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[. INTRODUCTION

Consider a bounded convex domain 3 C B, {} = 0, with the support
function

Hulr) = sup {x, 7},

izl

where x = (¥, %2, o X} E, 7= (r, 7y e T E R 7| = (Erl)2 =1,
and {x, 7} = ;7 + a1 + 00+ 3,7, Forp = | define the linear space L,
of continuous complex-valued functions & on B with the norm

o = (], It df)m.

for which the Fourier transform

) = (2w J’:.r(fjgl"r-ﬂ elg

is compactly supported in 1. For p = = we interpret the norm ||, as the
ess sup-norm. It is well known that for finite g the clements of L, o vanish
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at infinity in B, In addition they may be extended into the complex space
Cf as entire functions of exponential type.

In this work we propose a new general method for obtaining support
dependent inequalities of the type

|Oul, = K(D|ul,. 1= p ==, (

for a wide class of weight functions . The bound Kifl) depends on O
fand p) but is independent of the functions & € L, for which Qu € L.
The essential features of these inequalities are:

I. The tunction K{f}) is explicitly expressed in terms of the support
function #nlr),

2. This function grows to infinity as the domain £} shrinks in the
weakest sense (sec below).

We postpone the detailed discussion of the results until Section 3 and
now we make two general remarks, First, note that one can treal the
inequality (1) as a lower estimate for the convolution operator ¢ — ) # &,
where (1 is a distribution whose Fourier transform is . The class of
operators () = under consideration includes some classical potentials and
all linear partial differential operators with constant (complex) coeffi-
cients, In particular, we obtain good cstimates for the constants in the
well known inegualities of Hirmander and Gérding for such operators.
On the other hand, il 15 obvious that Kifl) may tend to infinity as the
domain {2 shrinks only if £ is unbounded. This allows us 1o interpret the
inequality (1} as some form of an uncertainty principle. Such a physical
interpretation has been discussed in detail in numerous papers in the past
30-35 years (sec, ¢.g., [13] and the references thersin).

Although this paper deals with functions of several variables it also
includes some new one-dimensional inequalities (see Section 31, We will
not elaborate on such results (with the exception of one example) because
the one-dimensional case is discussed in detail in [12].

The proposed method is based on some special inequalities in certain
entire function spaces. Actually, the applicability of this technigue is not
restricted either by the type of weight funclions & considered or by the
class of the problems themselves. For instance, some applications of our
method are connected with unigueness theorems for initial value prob-
lems for evolution equations with multidimensional time (¢f. Agmon and
Nirenberg [1]). We expect to return to these questions later,

2. Basic NoTATION AND DEFINITIONS

In addition to the notation of the Introduction, for an arbitrary mcasur;
able set {J C B and unit vector + € B we denote by (L7} the diameter
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and by &.(0L) the width of the ser LF in the direction v. In other words,
d (1) = sup mes{t € R £ + 17 € U} i2)
Fi

where mes is the Lebesgue measure and for any convex domain (1,
d.(81) = Hylrd + Hpl—1h

Let Lf be a set in B and w be an orthogonal transformation on B, Then
we put

wll={z€ R z=wy. v E U}
It is worth pointing out that for arbitrary 7, «, and L' as defined above,

Bl U} = B (L) (3

where «* denotes the usual conjugate matrix. This follows from the defi-
nition of the width &.(L') and from the fact that orthogenal transforma-
tions preserve parallelism and distance in Bn. .

Let 9 be the Stiefel manifold of gll orthonormal bases w = {u, wa, ...,
wtp} in the space B" and let e = {e|, 1, ..., &,} € W be the standard basis,
g =10, ..., 1;, ..., 0} We denote by « the (orthogonal) transition matrix
from the basis e to the basis w. Put

(L) = (8,000}, &,000), ..., &, 0000
and for an arbitrary o = (7, 3, ..., o) € R put
ooy = & 77y & o000y - - B0,

DErFIMITION 1. We say that the domain 0 shrinks il there exisls a
system of convex domains £, with unit vectors 71}, + = 0, such that £}, =
0,0, 2 fort < 5 and

arl.r]f'u-r} = 0ast— =,

In other words, the domain £ deforms into 4 lower dimensional convex
set 1. C f},

We denote by £ = (£, &2, ..., £.) & point in the space B If & = (o), o,
..., ;) i an arbitrary multi-index of nonnegative integers o; its length is
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loe| = oy + s + -+, amd we put

Ero= g g g and al = aylog! ool

Further, for any nonnegative a-tuple & = (5, 81, ..., &) we 501
(Gleeh® = (Byfoe o (Bada)™ « oo (Bolee ™,

where the factor (&/a) is omitted if o =

An arbitrary polynomial P(g) = Pig, &, ..., &) of degree s may be
written in the form P£) = Z-., 0.6 where e, # 0 for at least one multi-
index o with |o| = m.

For arbitrary w C N the polynomial

Pew £— PwE)

is also of degree wr.

For every umil vector ¢ € B" let &, ML) denote the derivative of PUE) in
the direction of 7. 1If w £ N is one of the bases in B" we put a5 PE) =
a a%, - ah, PUEN

The following definition plays an important role in our work.

DeFniTion 2. Given a polynomial PiE) = X a, €% we call a multi-
index & = (@, o, ..., a,) a leading multi-index of P£) with respect to a
basis w € T if

(i} O3 PE) = const + O;

(i) ag,8%, - ap" PiEy=0foralli= 1,2, .. »such that a; = 0,
The set of all leading multi-indices of (&) with respect to a basis w will be
denoted by M P).

ExameLe, Consider the polynomial P(£) = 3£ — £ + £ £ in B
Among the three multi-indices (3, 00, (0, 3}, (2, 2), the first two are leading
multi-indices. of the P{£} with respect 1o the basis e. The third is not
although the corresponding lerm £1£3 is the principal part of the polyno-
mial FE).

The following lemma summarizes those facts related to the set 2, (P)
that we shall use later.

LEMMA 1. For an arbitrary polviomial P oand the basis w € 30,

(i} MelP) = WP = %) and 45 P = 38 (P 2F) for all ¢ € ALP)

(i1} the set M AF) (5 nonempiy;

(i) i S NulP) and P{I*E) = = aptER, then alt = ay Plal
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Proaf. (i) By the chain rule,
(8% P)w*E) = ag(P « 2*WE),

and the polynomial on the right is identically equal to a constant iff the
polynomial on the left is.

(iiy According to (i) it is sufficient to prove that for an arbitrary
polynomial £ the set Y P) is noncmpty.

We define 8 € M (F) by an inductive procedure: let £y = {o: 4, % 0} and
put 5 = max {a; & € f}, Having chosen B, B ooes Sene put i = {@ =
{.ﬂh ﬁ:, P ﬂ*_’, [ ﬂ'ﬂ}" n f*_p and put ﬂg = max '[ﬂ::-: a s .fj}.. k=12,
ey ML

(iii) For any a,
AP o J¥)(E) = 2 almef e gl(g = a)!

where the summation is taken over all indices 8 with = e (.., Be = o,
1 = k = n). According to (i), with o € M, (P) this function comcides with
the number 05 P 1t follows that 83 F = o™l

This completes the proof of the lemma.

3. STATEMENT AND DNSCUSSION OF THE RESULTS

Let Pi£} = & ag,£* be an arbitrary complex valued polynomial on B®
with constant coefficients a,. The weight functions & we deal with in
the course of this work have the form Q0£) = B PEN), where & [0, =) —
[0, =} 15 an arbitrary nondecreasing funclion. We introduce the constant

Kpifl) = sup B;=(0)|a%F.
E

wEN
i fuli'h

The following theorem contains the main result of the work,

THeorem 1. For an arbitrary polvaomicel PE)Y of degree m and for
cvery p = 1 there exists a constani ¢ = c(p, 1, m) such that jor all
Junctions w € Ly g, the inequalfty

|| Pt p = DK (2 ee] (4

hofds.
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Ifp = =, then

sup W PEN [wlE)] = o PUKpAL) sup [wl£)] (5)
FER FER

where ¢y = o=, n, m) < =,
Assuming that P(=) = = gnd 2,.F 2 0 for every non-zero vector r,
then

DK p(1) — =

as the domin £ shrinks.

Remark,  The condition 4, 2 0 for all 7 # 0 means that the polyno-
mial £ really depends on all variables,

Let us consider seme special cases of this theorem (cf. the Introduc-
tion). The two first examples are related 1o the general theory of differen-
tial operators. We use the usual notation ), = —idlax,, D = (D, D, ...,
D}, and for an arbitrary multi-index & = {exy, @, ..., o) with nonnegative
integers o; we put £ = Dy 0g - D Let D)y = 2iem 0 be an
arbitrary partial differential operator with constant coefficients (PDOY)
with characteristic polynomial FI£) = Ep._._,.,, i E,

(a) Take p = 2, @1y = ¢. Then the ineguality (4) and Parseval’s
equality give us a support dependent form of Hormander's inequality for
arbitrary PDO,

NP, = oK p e, . uE Laig.

(b Ifp =2 @) =12, and P(£) = 0, then (4) is nothing else than a
support dependent form of Girding's inequality

Re(PUna, i) = cKptfil} .,  © € Lyg.

for arbitrary PDO, £ with a nonnegative symbol.
In these inequalities the dependence [} — K(£}) was not previously
investigated.

(¢} When p = 1, Theorem | makes it possible to obtain a good
estimate for the constants in inequalities of another kind, namely,

[ | 2 heey = ol KOARY |ae]y = o KD sup |+, wE Ly, (6)
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In the one-dimensional case and for &) = £ it follows that for an arbi-
trary increasing function O the inequality

[Brely = cdHer—") sup ||

is valid for all functions w € Ly, . IT (=) = = (lhe most interesting
case) then under some condition on the function @ this constant $lor—')
cannot be improved [12], It means that if for o — 0 the last estimate is true
with some @) instead of o), then ¢ior) = const D", o = 1. In
particular, for $E) = | + |£]7, @ = 0, the urimprovable estimate

[y = cor sup |4, TR =3 AT

holds. In the recent work [2] this inequality was obtained with the con-
stant oo =4,

(d] When p = = one can interpret the result of Theorem 1 {i.e., the
inequality (3)) as a support dependent lower cstimate for the multiplica-
tion operator in the space of analytic functions. The estimale (5) scems o
be new even for PDO, PD) and we expect that it will have applications.
One of them is the following. Consider the inequality (5) in the one-
dimensional case with i) = ¢, L1 = {x| —or = x =< o}and PD) = —ididx,
Combining (5} with the well-known Bernstein inequality for entire func-
tions of exponential type, we conclude that for all Gix) £ CH(0),

d
dE

This relation between the operator o/ dé and the operator of multiplication
on £ in the space of cotire functions of exponential type suggesis the
following question: fs il freee thai for every palynomial Plz) = Plzy. 22, ...
Io) there exises a constant © = 0 (which does not depend on () suwch that
Sfor all dlxy = Crily,

o~ sup | Wi} = sup [u()] = o sup |Ex(f)].
¢ £ £

R ALY sup [PUDRE)] = sup gl = o "KEIY) sup |PEel(£)|
¢ E ¢

where D = (8788, /8¢, ..., 8fag,)?

The proof of Theorem [ is based on two auxiliary propositions which
are of independent interest and may have other applications. The first is
related to the problem of describing domains in the space B on which the
absolute value of a polynomial P(£) is bounded away from zero by a
positive constant 8, The size and shape of these domains are very impor-
tant in various applications. There are a number of results in the one-
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dimensional case by Polya, Bernstein, and Cartan [3] which associate this
constant & with the distance between the domain and the zeros of a
polynomial. One of the best estimates is given by the following.

Carran's THEOREM [3]).  Ler ay. as, ..., a, be arbitrary complex nem-
bers. Given any positive & one can find in the complex plane C a system
My of circles with radii 8, &, ..., B, where &) + 8+ 0 4 6, = 26 such
that for all poinis z € 0WM; the inequality

lz = ay |z = ag ... [z = ag| = (&my"m! = (&)™

ferlels .

It is obvious that no results of such kind are possible in the space RB°,
n = 1, because in the general case even the set {£ £ R™ P(£) = 0} can be
unbounded. Nevertheless, if & = (o, o, ..., @) 05 an arbitrary leading
multi-index of a polynomial P(£), then for any s-tuple & = (&, ;. ..., 8,) =
0, where & = 0 il a; = 0, we are able to describe some strip-shaped
domains My C R" such that the incquality |PI£,. &, ... &) = (Bla)* T,
holds outside M. Here [, is a constant which does not depend on &. This
is done in the following.

THEOREM 2. Let P(E) be an arbitrary complex-valued pofynomial of
degree m in the space B and ler o = (o), ay, ..., o) be any leading multi-
index of PUEY with respect to a basis w = {0, W2, .. wol E W, fe., o E
NLAP). Let & = {8y, Bz, ..., 8,) be a nonnegative n-tuple with & = 0 iff o; =
0,1 =j=n. Then there is a svstem af mutnally disfoint sets My, M, ..,
M, in B with @ rdiameters d g (M;) = 48;,  j = 1. 2, ... n, such that

|PIEN = |an P&/ )

Sor all points £ € M, 5 = B™UL, M,

For n = 1 this 1s exactly the R'-variant of Cartan’s Theorem. A general-
ization of Cartan's Theorem to the complex space T is given in [11].

Another step (in providing Theorem 1) which is a crucial part of our
method involves some inequalities in the space of entire functions.

We recall that we are dealing with functions u#(£) whose Fourier trans-
forms dix) are supported on a bounded convex domain (2. Therefore
every such function #(#) can be extended to an entire analytic function
#({) = wlf + im). It follows that any subset M C R" of positive measure
generates in the space L. 2 norm

[u]¥ = U” [l gir d.f)l-h, | =p ==,
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This norm is obviously weaker than the norm |r,. But it turns out that
for a wide class of sets M,

the norms ||, and || are equivalent,

That is, there exists a positive constant T = T, M, p. n) such that for all
neE -E-_,-h[z.

U“" kel d‘f) ’ =7 {L_., [eel EH d-f)hﬂ.

The problem of describing all such sets M was first formulated (for p =
2) in [9] (in conncction with a priori estimates for general systems of
PO, The following answer was suggested in [9):

The set M has the desired property it and only if

there exist two positive constants £ and v sneh thay for ench (7
ball 8 © B of radius £, the measure mesiM 0 50 = ».

The necessity of (7) for any & = 1 and its sufficicncy for o = 1 was
proved for p = 2 in [9] (see alse [10] for more general norms and for
applications to the theory of PDO). Forarbitrary 1 = p < wand n = [ the
sufficiency was proved in [5, 8], Recently Gorin [4] found a simple and
elegamt proof of the sutficiency for all p and #. including p = =, What is
important is that he also gave an cstimate for the constant T = T}, M, p,
sy (ef. also [6, 7, 14]), The next theorem generalizes the result of Gorin to
more general norms,

) e . -
b = ([, it de) el = ([, enterle de)
where
RAEY = (1 + [£]F e,

THEoREM 3. The comdition (T} ix necessary and safficicsr ffs =0, 1 =
po o g sefficiens if 8 = 0, p o= = for the ineguality

el = gy, M. n, p, Wi,
i e valid for all furciions w € L, 5 whose norm |, is feite,

Letw = {dy, iz, oo winh € N De an arbitrary basis, Asswme thad mes
(M ) = o for every box By, whaose sides of length oo (M), (ML L
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ol M) are parallel to the corresponding vectors «, wa. ..., W, Pul
Tl MY = (e (M), ool M). ..., o AM ). Then one can choose the constant
T, M, n, p, 5) to equal

i, p,o5) expl— F{6.000, ol M),

where = 3" vol @yir. If s = 0 we can take cln, p, o) = 278%,

The assumption s = 0 is essential in our proof. But the condition {7) is
necessary when s < 0 as well, As for the sufficiency of (7) when s < 0, the
proof shows it only for the case n = 1.

4. Proor oF THEOREM |

Letw = {wy, wa, ..., wot € N be an arbitrary basis and o = (0, 062, 1.0y
et,) a leading multi-index of the polynomial P£) with respect to the basis
w.i.e., o © NP Let & = (&), 62, ..., 6,) be any nonnegative n-tuple with
B = 0iff a; = 0, | == n. According to Theorem 2 there is a sct M =
BE=UL, M, such that

|Pig)| = |oaP| Ble). £E M,

and 1 -diameters ng{MJ} of the sets M, satisfy the inequalities d._;){;l:ff] =
45 for all j = 1, 2, ..., n. It follows that

D PE)) = PARPD (Bla)", EEM, (8)

because the function @ is monotonic.

Renumbering the vectors of the basis w, if necessary, one can assume
that & = 0iffj = 1, 2, ..., &, k = ». Let us verify that for every box #,
whose sides of length o; = oM} are parallel to the corresponding vee-
tors oy, 1= =n, and o, = 2hd o (M) if j = 1, 2. ..., k. the measure mes
(M M3, = vol 3,/2. In fact, denote by x () the characteristic function
of a sel G C B, Then xiB“M) = Z x(M,) and therefore

mes (M M 3.0

L]
mes By, — L‘ ¥(B™AM) = vol 9, - J_Zl _L' x(M;)

3

vol #y — 2, (]‘[ .7,-) d.o (M)

=1 *y

vol B, — vol B2 = vol 3,02

IV
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From Theorem 3 it follows that for all functions o € L, 5,

. .
(z [H et &)]® afe) = exp(—@ (5,000, ool M ||l k)

where ¢l M) = (&, &1, ..o omg). Further, since o; = 868, | =j = &, for an
arbitrarily small £ = 0 we can choose «;, j = &, such that the incquality

(1Y), oo M)y = BK {8,000), 8) + &/ (10)

holds, Using successively inequalities (8)=(10) we obtain

W N
@qPhud, = ([, wiP@Ducr )

I\

('[" (Pt df)w (11)

P a5 P)(5 e)™) {Lr |el£)|” d’f}m

IV

I

27U |ag PliE ™) expl—y (S0, &) — 2l

where y = 8t8 = 48=°k. To complete the proof of the first assertion of
Theorem I we substitute in (11) & = a/8.02), It gives the estimate

(P, = c* (&L 0GP |u], (12)

with ¢* = 2-W g=v», It remains to replace the constant [952)8,%((1) by its
maximum over all w € W and o« & (P and to use the monotonic
property of the function .

To verily the ineguality (5) it suffices to let p — = in (4} and to use the
fact that c™(=, n, m) =< = (Theorem 3).

To prove the last assertion of Theorem 1 let us consider a sct of do-
mains {1, and unit vectors +(r) which satisify Definition 1, .e., &) — 0
as [ — =, For an arbitrary sequence §; — = we can find a subsequence £,
such that the vectors 7(f,) tend to a unit vector £ as & — =, Put i) =
7y, £}, = ik Then &_(f3;) — (. On the other hand,

8,080 = sup {x, 7 + sup {x, — T

xEf, xEll,

sup ((x, &) + {x, 7 — By # sup Mx, = &y Fixr & — )

= 5,(0k) — 2 sup ldfle- llee = &illge
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Since {}, C {1 and 7, — £, we find that the second term of the right side of
the last inequality tends to zero as k — =, This means that & ({}) — 0, as
k—s =, Let w = ({;, W1, ..., w,) be an arbitrary basis in B", which includes
the vector {,, and let (£, £, .... £,) be corresponding coordinates in B".
Then our polynomial P can be written in the form PI£) = = a, & and the
set of indices a = (@), @, ..., @), with ay # 0, is not empty by the
condition P # 0, This means that one of these indices is a leading index
and therefore

Kel(h) = py =1 [92P5, ™ (0008,570) « -+ 8 11L).
Since all sets {}, are included in £2 we find that for all ¢,
B (062 - B50EL) = const = 0.
Hence py—» = as k— = and a fortiori K p({L;) — =. Thus we have proved
that from an arbitrary sequence Kg({},). j — =, one can choose a sub-

sequence Kpifl, ) which tends to = together with k. This means that
Kpifl,) — = as  — =, and Theorem 1 is proved.

5. Proor oF THEOREM 2
Let us first consider the case of the basis w = e. Assume initially that all
components a; of the leading index « = (&, a, ..., @,) are positive. From

the conditions of Theorem 2 and from the definition of leading multi-index
it follows that the polynomial P(£) may be represented in the form

ﬁflf EZq aany Eq} = AETI P!{f]k Ej\ wungy 'fn} + Eq}ll E?I-w qu“f!i g]n sasy En}
where A = dfPle! and

PolEq, Ese v £2) = EF Palér, o £+ Za 87 Poglés, L E0) o
Pﬂ' I:'f-r I = 'fu} = 'E:-—J Puffn.] + E|7'-'1-4:I E:ﬂ—l-i‘l Pn-l_qflfn’
PAED = &0+ Zgea Py €777

According to Cartan's Theorem in the one-dimensional space R' of the
variable £, one can find a set K, such that

[, € B |PAE) < (Byfay} C© K, and  d,(K,) = 48,.
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Put £, = B™K,. Then
|PulEn)] = Balaak=  for & € K.

In the space B? of the variables (£,-,, £,) for arbitrary fixed £, € K, let us
consider the straight line

RUE) = (s, £) € RE —= < £, , < =)

Applying Cartan’s Theorem again we define o set K,(£,) € R'(£) of the
points (£, , £,) such that

|Pr|—1{fﬂ I En}l

{(&us, & 1P.i%.)

< Ayl ] C Ky (E)

and o, (K. (£.0) = 46,1, Put K, (£,) = RME) K, (£,) and define in B2
the sets

K= U ken and K= U £og)

ExEKe £aE Ky
It is clear that o (K,-\) = 48,-, and the inequality
[ T P % | N Ty L o o

hold for all points (£,.y, £) € K, 4.
Continuing this procedure we find after 1 — 1 steps the sets K, € B and

K, € R" consisting of the points (£, &, oo £,) such that , (K)) = 45,
[P, &1, o0 £u)] = |AlS e Pldalagh e - (B loc b
foralli¢,, &, ... & EKjand K, UK, = {(£, £V ER E E Ky, —= <

£ = =}, Consider the sets
M =K. M_,:=K_,:K|R-"._I.j=2. 3 ....n,

where BY is the {-dimensional space of varables (£, £, o £, 0= 1,2,
cea it — L1t is obvious thatl the set

Moo= \UJ M,
i=1
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satisfies all the required conditions:
M My =il k # 4, d (M) = 45, ifl=j=n,
and Anally,
|PIE) = [aaP|(Bla)  for & € M.

This proves Theorem 2 if all o are positive. If some a; are equal to zero
and only the components ag , ay,. ..., @, of & do not vanish then we
introduce in the space B a new coordinate { = (L, {2, .... L.} where {; =
£ forj=1,2, ..., qand for j = g the coordinates g, coincide with one of
£ # £,,. We next construct the set M C RY, as above, and define the
desired set M, ; as

Moy =M x R

where B9 is the space of variables (£,.y, L4z, o0 Lo). This proves
Theorem 2 for w = .

If w = 9 is an arbitrary basis, we introduce in B" new coordinates A =
wé, Let (A = Plw*h) According to Lemma 1 (i), if @ € W (P} then o £
NP o ¥y = AJP) It is obvious that the set M, 3 which relates to the
polynomial # and the basis e (in the space B" of the variable &) satisfies all
neaded conditions. In fact, each orthogonal transformation in B pre-
serves parallelism and distance. Using the fact that «; = W*g; it follows
that the W-diameters di{M;) of all seis M;, j = 1, 2, ..., n (see the defini-
tion of the M, ;) coincides with given numbers &;. On the other hand, for
all points § € M, ; after the change of variables £ = W*A, we find that

|PiE)| = [PLwK)] = [P = |agP|(6/a)®
= [P e B e = |agPliEla)m,

where the last equality is based on Lemma 1 (i), This completes the proof
of Theorem 2.

6. ProOF OF THEOREM 3
We begin with a lemma giving us, in particular, a simple example of a
set M of the considered tvpe (sce the remark following the lemma).

LEMMA 2, For arbitrary s € B and finite p = | there exists a constant
Tis. p. 10 such that if mes G =< Tix, ple for some & = 0 then for afl
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Sunictions #(x) € Cold) the ineguality
J, ke de = & | k@il de

froddls,

To prove this asserfion we choose a Cg-function @(x) in B* which is
equal 1o 1in £, Then #(x) = ¢(x1(x) for all #lx) € ChL} and

kLEM(E) = fn EAEWR A 3 e

= [ kinutneie - weté, m) dn

where g(£, n) = (1 + |£0700 + |92, By the triangle inequality g{£, 5)
= 2431 + |g — nlH?, and using Holder's inequality we can conclude
that

[k AE (N = 20913 | g 1,0

with p=! + p'~' = 1. Integrating this inequality over & gives us the
desired result with the constant T = (28],

Remark, It follows that if 0 < g =< 1 and mes ¢ < Te then for the set
M = B"(,

[, @@l d = it = &) [ lei@l? dé. € Log,

Proof of Mecessiry.  Assume that condition (7) is violated, We will
prove that for arbitrary & = 0 one can find a function ¥ & C5000) such that

[, temens de = 26 [ Ikgemielr de, (13

By assumption, for an arbitrarily large N one can find a ball $y(z) of
radius & with center at a point 2 € B" such that

mes(M M Selz)) < Te (14}

{the number T is defined in Lemma 2), One may assume that |z]| = N2,
Otherwise, for all balls $4(z) with |z| = N? the inequality

mes(A M Sylzh = Te

holds. It follows that the same inequality is valid for off balls of radius
NP+ N with arbitrary center. But this then contradicts our assumption.
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resull with (15) we obtain the mequality (13) for the function w. Ths
completes the proof of the necessity,

Remark., I 5 < 0and the condition (7) is violated we define an integer
N such that 5" = 2N + 5 = 0. Let o  Cof}) be a function for which the
inequality (130 is valid with 57 (instead of £). But then for the function 4 =
(1 — AW w {here A is the Laplace operator) the same incquality is valid
with 5. This proves the necessity of the condition (7) for negative s,

Proof of Safficierey.)  We begin with the case w = ¢ Because of the
convexity of the logarithmic function it is easy to verify that if w is a
probability measure on the space B and M, . M, ..., M, arc arbitrary
subsets of BY such that p{M;) = w;, and

MnM=di+j |JM=nr,
y=1

then for all nonnegative functions fon B®

exp Lﬂ log fdu = m 12! [Ll fifp)”- (16}

For m = | this is the well-known Jensen inequality. For m = 2 from this
inequality it follows that

if piM) = v then

EX .|[n— log fdp =2 (_Jr” ﬁ!.u}: ( e _FHPI]]I_'. (17

The following Gorin's inequality is the key fact needed in the proof of
sufficicncy.

LEmMmMa 3. IFM i o subsel of B and p(M + £y =p =0 forall £ € RO,
then for all nennegarive functions £ LB the inequality

L_ exp L log f(€ + 7) duir) dé = 2 ( J[.u j,df}-- l, Lﬂ Jr'::g_']l_" T
haldy,

! This prood. except for the details connected with norms ||-),.. 5 # 0, repeats Gorin's
proof (4] which in tum wses some ideas from [B]. We give a complete prool becase [4] is
undoubtedly not available to the Western reader.
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In what follows we use some properties of polysubharmonic functions.
The upper semi-continuous real-valued function w(@), L= £+ E LA s
called polysubharmomie if it 15 subharmome with respect to any vanable
L | = = n, with the others held fixed. Analogously, polysubharmonic
functions can be defined on the product CF of half-planes n; = 0,1 = j =
a. Introduce a probability measure

f’{{,*r}d’f= Hm C!'TJ.
&

-1 T L — el

which is the product of the one-dimensional Poisson forms on the half-
spaces ©' . It is well known that if 2() is a pelysubharmonic function on
C4 for which

glt) = ; aelt] + A (19)

for some nonnegative oy and A and

- 3 LT
for® 155 < (209
where, as usual, gt = max{g. 0}, then
git) = 2 oymy + le glnPIL, ) dr. (20
by

If & = In|G(E)| then it follows from (21} theat

G = ertr axp fn-— In|Gix)|FP(L, 7) dr.

Let dpairy be the Poisson measure

. Ty
Pim, 7l dr = —_—
(f, 7) H ITI:‘FE + TJE]

After a change of variable r — r + £ we rewrite the last inequality in the
form

|GL)» = evont exp [ In|G + €))7 duatr). 22)
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It follows that

[l + FqhlEy + iy + 00"
= grtl el axp j:-t' Injulé + 7)0E; + 7 + (V)" duglnd

or after integration

J[w- lulg + im)|PiEf + (my + 1) dE

. (24}
= gt et ,Lp di exp J‘ﬁ‘ |I'l|.|'1‘{f + T:"'fj kot f}xlw d#-nlﬂ-

Now we estimate the right-hand integral using the inequality (18), To do
s0 one has, first of all, to estimate the measure plM ) of the set M of
Theorem 3. But the density Piim, 7) of this measure is an even function,
decreasing in each argument =, for v = 0. It follows that for arbitrary £ €
R,

=

potd + & = (2] - [T 2

i
2
W e T TN

p =

where oy = oM, Choosing we = oy, 1| = & = n, we find the best
possible estimate for polM + £, namely

ol + £y = = r'Kj“I Ty

Returning to (24) and estimating the right-hand integral by (18) we find
that

[ lute + do)ed + o, + 0R¥Ye de
(25)

= FppilFelifar {L' |H|:Ejf-f,; + ]].a-':l.u di_:‘}l. (J’st! |"{'f]{'f,% + ]}:-'er:- a‘g}

where o = (o, 3, ..., o). We now estimate from below the lef-hand
integral in (25), Consider a function

GJ',\.[E:l = H"“"E | Eg:r]{g_l. ENY
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J = n. Owing to the proved part of Theorem 3,
]| = eln, p, 5) expl—BiBd w02}, ad MMl

To complete the proof of this theorem it remains only (o note that o WA
= mrlM ) according (o the choice of o WM ), 6001 = 84000 by (3), and
to use (27),

Remark. This proof is also valid in B for 5 < 0.
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