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SUMMARY. The work deals with the questions of the solvability of the Cauchy type functional
equations introduced recently and proved to be not only very much interesting objects of functional
analysis but also important technical tool in solving quite different problems in such diverse fields
as Integral geometry, Partial differential equations, the measure theory, ergodic theory, functional
equations. The major part of the results is obtained on the base of the new dynamical method
which has been work out especially for studying functional equations in question. Two of the
possible applications in Analysis of the results obtained (in Integral geometry and in the theory

of hyperbolic differential equations) are discussed in the final part of the paper.

Introduction.

In the last 30-40 years functional equations have grown to be a large,
independent branch of mathematics with its own methods, circle of prob-
lems and, what is of great importance, abounding in applications. If on
an early stage of development (XVIII - XIX centuries) functional equations
played some auxiliary, may be even decorative role, describing in an ab-
stract form various fundamental functions from Analysis, then nowadays
functional equations turn out to be a powerful tool when solving analytical
problems in quite different fields of mathematics. One of the first and most
important functional equations was considered by Cauchy. He proved that
if a continuous function F : R — R satisfies the relation

Pz +y) - F(x) - F(y) =0 (0.1)

for all (z,y) € R2, then F(z) = F(1)z, z € R. Repeating literally his
proof leads to the local version of this result: any continuous function F :
[—1,1] — R satisfying relation (0.1) for all points

(z,y) € K :={(,y) | [z £ y[ <1}
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is a linear function. It looks surprisingly, but as was clarified recently, a
great deal of various problems in such diverse fields as integral and func-
tional equations, measure theory, integral geometry, boundary problems for
hyperbolic partial differential equations turn out to be reducible (sometimes
in an equivalent manner) to the Cauchy type functional equation

F((61 4 62)(t)) — F(01(t)) — F(d2(t)) = h(t), tel:=(-1,1), (0.2)

with respect to an unknown continuous function F' : I — R. Here 1,09 :
I — I and h: I — R are given continuous functions, so that all the points
(z,y) = (61(t),62(t)), t € I, lie in K but do not exhaust all the K. There-
fore, relation (0.2) contains considerably less information about F' then re-
lation (0.1) even when h(t) = 0. Precisely this equation is the main object
of the present paper. It turns out that the solvability properties of equation
(0.2) such as existence and uniqueness of a solution, fredholmness of the
operator, defined by the left hand side of the equation, explicit solutions of
the nonhomogeneous equation and full description of the kernel of the above
operator and the methods of their deriving are determined by some mutual
properties of the functions d;(¢), j = 1,2. These properties are formalized
by means of the notion ”configuration”. Each pair (d1,d2) in question gen-
erates a semigroup ®s of maps: I — I and the corresponding dynamical
system (which has never been studied earlier). In the terms of orbits of this
system we not only formulate all the main results related to equation (0.2),
but also prove them using the existence of some specific attractors. What
was described above is the subject of the first part of the paper, whereas the
second part is mainly devoted to the applications of the results obtained in
Integral geometry and in PDE. The existence of such deep and unexpected
connection between these parts of analysis is the main novelty related to the
general theory of functional equations.

1 The main notations and definitions

Throughout this paper all maps are supposed to be real and continuous
(unless otherwise stipulated), and we denote by I and I’ the intervals

I={t —1<t<1} and I'={tj0<t<1}.

We also use the notation 7 if a corresponding statement is equally related
to both intervals I and I’.

Definition 1. Given some functions H, and ay, as on the interval Z, the
equation

F((oq +a2)(t)) — F(ai(t)) — F(ao(t)) = H(t), teZ (1)
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where F' is an unknown function with the domain
Dp = R(Oq + 042) U 7—\’,(041) U R(OQ)

is said to be Cauchy type functional equation on 1.
Introducing a linear operator B, : C(Z) — C(Dp) of the form

Bo(F)(t) := F (aa(t) + a2(t)) = F (au(t)) — F (2(t))
makes it possible to rewrite (1) in a short form as
B.F = H.

As will be seen, both solvability properties of this equation and the meth-
ods of their receiving depend essentially on some mutual properties (config-
urations) of the functions a; and ag. In this paper we restrict ourselves to
two different configurations formed by a; and as, and we fix this difference
in the following definitions.

Definition 2. We say that maps o1 and «as from [ into itself form a P -
configuration if

1° both functions do not decrease on I;
2° the ranges of the maps a; and as are the closed intervals
[0,1] and [—1, 0], respectively.

It follows that

Oél(*l) == 042(1) - 0, 011(1) == 1, 042(*1) =—1. (2)

Definition 3. We say that functions oy and as on the interval I’ form a
Z - configuration if

3° ap0)=0, k=1,

4° ag(t) >0,t >0, k=1,2.

Figures 1 and 2 (see below) represent typical examples of Z- and P - con-
figurations, respectively. Dotted lines in both figures are the graphs of the
functions z = i (t) + as(t) in (¢, z) - plane.

We note that the above conditions determining the two configurations
are not artificial in the sense that all functional equations of the type (1)
that have up to now arisen in various problems in applications satisfy these
conditions (see [P1] - [P3]). Some confirmations of this fact the reader will
find in Sec. 4.

It turns out that an essential information related to the solvability of
equation (0.1), especially, in the case of a P - configuration, may be derived
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Fig.1 Fig?2

by means of new dynamical methods, introduced in the author’s papers
[P5]. The application of these methods becomes possible, if we associate
this equation with a noncommutative semigroup of maps from the interval
7 into itself, generated by a; and as. Pass to the exact formulations.

Definition 4. Given maps «q, as from the interval 7 into itself, we denote
by ®, the noncommutative semigroup of maps from Z into itself generated
by these maps. The elements of this semigroup are all the maps of Z into
itself of the form

g, = id, A,y =0, 000, n=12..,

(0 )
where Ji,y = (j1, - -, jn) is an arbitrary n - tuple with all j, equal 1 or 2, and
o denotes the composition of maps. This semigroup naturally determines a

dynamical system.

When dealing with a Z - configuration and the corresponding functions
a; are defined on the interval I’, it is convenient to work with the spaces

Clpory (I') = {u| u(t) = Pi(t) + 7 o(t)},

where k£ > 1 is an integer, and |r| < 1. Here Pg(t) is an arbitrary polynomial
of degree < k, and ¢ is an arbitrary continuous function on I’ if » > 0 and,
in addition, ¢(0) = 0, if » = 0. With the norm

1wl (r) = supp| Pr(t)] + supy|é(t)]

the space Cpppy (I ") becomes a Banach space. Roughly speaking, elements
of this space are continuous functions on I’ whose derivatives u(*) at the

point ¢ = 0 satisfy the Holder condition of order r. It is obvious that
Cli—ry(I") D Ciiy(I") D Ciyry (I').
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2 Statement of the problems and main results

2.1 The case of a Z-configuration

In this subsection we deal with the functional equation (1), where t € I'; and
the functions a1, as form a Z-configuration. It is assumed, unless otherwise
stipulated, that a; € Ciyy(I'), j = 1,2. As to the unknown function F, it
has to belong to the space C(;y(I") and to be defined on the interval

IT={tlo<t< ith 7 = (1),
{tfo<t<7} with 7 Igg}%%:%()

It is obvious that the homogeneous equation B, F = 0 has nontrivial solu-
tions F'(t) = M, A € R. On the other hand, differentiating both part of
equation (1) at the point ¢t = 0 leads to the relation (independently of E'!)

H'(0) =0, (3)

which is thus a necessary condition for solvability of this equation. These
observations enable us to formulate the following problem for equation (1)
which is (as will be seen) well posed (in the operator terminology).

Given some real number A and an arbitrary function H € C’<1>(I’) satis-

fying condition (3), to find a function F € C’<1>(f) such that
BoF =Honl, F(0)=A (4)

The exposition of the results related to this problem we begin with the
theorem which describes an unexpected connection of the dynamical system
generated by the semigroup ®, with some classical structures of analysis,
on the one hand, and, on the other hand, with the Cauchy equation F'(x +
y) — F(z) — F(y) = 0, which is undoubtedly one of fundamental equations
in analysis.

Theorem 1 Let the functions a1 and ao satisfy the hypotheses
al(t) +as(t)=t, tel, (5)

and
a(0)ay(0) # 0. (6)
1°  If both functions belong to the space Ci11yy(I'), 0 < r < 1, then, for
an arbitrary function H € Cy iy (1 ") satisfying the boundary conditions
H(0) = H'(0) =0, (7)

the series

> H(ayt), tel,

J



6 Boris Paneah

with the summation over all multi-indices J = Ji,),, n=0,1,..., converges
on I' absolutely and uniformly.
2°  The sum F'=)_; Hoay of this series is a solution of equation BoF =

H and belongs to the space C1 4y (f)

The complete solution of problem (4) is given in the following two theo-
rems.

Theorem 2 If the functions o1 and agy satisfy condition (6) and H =0 on
I, then, for a given real number \, the linear functi}\m F(t) = At is a unique
solution of the problem (4) lying in the space C(1y(I).

Remark In the case of increasing functions «;(¢) and aso(t) this result is
contained in [KCG, p.237].

It is worth noting that this uniqueness result is established, in contrast
to the previous theorem, in the wider space C/y) (I") and without restriction

(5)-

Theorem 3 Assume that, in addition to condition (6) the function o =
a1 + ag is invertible. Then, for an arbitrary function H € C14., (I'), sat-
isfying condition (3), and for any real number X\, there is a unique solution
F e Cugrn (I) of problem (4).

Thus, by using the operator terminology, the linear operator B, is a
Fredholm operator: Cypy(I') — Clayp (f) of index zero.

The following theorem relates to the regularity of the solution F' to prob-
lem (4).

Assume that the functions a;(t), j = 1,2, belong to the space C*(I’) of
k times continuously differentiable functions, for some natural k.

Theorem 4 If the functions aq and ag satisfy hypotheses (5) and (6), and
Hec CFI", k=1,2,..., then all solutions of the equation BoF = H belong
to the space C*(I). If the function H(t) satisfies hypothesis (7), then the
series > ; H o iy converges in the topology of C*(I').

This result plays a crucial role when applying the technique of functional
equations in the theory of boundary problems for partial differential equa-
tions (where such an result is usually said to be increasing in smoothness )
(see Sec. 4).

2.2 The case of a P-configuration

In this subsection we deal with the Cauchy type functional equation
BoF = H, but now the functions oy and «s form a P-configuration.
As it follows from Definition 2, for an arbitrary function F' € C(I), the
relation
(BaF)(~1) = BaF(1) = —F(0) (8)
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holds. It follows that the periodicity condition
H(-1) = H(1) (9)

s necessary for solvability of the equation in question and, hence, the cok-
ernel cokerB, of the operator B, is not empty. As the kernel ker B, is
also nonempty (as we already know), the best possible result related to the
solvability of equation (1) is the fredholmness of B, and, in addition, the
relations dimker B, = dim cokerB, = 1. This result will be achieved, if we
prove the unique solvability of the following boundary problem:

given a number A € R and a function H satisfying hypothesis
(9), to find a function F on I such that

BoF=H on I and F(1)= A\ (10)

The conditions for solvability of this problem are related to the smooth-
ness of the functions F' and H, and to some nontrivial features of the dy-
namical system generated by the semigroup ®,. The following notions were
introduced in [P1].

1) An ordered set O = (t1,t2...) of points in I is said to be
orbit (or orbit of the point t1) generated by @, if

trt1 = oy (tk), (11)
for an arbitrary natural k > 1, jp =1 or 2.
2) The subsets in I

Ty ={t|oh(t) =0}, Tp={t|oy(t) =0}, T=ThUT

are said to be guiding sets.
3) An orbit O = (t1,ta,...), is said to be 7- proper if in (11)

aj, = a1, when t, € 7Ty, and «aj, = az, when t; € Ts.

4) If all points of an orbit O belong to the guiding set 7, then
O is said to be 7- guided orbit.

5) If the end points of a finite orbit O = (t1,...,t,41) coincide,
i.e. t1 = ty41, then this orbit is said to be periodic orbit or cycle.

Definition. We denote by ‘J‘(g the set of all 7- proper 7- guided periodic
orbits in 1.

Now everything is ready to formulate the main results treated the solv-
ability properties of equation (1) in the case of a P-configuration.

Denote by ’Z}’ the set of all limit points of the set 7;, j = 1,2, and let

7 =min{t|t € T/}, 7o =max{t|t € TJ}.
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Theorem 5 Assume that the functions oy and o belong to CY(I) and sat-
isfy inequalities

ai(t) +ab(t) >0 onl and o)(—=1)ajh(1) >0 (12)

Let also one of the sets Ty, Tz be finite or both T; be infinite and in the latter
case
T2 < T1, (13)

Then, all solutions F € C*(I) of the homogeneous equation
Fo(any+as) —Foa;—Foas=0 (14)
are linear functions F(z) = Az, if
nZ = 9.

Theorem 6 Assume that in addition to hypotheses (12) and (13) both func-
tions ay and ag belong to C*(I). Then, for all real X and for an arbitrary

function H € C*(I), satisfying condition (9), there is a unique solution
F € C?(I) of problem (10) if and only if

nz = . (15)

The inverse operator H — F from the space C?(I) into itself is continuous.

3 Proofs of Theorems 1-7

3.1 Proof of Theorem 1

1° Set F(t) = > ; H(cvs(t)). The function H, as it follows from condition
(7) and from the definition of the space C(y,(I’), can be represented as
H(t) = t'*7p(t) with ¢ being a continuous function on I’. For this reason,

F(t) =3 b (p(ast) = 303 abt (p(as,, (1)),
J

Introduce the notation

As ay,, (1) =t, one has

A=t 3 (ajno...oajxt)))”ﬁ_.(aﬁa))”j el

&j,_4©...0 ajl(t

Iy jn=1
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By 3°, (5) and (6), there is a constant ¢ < 1 such that
(1) /)" + (aa(t) /) < q, tel

Therefore, for all k£, 1 < k < n, we have

22: ( aj, 0...Oaj1(t))>1+r <q,

Gom1 Qg4 0...00Q45 (t

where a;, = id. This leads immediately to the relation A, (t) < t'*7g"
which implies the uniform convergence of the series Y ;(ay(t) /t)'*". This
results in the representation of the function F'(¢) in the form

F(t)=t""f@t), tel,

with f a continuous function, and completes the proof of assertion 1°.
2° By (5), it can be directly shown that the function F' satisfies the Cauchy
type functional equation (1). This completes the proof of Theorem 1.

3.2 Proof of Theorem 2

Dividing both parts of the homogeneous equation (1) by (a1 + ag)(t), we
arrive at the equivalent functional equation

D(aq(t) + az(t) — p1(t)@(ar(t) — p2(t)@(a2(t)) =0, tel’,  (16)

where

(z) = F(2)/2 pi(2) = aj(2)/ (a1 + a2)(2), 2z € I"\{0},
®(0) = 0, p;i(0) = a;/(al + a2)'(0), j7=1,2,

and all the functions «j, p;, ® are continuous on the interval I’. Show
that any continuous solution ® of equation (16) is a constant. Indeed, let
M = maxp ® and let to = inf{t|®(t) = M}. Assume that 9 > 0. Then,
by continuity, ®(tg) = M, and, therefore, the relation

D (t1)) = P(aa(t1)) = M,

is valid for an arbitrary point t; belonging to the nonempty subset {¢ |
a1 (t) + aa(t) =to}, as p1(t) + p2(t) = 1 for all values ¢ € I'. However, this
contradicts to the definition of the point tg, as a1 (t1) < to (by Definition 3).
Thus, we have proved that tg = 0, and hence, ®(0) = M. Repeating literally
these arguments in connection with the point of minimum of the function
®, we arrive at the relation ®(0) = miny @, and this proves the theorem.
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3.3 Proof of Theorem 3

The result follows immediately from the previous two theorems. To see
this, it suffices to change variable a(t) — ¢t. Then we arrive at the functional
equation

G(t) — G(pi(t)) — Glpa(t)) = H(t), tel,

where
pp=aroa’l, pp=asoat, H=Hoa !

and T = (0,7), r = mlz}x(m(t) + aa(t)). It is clear that the above change

of variable preserves the C'; - smoothness of all involving functions, and,
in addition, the functions p;, j = 1,2 and H satisfy conditions (5) and (3),
respectively, on 1. Obviously, the function G(t) = G(t) + H(0) is a solution
of the equation

B,G :=G(t) = G(p(t)) — G(pa(t)) = H(1),

where H(t) = H(t) — H(0). By Theorem 1, the function

G(t) = Hps(1))
J

solves this equation, and using Theorem 2 we find that the function

G(t) = —H(0) + Y H(ps (1)) + Xt (17)
J

is a unique (in the space C(y ) (f )) solution of the problem
B,G=H on I, G'(0)=x(0).

It remains to substitute a(t) for ¢ in (17), and to obtain the solution to
problem (4) in an explicit form.

3.4 Proof of Theorem 4

For the sake of brevity we restrict ourselves to the case k = 2. The
general case can be considered analogously. Note, first of all, that, as it
follows from Definition 3 and relation (6),

for an arbitrary value 77, 0 < T} < 1, there is a number N =
N(T1) such that the relation

aymy(t) <Ty forall n>N

is valid at any point ¢t € I'.
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Further, as it follows from (5) and (6), there is a number 75 such that the
relation
0<ay(t)<y<1l, j=1,2,

holds at all points t, 0 < ¢t < 75, for some constant . Take an arbitrary
number T} < 1 and let T = min(7y, 7). Now introduce a number N > 1
such that at all points ¢ > 0 and for n > NN the relations

@y, (t) <T and, consequently, oz;-(ogm) () <~ (18)

are valid. Let us prove the differentiability of the function F. To this end
consider the series > ; | H' (ou(t))ai,(t) | and write down it in the form

N-—
Z [ (01, (1)) el ()] ZZ!H’(%M ))al, ®|,  (19)

(n) n=N J,
with ) Ty being the summation over all multiindices Ji,,y = (j1,-- -, Jn),
n =1,2,.... If we use condition (3) and the inequality | H'(¢) |< ¢t with

¢ a positive constant, which follows (3), then we conclude that the second
term in (19) is majorized by the function

3 Anit)= 3 55 S (a0 0)

(O[J<m> (O(J<N> (t)))l .

We are now going to estimate from above the function A,,(t), m =1,2,....
By virtue of the positiveness of the functions a4 (t) and «as(t) for ¢ > 0, we
find that

/
m— Z ZaloaJ <QJ<N>) (O{lOOéJ<m71>(OéJ<N>))

Jim—1y I
/
+ Z ZOZQOOéJ <OCJ<N>) (042004‘]<m71> (aJ<N>)>
Jim—1y I
!/
Z Z (Ql(a‘]<m—1>(a‘7<N>))a/1 (O‘J<m—1>(O‘J<N>))) (aJ<vn—1> (O‘J<N>))
Jim—1y ()
/
DY (aQ(a‘]W—D (aJ<N>))a/2(aJ<m—1>(O‘J<N>))> (aJ<m—1> (O‘J<N>))
Jim—1) J(w)
!
<7 Z Z A1) (aJ(N)) (a‘]<m71) (aJ<N>)) =vAm-1.
Jim—1y I

On the last step the relations (18) and (5) were used. This proves the
uniform convergence of the series (19) and differentiability of the function
F.



12 Boris Paneah

It remains to prove that F' € C%(I'), if H € C?(I'). To do this, it suffices,
as above, to establish the uniform convergence of the series

> 5 (e ) = 3 S 8", ) (0, 0)

nNJ< nNJ<

* Z ZH/<O‘J<n> )OZZW (t) =221 + 20

n=N Jp)

where the relation

(f(a)" = f"(9)g” + F(9)g" (20)

has been used. To prove the convergence of the series ) 3, consider the series
Yooy B (t) majorizing >, where

72

Bn=)_ ) (O‘J<m> (O‘J<N>)>

Jmy iy

As aj,, () € (0,T) for all t > 0, we find that o <aJ<N> (t)) < 7, and hence

2 12

Brn= ). Z( (O‘J<m—1>(O‘J<N>)))

J(m 1) J(N

= Z Z (all <aJ<m 1) (O‘J<N>)))2 (O‘J<m—1> (O‘J<N>)>

Jm-1) J(ny

(o (s (@)

72

2

2 /
+ <C“’2 <O‘J<m71> (O‘Jw)))) (O‘J<m71> (O‘J<N>)> <y B

This proves the convergence of the series Y °_, B,, and, therefore, the con-
vergence of the series ) ;. It remains to establish the uniform convergence of
the series ) _,, or, remembering that |H'(t)| < ct, the analogous convergence
of the series >~ Cpn(t), where

Cn= 2 D i (O‘J<N>> (O‘J<m> (O‘J<N>)>// '

Jimy Ty

Using, as above, relation (20) and the identity o 7
QJ_yy, WE arrive at the relation

my — 10Q),, , t a0
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Con(t) = Y a1<aJ<m,1>(aJ<N>)) (al(aJm,l)(aJ(m)))H

Jim—1y,J ()
"
+ Z a2<aJ(m71)(aJ(N>)> <a2(aJ(m71)(aJ(N>))>
Jim—1y,J ()
,2
< Z (O‘l (O‘J<m—1> (O‘J<N>)) ’0‘/1/<0‘J<m—1> (O‘J<N>))‘ (O‘J<m—1>(O‘J<N>))
Jim—1y,J (V)

+ ay (aJ<m_1>(O<J<N>)) }0/2' (OéJ<m_1>(OéJ<N>)>‘ (O‘J<m—1> (O‘J<N>))/2>
+ ) (al (O[J<m71> (on<N>)>o/1 (ou<m,1> (aJ<N>)> (aJ<m,1> (aJ<N>)>”

Jm—1), Ty

+ az (aJ<m71) (aJ(N> )) 04,2 (O‘J<m71> (O‘Ju\r) ))

,2
sc Z (O‘J<m—1>(O‘J<N>))

Jm-1):J(Ny

"
T Z O‘J<m—1>(O‘J<N>)‘(O‘J<m—1>(o‘f<w>))

Jm-1),J(N)

"
(O‘J<m71) (aJ<N) ))

= cBpn-1+vCm-1,

where ¢ = max{sup | o/f(t), sup | a5(¢) |}. Combining with the uniform
convergence of the series Y, B,,(t) already proved, this proves the uni-
form convergence of the series > -, C,(t) and, thus, completes the proof
of Theorem 4 for k = 2.

3.5 Proof of Theorem 5

Without loss of generality we can restrict ourselves to the case of the
equation

F(t) — F(él(t)) . F(52(t)) —0, tel, (21)

where

S+t =1, tel, and 07(—1)85(1) > 0. (22)

Indeed, by the first relation in (12) the map o = a3 + ag from I into itself
is invertible. In addition, the boundary OI is invariant with respect to this
map. The change of variable a(t) — t reduces equation (14) to equation
(21) with

51:04100471, 8y = ag o L.

The new guiding sets 7; = {t | ;(t) = 1}, j = 1,2, are nothing but the
sets a~17; with the "old” 7;. The second relation in (12) and relation (13)
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remain true for the new variable, due to relation o/(t) > 0. To avoid some
technical details we consider the only case, where the set 75 is finite. The
general case can be studied on the basis of some specific results related to
the attractors of dynamical systems in question (see [P5]).

Introduce the notation

(BE)(t) = F(t) = F(5:(t)) = F(02(1))-

Substituting successively the values ¢ = —1 and ¢ = 1 in the relation
(BF)(t) = 0 we find, remembering the properties of the functions 0;(t),
that

(BF)(0) = 0.

This makes it possible to conclude that, for an arbitrary function F(t) €
C1(I), relation (21) is equivalent to the relation

FI(t) — 8, (t)F' (51@)) S (L) F (52(t)) =0, tel (23)
To simplify notation, let
a;j(t) = 05(t), j=1,2, and F'=G.
Then equation (23) becomes
G(t) — al(t)G<51(t)) - ag(t)G<52(t)) =0, tel, (24)
where, by (22),

ar(t) +as(t) = a;(t) >

Note that now
Ti={t|a;(t)=1}, j=12

To prove Theorem 5 it remains to show that the only solution of equation
(24) is an arbitrary constant F(t) = c¢. We will do this in several steps.

I. Let us show that the extremal values of any solution G € C(I) of
equation (24) spread only along T - proper orbits.

To this end, let M = m?XG and let M = {t € I | F(t) = M}. If

G(t) = M, then G(él(f)) = M—¢q, G(ég(tA)) = M —e9 for some nonnegative
numbers €] and e,. Substituting 7 for ¢ in equation (24) we find that a; (t)e;+
ag(tA)sg = 0. It follows that if £ € M \ 7, then €; = g9 = 0, and hence
51(t) € M, do(t) € M. But if £ € MN Ty, then &, = 0, and consequently
61(t) € M. In just the same way, if ¢ € M N T3, then d(2) € M. Combining
these observations with the definition of 7 - proper orbit we conclude that
together with every point ¢; € 9t the next point of any 7 - proper orbit
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(t1,t2) also belongs to M. As d; and d2 are maps in I, this argument can
be applied to the point ¢5. As a result we obtain one or two points t3 of
the form t3 = d;,(t2) = 0j, 0 0;,(t1) lying in the set 9, so that the orbit
O = (t1,t2,t3) turns out to be 7 - proper. Arguing in the same way, we
conclude that together with every point t1 € MM any its T - proper orbit
O = (t1,t2,...) is situated in the set M. This proves the above assertion
with respect to the maximal value of the function G. But what has been
said above with respect to spreading maximal value M of a solution F' along
T - proper orbits remains valid for a minimal value m of the same solution.
This completes the proof of assertion.

IT.  Assume that for an arbitrary point t € I there is a T - proper orbit
(t,t1, ta,...) converging to one of the boundary points of I. Then, by conti-
nuity of the function G, it attains its extremal values at the points t = —1
and t = 1. Substituting consecutively these points for ¢ in equation (24) and
using relations (2), (25) and (26) we arrive at the relation

This means that the maximal and minimal values of GG coincide, and hence,
G is a constant. But this immediately implies the relation F'(t) = A\t and,
thus, completes the proof of Theorem 5.

III. 'We now pass to the main technical part of the proof of Theorem 5:
the proof of the assertion formulated at the beginning of II.

Lemma 7 Ift # 0 and (t1,t), (t2,t) are two T - proper orbits, then t; = ta.

Proof. 1f t1 # to and
= 6j1 (tl)a = 5j2(t2)7

then j; = jo, as the ranges of the maps §; and d5 have the only common
point ¢ = 0. By the monotonicity properties of the maps d;, it is possible
only if 05, (f) = const at all points ¢ between #; and t5. But then &7 (t) =0
for these t, and, in particular, 5}1 (t1) = 0. However, this contradicts to the
definition of 7- proper orbit: according to this definition, only the orbit
(t1,8;/(t1)) with j' # ji is T- proper.

Remark From a geometrical point of view this fact means that two dif-
ferent 7- proper orbits cannot enter at the same point t € I\ {0}.

Lemma 8 If a cyclic orbit ¥ is a part of a T - proper orbit O = (t1,t2,...),
then t1 #0 and t; € X.

Proof. 1Ift1 € X, we let ty, ¢ > 2, be the first point in O, situated in 3, so
that

Y= (tqathrl’ B tq+n)7
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and t; = tq4n. But then t,_1 # tg4n41, as tg—1 € ¥ and tg4p41 € 3, and,
by Lemma 7, for none of indices ji, jo the relation

lg = 5j1 (tqfl) = 5j2 (thrnfl)

is possible. This proves that t; € .

To complete the proof of the lemma, it remains to note that the relation
t1 = 0 is impossible due to (2): only the points t = —1 and ¢t = 1 can precede
the point t; = 0, but both of them have no predecessors on a cyclic orbit.

We now note that, if both sets 7; and 73 are infinite, then, by (13), for
a sufficiently small € > 0, there is a neighborhood U; = (—1, -1 + ¢) such
that 65(¢) > 0 for all points ¢t € Uy. It follows that for any such ¢ the orbit
0 = (52@),5%@), 05, ) is 7- proper and converges to the point
t = —1. In just the same way, there is a neighborhood Uy = (1 — ¢, 1) such
that the orbit Oy = (t,61(¢),63(t),...), remaining 7- proper, converges to
the point t = 1, for an arbitrary ¢ € Us.

However, if one of the sets, say 7», is finite, than this property is guar-
anteed only for the neighborhood Us.

Lemma 9 If the above € > 0 is sufficiently small, then there is an integer
v such that
MN(t)>1—¢e and &(t)<—-14¢

for all points t € 1.

Proof. To begin with, we note that the relation
02(t) <t < 01(t), t# =£1, (27)

holds. For example, the second relation is trivial for ¢ < 0, by Definition 2.
If 6, (t) =t for some value #, 0 < ¢ < 1, then, by (22), d2(¢) = 0, and by the
same Definition 2, d»(t) = 0 on the interval (¢,1). But then &(1) = 0, what
contradicts to the second relation (12). This proves the inequality t < d; ()
for allt # 1. In turn, the latter inequality implies the relation 67 (—1) — 1, as
v — oo. Indeed, the sequence 61(—1),02(—1),... is bounded and increases.
If lim 6% (—1) = &, then, by continuity of &, lim 8V (—1) = 6;(¢), whence
01(§) = &, and € = 1. In the same way 05(1) — —1, as v — oo. This
proves the lemma for the points ¢t = 1 and t = —1. The case of an arbitrary
t follows now by condition 1° in Definition 2. This completes the proof of
Lemma 9.

Corollary 10 If the last point of some T - proper orbit O(t1,ta, ..., tN) lies
in the set Uy (Uy resp.) (for some € > 0), then the extended orbit O’ =

(tl,...,t]v,(sl(t]v), (5%(15]\[),...) ( O = (tl, cee tN,52(tN),(5%(tN), ),
resp.) converges to the pointt = —1 (t =1, resp.)
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The proof is evident.

Now everything is ready to complete the proof of Theorem 5. Let M be
the number of points of the set 75. Then, given an arbitrary point t1 & 7o,
we create the 7- proper orbit O = <t1,51 (t1),... ,5{\7(151)) which moves
toward the point £ = 1. If N = v, then the last point of O; lies in Us and, by
Corollary 10, Theorem 5 is proved. If for some N < v the point t5 = 5{V (t1)
lies in 73, then we create the 7- proper orbit (ta,da(t2),d5(t2),. .., 05 (t2))
moving toward ¢ = —1. As above, if £k = v, then the proof of Theorem 5
is finished by using the extended orbit, due to Corollary 10. If £ < v and
6k (ty) € T1, we extend the sewed orbit (t1,...,01(t1),d2 0 6 (t1),...,05 o
6N (t1)) by the points 81 o d5(tz),..., 00" o 65(t2) and so on. As it follows
from Lemma 8, following this procedure we will never return at one of the
previous points ¢; of the orbit in question, with the exception, may be, of the
point t1. It is clear, that if we do not meet the point ¢ after 2M v described
steps, the corresponding point tsps,41 turns out to be in the set Uy U Us.
After thisj it remains to sew the orbit (¢1,...,t2p,+1) with the mentioned
orbit (5j(t2M,,+1),(5]2-(t2M,/+1), .. ) with 7 =1 or 2.

Consider the concluding situation: moving along the orbit O we achieved
the point ¢;. This means that we deal with a periodic 7- proper orbit
¥ = (t1,...,tm) which is a suborbit of a 7- proper orbit O we construct.
But (attention!), by the crucial hypothesis ‘ﬁg = (), this cycle ¥ is not 7-
guided. Consequently, ¥ contains a point t,, 1 < ¢ < m — 1, which does not
belong to the guiding set 7. If, when constructing the orbit O, we left the
point ¢, by means of a map §; (i.e. t;41 = 0;(t;)), then now we introduce the
new point ty41 = d;:(ty), j' # j. Extending the orbit O = (t1,...,tg,tg+1)
as above, we arrive at a new 7~ proper orbit O = (t1,..., tq,%:]+1,'z\q+2, ce)e
But this time it can’t meet one of its previous points (by Lemma 8) and,
consequently, after at most 2M v steps, our 7- proper orbit enters in the
neighborhood Uy U Us. To complete the proof of Theorem 5 it remains to
use Corollary 10.

Remark If the point #; (see the text straight away after Corollary 10)
lies in 7o, then we consider the point t; = da(t1) and repeat all the above
arguments in connection with this point.

3.6 Proof of Theorem 6

As in the proof of Theorem 5, we reduce problem (10) to the equivalent
problem

BE(t) == F(t) — F(5,(t)) — F(62(t)) = h(t) on I,  F(1)=X (28)

with d; and 09 satisfying hypothesis (22). By the invariance of the boundary
OI with respect to the transformation ¢ — «(t), the hypotheses (8) and (9)
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become the necessary conditions
BF(—1) =BF(1) = —F(0) and h(—1)=h(1)

for solvability of problem (28). Replacing F'(t) by F(t) +t(A+ h(1)) — h(1)
in (28) we arrive at the equivalent problem

BF=h on I, F(0)=0, F(1) =0, (29)

where h(t) = h(t)—h(1). This form is precisely the starting point in studying
problem (10). As is easily seen, both functions BF and h vanish at the
points t = —1 and t = 1. Therefore, differentiating successively the equation
BF = ﬁu, we obtain the two new problems which are both equivalent to the
problem (29). These new problems are

BiF'(t) i= F'(t) = 81 (1) F' (81(1)) — 85(6) F' (82(1)) = B, (1), (30)

BoF"(t) := F"(t) — 6" () F" (81(t)) — 8 (£)F" (8a(t)) — KF"(t) = ﬁg(é), |
31
where F’ and F” stand for the correspondent derivatives, and K denotes a
linear operator in C([)

51(t) 02(t)
K : H(t) — 0{(t) H(s)ds + 5él(t)/ H(s)ds.
3 3
Here ¢ is an arbitrary point of the interval (0,1) such that F’(§) = 0. The
existence of such point £ is guaranteed by the boundary conditions in (29).
For the sake of brevity, we omit the conditions F'(0) = 0, F(1) =0 in (30)
and (31). What is important here is that K is a compact operator in the
space C(I). This is easily verified by virtue of the Arzela criterion.

Since all the three problems (29), (30) and (31) in question are equivalent,
the solvability of problem (10) under condition (15) will be proved if we
establish the injectivity of the operator By, and also show that the index
indBy of the operator Bs in the space C(I) is zero.

To prove the injectivity of the operator By in the space of functions F'
vanishing at the points t = 0 and ¢ = 1 we set h;, = 0 in (30). By relation
(25), the new equation coincides with problem (24) and, by Theorem 5, all
its solutions F” are constants. These constants are nothing except zero, as
the function F' vanishes at two points. It remains to prove that indBs = 0.

To this end we represent the operator By in the form By = F — L — K,
where E is the identical operator in the space C(I), and L stands for the
linear operator of the form

L:f—8"(fody)+8)(fod)

in the same space. The following lemma is the main technical part of the
proof of Theorem 6.
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Lemma 11 Under conditions of Theorem 6 for some natural number N the
inequality
1LY < 1 (32)

holds with || - || a standard norm in the space of linear operators in C(I).

This lemma makes it possible to readily complete the proof of Theorem 6 (in
the ”if” part) in framework of functional analysis. Indeed, by (32), the oper-
ator £ — L is invertible in the space C(I), as the series Zﬁ;(l) SR LEN+m
converges and its sum is equal to (E — L)~!. Therefore, the operator By is
the sum of the invertible and compact operators. The relation indBy = 0
follows now by a slight modification (see [P2]) of the classical Riesz-Shauder
theorem.

Proof of Lemma 11. Introduce the following notation

2
aj = 5]', 7 Qg (6j ) = Qj1j505 Qs (53'2 © 5]'1) = Qjyjogzs -+
with all subindices 7, j1, j2, ... equal to 1 or 2. By induction on N, it is easily
verified that the function LN F can be represented in the form

2

N _ . L
LVF = E : g, Ajrjo - - - a]lijF((SJ)a
jlv"'szzl

where J = (j1,...,jn) and 05 = J;, o...06;. It follows, that, for an
arbitrary function F' with || F|| = 1, the inequality

2

(LYYl < > aj(Dagpn(t) . aj gy (t)
JisenJN=1

holds at each point ¢t € I. Denote by Apn(t) the write-hand side of this
relation. We will now prove that, for any fixed point ¢t € I, there is a
positive number N and a constant v < 1 such that the relation

An(t) <~ (33)

holds. If ¢t ¢ 7, then a;(t) + as(t) < 1, by (22), and relation (33) is true for
N =1. If t € T, consider a 7- proper orbit O = (t1,te,...,ty) with t; = ¢
such that ¢y is the first point in O situated in I\ 7 and N is the minimal
number with this property. This means, in particular, that

ty = 5]1@1)7 13 :5jé(t2)77tN :6]'5\,_1(1:]\/—1)7
for some fixed indices ji,. .., jy_; and, in addition,

2

agr (tl) =1, ajé(tg) =1, ..., a (tN—l) =1, Z ajN(tN) < 1. (34)
Jjn=1
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The existence of such orbit has been established when proving Theorem 5
(see III, page 15). It is clear that, for an arbitrary natural m, the relation
A, < 1is true. To see this, it suffices to represent A,, in the form

A = Zajl Zajlj? . Zajl---jm
g1 J2 Jm
and to use the relation a1 (t) + az(t) <1 for all ¢ € I. Setting
2
Ajijno1 = WGy - Gy and By gy, = Z Gj1.jN-1in>

jn=1

we can rewrite the function Ay in the form

M= Y A B

J1yessJN—1

It is evident that if, for some nonnegative numbers p; and g, the relations
T T
Zpqu < 17 Zpk < ]-7 and qk <1 for all k?
k=1 k=1

hold, and at least one number ¢ is less than one, then

.
Z Peqr < 1.
k=1

To make use this observation with respect to the function Ay () note that,

by the above,
Z Ajlij—l <L
JlsnJN—-1

Furthermore, by the definition of the multi-index (ji,. .., jy), and by (34),
we find that

Bji jn ()= Zaji...jj\,_ljzv (t) = Z%’N (tn) < 1.
JN JN

On the other hand, by virtue the same relation (34),
Aji"~j§\r_1(t) = ay (tl)ajé (tg) .. a;N—l(tN_l) =1.

Thus, the function Ay (t) has the same structure as the expression prqx
above and, consequently, the inequality Ayx(t) < 1 holds with a constant
v=1() <1

Note now that, by virtue of the continuity of all the functions in question,
relation (33) holds at all points of some neighborhood U of the point under
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consideration for the same number N, may be with a larger constant v < 1.
The collection of such neighborhoods forms an open covering of the closed
set 1\ B. Let {Z/Ij}?:l be a finite subsystem of these neighborhoods, and
Nj, v; the corresponding constants. Taking m = max N; and v = maxy;
we arrive at the desired inequality ||[L™| < 1.

To prove the necessity of the hypothesis 2 = (), we assume that D02 # 0.
Then there is a 7- proper 7- guided periodic orbit O = (t1,...,tn+1). If
a function F(t) solves problem (28), than the function G = F’ solves the
equation

G(t) — 01G(61(t)) — 65G(02(t)) = H(1), (35)

with H = /ﬁL (see (30)). By definition of the orbit O,
ther =05, (te), 0% (t) =0 for ji # jr, k=1,...,n, and tn1y =t.

Let us substitute #; for ¢ in equation (35). Then one of the numbers ¢%(1)
is equal to zero, whereas &% (t1) = 1. Furthermore, t = d;/(t1), by the
definition of 7- proper orbit. This leads to the relation G(t1) — G(t2) =
H'(t1). Continuing this procedure we arrive at the chain of equalities G(t2)—
G(ts) = H'(t2),...,G(tn) — G(t1) = H'(t,), where the periodicity of the
orbit O is used on the last step. Adding all these relations together, we
obtain

> H'(t;)=0. (36)
j=1

Thus, in the presence of a 7- proper 7- guided cycle O = (t1,...,t,), this
relation is a necessary condition for the solvability of problem (28). Hence,
the necessity of the condition ‘JICT = () is proved. To complete the proof
of Theorem 6 it remains to establish the continuity of the inverse operator
B!, The simplest way to do this is using Banach closed graph theorem
combined with the solvability of problem (28) already proved, and with an
obvious a priory estimate

|BE,C*(I)] < const|[F, C*(1)].

4 Applications

In this section we show that the Cauchy type functional equations arise
naturally as a necessary technical tool in solving various problems in such
diverse fields as integral and functional equations, integral geometry, bound-
ary problems for partial differential equations etc. In order not to enlarge
extremely the size of this paper, some of corresponding results are given
with full proofs, and the proofs are only outlined for some.
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4.1 Multiplicative Cauchy type functional equations

This title was introduced in the paper [P4] as the definition for func-
tional equations of the form

F(al(t) n 042(15)) - F(al(t)>F<a2(t)>H(t), ter, (37)

where H > 0 is a given function, and the functions o and a9 form one of
the above configurations.

Below we prove two theorems giving an exhaustive solution of the solv-
ability problem for this equation in both cases of Z- and P- configurations.

4.1.1 The case of a Z- configuration

We begin with a very simple but crucial lemma which makes it possible
to reduce problem (37) to a standard Cauchy type functional equation.

Lemma 12 If functions a1 and ao form a Z- configuration, then any non-
trivial continuous solution F of equation (37) is positive on I'.

Proof. Let F(z) #0 on I’ and
2o = min{ z | F(z) = 0}.

If 29 # 0 and F(z9) = F(al(to) + 042(750)), then, by (37), F(oq(to)) =0

or F<a2(t0)) = 0. This means that for some z; < zp with z; = «a3(tg) or

z1 = aa(to), one has F'(z1) = 0. But this contradicts to the definition of
zp. It remains to exclude the possibility F'(0) = 0. If F(0) = 0, then for
an arbitrary small € > 0 (satisfying also the relation eH(0) < 1), there is a
point 2z € R(a1 + ag) such that F(z) = € and F(2') < € for all 2/ < 2. If

z = (a1 + a2)(t), then F(al(t0)> < ¢ and F(ag(to)) <, as a;j(t) > 0 for
t >0 and j =1,2. By (37), this leads to the impossible relation

e <e?H(0) <,

and this completes the proof of the lemma.

This lemma makes it possible to reduce equation (37), by taking the loga-
rithm of both sides of this equation, to the standard Cauchy type functional
equation

G(al(t) + ozz(t)> - G(al(t)) + G(ag(t)) Y H(®), tel.

The following result is a direct corollary of Theorem 2 and Theorem 3.



Cauchy Type Functional Equations 23

Theorem 13 1° Assume that the functions oy and agy satisfy condition (6)
and belong to the space C<1>(I’). Then all solutions F of the homogeneous
equation

F(al(t) n ag(t)) - F(al(t))F(ag(t)), ter, (38)

belonging to the space C<1>(f), have a form F(z) = e**, A € R.
2° Assume that both functions oy and aq satisfy the condition of Theorem 3.
Then, for an arbitrary function H € Ci4p (I, 0 < r < 1, satisfying

condition (32, and for any positive number X\, there is a unique solution
F € Cpypy(I) of the problem

F((ar+a2)(t)) = F(aa(®)) F(as(®)) H(), tels F()=x (39)

This solution can be represented in the form
F(z) = e HH(aJ(z)), zel,
J

with some (uniquely defined) real p and d0; running all elements of the
semigroup ®;, generated by the maps §; = a; o a~l, j = 1,2, from the
interval I into itself.

4.1.2 The case of a P- configuration

Let functions a1 and as form a P- configuration. Then a new point, as
compared with the case of a Z-configuration, is that solutions of equation
(37) are not necessarily strictly positive on the interval I, as follows from
the

Lemma 14 The equation

F(t) = F(%)F(%) tel, (40)

has infinite set of oscillating solution, i.e. those taking values of opposite
S|
signs.

Proof.  Note first of all that the functions oy = (t —1)/2 and ap = (£ +1)/2
form a P- configuration on I and satisfy condition (5). Asis directly verified,
any function

Fi(t) =2cos(k +1/2)nt, k=0,1,...

solves equation (40) and oscillates on I.
By this lemma, the hypothesis of positiveness of a solution to equation
(37) is necessary in the following assertions.

!This result was obtained by Dr.Galina A.Birulina from Moscow as an answer to the
author’s question. It would be interesting to get to know, whether this property is char-
acteristic for a PP-configuration.
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Theorem 15 1° Assume that the functions a1 and g belong to the space
CY(I) and satisfy conditions (12), (13) and (15). Then all positive C*-
solutions to the homogeneous equation (38) are of the form

F(z)=¢, AeR.

2° Let oy and s satisfy the same hypotheses and belong to the space C*(I).
Then, for an arbitrary positive function H € C?(I), satisfying hypothesis
(6), and for any real X\, there is a unique positive solution F € C?(I) to
the problem (39). The inverse operator H — F from C*(I) to C*(I) is

continuous.

4.1.3 On a quasi-Cauchy type functional equation

Here we consider some functional equation that formally reminds the
equations studied in 3.1.1. The question is the solvability of the equation

F(t) = F(a1t)F(agt)H(t), tel, (41)

where 0 < a1 < as < 1, and H is a given positive continuous function. The
case H(t) = 1 and a} + a3 = 1 has been considered in [KCG, Th. 6.1.2] and
the solution F(t) = e’ has been obtained.

First of all, repeating word for word the proof of Lemma 12, we establish
the positiveness of any solution F' to equation (41). This makes it possible
to reduce equation (41) in an equivalent manner to the linear equation.

(LG)(t) := G(t) — G(ait) — G(agt) = H(t), tel, (42)
where G =InF, H =In H. Let k be a unique z-root of the equation
aji + a3 = 1.

Denote by [x] and {x} the integral and the fractional parts of the number x,
so that 0 < {x} < 1. In addition to C,(I"), we introduce the linear space

Cluypy(I') = {u € C(I') [ u(t) = Pu(t) + dut™ + t" (1)},
where £ = [k], 0 < p < 1 —{k}, and v(¢) is an arbitrary function from
c(r).
Theorem 16 1° If H(t) = 1, then the function
Fty=eM", tel,

is a unique solution of equation (41) in the space C.y(I'), for which F(1) =
A

er.

2°  For an arbitrary function H € C. o(I'), 0 < e < 1~ {k}, satisfying
the necessary condition

dH:07

and for any real \, there is a unique solution F' € Cy, . (I') of the above
problem.
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Proof. 1° Let G € Cy,(I') be an arbitrary solution of equation (42) with
‘H = 0. Then, by definition,

G(t) := Pp(t) +t"y(t), tel, (43)

where k = [k]. Assume first that k # k. It is clear that if Py(t) = Z?:o ct?,
then (LP)(t) = 35 cj(1—af — al)t/ and L(ct*) = ¢(1 — af — a§)t* =0
for all constants ¢, by definition of k. It follows that the function

satisfies the equation
A(t) — afA(ait) — a5A(agt) = 0.

As af +ab =1, we conclude, arguing as in Subsec.3.2, that the maximal and
minimal values of the solution A\ coincide (and equal to A(0)). It follows,
that A(¢) = 0. This proves assertion 1° for k # k. If K = k, then y(0) =0
in relation (43), and we arrive at the same result by repeating the same
arguments word for word. This completes the proof of 1°.

2°  First of all, let us show that if a function G € C, solves the equation
LG = H with H € C), then dg = 0. Indeed, let

k k
G=> ¢t/ +ct"+t"u(t) and  H=)Y bt/ +bt" +t"v(t)
j=0 j=0

where b and ¢ are constants and p(0) = v(0) = 0. It is obvious that
b=c(l—af —a5)=0,

if Kk # k, and by, = c(1 —a} —a5) = 0, if k = k. To prove the assertion
it remains to present a solution G of the equation LG = H, for any given
H € C,zy(I'). Write down the functions G and H in the form

k

G=> ¢t/ +ot® + Bt 415 p(t),  p(0) =0
1
k

H=> bt/ + Bit" "0 (t),  v(0) = 0.
1

If we choose ¢; = b;/(1 —a) =), forall j =1,...,k and 8 = B,/(1 —
aft® — a5te), then what remains to do is to choose, as u(t), a solution of

the problem
LF2p) = 5550, p(0) = 0, (44)
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Since L(t*Fep) = "¢ | u(t) — af T u(art) — a ™ u(ast)|, problem (44) takes
the form

p(t) = af Fp(art) — a5 p(azt) = v(t), pu(0) = 0. (45)
But, by definition of &, the relation
aftt +abte <1
holds, and this means that the norm of the linear operator
Lo p(t) = afp(art) + a5+ p(ast)

in the space C(I') is less then one. It follows that the sum of the Neumann
series > o0 o Lv with £ = id solves the equation in (45). The boundary
condition p(0) = 0 is valid, as v(0) = 0, and so (LZv)(0) = 0, for all
n =1,2,.... This completes the proof of Theorem 16.

4.2 On some integral equations relating to a geometric prob-
lem

In this subsection we deal with one of the typical problems in integral
geometry: given a domain D, to reconstruct a function in D from the values
of its integrals over a family {D,} of subdomains in D. Such problems are
always of interest first of all by themselves as objects of pure analysis, but
also in connection with possible applications in practical disciplines. The
most remarkable example of such a connection is the famous Radon prob-
lem and tomography. A peculiarity of the considered geometric problems is
that the domains D;, j = 1,2, we deal with, are bounded, and the state-
ments of these problems are closely connected with both local and global
properties of the boundaries 0D. This connection is realized by means of a
semigroups ®p; of maps from dD; into itself we associate with the problems
in question. These problems, as will be seen, can be reduced to Cauchy type
functional equations on certain intervals I;, distinguishing from each other
by configurations of maps generating these equations. These maps also gen-
erate corresponding semigroups ®;,. We introduce a special isomorphism
between the boundary 0D and (each of) the intervals I;, and we show that it
can be extended up to an isomorphism of the above semigroups ®p and ®y;.
This makes it possible to formulate the (geometric) problems in question and
the conditions of their solvability using the geometric language (related to
the semigroups ® Dj), but, when solving these problems, to apply analytical
methods using the semigroups ®;; and the results related to Cauchy type
functional equations, already obtained above. We consider separately two
situations.
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4.2.1 The case of a Z- configuration

Let I, and Iy be smooth nonsingular transversal vector fields in a disk
B c R2. Consider a curvilinear parallelogram D = OA;0’As in B whose
sides OAy, O'Ay and OAy, O'A; are trajectories of the vector fields [; and
Iy, respectively. Let I' = OO’ be a quasidiagonal in D, i.e. a smooth curve
without common points with the sides of D. Assume that I is a trajectory
of the vector field | = r1l; + raly with some positive constant m and ro. It
is easily seen that, given vector fields Iy, I and a point O, there are some
points A1, Ay and O’ such that all the above conditions are satisfied.

Introduce in D projections

m:D — OAy, m: D — OAs

along the vector fields Iy and Ij, respectively. Given an arbitrary point
g € I, denote by D, the curvilinear parallelogram gqiOg2 where ¢1 = miq
and g2 = meq. With any function f in D we associate the integrals

(Af)lq) = [ fdo, q€T,
/

were o denotes a measure on B. The above mentioned geometric problem
of reconstructing a function in D takes now a completely definite form:

given a function h on I, to find a function f in D such that
Af(q) = h(q), qel. (46)

For obtaining reach in content results related to equation (46) we will study
it in the framework of the general problem stated in [GGV] for a wide class of
integral equations: for what spaces of functions f and h is the map A: f — h
one-to-one, and what functions h(q) may be represented by the integral
(Af)(q)- Restricting ourselves to continuous functions on D and on I" we find
immediately that the kernel of the operator A is infinite-dimensional. On
the other hand, as will be seen, for an arbitrary function f € C'(D), its image
(Af)(q) belongs to the space H(T) = {v € C?(T') | v(0) = 0, v'(0) = 0}.
Therefore, the best possible solution of the problem in question consists in
describing subspaces F(D) C C(D) for which the map

A: F(D) — H(T)

is one-to-one. Among various candidates for the role of (D) we have chosen
a wide class of subspaces in C(D) arising naturally when solving certain
boundary problems for higher order hyperbolic equations (see Subsec. 4.3).

Definition 5. Given a smooth vector field [ in B, we denote by Cop(D)

the subset of functions in C'(D), remaining constant along each trajectory
of the field 1.
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As is well known the space C a (D) admits a very simple description. Let
y = (y1,y2) be a coordinate system in B and

I={wi(y), w(y)}, ye€B,

be a coordinate form of /. Denote by ¢(y) a smooth function without critical
points solving the first order differential equation

w1 (y)(9/0y1)C + wa(y)(9/dy2)¢ = 0. (47)

Then the space C3 (D) consists of all functions f(y) = F<C(y)) with F

being arbitrary continuous function on the range of (.
Now everything is ready to formulate our first geometric result.

Theorem 17 Let 11, Iy and 1 be a triple of smooth nonsingular mutually
transversal vector fields in a disk B € R? and let D be an above parallelogram
constructed by 1y and lo. Assume that the corresponding quasidiagonal T' is
a twice differentiable nonsingular curve which is transversal to | everywhere
and to Iy and s of the point O. Then, for an arbitrary function H € H(T),
there is a unique solution f € C@ (D) of equation (46). The inverse operator

At is a continuous operator from H(T) to Coy(D).

Proof. For the brevity, we consider the situation with constant vector fields
11, Iy and I. Without loss of generality we assume that the vector fields 11, 1o
are parallel to the coordinate axes x1 and x9, respectively, and consider as
D a square whose two sides coincide with the intervals {z;]0 < z; < 1}
and {z2|0 < z9 < 1} on the axes 1 and x9, respectively. Let

1 =061(t), x9=209(t), tel,
be an arbitrary parametric representation of I', so that
51(0) = 52(0) = 0, (48)
If | = (w1,ws) with wy; > 0, wy < 0, then equation (46) takes the form:

61(t) 62(¢)
/ / f(wle — (,UQxl)d:CQd.%'l = H(t), te I, (49)
0 0

because the function (x1,x2) = wire — wexy is a solution to equation (47).
Introduce the new unknown function F' as a solution to the problem

F(t) = f(t), F(0)=F"(0) =0, (50)

and substitute F” for f in (49). After repeated integration by parts we
arrive at the following functional equation for the function F"

F(w152(t) - w2(51(t)) - F(wlég(t)) ~ F< - Wsl(t)) —H®).  (51)
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Since the map f — F' is one-to-one, to prove the theorem, it remains to
establish the unique solvability of equation (51). Note that, by assumptions
of the theorem, we have (6765)(0) > 0, which means that

w15§(0) — WQ5/1 (0) > 0.

The transversality condition I' M [ guarantees the inequality wqdh(t) —
wadi(t) > 0 at any point ¢ € I'. On the other hand, differentiating rela-
tion (49) leads to the differentiability of the function H and to the relation

02(t) 01(¢)
5 (1) / F (w12 = wadi (1) ) dery + 5 (2) / F (w0182(8) = way ) day = H'(1).
0 0
It follows, by (48), that H'(0) = 0. To see that the function H is twice

differentiated, it suffices to represent the left hand-side of the late relation
in the form

w102 (t) —w201(t) w102 (t)_w261 )
(-sse) [ f@ar(Bom) [ .
—w201 (t) w109 (t)

Thus, equation (51) is nothing, but a Cauchy type functional equation on
I, corresponding to a Z-configuration and satisfying all conditions of The-
orem 2. By this theorem, for an arbitrary function H € C?(I'), satisfying
the hypothesis H'(0) = 0, there is a unique solution F' € C14,y(I") of equa-
tion (51), and, by Theorem 4, this function F' belongs to the space C?(I").
This proves the existence and uniqueness of a function f € C’@ (D), solving

equation (49). As to the continuity of the inverse operator A1, it follows
from the Banach closed graph theorem which, in turn, is a consequence of
the elementary inequality ||.Af, C?|| < const | f,C|.

4.2.2 The case of a P- configuration

In this Subsection a geometric problem analogous to that considered
above is studied. But this time a dynamical system associated with this
problem is much more complicated.

As above, let I; and Iy be some nonsingular smooth transversal vector
fields in a disk B C R2. Consider a curvilinear triangle D = OA; Ay, whose
sides OA; and OAjy coincide with trajectories of the vector fields 1 and Is,
respectively, and the side I' = A1 As is an arbitrary nonsingular smooth curve
transversal to both fields [;, Iy at the points A; and As. In addition, the
closure D of the domain D is supposed to satisfy the following topological
hypotheses:

(i) For any point p € D, a trajectory of I; passing through p meets O Ay
at a point mgp, j £k, 1 < j,k <2.
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(ii) The set D is Zj - convex, j = 1,2. This means that if given points
p and ¢ in D lie on some trajectory 7; of the field /;, then all the points
r €7, j = 1,2, between p and ¢ belong to D.

Given an arbitrary point ¢ € I', let D, be a curvilinear parallelogram
qq10¢2. B

Hypotheses (i) and (ii) guarantee the inclusion Dy C D for all ¢ € I" and
something more. Namely, let z = (1, 22) be a coordinate system in B with
the origin at the point O. Let

x1 = a1(2), x9=w(z), z€l,

be an arbitrary parametric representation of I'. Set a(z) = (a1(2), aa(z)).
Then the functions a; and as satisfy the conditions

o (2) >0, abh(z) <0, and of(z) —ah(z) >0 (52)

This fact is not trivial (see [P4] with respect to the proof).
The geometric problem under consideration takes this time the form of
the same integral equation

(A)(q) == / fdo =h(g), qeT, (53)

Dy

as in Subsec. 4.2.1, but with a different domain D,. All the discussions
around the statement of problem (46) are relevant to problem (53). In
particular, the right-hand side h(q) in (53) should be a twice differentiable
function on I' and satisfy the periodicity condition

h(Ay) = h(As) = 0.

The latter follows immediately from (53). We denote the space of all such
functions by Ho(I'). To formulate the result, related to the solvability of
equation (53), in an invariant geometric form (not using any coordinate
form of (53)) we generalize the above dynamical approach by considering
certain semigroups of maps from I' into itself. It is interesting to trace
the transition from a pure geometric problem to a Cauchy type functional
equation (what includes also a translation from a geometric language to an
analytic one).

Introduce the vector field I = 71l + roly, where r; and 7o are positive
constants. In addition to the projections 7;, j = 1,2, along the vector fields
Iy, j # k, we consider the projection Ly D — T along the field I. In other
words, given an arbitrary point p € D, its projection 77 p coincides with the
intersection of the curve I' and the trajectory of the field I, passing through
p. Introduce two maps from I' into itself,

¢ =mjom and (o = 7jo0me,
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and denote by ®; the semigroup of maps generated by (1 and (2, which is
analogous to the semigroup ®s considered in Sec. 2. As in Subsec. 2.2, we
define, by means of the maps {; and (o, an orbit in I" as a sequence of points
O =1(q1,92,---,qn,-..) such that

dk+1 = C]k(qk)7 k= 1727 ey

and the set of all such orbits we denote by O;. We introduce the guiding
sets

T={gel |l €T,(0)}, j=12 ad T=TUT,

where T, (I") stands for the tangent space to I' at the point ¢q. Repeating
literally what was said in Subsec. 2.2 we define periodic, 7 - guided, and
T - proper orbits corresponding to the semigroup ®.. Finally, we denote by
‘ﬂg the set of 7- proper 7- guided periodic orbits of the type in question.
By analogy with condition (13), we assume that, if both sets 77 and 75 are
infinite, then arbitrary points 71 € 7;" and 7 € 7,/ are situated on the curve
I' in the order Ay, 7,72, A2. The main result, related to the problem in
question, is formulated as the following assertion.

Theorem 18 If all the above hypotheses related to the domain D, the curve
I', and vector fields I, 11 and ls are fulfilled, then, for an arbitrary function
h € Ho(I'), there is a unique solution f € Cm(D) of equation (53) if and
only if ‘)"(g = (. The inverse operator A" : h +— f is continuous from
Ho(r) to C@(D)

Proof. Without loss of generality, we assume that the vector fields /; and
Iy are parallel to the coordinate axes z1 and x9, respectively, and consider
as D a curvilinear triangle whose two sides coincide with the intervals {1 |
0 <z <1} and {z2 | 0 < 29 < 1} on the axes z1 and xa, respectively.
Under this assumption, the vector field [ takes the form [ = ril; + rals.
With respect to the third side I' of the triangle D, it is assumed to be a
smooth nonsingular curve transversal to the coordinate axes. Let

x1 = ay1(2), x9g =ww(z), z€l,

be an arbitrary parametric representation of the curve I'. Introduce the

notation
a(z) = <a1(z), 042(2)>7

and assume that «(0) = (0,1). Then, as was explained above, relations (52)
are valid. It is convenient to treat o as a map: I — I' which is invertible,
by (52). As was explained above, the space C 0 (D) consists of the functions
f(rexy — rixe) with f being an arbitrary continuous function on the closed

interval I = (—r1, r2). Introduce the functions

w(x) =roxry —rxe, wi(x) =w(x1,0), wa(z) = w(0,x2)
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in D, and denote by wr the restriction of w to I'. (I do not consciously
use the explicit values of the functions wy and wy to give to the reader a
possibility to observe the main springs of the proof not connected with the
constancy of the vector field 1). It is obvious, that the function

o(z) =wroa(z): I — Ip
is invertible and surjective. Indeed, the relation
0'(2) = wyy ()] (2) + way (@)ahy(2) >0, 2z €1,
holds, in view of the inequalities
Wey >0, we, <0, of(2) >0, ah(z) <0,

and this proves the invertibility. As to the surjectivity, take a point ¢ € D
such that w(q) = —r2. The trajectory of the vector field [ passing through
q meets I' at a point ¢q_. Therefore wp(g—) = —7r2. In just the same way
we determine a point ¢ € I', for which wr(g4+) = —r1. This completes the
proof of the assertion.

Now, in the coordinate form, equation (53) looks as follows:

a1(z) az(z)

/ / f(w(x))d@d“fl =h(z), zel

0 0

Applying the one-to-one change (50) of an unknown function f for F we
arrive at the following equivalent functional equation for the function F"

F(wr o a(z)) — F(wl o a(z)) — F(wg o a(z)) = H(z), (54)

Introduce the new variable t = o(z), t € Ir. Remembering that, by the
definition of the map (,

wjoa=wro(ioa, j=12.

we can rewrite equation (54) in the form

F(t) — F(wp o (1 owr_l(t)) — F(wr o (2 owfl(t)) = h(ail(t)), telr.

Let
6;(t) =wrojowpt(t), telr. (55)

Then, the last functional equation takes the form
F(t) = F(01(t)) = F(82(1)) = (hoo™')(t), te€Ir. (56)

We are now going to show that this equation is a Cauchy type functional
equation. This is an immediate corollary of the following lemma.
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Lemma 19 1° Both maps §1 and do are nondecreasing functions;
2°  the range of 61 (resp. 62) is the closed interval (0,7r1) (resp. (—r2,0));
3°  the relation

61(t) +d2(t) =1t

holds for all t € Ip.

Proof. 1° To simplify notation consider the case of §; only. Note that, by
the definition, wy'(t) = a(z), so that &;(t) = w(C1(a(z))), where t = o(2).
By the definition of the map (;, it follows that d;(t) = w(a1(2),0). Thus,
51(£) = way (a1, 000 (2) > 0, by (52).

2° By the definition of the map (;: ' — I, we have

01(t) = w(m oa(2),0), where t=o0(z). (57)

As the functions 01, w(x1,0) and a1(z) do not decrease, the range of the
map 01 coincides with the interval (w(oq(O),()), w(al(l),O)), ie. R[o] =
(*7"1, O)

3° To prove the assertion we use again relation (57). By linearity of the
function w, it follows that

01 (t) + d2(t) = w(ar(2),0) + w(0, aa(z))
= w(a1(2),02(2)) = (woa) (o7 (1)) =t.

This lemma makes it possible to use the result of Theorem 5 in studying
the solvability properties of equation (56). By this theorem we have to
consider the corresponding semigroup ®5 with § = (41, d2), to introduce the
guiding sets

%) .
TP ={telr|di(t)=0}, j=1,2,

and the corresponding sets of 79- guided and 7°- proper orbits in I7. Then,
as is known from Theorem 5, the condition ‘ﬁg:s = () is necessary and suffi-
cient for equation (56) to be uniquely solvable.

Returning to the proof of Theorem 18, we conclude that to complete this
proof it suffices to show that the relations

NC =0 and N =0

hold only simultaneously.
This follows immediately from the following lemma.

Lemma 20 The w-image of any (1¢- guided, T¢- proper) orbit in O¢ is a
(15- guided, Ts- proper) orbit in Os, and, conversely, any (Ts- guided, Ts-
proper) orbit in Os is an w- image of a (1I¢- guided, Ts- proper) orbit in O¢.



34 Boris Paneah

Proof. Tt is sufficient to consider only two-element orbits. Let (g, ) be
an orbit from O, that is ¢ = (;(¢) for some j = 1,2. Then, by (55),

w(q) =wo (i(g) = (9 0 w)(9),
which means that the ordered pair (w(q),w(q)) is an orbit from Os. If (¢

0
(1),
=0

(t
is an orbit from O, i.e. t = d;(t) for some j = 1,2, then wy, @) = ¢jowp !
by (55), which means that (¢,7) is the w- image of an orbit (wp ' (t), wp*
from O,. This proves the lemma in the case of nonspecific orbits.

To prove the lemma it remains to show that the w- images of the guided
sets (7¢); coincide with the guided sets (75);, j = 1,2. To this end, take an
arbitrary point ¢ from the guiding set (7;):, for definiteness. This means
that ¢ = a(z) for a (single) z € I and o)(z) = 0. Let ¢t = w(q). Then
t =0(z) = (woa)(z) and, by (55),

51 (0())0'(2) = i (01(2),0) - i (2).
As ¢’ > 0 and w,, > 0, the relations
aj(z) =0, and 6&(t)=0 fort=o(z)

are equivalent. This completes the proof of the lemma and, moreover, the
proof of Theorem 18 in the part of the solvability of equation (53). As for
the boundedness of the inverse operator A1, it suffices to refer to the proof
of the analogous assertion in Theorem 17. The necessity of the condition
‘ﬂg = () is actually proved in proving the correspondent part of Theorem 6.

4.3 On solvability of boundary problems for hyperbolic dif-
ferential equations

As another application of the results relating to a Cauchy type func-
tional equation, we consider now certain boundary problems for an arbitrary
homogeneous strictly hyperbolic differential operator P(0y,d,) of the third
order in some bounded domains in the (z,y)- plane R?. Any such operator
can be represented in the form

P = (0/011)(0/012)(9/01s)

where 11, I3 and I3 are arbitrary mutually transversal smooth vector fields in
R2. In the framework of the classical theory of partial differential equations
no boundary problems for such operators have been considered, although
some particular equations of this type arisen earlier in connection with some
problems relating to linearized flow of a chemically relaxing gas([Ch]).

Thus, the general theory of functional equations, its language and its
methods, become an essential technical tool when solving boundary prob-
lems for partial differential equations, and hence, to be applied in different
practical disciplines.
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4.3.1 Formulation of boundary problems

Let I1, Iz and I3 be an above triple of smooth nonsingular mutually
transversal vector fields in a disk B ¢ R?. Take any point O € B and
consider six semitrajectories of these vector fields, beginning at O. All this
rays are nothing but characteristics of the operator P. Take an arbitrary
triple of neighboring rays 1, lo and l3 lying on trajectories of the vector fields
11, 1o and I3, respectively, and choose arbitrary points A; € Iy, Ay € Iy, and
Az € l3. Assume, without loss of generality, that the ray ls lies between [y
and I3 (i.e. ZQ = )\171 + )\373 with A1 > 0, A3 > 0.

We associate with the differential operator P canonically two different
bounded domains D; and Ds, and they are just domains where different
boundary problems for the equation Pu = f will be considered.

The domain Dy is determined as the curvilinear triangle A;OA3 whose
third side I' = A; A3 is an arbitrary nonsingular C2- curve.

The domain Ds is determined as the characteristic parallelogram
A10A50', whose sides A10" and A3’ are trajectories of the vector fields
11 and [y, respectively.

4.3.2 First partly characteristic problem

This is the problem we associate with domains D;. In addition to the
above description, this domain is assumed to satisfy the following topological
conditions:

(i) the domain D is I1- and I3- convex?;
(ii) the projections

S ?1 — [; along the vector field zg,
mo: D1 — I along the vector field {2,
m3: D1 — I3 along the vector field [y,

satisfy the hypotheses
7T1D1 = OAl and 7['3D1 = OAg;
(iii) the curve T is transversal to the vector field Is.

The first partly characteristic problem for the operator P in question is
formulated in the following way.

Given an arbitrary function f in Dy and g on 0D1 = OA; UOA3UT,
find a function u in Dy such that

PO)u=f in Dy, u=g¢g ondD. (58)

2For a given smooth vector field I in R", a set w C R™ is said to be 1-convez if, for
arbitrary points p and ¢ in w lying on a trajectory of I, the full trajectory (p,q) belongs
to w.
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We introduce two maps of I into itself
51:77'2071'1 and 52:71'2071'3,

and consider the semigroup ®s generated by ¢; and ds. Let Og be the set of
orbits in I corresponding to ®5. Denote by 7 = 73 U735 the guiding set in T,
consisting of characteristic points in I' with respect to differential operator
P(0). In other words

qeT;, if T,()>31l(q), j=12,

where T;(I") stands for the tangent space of I' at the point ¢. Now everything
is ready to introduce the set ‘ﬁg as the collection of all T - proper periodic
orbits lying in the guiding set 7.

Theorem 21 Assume that the vector fields 11, loa and I3 are constant and
the characteristic sets Ty and 7o satisfy an ordering condition formulated
before Theorem 18. Let I' be a (2 + k)- times differentiable curve. Then
problem (58) has a unique solution u € C*T*(Dy) for arbitrary functions
f € C*(Dy) and g € C***(0Dy) if and only if MF = .

Proof. For the sake of brevity we assume the operator P(9) to be homo-
geneous and restrict ourselves to the case f = 0. It is easily to see that a
linear change of variables reduces problem (58) to the problem

(r10y + 120y)0x0yu(x,y) =0 in Dy, w=~h on 0D;. (59)
The boundary dD now consists of three parts,
Ii={(z,y)|y=0, 0<2z<1}, TDoa={(zy)]z=0, 0<y<1},

I'= {(Qj‘,y) | T = al(t)a Y= Oég(t); -1<t< 1}7

where a1(—1) =0, ai(1) =1, as(—1) = -1, az(l) =0. Let h = hy(z)
onI'y, h = ha(y) on I'y and h = hs(z,y) on I'. In virtue of continuity of the
function h on I', the following compatibility conditions are fulfilled:

hi(0) = ha(0), hu(1) = hy(1,0), ha(1) = hs(0,1). (60)

Using the postulated properties of the domain D it is easily verified that
the function

u(z,y) = /Ox (/Oy F(ros —rit)dt)ds + hi(z) + ha(y) — h1(0), 0<z,y <1,

(61)
satisfies the equation in (59) and the condition v = h on the part T'y U Ty
of the boundary, for any function F € C'(—r1,72). The necessity to satisfy
the condition w = h3 on I' leads to the integral equation

al(t) Ozz(t)
/ (/ F(roz —ry)dy)dz = H(t), tel. (62)
0 0
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Here, as in Subsec. 4.2.2; the relations © = «a1(t), y = ao(t), t € I,
describe the curve I' in a parametric form, and H(t) = —hy(ai(t)) —
ha (a2 (t)) + hs(ai(t), aa(t)) + h1(0). What is important is that the function
H, generated by any k times piece-wise differentiable functions h, belongs
to the space H(I) := (C? N Cp)(I). This follows from (60). The inverse
statement is also true: a function w which is defined by formula (61) with
F being a solution to equation (62) is a solution of the problem (59). Thus,
the latter problem turns out to be equivalent to the integral equation (62),
which is nothing but equation (49). The unique solvability of the problem
(59) for any function h of the required form under hypothesis 7 = @ follows
directly from Theorem 18.

To illustrate the result obtained let us consider the problem (59) in the
domains Dy, Dy and Ds (see below). On these figures the only points p and

I 1

2 2
A, Aad -
Q) 1
qz q //l p:Cz(q) / )
3
: 4=¢(p)
q 7
J D, &(P) P 2 D I
0 0 ' 0
p1 Al pl A
Fig. 3 Fig. 4 Fig. 5

q are characteristic ones. It is easily verified that 97 = ) in the case of the
domains D; and Ds and hence, the problem (59) is well posed in Dy and in
Ds3. On the other hand, the set ‘)?CT in the case of D3 contains the (unique)
characteristic 7- proper periodic orbit (p,q,p). That is why Theorem 21 is
nonapplicable here.

4.3.3 Second partly characteristic problem

Let Dy be an arbitrary domain associated with the above operator
P(9). Denote by I' = OO0’ a quasi-diagonal of the curvilinear parallelogram
A10A50" which is supposed to be a nonsingular C2- curve satisfying the
following topological conditions:

(j) the curve I is [1- and l3- convex;

(jj) the curve T is transversal to the vector field I3 everywhere
and to the vector fields [ and I at the point O;

(jjj) the curve I intersects the trajectories OA; and OAy only
at the point O.

The second partly characteristic problem for the operator P(0) in the domain
D5 is formulated as follows:
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Given arbitrary functions f in Dy and g on M = OA;UOAy UT, find a
function u, in Dy such that

PQ)u=f in Dy, u=g¢g onM. (63)

Proceeding with the formulation of the result related to problem (63)
we first establish some compatibility conditions which must hold for the
function g. Denote by g1, g2 and g3 the restrictions of the function g to the
curves OA;,OA; and T, respectively. If {z = z;(t),y = y;(t); 0 <t <
1}, j = 1,2,3, are some smooth parametric representation of these curves
and O = (z;(0),y;(0)) for all j, then

u(z;(t),y;(t) = g;(t), 0<t <1

for j = 1,2, 3. Denote by 7r the unit tangent vector of I' at the point O. By
virtue of transversality of the vectors [; and I, there are positive constants
A1 and Ay such that 7r = A\il; + A2lo. This immediately leads to the first
compatibility condition

93(0) = M1g1(0) + A2g5(0). (64)

The second one
91(0) = 92(0) = g3(0) = u(0) (65)

is a consequence of the coincidence of the curves OA;, OAs and I' at the
point O.

Theorem 22 Let P(0) be the above differential operator with constant vec-
tor fields 1;, 1 < j < 3, defined in the domain Dy. Then, for arbitrary
functions f € C(Ds) and g € C*(M) satisfying conditions (64) and (65),
there is a unique solution u € C?*(Dy) of problem (63), and the inverse
operator (f,g) — u is bounded. If f € C*(Dy) and g € C***(M), then
u€ CHr(Dy), k=1,2,....

The relation g € C™(M) means that the three functions g1, g2 and g3
are m times continuously differentiable on their domains.
Proof. We turn our attention to the main details of the proof. To begin
with let f = 0. Then problem (63) can be reduced to the problem
(0p — 0y)0,0yu =0 in Do u=g on M (66)

where Dy = {(z,y) | 0 <2 < X, 0 <y <Y}, and the set M consist of
parts,

Mi={(z,y)| 0 <z <X, y =0}, Ma={(z,9)|x=0,0<y<Y}
I'=A{(z,y)l2=0d(t), y=05(t), 0 <t <1}
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Let
g=Gi(z) on My, g=Ga(y) on M3, g=Gs(x,y) on I,

and let ¢(t) := G3(01(t),62(t)), 0 < ¢ < 1. Then the compatibility condi-
tions (64) and (65) become

¢'(0) = §1(0)G1(0) + 3(0)G5(0) and  G1(0) = G2(0) = ¢(0).  (67)

It is obvious that any solution u of problem (66) can be represented in Dy
in the form

u(z,y) = /Ox (/Oy F(s + t)dt)ds + Gi(z) + Galy) — G1(0).

Here F is a continuous function in the closed interval I = (0, X + Y) satis-
fying the integral equation

51(¢) da(t)
/ (/ F(z +y)dy)de = H(t), 0<t<1, (68)
0 0
where
H(t) = —G1(01(t)) — G2(d2(t)) + G3(d1(t), 82(t)) + G1(0).

What is important is that the function H(t) belongs to the space H(I")
(see Subsec. 4.2.1), since, by (67), it satisfies the conditions H(0) = 0
and H'(0) = 0. But then equation (68) coincides with equation (49) whose
solvability has been demonstrated in the very end of the proof of Theorem 17.
This completes the proof of Theorem 22 when f = 0. In the case of an
arbitrary function f € C*(Dsy) what it remains to do is to find a particular
solution u € C?*#(Dy) of the differential equation

(0p — 0y)0x0yu = f, (x,y) € Ds.

The reader can verify directly that the function

A L e s+t+z s+t—z
u(:v,y)—/o (/0 </w(s+t)f< D) )dz) dt) ds,

where v = (6; — 2) o (81 + d2) !, solves this equation, and this completes
the proof.

CONCLUDING REMARKS

As mentioned in Introduction, the study of the Cauchy type functional
equations is mostly motivated by the applications of the results obtained in
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such fields of analysis very far from functional equations as Integral geometry
and Partial differential equations (see Sect.4). For this reason, we have
restricted ourselves to studying the solvability problems in the framework
of the Z- and P-configurations and sufficiently smooth functions. Another
functional equation

F(t) — a1 () F(61(t)) — aa(t) F(d2(t)) = h(t) (69)

studied in details in [P1], episodically arising in this work (see (16) and
(30), for example), is intimately connected with the Cauchy type functional
equations as the solvability properties of (69) represent a very important
intermediate step when studying the latter equations. The homogeneous
equations (69) with the functions é; and 2 forming a configuration quite
different of the Z- and P-configurations were already studied by several
authors (see [KCG, Sec.6]) under more free smoothness conditions than in
the present paper. The results obtained play a very important role when
looking for densities of measures invariant under some specific mappings
of a compact interval. For this reason, the solvability of nonhomogeneous
equations (69) in the case under discussion will without any doubt find some
interesting applications in the theory of real functions.

Another problem which is of the great interest and importance in appli-
cations is weakening smoothness restrictions in Theorem 6 related to the
P-configuration. It is hard to believe that the C? - smoothness is necessary
when solving linear functional equations. But at this moment the author
has no idea about a possibility to avoid such a condition.

The dynamical systems and all accompanying notions including the or-
bits we apply throughout this work were introduced for the first time in
[P1] and carefully studied in [P5].These notions have nothing in common
with the classical dynamical systems and the orbits, first of all, because
the semigroups of maps generating the new dynamical systems are gener-
ated by two maps but not one as in the classical situation. This leads to
quite different problems inside the new theory but also gives a new power
technical tools when dealing with the functional equations in question. In
the classical case each point of the corresponding space generates only one
orbit x, p(x), ¢(p(x)),..., whereas in our case the same point = generates
infinitely many orbits. One of the most difficult and interesting problems
here is to describe the attractors of the new dynamical systems i.e. subsets
in the space that can be reached by orbits (sometimes very specifical ones,
see proofs of Theorem 5, Theorem 6 and Theorem 18) beginning at a fixed
point x.
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