and converges to the point ¢ = 1. The convergence follows
from the fact that the sequence d1(t1),3(1),...) increases according to the right inequality in (ii)
and is bounded. Let limd¥(t;) = £ as k — co. Then lim 6¥™(t;) = 6,(€), and hence &;(€) = &.
By (ii), this results in relation £ = 1.

In the subsequent part of the proof, the following fact plays a significant role.

[}

Proposition 4. If a periodic orbit € is a part of a J-proper orbit 0 = (t1,t2,...), t1 € I,
then t1 € € and t1 # 0.

In other words, Z=proper orbits have no points of self-intersection.

Proof of the proposition 4. Assume that ¢; ¢ ¢, and let ¢,, ¢ > 2, be the first point of the
orbit ¢ belonging to . Then t, # 0 and ¢ = (t4,t4+1,- - -, tq+m), Where t; =ty It is obvious
that t;—1 # tg4m—1 since tg_1 ¢ €, but tg4m—1 € €. Let ty = d;,(tg—1) and let tgim = 6, (tgtm—1)-
Since ty = tg4m # 0, hypothesis (iii) implies that j; = j2. Denote a common value of these indices
by j. By virtue of condition (i), d;(¢) = const for all ¢, t;—1 <t < tg4m—1. By the definition of the

*If U is a neighborhood of a point z, then U \ {z} is the corresponding deleted neighborhood of this point.

48



sets 71 and %3, this means that t,_1 € 9 for j' # j,, whence it follows that the orbit (t,—1,1,)
can not be Z~proper. This proves the proposition as the point £; = 0 does not belong to any cycle
in virtue of hypothesis (iii).

Continuing the proof of Lemma 3, we note that, as follows from inequality (4), for a sufficiently
small € > 0, there are some deleted neighborhoods U} and Us of the points ¢t = —1 and t = 1,
respectively, such that Uf N %7 = @ and U5 N % = @. It is evident that if t € U} or t € U3,
then the orbit &_ = {t,62(t),05(t),...} or 04 = {t,1(t),82(t),. ..}, respectively, turns out to be
J-proper and, as was proved above, converges to the point ¢ = —1 or ¢t = 1, respectively.

It is easily seen that for the above-mentioned number &, there is a number v such that the

o

relations 67 (t) € U5 and 65(t) € U are valid for all points t € I . Indeed, for example, in the case
of 61, the existence of an integer v > 0 such that 67(—1) > 1 —¢ is a consequence of hypothesis (ii).
The required relation now follows immediately from the monotonicity condition (i).

Take an arbitrary point 79 between 71 and 7o (which is possible according to condition (4)).
Let V7 and V5 be open disjoint sets in I forming an open covering of the closed set 7' = 7/ U 7
and satisfying the following conditions:

DWVioZA, VD7, Vink =0, VoNJ =0,

2) the set Vi (V2) is located on the right (on the left) of the point 7p.

Such a covering undoubtedly exists. Let V = V; U V4. It should be mentioned that the set
W = Z7\V is finite. Denote by W the number of points in W. Let us agree to say that an arbitrary
F-proper orbit & = (t1,ta,...) is directed if

o (51 fortk¢92andtk27'0,
e 09 fortk¢%andtk<7'o

in (3). It is clear that any directed orbit is uniquely determined by its starting point. Furthermore, a
point t,, will be called a turning point of an orbit & = (t1,ta,...) if t, = §;(tn—1) and t,1 = 9 (tn),
where j' # j. It can be immediately verified that, in every directed orbit ¢ = (t1,t2,...), each
turning point ty € V follows a point ty—_1 € W, and the same is true for any turning point
ty € I'\ 7. Since I = VU (I\ 7)UW, what has been said means that the number of turning
points in an orbit ¢ does not exceed the number W if this orbit contains no periodic suborbits.
Therefore it becomes clear that the terminal point in the directed orbit ;1 = (t1,...,tn) with
N = Wv + W + v lies outside the interval (—1 + ¢,1 — ¢). Consequently, one of the sewed orbits
01 = (t1, ... ,tN,5j(tN),5]2~(tN), ...) with j =1 or j = 2 possesses all the properties postulated in
Lemma 3. .

We now turn to the situation where a directed orbit & of a point t1 € I includes some cycle €.
By Proposition 4, this cycle contains the point ¢, and consequently it has the form ¢ = (t1,...,tn),
where t,, = t1. Since MY = &, the orbit ¥ is not F-guided. Therefore, one of its points ¢4, 1 <
g < m — 1, does not belong to the set 7. Assume that t,y1 = J;(t,). We introduce a new point
te+1 = dj(ty) with j' # j and define the directed orbit &1 = (f441,fq42,...). Since this orbit is
J-proper, it has no common points with the periodic orbit ¥. Indeed, if it is not true, fp is the
first point of this kind, and we have fp =tr,, 1 <r <m—1, then, as was shown in the proof of
Proposition 4, fp_l = t,_1. However, this is impossible since t,_; € ¥, whereas fp_l ¢ ¢. By virtue
of the same Proposition 4, the Z~proper orbit (tg, 441,42, -.) contains no periodic suborbits. As
above, this enables us to conclude that the sewed orbit

ﬁ] = (t17t27 s 7tqa7§q+17 s 7tAq+N75j(tAq+N)75]2'(£q+N)7‘ . ')7

where N = Wy +W +v and j =1 (j = 2) if {;4n > 70 (fg+n < 70), satisfies all the conditions
stated in Lemma 3. This completes the proof of the lemma.

Proof of Theorem 2. 1°. Let M = max; F and let ./ = {t € I | F(t) = M}. If F(t) = M,
then F(01(f)) = M — e; and F(d2(f)) = M — e for some nonnegative numbers e; and e.
Substituting  for ¢ into Eq. (7), we obtain a1 (#)e1 + ag(f)ez = 0. It follows that if € .#\ 7, then
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€1 = g9 = 0, and hence (51(f) € M, (52(f) € #. And if t € .#N 7, then £ = 0, and consequently
61(t) € . In just the same way, if £ € .#N J, then 65(t) € .#. Comparing these observations with
the definition of a Z-proper orbit (see Sec. 2), we conclude that, along with every point ¢; € ., the
next point ty of any J-proper orbit (t1,%2) also belongs to .. Since 01 and d9 are maps of I into
itself, this argument can be applied to the point t5. As a result, we obtain one or two points t3 of
the form t3 = §;,(t2) = 6j, 0 0;, (t1) lying in the set .#. In this case, the orbit & = (t1,t2,t3) turns
out to be J-proper. Arguing in the same way, we conclude that, along with every point t1 € 4, its
every J-proper orbit 0 = (t1,ta,...) lies in the set .#. By Lemma 3, at least one of these orbits
converges either to the point ¢ = 1 or to the point ¢ = —1. By virtue of the continuity of the
function F', one of the numbers F(1), F/(—1) is equal to M. Note that what has been said about
the spread of the maximal value of a solution along Z-proper orbits remains true for the minimal
value m of the same solution. As a result, one of the numbers F'(1) and F(—1) is equal to m, and
this completes the proof of part 1° of Theorem 2.

2°. Let F be an arbitrary solution of Eq. (7) and let M = max F = F(t) > 0. If £ € %, then,
as it follows from (7), M < a1(£)M + az(f)M < M, which is impossible. Thus, any solution F
takes the positive maximal value only at points of the set I\ £. In just the same way, we establish
that F' takes its negative minimal value on the set I\ % only. To prove the concluding assertion of
the Theorem 2, it remains to repeat literally the proof of part 1°. This completes the proof of the
theorem.

Proof of Theorem 1. Note that any solution of Eq. (7) satisfies the “boundary” conditions
F(-1)=F(1) = F(0). (10)

To show this it suffices to substitute consecutively the numbers —1 and 1 for ¢ in Eq. (7) and use
relations (2), (5), and also condition (6). To prove the assertion 1°, we note that, by the maximum
principle, each of the numbers M = max F and m = min F' coincides with one of the numbers
F(1), F(—1). Combining this with (10), we arrive at the relation m = M, whence F' = const.

In the case 2°, by part 2° of Theorem 2, any solution F' of Eq. (7) can take neither positive
maximal nor negative minimal values. But this is possible only if F' = 0. This completes the proof
of Theorem 1.

The following assertion can be interpreted as some oscillation property of solutions to Eq. (7).

Theorem 5. If the set % is nonempty, then, under hypotheses (6) and (8), any solution of
Eq. (7) does not change its sign on I. In addition, a nonnegative solution attains its minimum only
at points of the set %, and the same is true for the mazximum of a nonpositive solution.

Proof. Assume that a solution F' of problem (7) takes both positive and negative values. Then
M =maxF >0 and m=minF <0.

By Theorem 2, the function F' takes the same values on the boundary 91, and, in addition,
0I C I\ #. However, the latter is impossible in view of (10).

Assume now that I/ > 0 on I, and let F(f) = m. If { € I\ %, then, repeating the proof of
Theorem 2, we conclude that one of the numbers F(1) or F'(—1) is equal to m. By virtue of the
same theorem, the number M also coincides either with F'(—1) or with F(1). But then, in view of
(10), we have M = m, and hence, F = const which is impossible if 2 # @. Thus, { € %, and this
completes the proof of the theorem.

4. Solvability of the Nonhomogeneous Equation (1)

In this section we consider the problems of the existence of solutions to the nonhomogeneous
equation (1) under hypothesis (9) and in conditions of its violation.

Theorem 6. Let the set  contain a nonempty deleted neighborhood of the boundary 0I. Then
under hypothesis (8), for an arbitrary function h € C(I), Eq. (1) has a unique solution F € C(I).
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Proof. We introduce a linear operator L of the form
L: F(t) — a1(t)F(01(t)) + az(t) F(d2(t))

in the space C(I), and let E be the identity map. As is well known, if the norm ||L™| of the
operator L™ is less than 1 for some positive integer m, then the operator £ — L is invertible.
Therefore, to prove Theorem 6, it suffices to show that such a number m exists in the case of the
operator L in question. We first of all note that, for an arbitrary positive integer N, the function
LN F can be represented in the form

2

LNF(t) = Z @jy (t)ajz (5]'1 (t) - jn (6jN—1 o - 00y () EF(6(1)), (11)
Jis-njn=1
where J = (j1,...,jn). Indeed, it is obvious if N = 1. To apply the induction on N, we assume

relation (11) to be fulfilled for some N and prove it for NV + 1. From the definition of the operator
L and from (11), it follows that

(LN*IP)(t) = (Lo LN)F Zago t)(LNF)(35,(t))
2 jo=1
= > ai(a, (5,(8) - ajy Gy 0 0 8i(8)F(65(2)),
jOvjla“ij:l

where J = (jo,j1,--.,Jn)- It remains to note that substituting jxy1 for jx, £ =0,..., N, in this
relation yields relation (11) with NV + 1 instead of N.
As follows from (11), for an arbitrary function F' with || F'|| = 1, the inequality

2
N
ILNFOI < Y aj(Dag(65(8) - ajy (Gix_y o -+ 0 85, (1)) (12)
Jiyein=1
holds at each point ¢ € I. Let us prove that, for any fixed ¢ € I, there is a positive integer N and
a constant 7 < 1 such that the inequality

ILNF ()| < ~ (13)

is fulfilled for the same functions F'. If ¢t € £, then the assertion is true for N = 1 according to
the definition of the set #. If ¢t ¢ %, then we consider an arbitrary Z-proper orbit & = (t1,t2,...)
with ¢; =t converging to one of the boundary points of I. The existence of such an orbit is proved
in Lemma 3. By the hypotheses of the theorem, for some sufficiently large natural N, the point
ty =0y, 0 ... 00j(t) lies inside the set %, and hence

a1(tn) +az(tn) <1 and  aj (t)a, (6, (1)) - ajy 4Gy 50 -+ 065 (1) # 0. (14)

The second relation in (14) follows from the definition of a Z-proper orbit. Let us show that
inequality (13) holds for the same N. Introduce the notation aj, (d;, , o -+ 00 (t)) = aj,. j.»
k=1,...,N, where 0j,(t) = t;. It is convenient to consider the right-hand side of inequality (12)
as an N-linear form

2
QN = Z Aj1 Ajrgo = Qjy.gn
JiseJN=1
. . . c e . 2
of nonnegative variables a;, j , k = 1,..., N, satisfying the condition ij:l aj,..j, <1 for all k.

It is evident that 0 < @Qn < 1 for all N > 0. It can be verified easily that if, for at least one
multi-index J = (j1,...,jn-1), the relations

2
@j1 Gjyjy - Gjy.jy—g 7 0 and Z gy <1 (15)

jn=1

51



are valid, then QQn < 1. The assertion is obvious if N = 2. We will show that it is true for N + 1
if it is valid for V. To this end, we write down the form Qny1 as Qni+1 = alQS\lf) + @Qg\%),

where Qg\l,) and Q%) are the corresponding N-linear forms of the variables aij,.. j, and agj,. j,,
k=2,...,N+1.1It is easily verified that if conditions (15) hold for the form Qx1, then, for at least

one index j = 1 or j = 2, the form QS\J,) satisfies the same conditions and a; # 0. Since QE\J,) <1
by the induction hypothesis, the inequality @n11 < 1 becomes obvious because a; + a2 < 1 and

S\J,,) < 1 for j/ # j. To complete the proof of inequality (13), it remains to note that condition
(14) is nothing other than inequalities (15).

Furthermore, note that, by virtue of the continuity of all the functions in question, inequality
(13) holds at all points of some neighborhood U of the point under consideration for the same
number N, probably with a larger constant v < 1. The collection of these neighborhoods forms an
open covering of the closed set I\ %. Let {Uj};‘f’:1 be a finite subsystem of these neighborhoods
and let N; and ; be the corresponding constants. Setting m = max N; and v = max;, we arrive
at the desired inequality ||L™| < 1, and this completes the proof of Theorem 6.

A wide class of Egs. (1) with the same solvability properties as those postulated in Theorem 6
is described in the following proposition.

Corollary 7. Let (0,e1,e2,...) be an arbitrary J-proper orbit of the point eg = 0. The result
of Theorem 6 remains true if an arbitrary point e, k > 1, is substituted for I in conditions of
this theorem.

A simple proof of this fact is based on Lemma 3 and Theorem 6, and we omit it.

To conclude this section, we state another result relating to the solvability of Eq. (1) and, in
some sense, complementing Theorem 5.

Theorem 8. Let a;(t) + ax(t) = 1 everywhere on I and let the conditions (6) and (8) be
fulfilled. Then Eq. (1) has no solution if the right-hand side h does not change sign on I and is
nonzero in an arbitrarily small deleted neighborhood of the boundary 01 .

Proof. Let I be a solution to equation (1) for a given function h, and let F(t) = M and
F(f) = m be the maximal and minimal values of F, respectively. Consecutive substitution of ¢
and £ for ¢ in (1) results in the inequalities h(f) > 0 and h(f) < 0 as in the proof of Theorem 2.
Thus, the maximal and minimal values of the function A can not be of the same sign. Assume that
h>0on I and h > 0 in a deleted neighborhood U of the boundary dI. Then minh = 0 and, in
particular, h(f) = 0. As follows from the proof of Theorem 2, the minimal value m of a solution
F spreads along Z-proper orbits of the point . Consequently, the function A vanishes on any such
orbit. By virtue of Lemma 3, h = 0 at points lying arbitrarily close to the boundary 0I. But this
contradicts the choice of the function h, which completes the proof of Theorem 8.

Remark. Comparing results of Theorem 5 and Theorem 8, we see that the nonhomogeneous
equation (1) may be solvable only if the right hand-side h oscillates, whereas the homogeneous
equation (1) has no oscillating solutions (i.e., those whose values have different signs).

5. On the Solvability Theory of the Cauchy Type Functional Equations

One of the first functional equations was considered by Cauchy. He proved that if a continuous
(at one point) function F'(z), |z| < 1, satisfies the condition

F(z+y) = F(z) + F(y) (16)

at all points (x,y) of the square K = {(z,y) | |r £ y| < 1}, then F(z) = \z.
In this section, as one of the applications of the results in Secs. 3-4, we will study the solvability
problem for the functional equation

F((B1(t) + Ba(t)) — F(Bi(t) — F(B2(t)) = h(t). (17)
Here, as in Sec. 2, #1 and (2 are given continuous maps of I into itself and h and F' are given
and unknown real functions on I, respectively. Note that these equations are of interest not only

52



by themselves, but they are also a necessary technical tool for solving some integral equations (see
Sec. 6) and also for studying some boundary problems for hyperbolic partial differential equations
of higher (> 2) order in a bounded domain (see Sec. 7). The nonhomogeneous equation (17) has
never been considered earlier. Let T' be a nonsingular curve in the plane R? and let

r=p(t), y=Pa(t), tel,

be its parametric representation. Then, by analogy with Eq. (16), it is natural to call Eq. (17) a
Cauchy type functional equation (on a curve I'). Such an approach to Eq. (17) will make it possible
to treat the main result of this section as an unexpected sharpening of the above-mentioned Cauchy
theorem relating to Eq. (16) (see Corollary 10).

We now turn to the precise statement of the problem. Consider a linear operator B of the form

B: F(t) — F((B1 + 62)(t)) — F(B1(t)) — F(Ba(t))

in the space C(I), where 31 and (3 are the above C?-functions on I satisfying conditions (i) (iii)
(see Sec. 2) and also the inequalities*

B+ 8t >0, tel, B8,>0 on oI. (18)

It follows that the map 6 = (1 + (2 is a diffeomorphism on I preserving the boundary 0. As a
consequence, the maps

S1=pF1oB ' and dy=pPBa0p7"
of I into itself have all the properties of the maps also denoted by §; and do that were introduced
in Sec. 2 and, in addition, satisfy the relation

8y +6,=1 onl. (19)

The sets 7} of all points t € I such that 55- (t) =1, j = 1,2, are said to be guiding, and we write
T= A UZ%. It is clear that the functions 0] and d5 have all the properties of the functions a; and
ay (see Sec. 2) including property (v). As in Sec. 2, for the two maps d; and d2 of I into itself and
for the subsets 71, %, and = 71 U % in I, it is possible to introduce the semigroup 5 and all
the corresponding geometric notions related to ®s5 and . In particular, ‘ﬁf denotes the set of all
periodic J-proper orbits entirely lying in 7.

It is obvious that the kernel of the operator B contains all linear functions. On the other hand,
the cokernel of B is also nonempty (see (20)). Therefore, to obtain the best possible results related
to the solvability of Eq. (17), it is desirable to establish some necessary conditions for this solvability
beforehand. Let us substitute consecutively the values ¢ = —1 and ¢ = 1 in (17). Using relations (2)
(which hold for the functions 3; as well), we conclude that

BF(-1) = BF(1) = —F(0) (20)

for any function F' € C(I). This means that the range of the operator B consists only of the
functions h taking equal values at the boundary points of I. Moreover, an unknown function F
must be related to the given function h by the condition

F(0) = —h(—1) = —h(1).

Taking into account that the solution F(z) = Az of Eq. (17) with h = 0 is uniquely determined
by setting the value of F(1), we arrive at the following natural problem: given some numbers X,
p € R and an arbitrary function h € C*(I) satisfying the condition

h(1) = h(~1) = —p. (1)
to find a function F € C?*(I) such that
BF=hon I, F(0)=p, F(1)=A\ (22)

The main result of this section is the following theorem.

*Under some different assumptions about the functions 81 and (2, Eq. (17) was also studied in [4].
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Theorem 9. Suppose that condition (4) holds and N = &. Then, for all constants X\ and
and for an arbitrary function h € C?(I) satisfying condition (21), there exists a unique solution
F € C*(I) of problem (22). The inverse operator h — F from C?(I) to C?*(I) is continuous.

Remark. The assertion of the theorem remains true if the condition F'(1) = A in problem (22)
is replaced by the condition F’(0) = A. This leads to some insignificant changes in the proof.

Proof. Replacing F' by F + t(\ — ) + p in problem (22), we arrive at the problem
BF=h, on I, F(0)=0, F(1)=0, (23)
where h, = h+ . The change of variable ¢t — 371(¢) in the equation entering (23) reduces problem
(23) to the form
BF() = F(t) - F61(1)) - F(52(t) = (), F(0) =0, F(1) =0. (24)

This form is precisely the starting point in studying problem (22). As follows from relations (20) and
(21), both functions BF and h,, vanish at the points ¢ = —1 and ¢ = 1. Therefore, differentiating the

equation BF (t) = ilu(t) twice, we obtain two new problems which are equivalent to problem (24).
These new problems are

BiF'(t) := F'(t) = 61(£)F'(81(t)) — 85(t) F'(62(1)) = hy, (2), (25)
ByF"(t) = F"(t) — 67 (£) " (51(1)) — 65 () F" (62(t)) — KF"(t) = hj (1), (26)

where K denotes a linear operator in C(I)

K: H o n
t H w67 (1) .

52(t)
H(s) ds + 81(t) / H{(s) ds.
3
Here ¢ is an arbitrary point of the interval (0,1) such that F’(£) = 0. The existence of such point
¢ is guaranteed by the boundary conditions. For brevity, we omit the conditions F(0) = 0 and
F(1) =0 in (25) and (26).

Since all the three problems in question are equivalent, the theorem will be proved if we establish
the injectivity of the operator B; and also show that the index ind By of the operator By in the
space C(I) is zero.

To prove the injectivity of the operator B; in the space of functions F' vanishing at the points
t=0and t =1, we set fALL =0 in (25). By virtue of relation (19), the new equation is none other
than the homogeneous equation (1) whose coefficients a; coincide with the coefficients 6;-, j=1,2.
Therefore, the equation in question satisfies all the hypotheses of Theorem 1. By virtue of part 1°
of this theorem, we conclude that the derivative F’ is a constant, and this constant is zero since
the function F' vanishes at two points.

Passing to the operator Bo, we represent it in the form By = F — L — K, where L denotes a
linear operator of the form

L: H v 02H o6 +0%H oy

in the space C(I). As follows from (19), the inequality 87 4+ 8% < 1 holds everywhere on I except
at points of the set . Therefore, the equation G — LG = h is none other than Eq. (1) whose
coefficients a; coincide with 552, j = 1,2, and hence satisfy condition (9). In this case, the set
I'\ 7 plays the role of the set %, and, in view of (18), the condition 0I C % also holds for the
a;’s in question. Thus, Theorem 6 can be applied to the equation under consideration, and we
establish that the operator E — L is invertible (although ||L|| = 1). For this reason, the operator
By turns out to be a sum of an invertible operator and a compact operator in the space C(I). By
the Riesz—Schauder theorem, it follows that ind B = 0. The unique solvability of problem (24) is
now a consequence of the relation dimker By = dim ker By = 0. It remains to prove the continuity
of the inverse operator in problem (22). Clearly, the operator B from C?(I) to C?(I) is continuous.
By the Banach closed graph theorem, it follows that the operator B~! is continuous in the same
space. This completes the proof of Theorem 9.
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Corollary 10. In the plane R? with coordinates x and vy, consider an arbitrary nondecreas-
ing twice differentiable curve T' joining the points (0,—1) and (1,0) and admitting a parametric
representation of the form x = [(1(t), y = Pa(t), —1 < t < 1, in which the functions B1 and [
satisfy the hypotheses of Theorem 9. Then the Cauchy type functional equation on the curve I' has
no solutions distinct from F(t) = At.

Thus, to determine the function F'(z) on the interval {z | —1 < z < 1}, there is no need in the
fulfillment of the Cauchy relation (16) at all points (x,y) of the square K = {(x,y) | |x £y| < 1}.
It is sufficient (as it follows from Corollary 10) that the relation F(x +y) = F(z) + F(y) hold at
all points of a curve I' of the above type. For example, the side

D={(my) |o=(-1)/2 y=(+1)/2}, —1<t

of the square K can play the role of this curve.*

N

L

6. On an Integral Equation Relating to Some Geometric Problem

The problem of reconstructing a function in a given domain D from the values of its integrals
over a family {D,} of subdomains in D is always of interest not only as an object of pure analysis,
but also in connection with various applications in practical disciplines. The most remarkable
example of such a connection is the Radon problem and tomography. In this section, using the
above results, we show that one of such problems can be solved in the case of a bounded domain
D with a piecewise smooth boundary.

We begin with the statement of the general problem. Let ¢; and ¢2 be some nonsingular smooth
transversal vector fields in a disk S C R?. Consider a curvilinear triangle D = OA; A whose sides
OA; and OAs coincide with trajectories of the vector fields ¢1 and /o, respectively, and the side
I' = A1 As is an arbitrary nonsingular smooth curve transversal to both the fields ¢; and {5 at the
points A; and As. In addition, we assume the closure D of the domain D to satisfy the following
hypotheses:

1) For any point p € D, a trajectory of ¢; passing through p meets OA;, at a point mp, j # k,
1<j,k<2.

2) The set D is lj-convex, j = 1,2. This means that if given points p and ¢ in D lie on some
trajectory 7; of the field /;, then all the points r € v;, j = 1,2, between p and ¢ belong to D.

Given an arbitrary point ¢ € I', let D, be a curvilinear parallelogram qq;Ogz, where g; = m;q,
j = 1,2. Hypotheses 1) and 2) guarantee the inclusion D, C D for all ¢ € T'. In the case under
consideration, the above-mentioned geometric problem of reconstructing a function in D takes the
form of the following integral equation:

Af ::/ fdo = h(q), qerl. (27)
Dq

Here o denotes a measure on S, h(q) € C(T') is a given function, and f € C(D) is an unknown
function. The general problem stated in [1], reads as follows in application to the above equation:
for what spaces of functions f and h is the map A: f +— h one-to-one, and what functions h(q)
can be represented by the integral (27)7 As to the second question, it readily follows from (27) that
any such function h belongs to the space #(T') = (C? N Cy)(T) of all twice differentiable functions
vanishing at the boundary points of I'. Therefore, the best possible answer to the first question
consists in describing a subspace .Z(D) of the space C(D) for which the map A: £(D) — #(T)
is one-to-one. Certainly, such subspaces can be determined in many ways. Here we will describe a
class of such subspaces Z(D) which naturally appear in studying the above-mentioned boundary
problems for hyperbolic partial differential equations of the third order in a bounded domain (see
Sec. 7).

*When this paper was already prepared for publication, the author learned that the result of Corollary 10 was
obtained earlier in [5] by a quite different method and under absolutely different assumptions about the functions 3;.
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Definition. Given a smooth nonsingular vector field £ in S, we denote by C (D) the subset
of all functions in C(D) which remain constant along each trajectory of the field ¢.

For the sake of brevity, only the case of a vector field ¢ = r1f; + rofs with positive constants
r1 and r9 will be studied in this paper*. However, in this situation, an exhaustive solution of the
problem under consideration will be obtained, namely, we state a necessary and sufficient condition
on I' ensuring the single-valuedness of the operator A: Cy (D) — ().

To state this condition, in addition to the projections m;, j = 1,2, along the vector fields [y,
j # k, we consider the projection 7,: D — T along the trajectories of the field ¢. In other words,
given an arbitrary point p € D, its projection myp coincides with the intersection of the curve T
and the trajectory of the field ¢ passing through p. Introduce two maps in I',

C1:71’507T1 and CQZW@OTI’Q,

and denote by ®,; the noncommutative semigroup of maps on I' generated by (i and (2, which
is analogous to the semigroup ®s considered in Sec. 2. As in Sec. 2, we define by means of the
maps ¢; and (2 an orbit in I' as a sequence of points (qi,...,¢qn,...) such that g1 = ¢, (a),
k=1,2,.... As above, we introduce the guiding sets

7 ={qel | 4(q) €T}, j=1,2, and 7=53U%,

where T;(I") denotes a tangent space to I' at ¢. Repeating literally what was said in Sec. 2, we
define periodic, J-guided, and also .Z-proper orbits corresponding to the semigroup ®, and denote
by ‘ﬁg the set of F~proper J-guided cycles of the type in question. It is assumed by analogy with
condition (4) that if both the sets 7 and % are infinite, then arbitrary points 71 € ./ and 7 € 7
are situated on I' in the order A1, 7, 72, A2. The main result of this section is stated as the following
assertion.

Theorem 11. If all the above hypotheses related to the domain D, the curve I', and the vector
fields £, €1, and {2 are fulfilled, just as the conditions on the sets 9;-, j=1,2, figuring in Theorem 1,
then, for an arbitrary function h € ('), Eq. (27) has a unique solution f € Cyy (D) if and only
if ‘ﬁ‘g: @. The inverse operator A~': h— [ is a continuous operator from (L) to Cy (D).

Proof. Without loss of generality, we assume that the vector fields ¢; and /2 are parallel to
the coordinate axes x1 and x9, respectively, and consider as D a curvilinear triangle whose two
sides coincide with the intervals {z; | 0 < x; < 1} and {x2 | 0 < 22 < 1} on the axes x; and z3,
respectively. As to the third side I', it is assumed to be a smooth nonsingular curve transversal to
the coordinate axes. Let 1 = a1(2), x2 = aa(z), z € I, be an arbitrary parametric representation
of I' and let a(z) = (a1(2), az(z)). It can be shown that, by virtue of the topological conditions
1) and 2) on the domain D, these functions aq(z) and as(z) satisfy the conditions

a)(2) 20, ah(2) <0 and |o)(2)|+ |ah(2)] >0, ze€l, (28)

provided that «(1) = (1,0). We also introduce the function w(x) = rox; — riz2 in D and denote
by wr its restriction to I'. The role of the function w becomes clear if we note that it is constant
on trajectories of the field £. Therefore, any function g € C (D) can be represented in the form
g = fow, where f is some continuous function on the closed interval I; = [—ry,72]. In the
following we will also use the functions wi(z) = w(z1,0) and wa(x) = w(0,z2). Note that the
function o = wp o a: I — I; is invertible since o/(z) > 0 according to (28). In the coordinate form,
Eq. (27) looks as follows:

/ / )) dxo dzy = h(z), zel. (29)

We introduce the new unknown function F(t) = — fo )(t — s)ds/rire. Substituting F for f
in (29) we arrive (after some routine calculatlons) at the followmg functional equation for the

*In the case of variables r1 and r2, the problem in question is studied in [3].
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function F':
Flwoa)— F(wioa)— Flwyoa)=h. (30)
Since F"(t) = —f(t)/rir2 and F(0) = F'(0) = 0, the map f +— F is one-to-one. Therefore, to
prove the theorem, it is sufficient to establish the unique solvability of equation (30). We introduce
the new maps
plzwloaoa_l and p2:—w20aoa_1
of I; into itself and rewrite Eq. (30) in the form

F(t) = F(pi(t)) = F(p2(t)) = (o™ '(1)),  t€ L (31)
It is remarkable that the functions p; and po intrinsically connected with geometric problem (27)
possess all the properties of 4; and 32 postulated in the previous section. In addition, since p;(t)+
p2(t) =t for all t € I, Eq. (31) coincides with Eq. (17) and hence is a Cauchy type functional
equation on the interval I;. Denote by ®, the semigroup of maps in I; generated by p; and py and
by O, the corresponding set of orbits. Furthermore, we introduce the guiding sets

T ={te L) =1}, Zn={teL|pt)=1}, md 7 =T, U7y

We can now define .7,-proper, periodic, and .7,-guided orbits in the standard way. Denote by
‘ﬂf” the subset in O, consisting of all orbits that are simultaneously .7,-proper, periodic, and
Jp-guided. By the constancy of the function w on the trajectories of the vector field £, the relation
wjoa =uwro(joa, j=1,2, holds. Substituting these relations into the formulas determining the
functions p; and po, we conclude that p; = wro (jowp ! for the same j. It follows immediately
that p; = wro (o w;l for any multi-index J. Consequently, if (q1,...,qn+1) is a T-proper (I-
guided) orbit in I', then ils wr-image is a J,-proper (J,-guided) orbit in I;. This leads to the
conclusion that the sets ‘ﬂ? and ‘ﬁpg” can be empty only simultaneously. Therefore, it follows from
the hypotheses of Theorem 11 that ‘ﬁf” = @&. To complete the proof of solvability in Theorem 11,
it remains to use the result in Theorem 9. To prove the continuity of the inverse operator A™1, it
suffices to use the definition of function F and the continuity of the operator h(c~1(t)) — F(t) in
C?%(I) defined by Eq. (31).

It remains to prove the necessity of the hypothesis ‘ﬁg =g. If ‘ﬁg # @&, then ‘ﬁfp % & and,
consequently, there is a J,-proper periodic orbit ¢ = (t1,...,%,41) entirely lying in the critical
set 7,. We replace the function h(c~'(t)) in Eq. (31) by H(t) and differentiate the resulting
relation. Setting F’ = G, we arrive at the relation

G(t) = P ()G (p1(1) — Po ()G (p2(t)) = H'(2). (32)

We now note that, by definition, the points t1,...,t,+1 satisfy the conditions
tier = pj(te), P (te) =0 for jp#jrandk=1,....n

and tn41 = t1. Let us substitute 1 for ¢ in Eq. (32). Then one of the numbers p(t1) is equal
to zero, whereas p;/(tl), j' # j, is equal to unity. Furthermore, by the definition of .Z~properness,
to = pj(t1). This results in the relation G(t1) — G(t2) = H'(t1). Continuing this procedure, we
arrive at the chain of relations G(t2) — G(t3) = H'(t2),...,G(t,) — G(t1) = H'(t,), where the
periodicity of the orbit & is used on the terminal step. Adding all these relations together, we
obtain

> H'(t;)=0. (33)
j=1

Thus, if there is a F~proper J~guided cycle ¢ = (q1,...,qn), this relation is a necessary condition
for the solvability of Eq. (27). Hence, the necessity of the condition ‘ﬁg = @ is proved, and this
completes the proof of Theorem 11.

Remark. The above result makes it possible to interpret the set of orbits ‘ﬁ? as an obstruction
to constructing a solution of Eq. (27).
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7. On the Solvability of Some Boundary Problems for Hyperbolic Partial
Differential Equations with Data on the Entire Boundary

As another application of the results relating to Eq. (1), we consider, in the (x,y)-plane, an
arbitrary homogeneous x-strictly hyperbolic differential operator P(9;,dy) of the third order with
constant coefficients. Such an operator can be uniquely represented in the form

P(0y,0y) = a(0y — a10y)(0r — a20y) (05 — az0y),

where all coefficients a, a1, a2, and a3 are real numbers and a; # ay if j # k. The characteristics
of the operator P are the straight lines y + a1x = const, y + asx = const, and y + agx = const.
Denote by /1, 5, and f3 the related vector fields in R? parallel to these lines. Let OA;, OA,, and
OA3 be an arbitrary triple of neighboring characteristic rays issuing from some point O (there are
6 rays of this kind). Assume that the ray OAs lies between OA; and OAs.

Take a curvilinear triangle D = QA1 A, with the sides OA;, OAs, and I' = A1 Ay, where T’
is a smooth nonsingular curve transversal to OA; and OAs. The closure D is assumed to satisfy
hypotheses 1) and 2) in Sec. 6. Consider the following boundary problem: given some functions
F € C(D) and h € C(dD), to find a function u such that

P(0;,0y))u=F in D, u=~h on 0D. (34)

To state the main result, we introduce the semigroup ®; of maps in I' considered in Sec. 6
with ¢ = /3. In the new situation, the guiding sets 91, %, and 9= 9 U %, turn out to be none
other than characteristic subsets in I'. Introduce the set ‘3’(? of all F-proper periodic orbits of @,

consisting of characteristic points. Denote by C*¥(0D) the set of all continuous functions on 9D
whose restrictions to all sides of the triangle O A1 Ay are k times continuously differentiable, & > 2.

Theorem 12 (cf. [2]). Assume that the characteristic sets 51 and J satisfy the hypothesis
stated before Theorem 11. Then, for any functions F € C*(D) and h € C**2(0D), k > 1, there
is a unique solution v € C*¥*2(D) of problem (34) if and only if ‘)’tg = &. The inverse operator
(F,h) — u is bounded in the corresponding pair of the spaces.

Proof. We restrict ourselves to the case F = 0. It is clear that a linear change of variables
reduces (34) to the problem

(110y + 120y)0,0,u =0 in D, u=h on 9D (35)
with r17r9 > 0. The boundary 9D now consists of three parts,
I ={(z,y) ly=0,0<z <1}, To={(z,y)|2=0,0<y<1}, and
I'= {(l',y) ‘ T = al(t)7 Yy = Oég(t), -1<t< 1}7
where a;1(—1) =0, ai(1) =1, ag(—1) = —1, and a9(1) = 0. Let h = hy(x) on I'y, h = ha(y) on
Iy, and h = hs(z,y) on I'. By the continuity of the function h on I', the following compatibility
conditions are fulfilled:

hi(0) = h2(0), hi(1) = h3(1,0), ha(1) = h3(0,1), (36)
Using the postulated properties of the domain D, it is easy to verify that the function
z Y
u(z,y) = / </ F(ras —rit) dt)dS + hi(z) + ha(y) — h1(0), 0<my<1, (37)
0 0

satisfies the equation in (35) and the condition w = h on the part I'1 UT's of the boundary for any
function F € C*(—r1,72). Since it is necessary that the condition u = hg hold on I', we now arrive
at the integral equation

ai(t) az(t)
/ (/ F(rox — ry) dy>dx = H(t), -1<t< 1. (38)
0 0

Here, as in Sec. 6, the relations = = «;(t) and y = ao(t), t € I, describe the curve I' in parametric
form, and H(t) = —hi(ai1(t)) — ha(aa(t)) + ha(ai(t), a(t)) + hi1(0). It is important to note that
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the function H generated by an arbitrary k times piecewise differentiable functions h belongs to
the space (1) = (C? N Cy)(I). This follows from (36). The converse is also true, namely, the
function u defined by formula (37) is a solution of problem (35). Thus, this problem turns out to be
equivalent to the integral equation (38), which is none other than Eq. (29). The unique solvability
of problem (35) for an arbitrary function h of the required form under the hypothesis ‘ﬁg =g
follows directly from Theorem 11.

To illustrate the above result, we consider problem (35) in the domains D, Ds, and D3 (see
below).

lo ly Iy
N “New M
2\q
=A% pzéz(qyzg
/l3 /ZS
5 q=Ci(p)
1 Iy 2 I 3 l
0 A 0 Pr A 0 P A

In these figures, only the points p and ¢ are characteristic. It is easy to verify that ‘ﬁg = @& for the
domains D; and Dj, and hence, problem (35) is well posed in D; and in Ds. On the other hand,
in the case of Ds, the set ‘ﬁf contains the (unique) characteristic - proper periodic orbit (p, g, p).
That is why Theorem 12 is inapplicable here.

In conclusion, we show that, at least in the case of a finite characteristic set .7, the condition
‘ﬂg = @ of well-posedness of problem (34) is typical. This means that, in the space of C'-curves I'
of the form

I'={(z,y) |z =061(t), y = da2(t), t € I},

where the functions §; and &y are described in Sec. 2, the curves I' satisfying the above condition
form a set of the second category in some complete metric space.

If one of the sets 97 and 5 is empty, then the generic character of the condition ‘ﬁg =0 is
obvious as well as the same character of the noncharacteristicness condition. Let us examine the
simplest case of one-point sets 7 = {p} and F% = {q} (see the domains Dy and D3 above). By
definition, in this situation, the set ‘ﬁ? contains at most one orbit ¢ = (p,q,p) (the orbit (g¢,p,q)
is naturally identified with ¢). Therefore, the problem under consideration can now be restated in
the following way.* Let C' = C*(I) x C*(I) and let

B ={(01,02) € Ct | 6] >0, 8, >0, 8 (s) = d(t) = 0},

where the sets of the corresponding values of s and ¢ may change in the passage from one pair
(61,02) to another. It is clear that the set B is closed in C!, and hence B is a complete metric
space. Introduce the set W C B consisting of the functions (d1,d2) such that, for each of them,
there is a unique point (a,b) € I x I with 0](a) = 05(b) = 0. Finally, consider the set V' C W of
those pairs (01, 02) for which d2(a) = b and 61(b) = a. It can be verified easily that W is dense in
B and that V is a set of the first category in B. We now show that W \ V is a set of the second
category in B (and this solves the problem in question). It suffices to show that W is a Gs-type
set. This follows from the representation B\ W = [J;2; 4,, where each set

A, ={(01,82) € B | diam{t € I | §(t) =0} > % or diam{t € I|d(t)=0} > 1}

n

is obviously closed because W = (2, (B\ Ay).

*I am indebted to Prof. Y. Beniamini for the subsequent argument.

59



1.

2.

References

I. Gelfand, M. Graev, and N. Vilenkin, Integral Geometry and Representation Theory, New
York, Academic Press, 1966.

B. Paneah, “On a problem in integral geometry connected to the Dirichlet problem for hyperbolic
equations,” Intern. Math. Res. Notices, No. 5, 213-222 (1997).

. B. Paneah, On a New Problem in Integral Geometry Related to Boundary Problems for Partial

Differential Equations. Preprint 2001/25, Institut fiir Matematik, Uni Potsdam, 2001; see also
“Dynamical approach to some problems in integral geometry,” to be published in Trans. Amer.
Math. Soc.

. B. Paneah, Dynamical Methods in the General Theory of Cauchy Type Functional Equations,

Israel Math. Conf. Proc., Vol. 17, 2003.

. M. Zdun, “On the Uniqueness of Solutions of the Functional Equation ¢(x + f(z)) = ¢(x) +

o(f(x)),” Aequationes Math., 8, 229-232 (1972).

DEPARTMENT OF MATHEMATICS, TECHNION
HAIFA, ISRAEL
e-mail: peter@techunix.technion.ac.il

60

Translated by B. P. Paneah



