
 

949

 

Doklady Mathematics, Vol. 72, No. 3, 2005, pp. 949–953. Translated from Doklady Akademii Nauk, Vol. 405, No. 5, 2005, pp. 598–603.
Original Russian Text Copyright © 2005 by Paneah.
English Translation Copyright © 2005 by Pleiades Publishing, Inc.

 

We consider two problems of mathematical analy-
sis, which are not formally related to each other. One of
them refers to the solvability theory of functional equa-
tions, which not only are of independent interest (and
have not been investigated earlier) but also have found
an unexpected application in several domains of analy-
sis. The second problem is related to the formulation of
general boundary problems for high-order strictly
hyperbolic differential equations in bounded domains.
Both problems were stated and studied in detail under
certain conditions in [3–5]. It turned out that these
problems are equivalent in some sense. It was estab-
lished that not only the proofs of the related theorems
but even their statements essentially use new notions
and results of the theory of dynamical systems gener-
ated by the noncommutative semigroup of maps of
interval into itself with two generators.

In this paper, we study the same problems under
conditions which differ radically from those considered
in the papers cited above. However, in the new situa-
tion, the decisive role in both setting and studying of the
problems is played by dynamical systems analogous to
those mentioned above. One of the purposes in this
paper is to further develop the theory of these systems
and deepen their relation to analysis. The most typical
result in this direction, Theorem 1, asserts the possibil-
ity to expand any continuous function from the space

 

C

 

〈

 

1 + 

 

r

 

〉

 

([0, 1])

 

 in a series in orbits of the dynamical sys-
tems under consideration. This allows us to investigate
the problems described above under assumptions fun-
damentally different from those of [3–5]. In particular,
we obtain a solution to the Cauchy type functional
equation in closed form and prove  its regularity on
the scale of the spaces 

 

C

 

k

 

.
In the second part of the paper, we consider arbitrary

strictly hyperbolic operators of the third order in the
plane. With any such operator we canonically associate
a system of bounded domains; in each of these
domains, the corresponding boundary problem with
only one additional condition on the unknown function

is uniquely solvable in the scale of the spaces 

 

C

 

k

 

. The
kernel of the inverse operator of this problem is the sec-
ond derivative of the solution to one of the functional
equations studied in the first part of the paper.

1. CAUCHY TYPE FUNCTIONAL EQUATIONS

Let 

 

I

 

 = {

 

t

 

|

 

 0 

 

≤

 

 

 

t

 

 

 

≤

 

 1}

 

. Consider two real-valued con-
tinuous mappings 

 

δ

 

1

 

 and 

 

δ

 

2

 

 on the interval 

 

I

 

 such that
(I) 

 

δ

 

1

 

(

 

t

 

)

 

δ

 

2

 

(

 

t

 

)

 

 for 

 

t

 

 > 0,
(II) 

 

δ

 

1

 

(0) = 

 

δ

 

2

 

(0) = 0

 

.
We say that 

 

δ

 

1

 

 and 

 

δ

 

2

 

 form a 

 

Z

 

-configuration (see
[6]).

The title of this section refers to equations of the
form

 

(1)

 

in which 

 

H

 

 and 

 

F

 

 are, respectively, given and unknown
functions defined on the intervals 

 

I

 

 and 

 

I

 

' = [0,  +

 

δ

 

2

 

)]

 

. For the first time, Eq. (1) was considered in [3],
where the functions 

 

δ

 

1

 

 and 

 

δ

 

2

 

 were supposed to satisfy
conditions quite different from (i) and (ii). In particular,
the graphs of these functions were disjoint. In the ter-
minology of [6], these functions formed a 

 

�

 

-configura-
tion. The interest in Eq. (1) was caused mainly by the
fact that several new problems in such diverse fields of
analysis as partial differential equations, integral geom-
etry, measure theory, and functional and integral equa-
tions, reduce to this equation. Later, it turned out (see
[7]) that the same relates completely to Eq. (1) under
conditions (I) and (II). In this section, we prove the
unique solvability of Eq. (1) in the appropriate pairs of
spaces under minimal additional restrictions and, as
mentioned, the solution is given in an explicit form. As
an application, in the next section, we solve the new
boundary problem for an arbitrary third-order strictly
hyperbolic operator in a bounded domain in the plane
in several steps.

The majority of the results presented in this paper are
related to the cases in which the mapping 

 

δ

 

 = 

 

δ

 

1

 

 + 

 

δ

 

2

 

: 

 

I

F δ1 t( ) δ2 t( )+( ) F δ1 t( )( )– F δ2 t( )( )– H t( ),=

t I ,∈

(δ1
I

max
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→

 

 

 

I

 

'

 

 is invertible. This allows us to make the change 

 

δ

 

(

 

t

 

)

 

→

 

 

 

t

 

 and reduce Eq. (1) to the normal form

 

(2)

 

of a Cauchy type functional equation, in which

 

(3)

 

Let 

 

Φ

 

δ

 

 denote the semigroup of maps of the interval 

 

I

 

'
into itself generated by the maps 

 

δ

 

1

 

 and 

 

δ

 

2

 

. The ele-
ments of this semigroup are all maps of 

 

I

 

'

 

 having the
form  = 

 

id

 

 or 

 

 =  

 

�

 

 … 

 

�

 

 

 

, where 

 

J

 

〈

 

n

 

〉

 

 

 

= (

 

j

 

1

 

,

 

j

 

2

 

, …, 

 

j

 

n

 

)

 

 is an arbitrary multi-index with 

 

j

 

k

 

 = 1 or 2, 

 

n

 

 =
1, 2, …,

 

 and 

 

�

 

 denotes the composition of maps. If 

 

t

 

 is a
point of the interval 

 

I

 

'

 

, then by its orbit be mean an arbi-
trary sequence (

 

t

 

1

 

, 

 

t

 

2

 

, …

 

) of points of 

 

I

 

'

 

 satisfying the
conditions

 

k

 

 = 1, 2, …,

 

j

 

k

 

 = 1 or 2. 

 

Obviously, the set of such orbits is much larger than
sets of orbits of dynamical systems with one generator,
because the passage from a point 

 

t

 

k to a point tk + 1 can
be realized in two ways. Therefore, as mentioned in [4],
it is unclear how this amorphous formation can be
applied as a whole. In [4, 5], the case where the func-
tions δ1 and δ2 form a �-configuration was considered,
and an important role was played by the subset of
�-proper orbits, where � = �1 ∪ �2 and �1 and �2 are
arbitrary disjoint closed subsets of I '. An orbit (t1, t2, …)
is said to be �-proper if, in the definition of an orbit
given above,  = δi whenever tk ∈ �i for i = 1, 2. In
the language of these orbits, necessary and sufficient
conditions for the solvability of very diverse problems
of the above type were described. In this paper, we
show that, for functions forming a Z-configuration and
satisfying condition (3), all orbits of the semigroup Φδ
are equally important when solving the above-men-
tioned problems of analysis, which lead to Eq. (2).

Consider the spaces

where k ≥ 1 is an integer and 0 ≤ r < 1. In this definition,
Pk(t) is an arbitrary polynomial of degree at most k and
ϕ(t) is any continuous function if r > 0, and, in addition,
ϕ(0) = 0 if r = 0. The space C〈k + r〉(I ') with the norm

is Banach. Roughly speaking, the elements of C〈k + r〉(I ')
are continuous functions on I ' having all derivatives up
to order k at the point t = 0 and satisfying the Hölder
condition with exponent r.

F t( ) F δ1 t( )( )– F δ2 t( )( )– H t( ), t I '∈=

δ1 t( ) δ2 t( )+ t, t I '.∈=

δJ 0〈 〉
δJ n( )

δ jn
δ j1

t1 t, tk 1+ δ jk
tk( ),= =

δ jk

C k r+〈 〉 I '( ) u t( )  u t( ) = Pk t( ) t
k r+ ϕ t( )+{ },=

u k r+〈 〉 Pk t( )
I '

sup ϕ t( )
I '

sup+=

It is easy to verify that, if the components F, H, and
δj of Eq. (2) belong to the space C〈1〉(I '), then the condi-
tions

are necessary for the solvability of this equation. Thus,
in what follows, without loss of generality, we consider
Eq. (2) under the additional conditions

(4)

We start the presentation of results with a theorem
describing an unexpected relationship between the
dynamical system generated by the semigroup Φδ with
some classical structures of analysis, on the one hand,
and, on the other hand, with one of the fundamental
equations of analysis, what can be undoubtedly said
about, the Cauchy equation F(x + y) – F(x) – F(y) = 0.

Theorem 1. (i) Let functions δ1(t) and δ2(t) form a
Z-configuration on the interval I and satisfy condi-
tion (3). If both of these functions belong to the space
C〈1 + r〉(I), where r > 0, and satisfy the condition

(5)

then, for any function H ∈ C〈1 + r〉(I), the series

(6)

in which the summation is over all multi-indices J = J〈n〉
with n = 0, 1, …, converges absolutely and uniformly.

(ii) The sum F(t) of this series is a solution to Eq. (2)
and belongs to the space C〈1 + r〉(I).

It may be appropriate to call series (6) orbital series
related to the dynamical system Φδ.

The following two theorems give positive answers
to the questions of the uniqueness of the solution F(t) to
Eq. (2) and of its regularity subject to regularity of H.

Theorem 2. All solutions F ∈ C〈1〉(I ') to homoge-
neous equation (1) are linear functions.

Importantly, this theorem is valid for the general
functional Cauchy type equation (with no assump-
tion about the monotonicity of the function δ1 + δ2).
Moreover, it is valid in the space C〈1〉; this space is
larger than any of the spaces C〈1 + r〉, for which the exist-
ence theorem for a solution to Eq. (2) is proved.

Theorem 3. If H ∈ Ck(I), where k = 2, 3, …, then the
solution F to Eq. (2) belongs to the space Ck(I) and
series (6) converges in Ck(I). 

This theorem plays an important role in applications
of results on functional equations to the theory of
boundary problems for partial differential equations
(see Theorem 5 below).

The following theorem asserts that Theorem 2 is
sharp; namely, it says that there are homogeneous
Cauchy type functional equations having nonlinear
solution in spaces that are slightly larger than C〈1〉(I).

F 0( ) H 0( ), and   H ' 0( )– 0= =

H 0( ) H ' 0( ) 0, F 0( ) 0.= = =

δ1' 0( )δ2' 0( ) 0,≠

H δJ t( )( ), t
J

∑ I ,∈
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Theorem 4.1 If positive numbers a and b satisfy the
condition a + b = 1, then the equation

(7)
has infinitely many nonlinear solutions provided that

 is rational. All these solutions belong to the
space C〈1, lnt〉(I) = {u | u = a0 + tlntϕ(t)}, where a0 is a
constant and ϕ(t) ∈ C(I).

For brevity, we prove only Theorems 1 and 2.
Proof of Theorem 1. (i) It follows from hypothe-

sis (4) and the definition of the space C〈1 + r〉(I) that the
function H(t) can be represented as H(t) = t1 + rϕ(t),
where ϕ is a continuous function on I. Therefore,

Let An(t) = (t) for n = 1, 2, …. Taking into

account the relation (t) = t, we can rewrite An(t) in
the form

Note that relations (I), (3), and (5) imply the existence
of a constant q < 1 such that the inequality

holds for all t ∈ I. Therefore, for any k such that 1 ≤ k ≤
n, we have

where  = id. This yields An(t) ≤ t1 + rqn, which implies

the uniform convergence of the series ;

hence, the function F(t) can be represented as

where f(t) is a continuous function. This completes the
proof of assertion (i) of the theorem.

(ii) The fact that the function F(t) satisfies the
Cauchy type functional equation is verified directly

1 For the first time, this result was obtained by a different method
in the thesis of Orr Shalit (Technion, Israel).

F t( ) F at( )– F bt( )– 0, t I∈=

ablog

F t( ) δJ
1 r+

t( )ϕ δJ t( )( )
J

∑=

=  δJ n〈 〉

1 r+
t( )ϕ δJ n〈 〉

t( )( ).
J n〈 〉

∑
n 0=

∞

∑

δJ n〈 〉

1 r+

J n〈 〉

∑
δJ 0〈 〉

An t( )

=  t
1 r+ δ jn

 � … � δ j1
t( )

δ jn 1–
 � … � δ j1

t( )
----------------------------------------

⎝ ⎠
⎜ ⎟
⎛ ⎞

1 r+

 � … � 
δ j1

t( )

t
-----------⎝ ⎠

⎛ ⎞
1 r+

.
j1 … jn, , 1=

2

∑

δ1 t( )
t

------------⎝ ⎠
⎛ ⎞

1 r+ δ2 t( )
t

------------⎝ ⎠
⎛ ⎞

1 r+

q≤+

δ jk
 � … � δ j1

t( )( )

δ jk 1–
 � … � δ j1

t( )( )1 r+
------------------------------------------------------

jk 1=

2

∑ q,≤

δ j0

δJ t( )
t

------------⎝ ⎠
⎛ ⎞

1 r+

J

∑

F t( ) t
1 r+

f t( ), t I ,∈=

with the use of representation (6). This completes the
proof of Theorem 1.

Proof of Theorem 2. Let us divide both parts of
homogeneous equation (1) by (δ1 + δ2)(t). Setting

we obtain the equivalent functional equation

(8)

in which all of the functions δj, ρj, and Φ are continuous
on the interval I '. Let us show that any continuous solu-
tion Φ to Eq. (8) is constant. Let � = , and let

t0 = min{t | Φ(t) = �}. Assume that t0 > 0. Then, by con-
tinuity, Φ(t0) = �; hence, for any point t1 from the non-
empty set {t | (δ1 + δ2)(t1) = t0}, we have

since (ρ1 + ρ2)(t) = 1 for all t. However, this contradicts
the definition of t0, because δ1(t1) < t0 [by (I)]. Thus, we
have proved that t0 = 0, whence Φ(0) = �. A word-for-
word repetition of the same argument for the point of
minimum of Φ leads to the relation Φ(0) = ,

which proves the theorem.
Remarks. (i) The problem of the solvability of

Eq. (2) for an arbitrary function H ∈ C〈1〉(I ') remains
open.

(ii) Of course, all of the results obtained above are
transferred (with obvious modifications) to the nonho-
mogeneous multiplicative functional Cauchy type
equations

2. BOUNDARY PROBLEM
FOR HYPERBOLIC DIFFERENTIAL OPERATORS

The results of the preceding section are new in the
theory functional equations. Moreover, equations of the
form (1) have never been considered in the framework
of this theory, although it has a long history (see, e.g.,
[1]). In this section, we show that these equations,
among other things, are a necessary technical tool for
studying boundary problems on certain bounded
domains for hyperbolic differential operators in the
plane. Other applications of Eq. (1) in analysis are con-
sidered in, e.g., [5].

Consider a third-order strictly hyperbolic operator
P(∂) = P(∂x, ∂y) on the space �2 of the variables x and y

Φ z( ) F z( )
z

-----------, ρ j z( )
δ j z( )

δ1 δ2+( ) z( )
----------------------------= =

for z I '\ 0{ },∈

Φ 0( ) 0, ρ j 0( )
δ j'

δ1 δ2+( )' 0( )
------------------------------, j 1 2,,= = =

Φ δ1 δ2+( ) ρ1 t( )Φ δ1 t( )( )– ρ2 t( )Φ δ2 t( )( )– 0,=

t I ',∈

Φ
I '

max

Φ δ1 t1( )( ) Φ δ2 t1( )( ) �,= =

Φ
I '

min

F δ1 t( )δ2 t( )( ) F δ1 t( )( )F δ2 t( )( )H t( ), t I .∈=
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(see [2]). According to [7], any such operator can be
represented as

where , , and  are mutually transversal vector
fields and Q is a second-order differential operator.
Take any point O and consider the six semitrajectories
of the fields l1, l2, and l3 that start at O and are the char-
acteristics of the operator P(∂). Take any triple of
neighboring rays l1, l2, and l3 lying on the trajectories of

the fields , , and , respectively, and such that the

ray l2 is between l1 and l3; in other words,  = λ1  +

λ3 , where λ1 > 0 and λ3 > 0. Take arbitrary points A1

and A2 on the rays l1 and l2, respectively, and consider
the domain D1 that is the characteristic parallelogram
OA1O'A2 in which the sides A1O' and A2O' are the tra-

jectories of the vector fields  and , respectively.

Let Γ = OO' be a quasidiagonal in D1 being a nons-
ingular C2-curve satisfying the following hypotheses:

(i) the curve Γ is transversal to the vector field 

everywhere and to the vector fields  and  at the
point O;

(ii) the curve Γ intersects the trajectories OA1 and
OA2 only at the point O.

The first boundary problem for the operator P(∂) is
stated as follows: For any functions f (on D1) and g (on

� = OA1 ∪ OA2 ∪ Γ), define a function u on  for
which

P(∂)u = f on D1, u = g on �. (9)

Before stating results concerning this problem, we
turn our attention to the compatibility conditions
for the data. Let g1, g2, and g3 denote the restrictions
of the function g to the curves OA1, OA2, and Γ,
respectively. If the relations

determine parametric representations of these curves
and O = (xj(0), yj(0)) for each j, then

Let  denote a unit tangent vector to the curve Γ at O.

The choice of the vectors  and  and their transver-
sality imply the existence of positive constants λ1 and
λ2 for which

This leads to the first necessary compatibility condition

(10)

P ∂( ) ∂
∂l1

------- ∂
∂l2

------- ∂
∂l3

------- Q ∂( ),+=

l1 l2 l3

l1 l2 l3

l2 l1

l3

l2 l1

l3

l1 l2

D1

x x j t( ), y y j t( ), t I , j∈ 1 2 3, ,= = =

u x j t( ) y j t( ),( ) g j t( ), t I .∈=

τ
l1 l2

τ λ1l1 λ2l2.+=

g3' 0( ) λ1g1' 0( ) λ2g2' 0( ).+=

The second necessary condition is a reformulation of the
fact that the point O is common for the three curves OA1,
OA2, and Γ:

(11)

Theorem 5. Let P(∂) be an arbitrary third-order
strictly hyperbolic operator with constant coefficients
in the domain D1.

Then, for any functions f ∈ C( ) and g ∈ C2(�)
satisfying hypotheses (10) and (11), problem (9) has a
unique solution u ∈ C 2( ). The inverse operator

( f, g) � u is bounded, and if (f, g) ∈ Ck( )Ck + 2(�),

then u ∈ Ck + 2( ) for k = 1, 2, ….
The relation g ∈ Ck(�) means that the functions g1,

g2, and g3 are k times continuously differentiable on the
curves OA1, OA2, and OO', respectively.

Proof. For brevity, we consider only the case of the

homogeneous operator P = . In this situation,

a suitable change of variables reduces problem (9) to
the problem

on D1, u = g  on  �. (12)

Here, D1 = {(x, y)| 0 ≤ x ≤ a, 0 ≤ y ≤ b} and the set �
consists of the curves

�1 = {(x, y)| 0 ≤ x ≤ a, y = 0},

�2 = {(x, y)| x = 0, 0 ≤ y ≤ b}, 

Γ = {(x, y)| x = δ1(t), y = δ2(t), t ∈ I}.

The relations x = δ1(t) and y = δ2(t) determine a para-
metric representation of the curve Γ and satisfy the fol-
lowing conditions, which are dictated by properties (i)
and (ii) of this curve:

(j) 

(jj) 

(jjj) 

Condition (jjj) makes it possible to choose a new
parameterization on Γ, under which the (new) function
δ1(t) and δ2(t) satisfy the condition

(jv) 

and, therefore, the condition (t) + (t) = 1. Let 

Consider the function ϕ(t) = G3(δ1(t), δ2(t)). Obviously,
when passing to problem (12), conditions (10) and (11)
transform into the conditions

(13)

g1 0( ) g2 0( ) g3 0 0,( ) u 0 0,( ).= = =

D1

D1

D1

D1

∂
∂l1

------- ∂
∂l2

------- ∂
∂l3

-------

∂x ∂y–( )∂x∂yu f=

δ1 0( ) δ2 0( ) 0, δ1 1( ) a, δ2 1( ) b;= = = =

δ1 t( )δ2 t( ) 0, 0 t 1;≤<>

δ1' 0( )δ2' 0( ) 0, δ1' t( ) δ2' t( ) 0, t I .∈>+>

δ1 t( ) δ2 t( )+ t, t I '∈ 0 a b+,[ ]= =

δ1' δ2'

g G1 x( ) on �1,=

g G2 y( ) on �2, g G3 x y,( ) on Γ.= =

G1 0( ) G2 0( ) ϕ 0( )   and= =

ϕ' 0( ) δ1' 0( )G1' 0( ) δ2' 0( )G2' 0( ).+=
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First, suppose that f = 0. Consider the function

on the domain D1. Here, F is an arbitrary continuous
function on the interval I '. According to (13), this func-
tion satisfies the boundary condition u = g on the
curves OA1 and OA2. On the other hand, u(x, y) is a
solution to the differential equation in (12) for f = 0
[the operator ∂x – ∂y is interpreted as the vector field

 with  = (1, –1)]. Thus, to solve problem (12) with

f = 0, it remains to find a function F so that u(x, y) =
G(x, y) on Γ. Thus, we obtain the integral equation

(14)

for the unknown function F ∈ C(I '). As to the given
function H(t), it has the form

and, according to (13), satisfies hypothesis (4). Let us
show that Eq. (14) has a unique solution for any func-
tion H(t) ∈ C2(I ') with property (4). For this purpose,
we introduce a new unknown function Φ such that

(it is uniquely determined by F). Substituting Φ''(z) for
F in Eq. (14) and twice integrating by parts, we obtain
the functional equation

for Φ. By (jv), this is nothing but the Cauchy type func-
tional equation studied in Section 1. The conditions (j)–
(jv) make it possible to apply Theorems 1 and 3 and to
conclude that the equation is uniquely solvable in the
space C2(I ') for any function H ∈ C2(I '). This means
that problem (12) with f = 0 has the same property. To
complete the proof of Theorem 5, it remains to present
some solution u(x, y) to the differential equation in (12)
and to show that this solution belongs to the space
Ck( ) provided that f ∈ Ck( ). It can be verified
directly that the function

possesses all the required properties. This completes
the proof of Theorem 5.
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u x y,( ) F s t+( ) t sdd

0

y

∫
0

x

∫ G1 x( ) G2 y( ) G1 0( )–+ +=

∂
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F x y+( ) yd

0

δ2 t( )
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xd

0

δ1 t( )

∫ H t( ), t I '∈=

H t( ) –G1 δ1 t( )( ) G2 δ2 t( )( )–=

+ G3 δ1 t( ) δ2 t( ),( ) G1 0( )+

Φ'' z( ) F z( ), Φ 0( ) 0, Φ' 0( ) 0, z I '∈= = =
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D1 D1

u x y,( )

=  
1
2
--- f
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2
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⎛ ⎞ zd
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