GERMS AND MULTIGERMS OF LEGENDRIAN CURVES

M. ZHITOMTIRSKIT

ABSTRACT. The first main theorem states that in the real analytic category
any two diffeomorphic multigerms of T.egendrian curves in a fixed contact 3-
space are contactomorphic. The same holds in the '™ category beyond a
certain case of infinite codimension. One of corollaries (and the most difficult
part) of this theorem is the equivalence of the following properties of a T.eg-
endrian curve multigerm ~v: (i) v does not determine an orientation of R?in
the sense that there are contact structures defining different orientations with
respect to which « is Tegendrian; (ii) the image of v admits an orientation-
reversing symmetry. The second main theorem states the equivalence of (i),
(i1), (iii), and (iv), where (iii) is the property that ~ is planar, i.e. its image is
contained in a non-singular surface, and (iv) is the property that ~ is quasi-
homogeneous. The paper also contains application of these results to contact

classification of germs and multigerms of Legendrian curves.

1. INTRODUCTION AND MAIN RESULTS

1.1. Multigerms of Legendrian curves. Reduction theorem. By a multi-
germ of a curve in R? we mean the collection ¥ = (1, ..., ym) of germs at 0 € R of
maps (R,0) — (R? 0) defined up to permutation of the components v;. A compo-
nent y; might be non-singular (/(0) # 0) or singular (¥/(0) = 0). The image of a
multigerm is the union of the images of its components. Two multigerms of curves
in B are called diffeomorphic if their images can be brought one to the other by a
local diffeomorphism @ : (R? 0) — (R30).

Given a contact 1-form a on R* we denote by (a) the corresponding contact
structure - the field of kernels of a.. A local contactomorphism of the contact space
(R3, () is a local diffeomorphism @ : (R*0) — (R?0) preserving the contact
structure, i.e. ®*a = Qa, where @ is a function germ, Q(0) # 0. Two multigerms
of curves in a contact space (R?, («)) are called contactomorphic if their images can
be brought one to the other by a local contactomorphism of this contact space.

A multigerm v = (v1,...,%m) in a contact space (R?3, () is called integral or
Legendrian if vfa =0, i=1,...m.

Theorem 1.1. In the real analytic category any two diffeomorphic Legendrian
multigerms in a fired contact 3-space are contactomorphic. The same holds n
the O cateqory provided that the multigerms do not belong to a certain set Foo of
infinite codimension defined below.
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Definition of the set F,. By F, in Theorem 1.1 we denote the set of C'° multi-
germs of curves in B? containing either two non-singular components with infinite
order of tangency ' or a singular component whose Taylor series can be reduced by
a non-degenerate change of coordinates to a series of the form (f(1),0,0).

Remarks.

1. Theorem 1.1 does not hold for Legendrian multigerms of curves in R2?+1if n > 2.
In this case there are invariants with respect to the group of contactmorphisms
beyond those with respect to the group of diffeomorphisms, see [1] and [16].

2. Theorem 1.1 also holds in the holomorphic category (one has to replace R? by
C*). Tn the holomorphic category for the case of multigerms with one component
it was proved by G. Tshikawa in [11] using a general theory of Tegendrian maps
developed in [12]. The holomorphic category is much simpler than the real analytic
category because, as we will explain below, the main difficulty in proving Theorem
1.1 is related to orientation of R? defined by contact structures. (Recall that any
contact structure () on R* defines an orientation of R? since the sign of the volume
form o A de remains the same when multiplying & by a non-vanishing function).
The proof of Theorem 1.1 in the holomorphic category does not require the most
difficult part of the proof in the real analytic category, see section 3.5.

The starting point for Theorem 1.1 is a result on structural stability of germs
of singular Legendrian submanifolds of a contact manifold (of any odd dimension)
proved by A. Givental’ in [10]. This result implies Theorem 1.1 provided that one
of the Legendrian multigerms is fixed and the other can be brought to the first one
by a local diffeomorphism ¢ with the linear approximation sufficiently close to id.

The possibility to refuse from the assumption that the linear approximation of ¢
is close to id 1s, from the first look, surprising. In fact, take an orientation-reversing
diffeomorphism ¥ and a Legendrian multigerm ~. Assume that the multigerm
Y = W o~ is also Legendrian with respect to the same contact structure. Since
any contactomorphism preserves orientation of B3 then the existence of a contac-
tomorphism @ bringing the image of 4 to the image of v implies that the image of
v admits an orientation-reversing symmetry (the composition ® o ¥). On the other
hand, there are Legendrian multigerms (even with one component) whose image
does not admit an orientation-reversing symmetry, see examples in Section 2.

1.2. Legendrian multigerms and orientation of the space. The given above
counterexample 18 wrong because the assumption that the image of a TLegendrian
multigerm v does not admit an orientation-reversing symmetry cannot hold simul-
taneously with the assumption that ¥ o v is Legendrian with respect to the same
contact structure for some orientation-reversing diffeomorphism ¥. In order to ex-
plain this in simpler terms we need the following notation and definition that will
be used throughout the paper.

"The tangency of two non-singular components v1,v2 means that the vectors ~1(0) and ~5(0)
are proportional. Tn this case in suitable local coordinates the images of v; and ~2 are described
by the equationsy = z = 0 and y = g1(%),z = g2(#), where g1(%),92(%) = o(x). The order of

tangency is infinite if the function germs g1 (x) and g(7) have zero Taylor series.



GERMS AND MULTIGERMS OF TLEGENDRIAN CURVES 3

Notation. By Leg(IR?) we denote the set of multigerms v of curves in R? that are
Legendrian with respect to some contact structure (o) (depending on ~).

Definition. Tet v € Leg(R?). We will say that v determines orientation of R? if all
contact structures with respect to which v is Legendrian define the same orientation.

The construction given in the end of Section 1.1 is impossible because one has
the following statement:

(*)  Assume that a multigerm v € Leg(R?) does not determine orientation of R?.
en in the real analytic category the image of v admits an orientation-reversin
Then in th l lyts tegory the image of v admit entats ng

symmetry. If v & Fo, then the same holds in the C° category.

This statement is a corollary of Theorem 1.1. On the other hand, (*) is the most
difficult part of this Theorem, modulo well-developed techniques.

1.3. Four equivalent properties of Legendrian multigerms. Theorem 1.2
below states the equivalence of four properties of any multigerm v € Leg(R?) - the
two properties given in (*), the planarity, and the quasi-homogeneity.

Definition. A multigerm 5 of a curve in R? is planar if its image belongs to a
non-singular surface (2-dimensional submanifold) of R?.

Definition. A multigerm of a curve in R? is called quasi-homogeneous if there
exist A1, Ao, A3 > 0 (weights) such that v is RI-equivalent ? to a multigerm whose
components have the form

r=at™, y=b"2 z=ct"* abec,reR,

where the local coordinate system (x,y, z) and the weights Ay, A2, A3 > 0 are the
same for all components and the numbers a, b, ¢, » depend on a component.

Theorem 1.2. In the real analytic category (respectively the C™ category) the
following statements are equivalent for any multigerm v € Leg(R?) (respectively
for any multigerm v € Leg(R?) beyond the set F, ):

(i) v does not determine orientation of R?;

(ii) the image of v admits an orientation-reversing symmetry;

(iiz) v is planar;

(iv) v is quasi-homogeneous.

The implications (7ii) = (#) == (i) are trivial, but the other implications
are not. Note that each of the implications (i1) = (di7), (i7i)) = (i7),
(7i1) = (iv) and (iv) == (4ii) is violated by certain multigerms (even with one
component) of space curves. By Theorem 1.2 such multigerms do not. belong to
Leg(R?), i.e. they are not Legendrian with respect to any contact structure on R?.

2Two multigerms v = (v1, ..., ¥m ) and ¥ = (F1,...,%m ) are called RIL-equivalent if they can be
brought one to the other by a local diffeomorphism & : (Rg,ﬂ) — (Rg,ﬂ) (change of coordinates)
and local diffeomorphisms ¢; : (R,0) — (R,0),7 = 1,...,m (independent reparameterization of the

components), i.e up to permutation of the components one has4; = ®o~; 0¢;, 1 =1,...,m.
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Theorem 1.3. (Corollary of Theorem 1.2). In the real analytic category (respec-
tively the C° category) any multigerm v € Leg(R?) (respectively any multigerm
v € Leg(R?) beyond the set Eo) satisfies one of the following two conditions:

(a) v is planar and quasi-homogeneous;

(b) = is neither planar nor quasi-homogencous.

Tt is clear that any planar quasi-homogeneous multigerm belongs to Leg(R?).
Within multigerms that are neither planar nor quasi-homogeneous there are multi-
germs both in and beyond the class Leg(R?), see Example 2.5 and Sections 6-8.

1.4. Plan for the paper. In Section 2 we give several simple examples illustrating
Theorems 1.2, 1.3 and the notion of the determinacy of orientation by a Legendrian
multigerm. Theorem 1.1 18 proved in Section 3 using the well known techniques
(the homotopy method) and the most difficult implication (i) == (47) in Theorem
1.2. The proof of Theorem 1.2 is rather long - it is contained in Section 4.

In sections h-9 we present applications of Theorems 1.1 and 1.2 to contact clas-
sification of Legendrian multigerms in a fixed contact space. 3

The simplest application holds for multigerms of classes A;, section 5. The image
of multigerms of the class A; is diffeomorphic to the singular submanifold of R3
given by the equation y> = 2+t = 2 = (). The class AyUA4U- - - consists of singular
curves with non-zero 2-jet whose Taylor series in not RI-equivalent to (#,0,0). The
class AJUA3 U --- consists of multigerms with two components; the components
are non-singular curves with a finite order of tangency at the origin. Tt is easy
to see that A; N Leg(R?) =A;, i.e. any multigerm of the class A; is Legendrian
with respect to some contact structure. This makes application of Theorem 1.1
very simple - by this theorem all Legendrian multigerms of the class A; in a fixed
contact space are contactomorphic.

Section 6 is devoted to contact classification of E singularities - germs of singular
curves with zero 2-jet, non-zero 3-jet, and the Taylor series not RI-equivalent to
(#3,0,0). The classification of such singularities with respect to diffeomorphisms is
obtained in [9], see also [2]. Tt is described, in the notations in [2], by normal forms
Fek pi and Fgiiop 4, where k> 1,0 <p <k, 0<i<min(k—1,p). We prove that
Fek pis Peksopi € Leg(R?) if and only if p =i+ 1. Within the class E N Leg(R?)
there are planar quasi-homogeneous multigerms (the case p = k,i = k — 1) and
multigerms that are neither planar nor quasi-homogeneous (the case p = i+ 1 < k).
Theorem 1.1 implies that in a fixed contact space all multigerms diffeomorphic to
Fek 41, (respectively Fgrioi41 ) are contactomorphic.

In Section 7 we obtain few more classification results for germs of Legendrian
curves (multigerms with one component); this allows us to determine and classify
all contact-simple germs of TLegendrian curves. * We prove that a germ + of an Teg-
endrian curve is contact-simple within Legendrian germs (i.e. any Legendrian germ

3Theorems 1.1 and 1.2 also can be applied for classification of germs of Legendrian curves
in a 4-dimensional Engel manifold and its generalization - an n-dimensional ”monster” manifold
constructed in [14] using expressed in modern terms F. Cartan prolongation procedure. We hope
that this application also leads to a number of results relating singularities of plane and space
curves with singularities of Cartan-Goursat flags, see [14]. We also hope that there are applications
in the theory of implicit ODFE’s and in the theory of lL.egendrian knots.

4Results of Section 7 were obtained in the author’s work [17], by a different method, using

certain pre-normal form for Legendrian curves.
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sufficiently close to v is contactomorphic to one of a finite number of fixed Tegen-
drian germs) if and only if 5 is simple as a space curve, with respect to the group of
diffeomorphisms (i.e. any space curve germ sufficiently close to v is diffeomorphic to
one of a finite number of fixed space curve germs). Therefore our theorem on deter-
mination of contact-simple germs of Legendrian curves 1s the same as the theorem
in [9] on determination of simple germs of space curves. Nevertheless, the classifi-
cation of contact-simple germs of Legendrian curves differs from the classification
of simple space curves in [9] because there are many simple singularities of space
curves that are not Legendrian with respect to any contact structure, in particular
quasi-homogeneous non-planar curves and planar non-quasi-homogeneous curves
which do not belong to Leg(R?) by Theorem 1.3. On the other hand, we prove that
there is a 1-1 correspondence between contact-simple singularities of TLegendrian
curves in B3 and simple singularities of curves in B2 determined and classified in
[8]. This correspondence is not canonical - it holds in a local coordinate system
in which the contact structure is described by the 1-form dz — ydx and requires a
(non-canonical) projection (2,y, 2) = (#,y).

In section 8 we classify, with respect to contactomorphisms, Legendrian multi-
germs (1, v2) such that 4 is a curve with a cusp singularity (a curve diffeomorphic
to (#2,#%+1.0)) and 75 is a non-singular curve. We denote this class by (A, /).
We use the classification of multigerms of this class with respect to the group of d-
iffeomorphism obtained in [13]. At first we consider the case k = 1. Using Theorem
1.2 we prove that a multigerm in (A3, 1) is Legendrian with respect to some contact
structure if and only if it is is planar and quasi-homogeneous (the class (A, 1) has
singularities violating these properties). Theorem 1.1 implies that in a fixed con-
tact space any Legendrian multigerm (v1,v2) € (As,l) is contactomorphic to one
of two normal forms without parameters. These two normal forms correspond to
the cases that the non-singular component v is not, tangent (respectively tangent)
to the limit tangent line /(1) to the image of the component ;.

The contact classification of multigerms of the class (A, 1) is a bit more involved
if k> 2. Tn this case (Agg, 1), but for k& > 2 the class (Aag, 1) N Leg(IR®) contains
certain singularities that are neither planar nor quasi-homogeneous. The class
(A, 1) N Leg(R?) can be completely described using Theorem 1.2. Using Theorem
1.1 we prove that in a fixed contact space any multigerm (v1,72) € (Asg,l) is
contactomorphic to one and only one of 2k normal forms without parameters.

In Section 9 we use Theorems 1.1 - 1.3 1n order to obtain a contact classification
of Legendrian multigerms with three non-singular components.

In the Appendix we discuss an alternative way of contact classification of Legen-
drian multigerms in the fixed contact space (R?, (dz — ydxz)), using the projections
oy (2,y,2) = (x,y) and 7, 5 @ (2,9,2) = (2,2). Let 7,4 be Legendrian multi-
germs. We prove that v and 4 are contactomorphic if one of the following holds: (a)
the projections m, .y and 7, .4 are diffeomorphic (via any local diffeomorphism)
provided that these projections do not contain components with the zero Taylor
series; (b) the projections m, % are diffecomorphic via a local diffeomorphism
preserving the volume form dz A dy up to multiplication by a number.

Tn view of these sufficient conditions and results in [17] and Section 10 we give
example showing that in general the contact classification of germs and multigerms
of Legendrian curves in B3 cannot be reduced to a classification of plane curves.
Namely, we give examples illustrating the following statements:
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1. Tf two Legendrian multigerms vy and ¥ in the contact space (R? (dz — ydz))
are contactomorphic then (a) the projections m, .y and ., .4 do not need to be
diffeomorphic; (b) the projections 7, v and ;¥ do not need to be diffeomorphic;

2. If two Legendrian multigerms v and ¥ in the contact space (R? (dz — ydz))
have diffeomorphic projections 7, ,v and 7, ¥ then v and 5 do not need to be
diffeomorphic (and consequently contactomorphic).

Examples illustrating these statements for the projection 7, , are very simple,
they hold already for E singularities. In the case of the projection =, , the sin-
gularities in the examples are deeply degenerate. This is in correspondence with
results in [17] and Section 10.

Acknowledgements. T am thankful to G. Ishikawa and R. Montgomery for a
number of stimulating questions and comments during my work in the direction of
Theorems 1.1 - 1.3 and their applications.

2. EXAMPLES.

The following examples illustrate Theorems 1.2 and 1.3 and the notion of deter-
minacy of orientation of the space by a Legendrain multigerm.

Example 2.1. Consider a planar quasi-homogeneous multigerm of the form

Y= (Y1, ¥m)s Vit w=ait?! y =07, 2 =0,
where a;,b; € R. The multigerm 4 18 Legendrain with respect to any contac-
t structure of the form (dz + Ajyda 4+ Aoxdy) with Ay, As satisfying the relation
gA1 + pAs = 0. Within such contact structures there are those that define different
orientations of R? for example (dz + pydz — qedy) and (dz — pydz + qzdy).

Example 2.2. Consider the multigerm v = (y1, v2) with two components
71:.17:7‘,2,1/:7‘,5,2:0, 72:.17:7‘,,1/:7‘,2,2:7‘,3.

Tt is Legendrain with respect to the contact structure dz 4+ Ajyde + Asxdy with
A = —15, X9 = 6. Tt is easy to check that v is not planar. By Theorem 1.2
the multigerm ~ determines orientation of R? the image of v does not admit an
orientation-reversing symmetry, and ~ 18 not quasi-homogeneous.

Example 2.3. Let us show, using Theorems 1.2 and 1.3, that the multigerm
7:(71772)7 71:m:t27y:t572207 72:.7::75,_1/:7‘,3,2:(17‘,2
is not Legendrain with respect to any contact structure on R? for any o € R.
Tf a # 0 then v admits an orientation-reversing symmetry, for example (z,y, z) —

(x, —y+ 22 2). On the other hand, if @ # 0 then it can be easily showed that v is

a

not planar. Therefore v & Leg(R?) by Theorem 1.2. Tn the case a = 0 v & Leg(R?)
by a different part of Theorem 1.2, namely, by Theorem 1.3: in this case ~ is planar,

but one can prove that it is not quasi-homogeneous.
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Example 2.4. Consider the following germ of a singular curve:

Y=t y=t"+at®, z=0"", abePR.
This germ has the following properties:
(a) Tt is easy to check that if b % 0 then ¢ is not a planar curve (for any a € R);
(b) Tfa # 0 and b # 0 then ¢ € Leg(R?®). For example, v is Legendrain with respect
to the contact structure (dz + Ay yda + Asxdy), where (A, As) is the solution of the
linear system 3X; 4+ Thy =0, 3X 4+ 8ads + 11b=0 (X == %, Ay = —%;)
(¢) Tf @ = 0 then the image of 1 admits an orientation-reversing symmetry, for
example (2,y,2) = (-2, —y, —2);
(d) Tf a % 0 then it is easy to prove that the germ ¢ is not quasi-homogeneous.
These properties and Theorems 1.2 and 1.3 imply the following statements:
(i) If @ # 0 and b # 0 then the curve ¥ belongs to Leg(R?) and defines orientation
of R3. The image of the curve 1 does not admit an orientation-reversing symmetry:
({i)Hfa=0,b#0o0ra##0,b=0then ¢ & Leg(R?) (if a = 0 and b # 0 then the
curve 1 admits an orientation-reversing symmetry, but it is not planar; if a # 0
and b =0 then ¢ is planar, but not quasi-homogeneous).

Example 2.5. Many singularities of space curves are described by the normal form
Y=t y=tP£t* 2 =1t", g<p<s<r (2.1)

where the integers ¢, p, s, r satisfy the following assumptions:

(a) pis not divisible over ¢;  (b) s & {a1g+ aap}, a1, @y are integers > 0;

(¢) s+ ¢ is not divisible over p; (d) r & {a1g+ asp}, oy, a9 are integers > 0.
The explanation of (a) - (d) is as follows, see [8], [9]. Tf one of the assumptions

(a)-(c) is violated then the germ 1 is 1 is quasi-homogeneous - it is Rl-equivalent,

to (19,47, 17) or (19,1°,1"7). One can prove that under assumptions (a) - (¢) the germ

¥ is not quasi-homogeneous. Tf (d) is violated then the r-jet of ¢ can be simplified

to (9,47 +1%,0). Tf ¢ = 3 then under assumptions (a)-(d) ¢ is not planar, see [9].

This is not so if ¢ > 4. For example the germ (1,15 17 1972%) satisfies (a)-(d) for
any k >0, but if k > 4 then it is Rl-equivalent to (t*,#5 +17,0), see [9].)

Proposition 2.1. Let ¢ be a germ of form (2.1) with q,p, s, v salisfying (a)-(d).
Then o) € Leg(R?) if and only if r = s+ q.

Proof. Assume that ¢ 1s Legendrain with respect to a contact 1-form o = Adx +
Bdy 4+ Cdz. Assumptions (a) and (b) easily imply that A(0) = B(0) = 0. Conse-
quently C'(0) # 0 and there is no loss of generality to assume that C' = 1. Then
the functions A and B satisfy the relation

Ft)y =A@ 4" £ 47) g -t £ B2 +4° 7)) - (pt* ' st Y 4r -7 =0,
Let fit 4+ fot? +--- be the Taylor series of F(t). Using (a)-(d) it is easy to obtain
0A OB 0A OB
=00+ L0V =0 forer =+ (- 220145 ZZ(0)) =,
o =0 0+ L2020 Lo =4 (0 S0 45 L 0)

where d = 0if r £ ¢+ s and § = r if »r = g 4+ 5. Tt follows that if r # ¢ + s then
(0A/0y)(0) = (OB/Jx)(0) = 0. Tn this case (o A da)(0) = 0, i.e. the T-form «
is not contact. The contradiction means that if » # ¢ + s then ¢ & Leg(R?). Tf
r = g+ s then ¥ € Leg(R?) because 1 is Legendrain with respect to the contact
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1-form dz + Ayde + doxzdy with (A1, Xa) being the solution of the linear system
gA1 +pAa =0, gAr + sA = £ O

Remind that under conditions (a)-(d) the germ (2.1) is not. quasi-homogeneous.
Therefore if » = s + ¢ then by Theorems 1.2, 1.3 and 2.1 the germ (2.1) is not
planar and determines orientation of R?. The latter can also be seen from the
proof of Proposition 2.1: if ¢ is Legendrain with respect to a contact 1-form o =
dz + Adxz + Bdy then (o Ada)(0) = (Ao — Ay)da Ady A dz, where Ay and Ay are

uniquely determined by the numbers ¢, p, s, r.

3. PrOOF OoF THEOREM 1.1 (USING THEOREM 1.2)

Tn this section we prove Theorems 1.1 using the implication (i) = (%) in
Theorem 1.2. We work in a fixed category which is either real analytic or . At
the end of the section we also prove Theorem 1.1 in the holomorphic category.

3.1. Reformulation of Theorem 1.1. At first we reformulate Theorem 1.1.

Theorem 3.1. (equivalent to Theorem 1.1). Let v be a mulltigerm of a curve in
R3. In the C® category assume that v & F.,. If v is Legendrain with respect to
contact structures (o) and (3) then there exists a local diffeomorphism preserving
the image of v and sending (B) to ().

Theorem 1.1 implies Theorem 3.1 by the Darboux theorem on the diffeomor-
phness of all local contact structures. Let us show that Theorem 3.1 implies Theo-
rem 1.1. Let v and 4 be Legendrain multigerms with respect to a contact structure
() in Theorem 1.1, and let & be a local diffeomorphism sending the image of 4
to the image of 4. Tet ¥ = ® o 4. The multigerms 4 and 4 have the same image
and consequently in the real analytic category % is Legendrian with respect to («).
The same holds in the C° category due to the assumption 4,3 & Fo. > On the
other hand ¥ is TLegendrain with respect to the contact structure (3) = (®*«). By
Theorem 3.1 there exists a local diffeomporphism W sending (5) to («) preserving
the image of 4. Then the composition ¥ o & is a local contactomorphism of the
contact space (R?, (o)) sending the image of ¥ to the image of 7.

3.2. The case that the contact structures (o) and (5) are transversal. The
transversality of (@) and (8) means that (o A 3)(0) # 0. This is an easy case in
Theorem 3.1. Tn this case the vector field Y defined by the relation V | @ = a A S,
where € is a non-degenerate volume form on R?3, does not vanish at 0 and the image
of the multigerm ~ belongs to the phase curve I of ¥ containing (0. This phase
curve [ is a non-singular T-dimensional submanifold of R? and it is Legendrain with
respect to the contact structures () and (3). By Darboux-Givental’ theorem (see
[4]) there exists a local diffeomorphism sending () to («) and preserving [ pointwise.
Consequently, this diffeomorphism preserves the image of v (also pointwise).

5in order to conclude that 4*a = 0 it suffices to assume that the multigems v and 4 have no
components with the zero Taylor series and consequently any component is immersed at any point
t # 0 sufficiently close to 0.
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3.3. The case that the contact structures (o) and (8) are tangent. Reduc-
tion to the case that they define the same orientation. We have reduced
Theorem 3.1 to the case that the 1-forms o and § are tangent at 0: (« A 8)(0) = 0.
Since ar and 8 are non-vanishing 1-forms we may assume that a(0) = 3(0).

Now we use the implicatioin (i) == (4i) in Theorem 1.2. Tt allows to assume,
without loss of generality, that the contact structures (o) and (83) in Theorem 3.1
define the same orientation of R?. Tn fact, assuming that we have proved Theorem
3.1 for this case, the proof for the case that (a) and (8) define different orientation
is as follows. By the statement (/) == (7i) in Theorem 1.2 the image of v admits
an orientation-reversing symmetry ®. It follows that ~+ is Legendrain with respect
the contact structures (®*«) and (3). These contact structures define the same
orientation of R* and therefore there exists a local diffeomorphism W sending (/)
to (¢* ) preserving the image of 4. The composition ®~' o W preserves the image

of v and sends (8) to ().

We have reduced Theorem 3.1 to the following proposition.

Proposition 3.2. Let v be a multigerm of a curve in R3. In the O™ category
assume that v & Fo,. Assume that v is Legendrain with respect to germs of contact
1-forms o and B satisfying the following assumptions:

(a) a(0) = 6(0) = 0;

(b) the orientations on TyR? defined by o and 3 are the same.

Then there erxists a local diffeomorphism ® which preserves the image of v and

brings (8) to ().

3.4. Proof of Proposition 3.2. The assumptions (a) and (b) allow to prove this
proposition by the homotopy method, see [6] and [18]. Tet gy = a+s(8—a). We will
prove that that there exists a family of local diffeomorphism &, s € [0, 1] preserving
the image of the multigerm v and such that ®*(a,) = aq for any s € [0, 1].

Lemma 3.3. Under assumptions (a) and (b) the germ oy = o+ s(8—«) is contact

forall s € [0,1], i.e. (a5 Adag)(0) #£ 0.

Proof. Fix a non-degenerate volume form € on TyR? and consider the function
F'(s) such that (s A dag)(0) = F(s)2. Condition (a) implies that F(s) is a linear
function: F(s) = kis + ko for some ky, ko € R. Condition (b) implies that F(0)
and F(1) are non-zero numbers of the same sign. Therefore F(s) # 0 for any
sel0,1]. O
Lemma 3.3 allows to define a family of germs of vector fields Y by the relation
Vi | (s Adag)=aAB, se0,1] (3.1)
By condition (a) one has Y;(0) = 0. This allows to define a family &, s € [0, 1], of
local diffeomorphisms by the system of ODEs
dd,
ds

We will show that ®; is the required family of local diffeomorphisms: ®; preserves
the image of the multigerm v and sends the contact structure (ay) to the (ap).

— V,(®,), By =id (3.2)

Take a point p # 0 close to 0 € R? and belonging to the image of 4. Tet v; be a
component of v passing through p: p = v;(t0),tn # 0. Tn the real analytic category
vi(to) # 0. The same holds in the C°° category due to the assumption v & F,.
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Therefore in a small enough neighborhood of p the image of the the component ~;
is a non-singular 1-dimensional submanifold I, C R*. Since v is Legendrain with
respect to 1-forms o and 3 then [, is tangent to the 2-spaces kera(p) and ker3(p).
Tf (a« AB)(p) # 0 then (3.1) implies that Y (p) € kera(p)Nkers(p). if («AB)(p) =0
then by (3.1) one has Y;(p) = 0. Consequently either Y;(p) = 0 or the vector Y;(p)
is tangent to the image of ~;. Tt follows that the family of local diffeomorphisms
defined by (3.2) preserves the image of 4; for any s € [0, 1]. Therefore ®; preserves
the image of the multigerm ~.

Now we will prove that ®*(«,) = aq, i.e that there exists a family H of function
germs such that H;(0) # 0 and Hy - ®*a; = ag. Note that we have proved ahove
that Yy | a =Y, | 3 =0 forany s € [0,1]. Consequently Y, | ay = 0. Let Ly, he
the Lie derivative along the vector field Y. Then Ly a, =V, | dog. This relations,
(3.1), and the relation 8 = d’;;s imply

dovg
Ly, o + Aas = 0.

ds

Since a,(0) # 0 for any s € [0, 1] it follows that there exists a family h; of function
germs, s € [0, 1], such that

deovg
Ly, o + hyay + 225 — . (3.3)
' ds
Define a family H; of function germs by the ODE
dH,
y - = hy(®,)- Hy, Ho=1. (3.4)
/s

Consider the function G(s) = H, - ®Fa, whose values are 1-forms. Differentiating
this function using (3.2) and (3.4) we obtain

dog

ds |~

By (3.3) G'(s) = 0. Since G(0) = ap by the initial conditions in (3.2) and (3.4)
then G(s) = ap, i.e Hy- ®Za, = ap. Tt remains to note that H (0) # 0 because the
ODE (3.4) is linear.

G'(5) = Hy - 7 | Ly, 0 + heors +

3.5. Proof of Theorem 1.1 in the holomorphic category. A little modifica-
tion of the given arguments gives a complete proof of Theorem 1.1 in the holomor-
phic category. In the holomorphic category Theorem 1.1 also can be reformulated
as Theorem 3.1 and the reduction to the case a(0) = 5(0) is the same. The rest of
the proof is the same if the path oy = a4+ s(8 — ), s € [0, 1] consists of contact
1-forms. Tf this is not so then the path «, should be replaced by another path of
the form &, = a4+ f(s)(8 — ), where f(s) : [0,1] — C is a smooth function such
that f(0) = 0, f(1) = 1 and (a5 A day)(0) # 0 for all s € [0,1]. Tt is clear that
such a complez-valued function f(s) exists. The family of vector fields Y defined
by (3.1) should be replaced by the family Y, such that

dév

Fr F(s) - ang.

The given above arguments with minor modifications imply that the family of local

Ve | (65 Aday) =, A

diffeomorphisms @, defined by (3.2) with Y replaced by Y, preserves the image of
v and brings the contact structures (&) to (&g) = ().
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4. PrRoOOF OF THEOREM 1.2

4.1. Outline of the proof. As we mentioned in Section 1, the implications (iii) =—
(7)) = (i) in Theorem 1.2 are trivial. Tn order to prove Theorem 1.2, we have to
prove the implications (iv) = (%) and (i) = (i74), (iv).

The implication (iv) == (i) is proved in Section 4.2. The implications (1) —
(7i1), (iv) can be joined into the following statement.

Theorem 4.1. Let v be a multigerm of a curve in B3, In the C™ category assume
that v € Eo. If v is Legendrain with respect to contact structures (o) and (8)
defining different orientations of B3 then ~ is a planar and quasi-homogeneous.

In what follows we will prove this theorem under the following assumption:

(A) the image of v is not, contained in the union /4y Uls of two non-singular non-
tangent 1-dimensional submanifolds of R,

et us show that there is no loss of generality to assume (A) - if (A) is violated
then the conclusion Theorem 4.1 is trivial. In fact, take local coordinates in which
l1 and Iy are the x- and y-axes. The image of any component of v is contained
either in Iy or in Iy, therefore in the real analytic category each of the components
has, up to reparameterization, the form (at?,0,0) or (0,59,0). Tn the C'™ category
the assumption v € F, implies that each of the component of 4 has, up to repa-
rameterization, the form (£,0,0) or (0,,0). Tn any case the multigerm ~ is planar
and quasi-homogeneous with weights (1,1, 1).

Introduce the vector field Y, g defined by the relation
Yog | Q=aAf, (4.1)

where Q is a non-degenerate volume form on R®. We will say that Y, 5 is a vector
field associated to the contact structures («) and (8). Tt is defined up to multipli-
cation by a non-vanishing functions since the 1-forms & and 3 and the volume form
Q are defined up to multiplication by a non-vanishing function.

Definition. A germ YV of a vector field on R? is tangent to a germ ¥ : (R,0) —
(R3.0) of a curve in R? if the vectors 1/)(7‘) and Y (¢(t)) are linearly dependent for
any  close to 0. The vector field Y is tangent to a multigerm of a curve in R? if it
is tangent to each of the components of the multigerm.

The integrability of the multigerm v with respect to the contact structures (o)
and (B) implies that the vector field Vi, g is tangent to v. Tn fact, take a point
p € B3 near the origin and let 4; be a component, of v whose image contains p:
vi(to) = p. Tf the contact structures (o) and (8) are transversal at p then the vectors
¥ (ta) and Y, g(p) are contained in the same line kera(p) Nker3(p). Tf the contact
planes kera(p) and kerf3(p) coincide then by (4.1) Y, g(p) = 0.

Assumption (A) implies that the contact forms o and 8 in Theorem 4.1 are
tangent at 0: (@A 3)(0) = 0, see Section 3.2. Consequently Y, g(0) = 0. The proof
of Theorem 4.1 is based on the analysis of the singularity of the vector field Y, 5.
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Proposition 4.2. Let « and 3 be the 1-forms in Theorem 4.1 and let (o A 3)(0) =
0. Within the case (A) the vector field Y, g has the following properties:

(i) the germ of set of singular points of Y, 5 is a non-singular 1-dimensional sub-
manifold of R3;

(ii) the eigenvalues of the vector field Y, g at the origin are Ay, X2,0, where Ay, Aq
are non-zero real numbers of the same sign.

We prove Proposition 4.2 in a separate section H. This proposition i1s the most
difficult part of the proof of Theorem 4.1.

Properties (i) and (ii) in Proposition 4.2 allow to bring Y, g, by a change of
coordinates, to the following normal form.

Proposition 4.3. (real analytic and C'™ categories). Any germ of a vector field
satisfying (i) and (ii) in Proposition 4.2 is diffeomorphic to a vector field

&= fi(e,y,2), y= faor,y,2), =0, (4.2)
f1 (07072):f2(07072)50 (43)

This proposition is proved in Section 4.3. Propositions 4.2 and 4.3 allow to fix
local coordinates in which the vector field Y, g has form (4.2)-(4.3).

Proposition 4.4. Let v be a multigerm of a curve in R3 which is tangent to a
vector field of the form (4.2)-(4.3). If v satisfies (A) and in the C°° calegory
v & Foo then the image of v is contained in the plane z = 0.

Proposition 4.4 is proved in Section 4.4. Propositions 4.2, 4.3 and 4.4 imply
that the multigerm ~ in Theorem 4.1 i1s planar. In order to prove that v is quasi-
homogeneous we consider the restriction ¥ of the vector field Y, 3 to the plane
z = 0. Tt is a vector field on R?(x,y) with non-zero real eigenvalues of the same
sign at the singular point 0 € R?. The multigerm v lives in the plane R?(z, y); it is
tangent to Y. The quasi-homogeneity of v in Theorem 4.1 follows from Propositions
4.2, 4.3 and 4.4 and the following statement proved in Section 4.5.

Proposition 4.5. Let v be a multigerm of a curve in B2 In the O™ category
assume that v contains no components with the zero Taylor series. If v 1s tangent
to a vector field Y on R? with non-zero real eigenvalues of the same sign at the
singular point 0 € R? then the multigerm ~ is quasi-homogeneous.

4.2. Proof of the implication (iv) == (i). Let 4; be any component of a
gnasi-homogeneous multigerms of a curve in R3 with weights Ay, Ao, A3 > 0 in local
coordinates (z,y, z). Consider the 1-forms

0 = Mxedy — Aoydx, 8y = \edz — Azzde, 03 = Aoydz — Azzdy.

The quasi-homegeneity of v impleis that v, = 7702 = ~;03 = 0. Let a be the
germ a contact 1-form with respect to which v is TLegendrain. Then v (a + rf;) =
0,7 =1,2,3, for any » € R. Since the weights A; are positive and «(0) # 0 then
there exists at least one j € {1,2,3} such that (a A df;)(0) # 0. We may assume
that (o A df1)(0) # 0. Denote a, = o + rf;. Since 6;(0) = 0 then

(o Ada)(0) = (@ Ade)(0) + 7(a AdBy)(0), reR.

For sufficiently big » the 1-forms a,. and a_,. are contact and define different orien-
tations of R3. The multigerm ~ is Legendrain with respect to these contact 1-forms,
and consequently v does not determine orientation of B3,
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4.3. Proof of Proposition 4.3. Take a local coordinate system in which the
vector field Y, g vanishes at points of the z-axes and consequently has the form

0 0 0
f1 (.’If,y, Z)ﬁ_r + ,fQ(f’f,y, 2)% + f3(m7y7 2)5

with fi, fo satisfying (4.3) and fs(x,y, z) such that f3(0,0,2) = 0. The eigenval-
ues at a singular point (0,0, z) are Ay (2), A2(2),0, where A;(0) and A5(0) are real
numbers of the same sign. The absence of resonant relations 0 = k1 Ay (0) + koAo(0)
with integers ki, ko > 0, (k1, ko) # (0,0) implies that f3(,y, z) can be reduced to
0 by a formal change of coordinates, see [5]. The condition that A;(0) and Ay (0)
are real numbers of the same sign implies that normal form (3.2)-(3.3) also holds
in the C and real analytic categories, see [5] and [19].

4.4. Proof of Proposition 4.4. T.et

vir x=a(t), y=>b(t), z=c(t)
be any component of . The tangency of Y, g to v implies the relation

1) Fi(a(t), b(1), e(t)) = (1) - Fala(t), b(1), e(1)) = 0. (4.4)

Let @,b,¢ be the Taylor series of a(t),b(t), c(t). The vector field Y, g has two non-
zero eigenvalues and consequently

Ifi, fr)
det (W) (0) # 0. (4.5)

Relations (4.3), (4.4) and (4.5) imply that either ¢ = 0 or a = b =10. Tn the real
analytic category we obtain the alternative

(AL) e(t) =0ora(t) =5b(t) =0.
The same alternative holds in the C'™ category due to the assumption v € F,. In
fact, if one of the series a, b is not. zero then by (4.3), (4.4), (4.5) one has ¢(1) = 0.

On the other hand, if @ = b = 0 then the assumption ~ ¢ F. implies that ¢/(0) # 0
and (4.3),(4.4), (4.5) imply that a(t) = b(t) = 0.

Now we will show that the case a(t) = b(t) = 0 is impossible for any component,
of the multigerm ~ satisfying (A). Take one of contact forms with respect to which
~ is Legendrain, for example the T1-form «a, and write it in local coordinates of
normal form (4.2) — (4.3): o = ayde + asdy + azdz. Assume that 4 contains
a component 2 = 0,y = 0,z = ¢(t) Z 0. Then in the real analytic category
a@3(0) = 0. The same holds in the C'°° category because the assumption v € F,
implies ¢'(0) # 0. Consequently (a(0), a2(0)) # (0,0). Consider the vector field
aq(z,y, 0)% — gz, y, 0):—T Tt is a non-singular vector field in the (2, y)-plane.
Denote by 1 its phase curve containing the origin. Then [ is a non-singular 1-
dimensional submanifold of R?. By (ATL) any component of the multigerm v belongs
either to the z-axes or to the (2, y)-plane and it follows that the image of v belongs
to the union of I and the z-axes. This contradicts to assumption (A).

4.5. Proof of Proposition 4.5. We will use local normal forms for vector fields
on the plane. Tt is well-known that the germ of a vector field Y satisfying the
assumptions of Proposition 4.5 can be brought to one of the following normal forms

=Mz, y=y; (4.6)
i=Xr, y= N y+rz", N>1, X#0,k£0. (4.7)
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This norml form holds in either the rela analytic or the ('™ category, see [5].
Proposition 4.5 is a direct corollary of the following lemma.

Lemma 4.6. Let v : 2 = a(t),y = b(t) be the germ of a plane curve. In the C™
category assume that at least one of the germs a(t), b(1) has non-zero Taylor series.

(i) If v is tangent to a vector field of form (4.6} then, up to a reparameterization
t— é(1),¢'(0) #£ 0, it the form

a(t)=a-t"" b(t)=b-1**" rabeR. (4.8)
(ii) If v is tangent to a vector field of form (4.7) then a(t) = 0.

The proof of this lemmain the '™ category requires the following known state-
ment (its proof and the proof of much more general statements of the same type
can be found, for example, in [Be]):

Lemma 4.7. Let Q(t,u) be a C™ function-germ such that Q(t,0) = 0. Let f(1) be
a C™ function germ satisfying the equation t” - f'(t) = Q(t, f(1)) for some r > 0.
If f(t) has the zero Taylor series then f(1) = 0.

Proof of Lemma 4.6, (i). We may assume that a(t) has non-zero Taylor series.
Then there is no loss of generality to assume that a(f) = at? ,a # 0. The tangency
of the curve (at?, b(1)) to a vector field of form (4.6) means the relation

Aapb(t) = Xt (1). (4.9)

This equation can be easily solved in formal power series. Tf Aap/A; is not an integer
number then the only formal solution of (4.9) is b(t) = 0. Tf Asp/Xy is an integer
number i then any formal solution of equation (4.9) has the form b(t) = bt b € R.
Therefore any analytic solution of (4.9) and, by Lemma 4.7, any (™ solution of
(4.9) has the form b(1) = bt 2P/2 where b = 0 if Ayp/A; is not an integer number
and b € R if Ayp/Ay is an integer. Tn any case we obtain (4.8) with r = p/A;.

Proof of Lemma 4.6, (ii). At first let us show that the function germ a(t) has the
zero Taylor series. Assume, to get contradiction, that this is not so. Then there 1s
no loss of generality to assume that a(t) = at?,a # 0. The tangency of the curve
(at?, b(1)) to a vector field of form (4.7) means the relation

F(t) = X (t) — pNAb(t) — praN 1PN = 0.

Let S f;i#' be the Taylor series of F(t). Then Fy, does not depend on b(t) and is
equal to Fyp, = —pra™ # 0. Contradiction.

We have proved that the function germ a(t) has the zero Taylor series. Conse-
quently in the real analytic category a(t) = 0. Tn order to prove Lemma 4.6 in the
(™ category we have to prove that a(t) = 0 under the assumption that a(t) has
the zero Taylor series and the Taylor series of b(t) is not, zero. Tn this case there is
no loss of generality to assume that b(t) = biP b #£ 0. The tangency of the curve
(a(t), bt?) to a vector field of form (4.7) means the relation

a'(t) . (N/\in‘,p + /m,N(t)) = /\pbt”qa(t). (4.10)

Since the function germ a(t) has the zero Taylor series then a(t) = tPa(t) for some
C™ function germ a(t). Equation (4.10) for a(t) is equivalent to a certain equation
for a(t) of the form #Pa’(t) = Q(#,a(t)), where @ is a ' function germ of two
variables. By Lemma 4.7 a(t) = 0. Consequently a(t) = 0.
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5. PROOF OF PROPOSITION 4.2

5.1. Outline of the proof. The starting point is the following lemma.

Lemma 5.1. Let () and () be tangent al the origin contact structures defining
different orientations of R®. Then the vector field Y., 5 has the following properties:

(a) the sum of its eigenvalues at the origin is not zero;
(b) the ideal generated by the three coefficients of Y, g in some coordinate system

(this ideal does not depend on the choice of the coordinate system) is generated by
two function germs (and consequently one of the eigenvalues of Yo, g is zero).

Lemma 5.1 is proved in Section 5.2. Note that the multigerm ~ is not involved
in Lemma b.1. Tn Sect. 5.3 we will show that Proposition 4.2 follows from Lemma
5.1 and the following property of any Legendrain multigerm satisfying (A).

Proposition 5.2. Let v = (y1,...,vm) € Leg(R?) be a multigerm satisfying as-
sumption (A). In the C™ category we assume that v ¢ FE,. There exists a local
coordinate system (x,y, z) and a positive number r such that the following holds. If
A = 01dx + Oady + 03dz is a 1-form such that 78 =0,2=1,..,m then

391 aﬂ] a92

01(0) = 0(0) = 0, F-(0) = 0, FH(0) +r 5 2(0) = 0. (5.1)

Proposition 5.2 is proved in Sections 5.4 - 5.6 for the case that the multigerm ~
satisfies, except (A), at least one of the following assumptions:

(B1) the multigerm v contains three non-singular components such that no two
of them are tangent at 0.

(B2) the multigerm v contains two tangent at 0 non-singular components; the
order of tangency 1s finite.

(B3) the multigerm v contains a singular component whose Taylor series is not

RIL-equivalent to a series of the form (at”,0,0),r > 2.

One can easily check that in the O category the validity of at least one of the
assumptions (B1) - (B3) follows from (A) and the condition v € F... In the real
analytic category there are multigerms « satisfying (A) and violating each of the
assumptions (B1),(B2),(B3), but in Section 5.7 we reduce Theorem 5.2 to the
case that at least one of these assumptions holds.

5.2. Proof of Lemma 5.1. We may assume that «(0) = 3(0). Take local coor-
dinates in which @ = Ayde + Asdy + dz, 8 = Byde + Bedy + dz, where A;(0) =
B;(0) = 0. Calculate the vector field Y, g using the volume form Q = da A dy A dz:
0
0z
Statement, (i) follows from the relation Aq By — A1 By = (A3— Ba)- A1+ (B1— A1) - As.
The sum of the eigenvalues of Y, 3 is equal to
3(/42 — BQ) 3(/?1 — A1) 3/42 3A1 3/?2 3B1
0 0) = (—2 -~ Y72 YN 0).
o 0+ 7 0) = (-, 31/)()(37‘ 31/)()

0 0
Y(y,@ = (A2 - BQ)a—T—F (B1 — A1)% + (A1 B2 — AQB1)

trace Y, g =

The assumption that the contact structures (a) and (3) define different orientations
means that one of the numbers (M\2 — 8A‘ )(0)7 (8’%2 — 8R‘ )(0) is positive and the
0.

other is negative. Consequently frace V,y 87
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5.3. Lemma 5.1 and Proposition 5.2 imply Proposition 4.2. Tet v, o, § be
as in Proposition 4.2. Take local coordinates as in Proposition 5.2. Tet

o= Aydr 4+ Asdy + Aszdz, [ = Bidx 4+ Bsdy+ Bsdz.

hen A oR
A1(0) = A2(0) = By (0) = B2(0) =0, 3—1 0) = ——(0) =0, (5.2)

T or

A, J0As B 0B Ba B

Tt follows that A3(0) # 0, B3(0) # 0 and therefore there is no loss of generality to
assume that Az = Bg = 1. The vector field Y, g has form (5.1), up to multiplica-
tion by a non-vanishing function. Relations (5.2) imply that the matrix of linear
approximation of Y, g is a triangular matrix with diagonal entries (eigenvalues)
d(As — By) A(By — Ay)

M= (0 de = ——

Relations (5.3) imply that Ay = rA;. The case Ay = Ay = 0 is impossible by the
statement (a) of Lemma 5.1. Therefore the vector field Y, g has two non-zero real

(0), A3 =0.

eigenvalues of the same sign. Tt remains to prove that the set of singular points of
Ya g 18 a non-singular 1-dimensional submanifold of R?. This easily follows from the
statement (b) in Lemma 5.1 and the fact that Y, 5 has two non-zero eigenvalues.

5.4. Proof of Proposition 5.2 under assumption (B1). Tet v1,72,v3 be the
components satisfying (B1). The condition v € Leg(R?®) implies that the vectors
1 (0),45(0), v4(0) are linearly dependent. Tn fact, if these vectors are linearly inde-
pendent and « is a 1-form such that v7a = v3a = y5a = 0 then a(0) = 0, ie.
is not contact. Thus the vectors 7 (0), v4(0), v5(0) are linearly dependent, but any
two of them are linearly independent. Therefore in suitable local coordinates

! 9 / d / 0 0
71(0) = 5 712(0) = 7y 7%(0) = o+ o

Let @ = #1dx 4 fady + f3dz be a 1-form such that vf8 =0, ¢ = 1,2,3. Then one
has the relations

391 392 391 392
9 :9 = _— = — = _— _— = .
1(0) = 02(0) = 0, ZH(0) = FEO) =0, FH(O) + F(0) =0

Therefore Proposition 5.2 holds with the chosen local coordinates and with » = 1.

5.5. Proof of Proposition 5.2 under assumption (B2). Tet ~7,v2 be the
components satisfying (B2). Tn suitable coordinates their images can be described
by equations ©

y=2z=0, y—a"t' =2=0, N>1. (5.4)
Let # = 61dx + fady + 03dz be a 1-form such that 478 = ~58 = 0, where 1,72 have
form (5.4). Then one has the relations

01(2,0,0) =0, (2,2~ 0) + (N 4+ DaVo(x, 2V 0) = 0.

$Normal form (5.4) can be easily obtained as follows. The images of v and ~y5 can be described
by equationsy — z = 0and y = f; (m),z = fQ(T), where f,(T) = .T,N+1,q,;(m), (,q1 (0),,(]2(0)) + (0,0).
Here N is the order of tangency between 1 and 2. Applying a change of coordinates of the form
(#,y,2) = (é(=), ty, £2) and possibly (#,y, z) = (#,2,y) we can reduce f;(7) to zN+1 and fo (z)
to m N+ fQ(T) To get (5.4) it remains to change z by z — yfg (7).
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Considering the coefficients at #', i = 0,1, N, N + 1 in the Taylor series of the left
hand side of this relation we obtain

_ W O 065

=5, (0 =0, %(O)Z(N“)W(O)-

Therefore Proposition 5.2 holds in the chosen coordinates r = N + 1.

5.6. Proof of Proposition 5.2 under assumption (B3). Tet vy be a singular
component satisfying (B3). Then vy is RI-equivalent to a curve of the from

bew = =17 (D), 2 = (), (5.5)

2<q<p, g£0modp, fi(t)=o(t?), f2(t) = ot9). (5.6)

We will assume that the functions fi () and fo(1) satisfy the following conditions
A7) = 1577 (0) = 1770 0) = 0. (5.7)

These conditions can be reached by a change of coordinates of the form y —
y+ arx?, 2 = z+ asx? + azry with suitable ay, a2, a3. Tet 8 = 0y(x,y, z)dr +
O2(x,y, z)dy+0s(x,y, z)dz be a 1-form such that ¢*6 = 0. Then one has the relation

PP 0 (1) + (g 17+ [ (D)2 (0 (1) + F(1D0(4(1)) = 0.

Using (5.6) and (5.7) we see that the coefficients at 7= 4971 #?P=1 and P9~ in
the Taylor series of the left hand side of this relation are equal to p-61(0), ¢ - 82(0),
p-221(0) and p- 2(0) 4 ¢ - 222(0) respectively. Therefore

o, 06, 06,

01(0) = 62(0) = 5-(0), p ay(OH—q 5—(0)=0,

and Proposition 5.2 holds with the chosen coordinate system and with r = ¢/p.

5.7. Real analytic category. Reduction of Proposition 5.2 to the case that
one of the assumptions (B1) - (B3) holds. Tet v = (v, ...,vm). Construct
a multigerm 4 = (31, ..., %m) as follows. Tf v; is a non-singular component then
Y = ;. If &; 18 a singular component whose image 18 not contained in in a non-
singular T-dimensional submanifold of R? then also 4; = 5;. TIn the remaining
case that ~+; is a singular component whose image is contained in a non-singular
1-dimensional submanifold I; of B? we define 4; to be a non-singular curve whose
image is [;. Tet 6 be any 1-form. Tt is clear that in the real analytic category
the relation 478 = 0 implies the relation 478 = 0. Therefore in order to prove
Proposition 5.2 for the multigerm ~ it suffices to prove it for the multigerm ~.
Since the image of v is contained in the image of 4 then the multigerm ¥ also
satisfies A. Tet us show that 4 also satisfies at least one of the assumptions (B1) -
(B3). The construction of 4 implies that it satisfies one of the following conditions:

(a) 4 contains non-singular components only;

(b) ¥ contains a singular component whose image is not contained in a non-singular
1-dimensional submanifold of R?.

Tn case (a) the image of 4 is the union [y U --- U/, of s different, non-singular
1-dimensional submanifolds of R? (it is not excluded that s < m). By assumption
A 5> 3. In the real analytic category the order of tangency between two different
non-singular components of a multigerm is always finite. Tt follows that in case (a)
either (B1) or (B2) holds. Tn case (b) one has (B1) by the following lemma.
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Lemma 5.3. (real analytic category). Let ¥ : (R,0) — (R?0) be the germ of
a singular curve whose Taylor series v is RI.-equivalent to a series of the form
(t7,0,0),r > 2. Then ¢ is RlL-equivalent to the curve (1",0,0).

Proof. There is no loss of generality to assume that ¢ : 2 = 1"y = b(1), z = e(1).
Let, b(f),('(f) be the Taylor series of b(t) and e(t). The RI-equivalence of U to
(t7,0,0) implies that there exist formal power series B(T, Y, z), C(T, y, z) such that
b(f) = F}(t’”, 0,0), ¢(t) = (i'(t’”, 0,0). Tt follows that b(t) = g(1"), e(t) = h(1"), where
g and h are analytic functions in one variable. A local diffeomorphism (z,y,2) —
(2,y+ g(x), 2+ h(x)) brings the curve (17,0,0) to the curve . O

6. CONTACT CLASSIFTCATION OF A SINGULARITIES

The simplest application of results of section 1 is the classification of singular
Legendrian submanifolds of a contact 3-space diffeomorphic to submanifolds

A {(mge) -t =2 =0}
Submanifolds of B? diffecomorphic to A; correspond to the following singularity
classes of multigerms of curves in R?:

AsUA4U-- -1 singular curves @ with non-zero 2-jet whose Taylor series is not R/~
equivalent to (12,0,0); ¥ € Asy if j2%14) is RIL-equivalent to (t2,0,0) and j2*+1y
is not equivalent to (#2,0,0));
AJUA3U---: multigerms y = (v1,72) consisting of two non-singular components
with finite order of tangency; v € Agg1y if the order of tangency is equal to & (the
zero order of tangency means that v and v, are not tangent).

The classes Asg and Aoy are described by the following normal form with
respect to the R/I-equivalence:

Ao = (12, 87470), Aoegr = (£,0,0), (4, 25F1,0)

see [1] an Sect. 5.5. The image of A% is exactly Agg. The image of A2k+1 s given
by the equations y(y — #*+') = 2 = 0. The function y(y — #**') is R-equivalent to
y> — £%+2. Therefore the image of A2k+1 1s diffeomorphic to Agryq.

Fix a contact structure, for example the standard contact structure (dz — yda).
Consider the following singular curve and a multigerm with two components which

are Legendrain with respect to this contact structure:
Ay w=17 y =1 2 = 23 (2 4 3);

Agjyr: m: o=t y=2z=0, yo i w=1t, y=t"" 2 =1"?/(k 4+ 2).
These multigerms can be reduced to Aoy and Asy g by a change (2,y,2) = (2,9, 2+
ray) with a suitable r. Therefore Theorem 1.1 implies the following result.
Theorem 6.1. (real analytic and C'™ categories). Let i =2k ori=2k+ 1.

2. Lety €A; be a Legendrain multigerm in a fived contact structure (R?, (dz—ydz)).

Then ~ is contactomorphic to the multigerm A;.

By Theorem 6.1 all Legendrain multigerms of the class A; in a fixed contact
space are contactomorphic. Consequently, all singular TLegendrian submanifolds
diffeomorphic to A; are contactomorphic. We obtain the following corollary.
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Corollary 6.2. (real analytic and C'™ categories). Any singular Legendrian sub-
manifold of the contact space (R? (dz — ydz)) diffeomorphic to A; is contactomor-
phic to the singular submanifold given by the equations y* = 2"+ 2 = 2xy/(i+3).

7. CONTACT CLASSIFTICATION OF E SINGULARITIES

In this section we give a complete contact classification of germs of Legendrain
singular curves in R? of class E. The class E consists of germs 1 : (R, 0) — (R?,0)
satisfying the following conditions: (a) ¢ has zero 2-jet and non-zero 3-jet; (b) the
Taylor series of ¥ is not RI-equivalent to (+3,0,0).

Tn the previous section we showed that ANLeg(R?) = A.ForE singularities this
is not so: within such singularities there are those that are not Legendrian with
respect to any contact structure. The class ENLeg(R?) is substantially smaller than
E. For example, the classification of E singularities with respect to diffeomorphisms
starts with the following four singularities, see [9]:

(P47 1%) = (P00 = (50,47 = (17,47, 0)"

Here we marked by * the two singularities that belong to Leg(R?). The oth-
er two singularities do not belong to Leg(R®) by Theorem 1.3: they are quasi-
homogeneous, but not planar. The ierarchy of E singularities continues with

(#3,1°.17)

(#3748 — (34T 3 ) (#3147 +48,0)

(7‘,3,2\8,7‘,10) (7‘,3,7‘,7,7‘,”).

Within these six singularities only one belongs to Leg(R3) (3,7 + 3.1 €
Leg(R?) by Proposition 2.1. The other five singularites do not belong to Leg(R?)
by Theorem 1.3 - each of them is either quasi-homogeneous and not planar, or
planar and not quasi-homogeneous.

Now we present, a general result on distinguishing the class E N Leg(R?) in E.
The classification of all F singularities with respect to the Rl.-equivalence is known
due to [9], see also [2]. Any singular curve of class E is Rl equivalent to one and
only one of the following curves, up to reduction + — + given in the remark below
(we use the notations in [2]):

+ k 3k 3k 3i 3k :
F](;k’p’i . r = t'37 y= t%k+1 + t%k+2+%77 P t%k-{—?-{—%p’
+ k 3k 3k 3i 3k :
E6k+27p7i . r = t'37 y= t%k-{—? + t%k+4+'§77 P t%k+4+%p7
where k> 1, 0<p<k, 0<i<min(k—1,p).
Remark. The curves E().ik pi (respectively E(’iik+2 » ;) are diffeormnorphic if and only

if one of the following holds: (a) 7 is an even number (respectively odd number);

(byi=k—1;(c)i=p.

Proposition 7.1. Letl = 6k orl = 6k+2. Elipi € Leg(R?®) if and only if p = i+1.

Proof. Tt is easy to check that the E singularities have the following properties:
e if p =4k 1 =4%—1 then the curves E().ik’p’i and Efsik+2,p,7: are planar and quasi-
homogeneous (these curves are RI-equivalent to (13,#3%+1 0) and (#3,#3%+2 0));
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e if p =k 1 <k — 2 then the curves E(;ik’p’i and Efsik+2,p,7: are planar, but not

quasi-homogeneous (these curves are Rl-equivalent to (t3,#3%+1 £ 43842431 () and

e if i =p < k—1 then the curves E().ik pi and E(’iik+2 p.i ATE quasi-homogeneous, but

not planar (these curves are R1-equivalent to (13, #3541 #3k+2430) and (43, 43k +2 ¢3k+443py),

e in the remaining case 1 < p < k — 1 the curves E().ik pi and E().ik_‘_Q pi are meither

planar, nor quasi-homogeneous.

Tn the cases (a) p =k and (b) 7= p Proposition 7.1 is a corollary of Theorem
1.3 and the given above properties of the E singularities. In the remaining case
1 < p <k —1 Proposition 7.1 follows from Proposition 2.1. O

Consider now the following curves of the class E that are Legendrain with respect
to the contact structure (dz — yda):

B o w=13, g = 3 3R () (5);
- ' .
Efsik+2,7:+1,7: T TR L o R e fo y(s)a’ (s),

where k> 1, 0 <2<k —1.

Theorem 7.2. (real analytic and C'™ categories). Any germ ¢ €E of a Leg-
endrain curve in the contact space (R3 dz — ydx)) is contactomorphic to one of

the curves Efiik,iﬂ,i’ Fatyo v where k> 1,0 <@ <k — 1. Within these curves

no two are contactomorphic up to reduction £ — + in the given above remark.

[+ =+
The curves E(;k’k’kq, E6k+27k7k71

with 1+ < k — 2 are neither planar nor quasi-homogeneous.

are planar and quasi-homogeneous. The curves

- _
E61<,7:+1,7:7 E61<+2,7:+1,77

Theorem 7.2 follows from Proposition 7.1 and Theorem 1.1: it suffices to observe
that the curves E().ik i1 and E(’iik+2 i417 can be reduced to E().ik i1 and E(’iik+2 i1
by a change of the form z — k12 4+ koxy with suitable &y, ks.

8. CONTACT-SIMPLE GERMS OF LEGENDRAIN CURVES

Denote by MG™(R”) the space of mulrigerms (y1, ..., ¥m), where ~; : (R, 0) —
(R™,0) are germs of curves in R”.

Definition. A multigerm v € MG™(R”) is called simple in MG™(R”") if there
exist a set N C MG™(R"™) consisting of a finite number of multigerms and a finite
k such that any multigerm in M G™ (R”™) whose k-jet is sufficiently close to the k-jet
of 4 1s diffeomorphic to one of the multigerms of the set V.

The simple multigerms in MG™(R™) were determined and classified in [8] for
m=1,n=2 in [9] for m = 1,n = 3, and recemtly in [13] for any m and n.

Notation. Given a contact structure (o) on R? denote by Leg™(R? (o)) the
subclass of MG™ (R?) consisting of multigerms of Legendrain curves in the contact
space (R? (o).

Definition. Let (o) be a contact structure on R*. A multigerm v € Leg™ (R?, ()
is called contact-simple in Leg™ (R (a)) if there exists a set N C Leg™ (R? (o))
consisting of a finite number of multigerms and a finite k& such that any multigerm
in Leg™(R?3, (o)) whose k-jet is sufficiently close to the k-jet of v is contactomorphic
to one of the multigerms of the set V.
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In this section we use results of Section 1 in order to determine and classify all
RI-contact-simple germs in Leg' (R? («)). Most of results of the present section
were obtained in [17] by a different, method.

Theorem 8.1. Let (o) be any contact structure on R3. A germ i) € Leg' (R? (a))
is contact-simple in Leg' (R? () if and only if it is simple in MG (R?).

Conjecture. The same holds when replacing Leg' (R? ()) and MG'(R?) by
Leg™(R?, (o) and MG™(R?), for any m > 1.

The part ”7if” of Theorem 8.1 and of the conjecture follow from Theorem 1.1.
The part "only if” of Theorem 8.1 can be easily reduced to the following statement.

Proposition 8.2. et (o) be any contact structure on R3. Let 4y b € Leg' (R?, (o))
be germs of the form

Y1 = (t1,17,0) +o(t?), o = (t°,1°,0) + o(t%).
The germs ¥y and o are not contact-simple in Leg' (R? («)).

Proof. Tt is easy to check that the condition 1, v¢s € Int(R?) implies that these
germs have the following form:

Py = (7 Fant' Fast'0) ot be = (17,45 4+ 0117 4 bot® 4 b3t?,0) + o(27).
The assumption ¥, ¥s € Leg' (R?, () implies that the contact 1-form o = Adx +
Bdy 4+ Cdz satisfies the condition ('(0) # 0 (here x,y, z are the first, the second,

and the third coordinates.) Using this observation it is easy to show that there
exist families 1 ., ¢ € Leg' (R? (o)) of the form

Y= 7t ait' 4 (aa+ )t 7 filet));

o= (17, 15 4 bit" + bot® 4 (bs+ )7, 117~ fa(e, 1)),
where fi(e,1) and fa(e, 1) are smooth functions. Now Proposition 8.2 is a corollary
of the following classification results (see [8] and [9]): if € and ¢ are small enough
then the 11-jets j''4 . and j'"4¢1 ¢ (vespectively the O-jets j7ws . and j%¢5 () are
RI-equivalent if and only if € = €. O

Theorem 8.1 and results in [9] imply the following corollary.

Theorem 8.3. A germ o € FLeg' (R? (a)) is contact-simple in Leg' (R3, () if
and only if it it salisfies each of the following requirements: (a) the 4-jel of ¢ is
not zero; (b) the 9-jet of ¥ is not RL-equivalent to (1*,17) or (1*,0); (¢) the Taylor
series of ¥ is not RIL-equivalent to one of the series (12,0,0), (#3,0,0), (t*,45,0).

Tn order to obtain the classification of the contact-simple curves in Leg' (R, ()
one has to take out from the list of simple singularities in MG (IR?) all curves which
are not Legendrain with respect to any contact structure.

Theorem 8.4. et («) be any contact structure on R® and let 1) € Leg' (R?, (@) be
a non-immersed contact-simple germ in Leg' (R? (a)). Then one has the following
alternative:

(a) the germ ) is planar, quasi-homogeneous and RI-equivalent to one and only
one of the germs

(24251 0), (#3430 0), (3, 434420), (#1,1°,0), (#4,17,0), k> 1;

(b) the germ i is neither planar nor quasihomogeneous and RI.-equivalent to one
and only one of the germs
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(13, 3R+ 3Rk 24303543 > 9 e {0, ..,k — 2}, + <+ ifiis odd;
(#3, 3R+ g3l 3R TS L > 9 e {0, k—2), + <+ if i is even;
(f4 4 f2k+5 7(/211<+9)7 k> 1;

(AR A= TR S TN A LA A I (A LA SR AL 2K

Proof. For curve germs with non-zero 3-jet this theorem was already proved in Sec-
tions 6, 7. Consider curve germs with the 4-jet (#*,0,0) and satisfying requirements
b) - d) of Theorem 8.3. By classification results in [9] any such curve germ ¢ sat-
isfies one of the following conditions: a) ¢ is planar, but not quasi-homogeneous;
b) 4 is quasi-homogeneous, but not planar; ¢) ¢ is planar, quasi-homogeneous
and RI-equivalent to one and only one of the curves (t4,1°,0), (t*,47,0); d). ¢ is
neither planar, nor quasi-homogeneous and RI-equivalent to one and only one of
the following curves:

(7547756_|_7(/21144-577521144-7)7 (7547756_|_7(/21144-577521!44-9)7 (7547756_|_7(/21&4-577(/21&4-13)7 k>

(17 47 15), (R T ), (#1710 4110,
(f,4 f7if9 7&0)7 (7‘4 f7if9 7&3)7 (7‘4 T7if9 7&7)7 (7‘4 f7if13 7&7)
Tn case ¢) ¥ € Leg(IR®). By Theorem 1.3 in cases a) and b) ¢ & Leg(R?). Tn order
to distinguish germs in Leg(R?) within case d) we use Proposition 2.1. By this
proposition the curves (#4, #6425 +5 42549) (44 45447 411 (4% 47447 #18), (#4147 +
'3 #17) belong to Leg(R?) and the other displayed curves do not belong to Leg(IR?).
Now Theorem 8.4 follows from Theorem 1.1. O

Now we establish a 1-1 correspondence between the contact classification of
contact-simple curves and the RI-classification of simple germs in MG' (R?) (i.e.
germs of plane curves.) The latter classification was obtained in [8]. Any simple
germ of a plane curve is RI. equivalent to one and only one of the following curves:

(75277(/21!44-1)7 (t37t3k+1)7 (t37t3k+2)7 (75477%5)7 (7‘,4,7‘,7); (8.1)

(3 43R L3RI k> 9 e {0,k — 2}, £ + ifdis odd; (8.2)
(7‘,3,7‘,%"'2 it3k+4+3i), k>2 4ie{0,....k—2}, £ +ifiiseven; (8.3)
(10 a2 (@ S ), (TR 10), (1), k> (8.4)

The correspondence between the normal forms in Theorem 8.4 and normal forms
(10.1)-(10.4) is not canonical. Tt requires to fix a local coordinate system in which
the contact structure (o) has the Darboux normal form (dz — yda).

Notations. Given a germ o = (x(t),y(t), 2(t)) € Leg' (R? (dz — ydz)) denote by
s 4 (1) the plane curve germ (x(t), y(¢)). Given a plane curve germ g : (2(1), y(1))
denote by 71';7;/(”) the (unique) germ ¢ € Leg' (R3, (dz — ydx) such that m, ¢ = pu.

Theorem 8.5.

1. A germ b € Leg' (R? (dz — ydz)) is contact-simple in Leg' (R? (dz — ydx)) if
and only if the plane curve germ m, () is simple in MG'(R?).

9. Let i, ¢ € Leg' (R3, (dz —ydz)) be contact-simple germs in Leg' (R?, (dz —ydz)).
The germs 1, 1/; are contactomorphic if and only if the plane curve germs mp (1),
FTU(’l/;) are RI.-equivalent;

3. If¢ € Leg"(R?, (dz — ydz)) is a contact-simple non-immersed germ in
Leg' (R3, (dz — ydx)) then one has the following alternative:
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(a) ¥ is planar, quasi-homogeneous and contactomorphic to one and only one germ

of the form 71';7;/(”), where p is a germ in the list (8.1).

(b} ¢ is neither planar, nor quasi-homogeneous and contactomorphic to one and

only one germ of the form 71';7;/(”), where p is a germ in the list (8.2)-(8.4).

Proof. Theorem 8.5 is a corollary of Theorem 8.4, Theorem 1.1, classification re-
sults for plane curves in [8] and the following two statements following from the
classification results for space curves in [9]:

a). any curve given in Theorem 8.4 is RI-equivalent to a curve 71';7;/(”), where 4 18
one of the curves in the list (8.1) - (8.4);

b). if pis a curve in the list (8.1) - (8.4) then the curve 7}
to one of the curves given in Theorem 8.4 O

(1) is RL-equivalent

9. CONTACT CLASSIFICATION OF MULTIGERMS
CONSISTING OF A CUSP AND A NON-SINGULAR CURVE.

In this section we use results of section 1 1n order to classify, in a fixed contact 3-
space, multigerms ¥ = (41, v2), where 72 is a non-singular curve and 4y is a singular
curve with the cusp singularity - a curve diffeomorphic to Asqy @ (2,251 0).
Notation. The class of such multigerms will be denoted (Aag,l1).

Tet us start with the case k = 1. The RI-classification of multigermsin (A,,1)
is described by the following normal forms obtained in [13]:

a). v (17,13,0), v2:(0,0,%) b). v1 : (t7,1%,0), 2 : (0,1,0)
c). y1: (17,43,0), 2 : (1,0,1%) d). v (17,43,0), 2 : (£,0,0)

Tn order to distinguish these normal forms denote by L(y1) C TyR? the tangent
plane to a non-singular surface containing the image of 4y (all such non-singular
surfaces have the same tangent plane at 0) and by I(v1) C L(v1) the 1-dimensional
subspace of L(v1) which is the limit tangent line to 7. Tf 49 is given by the normal
form x =2 y = 1% 2 = 0 then (y1) is spanned by the vectors % and 38_1/ and [(¥1)

is spanned by the vector % Normal form a) holds if 45 is transversal to the plane
L(y1). Tf 75 is tangent to L(v1), but not tangent to [(vq) then one has normal form

b). Normal forms ¢) and d) hold if v, is tangent to I(y).

Normal forms a) - d) imply that any multigerm v €(As,1) is quasi-homogeneous
(the weights are (2,3,1) in the case of normal forms a), b), d) and (2,3,4) in the
case of normal form (d)). Tt is easy to check that multigerms a) and ¢) are not
planar. Therefore b),d) € Leg(IR®) and by Theorem 1.3 a),¢) ¢ Leg(R®). . We
obtain the following statement.

Proposition 9.1.
1. Any multigerm of the class (A2,1) N Leg(R?) is planar and quasi-homogeneous.

2. Let v = (v1,72) € (Aa,]) N Leg(R?). If 2 1s not tangent to the limit tangent
line I(y1) then ~ is RlL-equivalent to multigerm b). If 4o is tangent to the limii
tangent line I(y1) then ~ is RL-equivalent to multigerm d).
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Introduce the multigerms

YNT T oy =12 y=13 =927 /5, Yo x=0,y=1t 2=0;
Yoy rE =12 y =13 2 = 2t%/5, voix=1t, y=0, z=0.

These multigerms are Legendrain with respect to the contact structure (dz —
ydz). They can be brought to multigerms b) and d) respectively by a change of
coordinates (#,y, z) — (#,y, z+rey) with a suitable r € R. Therefore Theorem 1.1
along with Proposition 9.1 imply the following classification result.

Theorem 9.2. (real analytic and C'™ categories). Let v = (y1,72) €(A2,1) be an
Legendrain multigerm in a fired contact space (R? (dz — ydx)). Then v is contact-
morphic to one of the multigerms ynp,yr. The normal form ynp (respectively v )
holds if 42 is not tangent (respectively tangent) to the limit tangent line I(y1).

The contact classification of multigerms of classes (Asag,l), ¥ > 2 is more in-
volved: if k > 2 then the set (Aag,1) N Leg(R?) contains non-planar multigerms.

Any multigerm v = (v1,792) €(Aa,l) is Rl-equivalent to a multigerm of one of
the following forms, see [13]:

Aoy s (B2825F00), 490 (0,0,1);

B. oy (#2,1%410), 420 (0,1,0);

Coyr s (2075F00), e (011, 2<i<2k—1,d>i41;
D,y (2,8754H0), yo: (1,0,17), d > 2.

Normal form A holds if 45 is transversal to L(7q), the normal form B holds if v, is
tangent to L(y1), but not tangent to [(vy1). Tf v is tangent to I(y1) then one has
one of the normal forms C, D. Here L(v) and [(y1) are the plane and the line in
ToR?3 defined in the same way as in the case k = 1.

Multigerms A, B and D are quasi-homogeneous (the weights are (2,2k+1,1) in
cases A and B and (2,2k + 1,d(2k + 1)) in case D). Multigerm A is not planar.
Multigerm B is planar. One can check that multigerm D 1s planar if and only if
d > 2k + 1. Tn this case and 1n this case only D is Rl-equivalent to the multigerm
yio (B2,1F0), 42 (5,0,0). By Corollary 1.3 one has A & Leg(R?), B €
Leg(R?) and D € Leg(R?) if and only if d > 2k + 1.

Lemma 9.3. C € Leg(R?) if and only if d =i + 1.

This lemma is proved below. Now we have a complete description of the class

(Ask,l) N Leg(R?).

Proposition 9.4. A multigerm v €(Aa,1) belongs to Leg(R?) if and only if v is
RI-equivalent to one of the multigerms

s (B2 0), s (0,1,0); (9.1)

i (@2 RN 0), e (0, 2<i <2k — 1; (9.2)

" (7‘,2,7‘,21&4’1,0)7 vo 1 (1,0,0). (9.3)
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These normal forms can be joined to the following one-index family:
(Ao, D))"= yn o (2 075400), o 0 (4,8,67FY),) 1 <0 < 2k
(the boundary values of the index i correspond to (9.1) and (9.3): (Aa,1))' is

RI-equivalent to (9.1) and (Asy,1))?* is Rl-equivalent to (9.3)). Introduce the
following multigerms:

(Ao, D)L, 1 <4 < 2k: yioow =12y =2 = PR3 (9k 4 3),
Yo w =1, y =1, 2=t /(G +1).

These multigerms are Legendrain with respect to the contact structure (dz—ydx).

Theorem 9.5. (real analytic and C™ categories). Lelt v = (y1,72) €(Aqg,l) be a
Legendrain multigerm in a fired contact space (R? (dz — ydx)). Then v is contact-
morphic to one and only one of the multigerms (Aqg, 1)), 1 <1< 2k.

Theorem 9.5 1s a corollary of Proposition 9.4 and Theorem 1.1 because the multi-
germs (Aag, 1)), can be reduced to (Asx, 1)) by a change of coordinates (,y, 2) —
(2,y, 712 + roxy) with suitable ry, rs.

Proof of Lemma 9.3. 1f d = i + 1 then C' € FLeg(R?) because in this case
multigerm C is RL-equivalent to the multigerm (Aqg, 1)} which is Legendrian with
respect to the contact structure (dz — yda).

Now we prove that if d > i+ 1 then C' & Leg(R?). Assume, to get contradiction,
that multigerm C is Legendrain with respect to contact structure (Adm—|— de+(7dz).
Tt is easy to see that in this case A(0) = B(0) = 0 and therefore we may assume
that ' = 1. Then the function germs A(z,y, z) and B(x,y, z) satisfy the relations

QA 1FFN0) + (2% + 1) B2 17 0) = 0, (9.4)
A4 AN+t B 4 4 dtT = 0. (9.5)
Relation (9.4) implies
0A B 0A %A AR A
23_1/(0)4_(2]{3_'_1)3_1‘(0)707 W(O)fw(o)f—m(())—o (96)

Calculate the coefficient at ' in (9.5). Using the second relation in (9.6) and the
constrains 2 << 2k —1, d > 14 1 we obtain
0A OB
20y g 22
ay O o
Relation (9.7) and the first relation in (9.6) imply %(0) = g—R(O) = 0. Tn this case
the 1-form o = Adx 4+ Bdy + dz is not contact: (o A da)(0) = 0.

(0) = 0. (9.7)

[l s
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10. CONTACT CLASSIFICATTION OF MULTIGERMS
CONSISTING OF 3 NON-SINGULAR. COMPONENTS

This section is devoted to contact classification of multigerms v = (1,72, v3)

consisting of 3 non-singular components.

Notation. Given two germs A, B : (R, 0) — (R? 0) denote by ord(A, B) the order
of tangency between A and B (if A and B are not tangent then ord(A, B) = 0).)

We restrict ourselves to the following singularity classes:
Toa: ord(yi,y2) =0, ord(y1,vs) = d > 0 (up to permutation of the components);
Ty ord(yr,y2) = ord(y1,7s) = ord(y2,73) = 1.

Proposition 10.1.
I. Lety € ToaUTiq, d>0. Then v € Leg(R®) if and only if v is planar.
2. Any multigerm v € Tq 4N Leg(R?), d > 0 is RlL-equivalent to the multigerm

Toa: (1,0,0), (0,,0), (¢t 0), d>0.
3. Any multigerm v € T1 1 N Leg(R?) is RIL-equivalent to the multigerm
Tra: (4,0,0), (4,47,0), (4,6£7,0), b {0,1}.

The parameter b in 7} 5 is a modulus. Before proving Proposition 10.1 we present
its corollary on Legendrian multigermsy €Ty ;UT; ¢ in the contact space (TR3, (dz—
ydz)). Consider the following Legendrain multigerms in this contact space:

7?07(1: rae=1t,y=2z=0, v:ax=0 y=1, 2=0,
’)/3:,’1,‘:7%7’1/:7%(“—172_/—

711,1: 71:m:t7y:Z:07 Y2 ! ,’I,‘:f7y:7l,272':
yar w=t, y=0% =" bg{01}).

These multigerms can be reduced to Ty 4 and Ty by a change of coordinates
z = z + kxy with a suitable k. Therefore Proposition 10.1 and Theorem 1.1 imply
the following classification result.

Theorem 10.2. (real analytic and C'° categories). Let v be an Legendrain multi-
germ of the class Tq 4 (respectively Tq 1) in the contact space (R3 (dz — ydx)).

Then = is contactomorphic to the multigerm Ty 4 (respectively Ty 7).

Proof of Proposition 10.1. Consider at first the class Ty 4. Any multigerm
~v €Ty q is RlL-equivalent to a multigerm of the form

(t,0,0), (0,2,0), (t,#"F'b(t), t™'e(r)),  (5(0),¢(0)) # (0,0). (10.1)

Assume that ¢(0) = 0. Then b(0) # 0. A change of coordinates (2,y,z) = (2, ky +
ryfi(z)z, z+xyfa(x)) and a reparameterization t — k't of the second component
with suitable fi(2), fo(2) and k # 0 reduces b(t) to 1 and ¢(1) to 0. We obtain the
multigerm Ty 4 € Leg(R?).

Consider now the case ¢(0) # 0. Tt is easy to prove that in this case multigerm
(10.1) is not planar. On the other hand, it is quasi-homogeneous: a change of
coordinates (z,y,z) — (2,y + zf1 (2), zf2(2)) with suitable fi(2), f2(2), f2(0) # 0,
reduces b(r) to 0 and ¢(r) to 1. By Theorem 1.3 (10.1) & Leg(IR?).
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Now we will prove Proposition 10.1 for the class Ty ;. Any multigerm v €T
18 RI-equivalent to a multigerm of the form

(t,0,0), (1,£2,0), (1,£2b(t), t2c(t)), (b(0),c(0)) & (0,0)U (1,0). (10.2)
The condition (b(0), ¢(0)) # (0,0) (respectively (b(0), ¢(0)) # (1,0)) means that the

order of tangency bhetween the first and the third component (respectively between
the second and the third component) is equal to 1.

Lemma 10.3. If ¢(0) # 0 then (10.2) is RL-equivalent to the multigerm
(1,0,0), (,42,0), (¢,0,%). (10.3)

If ¢(0) = 0 then (10.2) is RL-equivalent either to the multigerm Ty 1 or to the
multigerm of the form

(t,0,0), (4,42,0), (t, b2, 4%, b {0,1}). (10.4)

Tt is easy to prove that multigerms (10.3) and (10.4) are quasi-homogeneous and
not planar. Therefore Proposition 10.1 follows from Lemma 10.3 and Theorem 1.3.

Proof of Lemma 10.3. Tf ¢(0) # 0 in (10.2) then b(#) can be reduced to 0 and
e(t) to 1 by a change of coordinates of the form (z,y,2) — (z,y + zf1(2), 2 fa(x))
with suitable fi(z), fa(2), f2(0) # 0.

Assume now that in (10.2) one has ¢(0) = 0. Then b(0) & {0,1}. Consider
the plane curve multigerm (¢,0), (¢,1%), (,1%b(t)). One can prove that under the
assumption b(0) & 10,1} it is RI-equivalent to ((,0), (¢,1%), (,5t?)), where b = b(0)

is a modulus. Therefore (10.2) is RIL-equivalent to a multigerm of the form
(t,0,0), (1,42,0), (1,617, 17&(1)), b {0,1}.

A change of coordinates (z,y,2) = (z,y, 2 + y(y — 2 t') f(x)) with a suitable f(x)
reduces &() to the constant ¢ = &(0). Tf ¢ = 0 then we have the multigerm T3 ;. Tf
&= 0 then & can be reduced to 1 by scaling z and we obtain multigerm (10.4).

11. APPENDIX. LEGENDRIAN MULTIGERMS IN THE CONTACT SPACE
|2 — Lr) ) i LOJEGC A oL,z o LT -PL 0.
R3 (dz — yd THE PROJECTIONS TO THE (z,z) AND THE (z,y)-PTLANE

The contact classification of Legendrain singularities in Sections 6-10 1s similar
to the classification of multigerms of plane curves with respect to the whole group of
diffeomorphisms. In the present section we we present two sufficient conditions for
the contactomorphness of multigermsy and 7 in the contact space (R, (dz—ydz)) in
terms of their projections to the (2, y) and the (x, z)-plane. These conditions are not,
necessary. We present examples showing that in general the contact classification
of Legendrain multigerms cannot be reduced to the classification of multigerms of
plane curves, even in the case of one component.

Denote by m, , and m, , the projections (z,y,z) = (#,2) and (2,y,2) = (2, y).
Any Legendrain multigerm with components ~; : 2 = a;(1),y = b;(1),z = ¢;(1) in
the contact space (R? (dz—ydr)) is uniquely determined by the projection m, ,(7)
- a multigerm of a plane curve with components (a; (1), b;(1)). Tt is also uniquely
determined by the projection m, ,v - a plane curve multigerm with components
(a; (1), c; (1)) provided that the curves (a;(1), b; (1) have non-zero Taylor series.
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Notation. Denote by F' the set of Legendrian multigerms in the contact space
(dz — ydx) containing a component (a(t),b(t), ¢(t) such that the curve (a(t), c(t))
has the zero Taylor series.

Proposition 11.1. (real analytic and C'™ categories). Lel v and 4 be Legendrain
multigerms in the contact space (R? (dz—ydx)) beyond the set F. If the projections
Ty - (y) and my (%) are Rl-equivalent then v and % are contactomorphic.

Proof. Tet (x,2) = (X(x,2),Z(x,z) be a local diffeomorphism sending .7y to
T 2 UP to reparameterization of the components. The condition that v and ¥ are
Legendrain with respect to the 1-form dz — yda and the assumption v, 4 ¢ F imply
that any component of the projections 7, .y and m, .7 has up to reparameterization
the form (+¢",0(t")) (r depends on the component). Tt follows that

0X oz
— (0 0, —(0)=0. 11.1
oy 0. 20 ()
Consider the map

o7 4 07

_ Oz 7 Hz
(J?,y, Z) — (X(T7Z)7Y(T7y7 2)72(’7772))7 Y(T7U7 Z) - m (112)

dx 7z

Conditions (11.1) imply that (11.2) is a well-defined local diffeomorphism (R30) —
(R3,0). One can check that (11.2) is a contactomorphism of the contact structure
(dz—ydx). Since v, 4 & F then v and ¥ are uniquely determined by the projections
s - (y) and 75, z(¥) and it follows that contactomorphism (11.2) sends the image
of 4 to the image of 4. 7 O

On the other hand, if two Legendrain multigerms in the contact space (R, (dz —
ydz)) beyond the set F' are contactomorphic then their projection to the (z,z)-
plane do not need to be diffeomorphic.

Example 10.1. Consider the following Legendrain germs of singular curves in the
contact space (R? (dz — ydz)):

. _ 43 _ 44 _ 37
1/)' T*f7yff72777

1/;: =13 y=1"+1° 2 = %74—2—8
The projections of the curves ¢ and ¥ to the (2, z)-plane are diffeomorphic to
(#3,17) and (#3,17 4 18) respectively. These two curves are not diffeomorphic. On
the other hand, the curves ¥ and ¢ are Rl-equivalent to the same curve (t3,14,0)

and by Theorem 1.1 they are contactomorphic.

“We should explain how the contactomorphism (11.2) is constructed. We use the formal

notation y = dz/dx and write Y (z,y,2z) = d7/dX = Eg??g:;z:igg?;gi;:ﬁ We obtain (11.2) by

dividing the nominator and the denominator by dxz. To explain that these operations are legal

one should consider the 3-dimensional manifold C® of contact elements whose points are (p,1),
where p is a point of the (7, z)-plane and [ is a 1-dimensional subspace of TPRQ(T,Z), see [3],
[14]. The manifold C? is a circle bundle over R2(x, z) endowed with a natural contact structure
(a) defined as follows: a curve (p(#),1(#)) in C? is tangent to (a) if p(t) € I(t) for all . Any
local diffeomorphism ® of R2(x, z) can be lifted to a contactomorphism of the manifold (C?, (o))
- the image under W4 of a point (p,!) is the point ((®(p), P«l). The contactomorphism (11.2) is
the germ of the lifting to C? of the diffeomorphism (z,z) — (X, 7) at the point (po, /o), where

po = (0,0),1ln = S/pa,n{%}.



GERMS AND MULTIGERMS OF TLEGENDRIAN CURVES 29

Now we consider the projection to the (2, y)-plane.

Proposition 11.2. (real analytic and C'™ categories). Lel v and 4 be Legendrain
multigerms in the contact space (R? (dz — ydx)). If the projections m, () and
Ty y(¥) are Rl-equivalent via a local diffeomorphism preserving the volume form
dx N\ dy up to multiplication by a number then v and & are contactomorphic.

Proof. Tet (x,y) = (X(2,y),Y(2,y)) be a local diffeomorphism satisfying the as-
sumption of Proposition 11.2. Then dX A dY = rdxz A dy for some r # 0 and
consequently YdX = rydx + dH (z,y) for some function germ H(x,y). Tt follows
that the map ¥ : (z,y,2) = (X (=,y), Y (2,y),rz+ H(x,y)) is a contactomorphism
of the contact space (R? dz — ydz)). Since v and 7 are uniquely defined by their
projections to the (2, y)-plane then ¥ sends the image of 4 to the image of 4. O

Remark. One can show that a local diffeomorphism of the (z,y)-plane can he
lifted to a local contactomorphism of the contact space (R* dz — ydz)) if and only
if it satisfies the assumption of Proposition 11.2.

In view of Proposition 11.2 we conclude this section with the following examples:

(a) there are contactomorphic Legendrain multigermsin the contact space (R?, (dz—
ydz)) whose projections to the (2, y)-plane are not RL-equivalent;

(b) there are non-contactomorphic Legendrain multigerms in the contact space
(R3, (dz — ydz)) whose projections to the (z,y)-plane are RI-equivalent.

Example 10.2. Consider the germs g, ¥, ¥2 of Legendrain curve in the contact
space (R, (dz — ydz)) with the following projections to the (z,y)-plane:

Tegbo s =14 y =17 44104115,
Tagtn o w =10y = (#7411 (1417,

. _ 44 _ 413 14 15 2147 29¢'8 23t'"?
Tpytha: &=1", y=1" 41" 4117 + - + 2 4+ =,

Let us show that the following statements hold:

—_

. The projections m, w1y and 7, 440y are Rl-equivalent;

The germs 1y and 1 are not Rl-equivalent;

LN

The germs ¥y and 15 are RI-equivalent;

=

The projections 7, 4y and 7, 49 are not RIL-equivalent.

Statement 1. is obvious - the diffeomorphism (z, y) — (2, y(1+2)) sends mp 4 (%0)
to mp 4 (¢1). Statement 3. follows from Proposition 11.1: the projections of iy and
¥9 to the (2, z)-plane have the form

o -(0) &= 7‘,47 z=f(t), mp.(¢o): x= 7‘,47 z=(1 —|—7‘,4) - [y,
where f(t) = 4t'7/17 4+ 4t'8/18 4 4¢'9/19. These projections are RI-equivalent,

therefore the germs ¢y and 4 are contactomorphic by Proposition 11.1.
The proofs of statements 2. and 4. are based on calculations. One can prove

that the germ m, 49 is Rl-equivalent to a germ of the form

e =1 y:y:t13—|—7‘,14—|—7‘,15—|—r1,7‘,19—|—o(7‘,19), a0,
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and that a plane curve of this form is not Rl-equivalent to the plane curve m, ,9q.
One also can prove that the space curves ¢y and ¥ are Rl -equivalent, respectively,
to the curves of the form

p=14 y =1 14 10 z:t18—|—m‘,19—|—0(7‘,23),

=t =t 15 = R ™ b 1 o173,
where a,b # 0 and that these two curves are not RI-equivalent.

The singularities Example 10.2 are much more degenerate than in Example 10.1.
This is in correspondence with results in [17] and Section 8. Denote by S the
set of Legndrain germs in the contact space (R? (dz — ydz)) such that the the
contactomorphness of Legendrain germs v, % beyond S is the same property as the
diffeomorphness of their projections to the (2, y)-plane. Theorem 8.5 implies that
codimS > 6 in the space of all non-immersed Legendrain germs. Using Proposition
11.2 and results in [15] one can prove that codimsS is substantially bigger than 6.
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