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SUPPORT-DEPENDENT WEIGHTED NORM ESTIMATES
FOR FOURIER TRANSFORMS, I1

BORIS PANEAH

1. Introduction. The topic of relations between functions f(f) and their
Fourier transforms

Lal

F(&) = (2r)"? [ f(e " dt

-

was always quite popular. This is caused not only by the logic of the develop-
ment of mathematics itself, but by applications of the most important results in
this area to various fields of physics. Maybe one of the most famous results of
the kind is Heisenberg's uncertainty principle

(1.1) IFONNEFE, = (4m) ' IA11Z, S € L.

Here and later &,t e R' and for 1 < p < o0, we denote by |1l the Lp-norm of a
function f. Besides its fundamental importance for quantum mechanics, this
inequality is also of considerable importance in signal analysis. Indeed, in elec-
trical engineering the (real) elements f € Ly are called signals and the guantity
[lf11? is called the energy of the signal f. The function F is known as the ampli-
tude spectrum of the signal f. Let the signal f(f) have the unit energy, so that

A1l = NEH, = 1.

Then both f2(t) and ]F(:)|2 can be regarded as probability densities, and (if the
mean value of f is zero) their variances afi and o} can be regarded as measures of
the extent to which the densities are concentrated. The inequality (1.1) simply
states that

araF = {4m)".
In its turn, this inequality expresses the impossibility of simultaneous confine-
ment of a signal and its amplitude spectrum. In other words, for signals of equal

strength (energy), the more a signal is concentrated in time, the more its band is
dispersed, and vice versa. This assertion can be expressed in some kind of quan-
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titative form. Namely, consider the space Ly, of bandlimited signals. These are
the f € L, whose amplitude spectrum F vanishes for [¢| > . Then, as it follows
from (1.1}, the following estimate holds:

(1.2) lefll, = (4me) "(If lly S € Lo

(It is interesting to note that (1.2) is nothing else but the well-known Hardy
inequality

I(d/dE)Flly > (4na) ' [Fll;,  F € Cy(—a,0).)

Inequality (1.2} can be interpreted as a weighted norm cstimate (with the weight
w(t) = 1). In just the same way, each estimate

(1.3) wfllz = K(a)[Ifll2y f€Lag

with some weight function w characterizes a reciprocity relation between time
and frequency concentration for bandlimited signals. On the other hand, esti-
mates of this kind give some description of the signal's behavior under the in-
fluence of detection (if the weight w is bounded) and amplification (otherwise).
Let us note that the weight function w(t) =t in inequality {1.2) grows at in-
finity, and the samc is true for the corresponding (sharp, as it is known) constant
K(o) = (4na)™" as @ — 0. One of the main goals of this work is to find out a con-
nection between the behavior at infinity of the weight w and the growth of the cor-
responding constant K(a) as ¢ — 0 (cf. Theorems 2-4). Such a problem, as far as
I know, has not been investigated before. Maybe it is worth mentioning that
inequalities of the type (1.3) are the part of the very wide class of inequalities

(1.4) l®fll, = K(®,¥)[I'¥f |,

that have been considered for the last 25 to 35 years in the context of charac-
terizing weights @, and constants K, for which the inequality (1.4) is true.

In the course of this work, we deal with the spaces L,,, 1 < p < oo, of func-
tions f € I, whose Fourier transforms F(&) vanish for |¢] > 6. For p < o the
elements of L,, vanish at infinity and can be extended into the complex space
€' as entire functlom of the exponential type < ¢. In particular, the space Ly o
is nothing else but 5. Bernstein's class. The detailed description of our results will
be done in Section 3. Now we turn our attention to some particular cases. We
start with the two-sided estimate

k
(15)  sup a'*(;f;) £0)] < suplf(0)] < Ksuple*tf(©)], f e Lu.
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The left inequality is nothing else but the well-known Bernstein inequality for
entire analytic functions of the type <. The right inequality is a particular case
of our Theorem 3. Reciprocal character of these two estimates is evident, espe-
cially if one takes into account that, as a matter of fact, K = 1. (This equality
was brought to my attention by a referee. Here is the referee’s proof. For
J €Ly, denote g(t) =tf(t). Then suppG < [—a,a] where G is the Fourier
transform of g. If g is not in L., then the inequality under consideration is
trivial. On the other hand, if g € L, , we have

I '3
10 =5 | ¢
For t # 0 it follows that
Il < llg'lle < oligll

by virtue of Bernstein’s inequality for g. The case ¢t = 0 can be included by con-
tinuity.}

Our second two-sided estimate is also connected to Bernstein’s class Lo,
and deals with two arbitrary, nontrivial, almost periodic functions wy and ws.
Namely, there is a constant K such that the estimate

K='suplwi (1) (£)] < suplwa () f(1)] < K sup|w: (£)1(2)|

helds for all functions f € L, ». This is a corollary of Theorem 1.

Let us consider the weight function w(t) = t*z(r), k > 0, where n £ 0 is an
arbitrary, almost periodic function. Then for all sufficiently small 0 < g < og{w}
and for every 1 < p < oo, the estimate

-k
wflly 2 co s f€Lps

holds with a constant ¢ > 0 that does not depend on g, f, and p. This estimate is
a sharp one as o — 0.

Our last illustrative example we give in the form of a question: Which of the
weights, wy = sin 2 or wa = sint|!/?, has more chances to generate the estimate

wfllp = KNl S € Lpa?

The full answer is given in Corollary 4, but it would be very natural to suppose
that the chances of w;y are higher because zeroes of w; are much sparser than
zeroes of wy.

In the course of this work we deal with the one-dimensional case. As for
multidimensional estimates of the considered type, we refer the reader to [2]. In
a slightly different and short form, the results of this paper were published in [3].
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2. Basic notation and definitions. For an arbitrary measurable set M = R',
we denote by |M| the Lebesgue measure of M and by y, its characteristic func-
tion. An arbitrary interval of the length g will be denoted by [,.

Let us introduce the nonnegative function

rulq) = i}1f | Mgl
q

1t is easy to verify that the function ry(q) is a Lipschitz function. Indeed, fix any
g > 0 and some interval I. For h > 0, denote by I, an arbitrary interval [,4s
containing {;. Then

rulg) < Jirnf |M A~ Tgpn] < ]ilpﬂM nI;+,‘| < |Mnlg+h
g+h a+h

This yields the inequalities
r(q) < ru(g+h) <rmlq) +h
and hence
O<rulg+h) —ru(a) <h
Let us define the asymptotical density f(M) of a set M as
p(M) = im ru(a)/q.
It is worth noting that

(2.1) B(M) = supruy(q)/q.

To prove this, put r = suprp(q)/q. Then S(M) < r, and it remains to check that
B(M) = r. Assume first that r = ry(go)/go for some go. Put Iy, = Uj L :!,ﬂ for
arbitrary g and integer k > 0. Then

3
ru(kq) = inf [M O Tig] = inf STIM AL = kru(g),
s )

and hence ry(kg)/kq = rar(q)/g. With g = go it gives S(M) =r.

If r3# ry(ge)/go for any go, then for some sequence g, — oo we have
rar(ge)/q: — r. 1t means that f(M) = r, and (2.1) follows.

It is clear that if M; c M, then B(M,) < f(M»). Indeed, for any q>0
rar, (@) < ra(g), and (2.1) yields the desired inequality.
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Let M be an arbitrary measurable set. We define the number

(M) = inf{q|ry(g)/q = B(M)/2}.

The existence of this number follows from the continuity of the function
R(g) = rn(q)/q and from the fact that sup R(q) = (M), inf R(g) = 0. The last
equality is true if |M n [,| < q for some interval I, because each point of a set of
a positive measure is a point of density of this set. (The case |M n I,| = g for all ¢
and I, is not of interest for us.)

In wha.t follows, we denote by w: R' — R/, a nonnegative measurable weight
function, which belongs to the space 1'%, We say that w is a two-sided increasing
function for |£] > A if its restrictions wy, w_ on the rays & > 4, & « —A increase
as £ — oo, & - —op, respectively.

Given a weight function w, we denote by M, (t), t > 0, the set

M, (1) = {£ e R |w(&) = t}.
Put

Bu(1) = B(Mu(t)), »(t) = p(Mu(1)).

We define the function y,,(t) to be a nondecreasing, lower, semicontinuous major-
ant of the function y(t). Finally, intreduce the function

T(d) = inf{t|7,(9) = 4},

It is obvious that I',(1) is a nondecreasing function that is continuous at a point
A if and only if the cquatmn 7w(f) = 4 has at most one solution. If the function p,,
is monotonic and ;! is its inverse function, then

Tu(d) = 7,' (A).
In the general case,

(2.2) rwTw(4) < 4.

Example. Let w be a weight function that, for || > A, coincides with an even
function, which grows to infinity as £ — co. Then for all sufficiently large A,

(2.3) Tw(A) = wa (47" /4).
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Indeed, for all t = supy .4 w(&)
M, (1) = {&] &l =z w' ()}

It follows that f,,(t) = 1 and y,(t) = 4w7!(t) for such t. This proves (2.3).
In the course of the paper, we repeatedly deal with the almost periodic func-
tions. Here is one of the definitions of the almost periodicity.

Definition. A function w is called almost periodic if for any & > 0, there exists
a number N such that any interval Iy contains a number # for which

(2.4) [w(& 4+ 4)| —w(&)] <& forall&eR'.
3. Statements and discussions. We start with the only general result related
to a weight w which should not necessarily grow to infinity.

THeorEM 1. If B.(t) > O for some t > 0, then the estimate

(3.1) Iwfll, = K| fllps /€ Lpo

holds for all 1 € p < oo with a constant K, which does not depend on f. Con-
versely, if for some p, 1 < p < oo, the estimate (3.1) is valid and the weight func-
tion w is bounded, then B,,(t) > 0 for some positive t.

When proving this theorem, the crucial step is the following proposition.

ProrosiTioN. (1) Let M = R! be an arbitrary measurable set. Then for any p,
1 < p < oo, the condition (M) > 0 is necessary and sufficient for the estimate

(3.2) | iroras koo [ s seLy,

to be valid with a constamt K(M,qa) that does not depend on f. The condition
B(M) = 0 is also sufficient if p = 0.
(2) If B(M) = 0, then for some sufficiently large q,

(3.3) K(M, ) > 2™ exp(~3naq? fru(g)).

One can find the proof of the proposition (in 2 more general situation) in [2].

Assertion (1) was obtained in [4] in 1962 for p = 2. It was generalized for
1 < p < oo by many authors, starting in 1974. Estimate (3.3) was obtained by

'Here and later, w—' denotes the inverse function for a monotonic function w.
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several authors in the 1980s. A more detailed historical survey of these and
related results is contained in [2].2

The reader could already note that the condition (M) > 0 has something in
common with the definition of an almost periodic function {cf. Section 2). This is
confirmed by the following corollary.

CoroLLARY 1. Estimate (3.1) is valid for an arbitrary almost periodic weight
Junction w # 0.

Here is another corollary of Theorem 1, which follows from Corollary 1.

CoROLLARY 2. Let wi and wa be bounded weight functions satisfying con-
ditions ﬁwf[t) >0, j=1,2 for some t. Then for any p, 1 £ p < oo, the norms
[lwifll, and [[w2fl|, are equivalent in L.

In particular, for two arbitrary almost periodic functions wy #0 and w2 £ 0,
there is a constant K such that the inequalities

K" suplwyf| < sup|wzf| < K sup|w:f]|

hold for all functions f from Bernstein's class L, 5.

The following assertion allows us to get new weight functions w of the consid-
ered type if one such function is already available.

COROLLARY 3.  Assume that a function p satisfies the conditions

(W) @& = r>0forall & & = &

(i) |¢'(E)/¢' ()] < p(E =) for all { and 7, |E] = &0, |7l > Lo,
where p e L];’f. If the estimate (3.1) is valid with a weight function w, it is also
valid with the weight function w(g). Both conditions (i) and (ii) are essential.
Ignoring either of them can resuit in failure of the corollary.

From Corollary 1 and from the proof of Corollary 3, a rather unexpected
result follows.

CoroLLarYy 4. If a# 0, and x #£ 0 is an arbitrary almost periodic function,
then the estimate

(1)1l 2 KIf Ny f€Lpe,
is valid if and only if x = 1.
The remaining results are related to estimate (3.1), at which the constant

K = K(a) grows to infinity as ¢ — 0. The last is possible only under the con-

dition im w(&) = oo as |¢| — 0. Therefore, in what follows we assume that for all
weight functions w under consideration, the sets M, (t) are not empty for all t > Q.

*One can also find many related results in V. Havin ann B. Joricke, The Uncertainty Principle in
Harmonic Analysis, Ergeb. Math. Grenzgeb. (3) 28, Springer-Verlag, Berlin, 1994, which appeared
when this paper was in preparation.
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THEOREM 2. Let 1 < p < oo, and let w be a weight function for which

(3.4) Bult) 2 B >0

where B, is a constant. Then 'FW(J.] — o0 as A — oo and for all functions f € Ly,
0 < o < ag(w), the estimate

(3.5) Iwrll, = 27 Poexp(—64n/Bo)Tu(A™ IS I,

is valid with an arbitrary positive constant A.

Remark. The restriction 8,(t) = B, > 0 for all ¢ > 0 is essential in our proof.
We do not know whether this restriction is necessary for I',(4) — o0 as 4 — o0,
Here is an example of a weight function w such that §,(¢) > O for all ¢ > 0 but
B,(t) —0ast — 0.

We define the even function w for which

wE)=0 if 2k<&<2k+1, k=01, .;

wE) =2 f PN-1<E<2N, k=1,2,...; N>0 isodd

A straightforward calculation shows that §,(2%) = 1/2%, and since B,(f) is a
nonincreasing function, we obtain that £8,(t) — 0 ast — c0.

It is clear that in the general case it is impossible to define the function T,
explicitly. However, for some special weight functions w, such a function ', can
be found with the help of the following result.

Tueorem 3.  Let w be a two-sided increasing function for |£| > A. Let us define
the function W to be the inverse function for

W) = wil () —wil(t), > max(w(4), w(—A)).

If M is a measurable subset of R! and B(MM) > 0, then for all 0, 0 < o < ao(M),
the estimate

e
36) ([ prrac)” > cwa il sl

is valid with a constant ¢ = c("MN) which does not depend on [ and .
If w turns out to be an even function, then W(c™') in (3.6) can be replaced by
w(g~1).

COROLLARY 5. Let w be a weight function described in Theorem 3 and n # 0 be
an almost periodic function. Then for the weight function v = nw, the estimate

lofll, = cW (@ )11l f€Lpo,
holds.
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Let us consider several examples.

Example 1. 1If w() = [€]"10f|¢| for |£] > 2 and |w(¢)| < const for |&] <2,
@ = 0, f = 0, then for all sufficiently small ¢ > 0 and 1 < p < o0, the estimate

efll, = co~*ina|If]l,, f € Lpa

is valid. The constant ¢ does not depend either on f or on a. The result follows
from Theorem 3.

Example 2. For n=0,1,...m let us consider systems of almost periodic
functions @, # 0 and complex-valued polynomials P, of degree n. Put

m
W= Z Py
1

Then for all 0 < ¢ < 6g and 1 < p < oo, the estimate
wfll, = co™™ /N, f€Lpg,

holds with a constant ¢, which does not depend on o and f.
To prove this inequality, first note that because of the boundedness of any
almost periodic function, we have

(3.7) w =" (@n + ¥(<)),

where (&) = 0(|<f|"‘}, for |£| = 1. It will be shown in the proof of Corollary 1
that if sup|n,| = 44, then the asymptotic density F{90) of the set

M = {&||mm(&)] = 24}

is positive. Let B be such a number that [§(¢)| < A for all & € Jy .= R'\I. It is
clear that (M~ Jg) > 0 and

[w(&)| = 4)E”
for all points & € M n Jg. It follows that
lwfll, 2 Allxm 5 |E" N 2 e ™11l S € Lpe

The last inequality is valid because of Theorem 3.
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Example 3 (connected to Bernstein's class L, »). For the same functions P,
m, and any numbers o = 0, # > 1, the inequality

sngPﬁ(é)ﬂtlél")ﬂé)t > co ™ sup| [ f €L

is valid for all 0 < & < ay. This follows from Corollary 5.

The following example is connected to inequalities involving both compactly
supported functions F & C}(I,) and their Fourier transforms f.

Example 4. Given o, = 0 and y = 1 (or y = 0), there exists such a constant
¢ = 0 that for all 0 < g < &y, the inequality

(38) &1 ielsin(€)f (£l > co~*In (") max |F(1)]
holds for an arbitrary function F e C}(I,). The result follows from Theorem 3,
Corollary 4, and trivial inequality || f||, = cmax;, |F(t)].

Remark. Wy =0,f=0,0riflx =0,y =0, f = 1, estimate (3.8) with the con-

stants co~* and cnf¥(o~') instead of co® and cinf{o"), respectively, was
obtained (by quite a different method) in [1].

The concluding results are related to the sharpness of our estimates.

Definition. We say that an estimate
wfll, = K(a)llfll,, S €Lpo

with a constant K{ag) — oo as @ — 0 is a sharp estimate if any other estimate of
the same type

wfll, = Kila)lfll,, [ €Lps
implies the inequality
Ki(g) < cK(ag), 0<a<ay,

in which a constant ¢ does not depend on a.

THEOREM 4. Assume that for some positive numbers A, B the inequality

(3.9) sup w(éA)/Tw(2) < 1+ ¢



