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zxfra ,jly oexztl zeqgiznd zexrd eptqed minrtl ,df ogana zel`ydn wlg ly dwicaa
ivgd ly 'a wlg ly 2-e 1 zel`yl miqgizn "micew"d aex Z11 . cr Y1 mixvewn "micew"

.dpigad ly oey`xd

--------------------------------------------

.df alya ea ynzydl oekp recn zxaqd `l la` .zxyxyd llka zynzyd Y1
z` zxyiw `l ,zetivx zeiwlg zexfbp zlra F ik jly oexzta xg` mewna znyx m` elit`)

(.zxyxyd llka o`k jyeniy mr efd dpekzd

mewna ile`) .F ′
x ziwlgd zxfbpd `l`l`l `id zxyxyd llk zxfra o`k aygn dz`y zxfbpd Y2

zxfbpd z` o`k aygn mvra dz` (.efd ziwlgd zxfbpd xear dF
dx

elit` e` ∂F
∂x

oeniqa zynzyd F ′
x

i''r zxcben ef divwpet .G i"r o`k dze` onqn ip`y cg`cg`cg` dpzyn ly dycg divwpet ly G′(x)
zniieqn daiaqa x lk xear F (x, ϕ(x)) = 0 ik migipn ep` df alya . G(x) := F (x, ϕ(x)) dgqepd
oekp `loekp `loekp `l i`ceea .daiaq dze`a x lk xear G′(x) = 0 mb okle G(x) = 0-y raep dfn .x = 1 ly

.3-l deey ef zxfbp ik ,mzprh mkn wlgy itk ,oerhl

d`eeynd ik raep if` ,x = 1 -a dxifb `id m`e zniiw ϕ(x) m`y zgked Y3

(1) F ′
x(1, 2) + F ′

y(1, 2)ϕ′(1) = 0

d`eeyn `idy ,F ′
x(1, 2) + F ′

y(1, 2)ϕ′(1) = 3 lynl ,zxg` d`eeyn zlaiw ile` e`) .zniiwzn
ick .ϕ′(1) xear iehia lawl ick dze` xeztl ziqip ,d`eeynd z` zlaiwy ixg` la` (.dpekp `ldpekp `ldpekp `l
-a wlgl zeqpl mewna .F ′

y(1, 2) = 0 ik dpekp `l dlert ef . F ′
y(1, 2)-a wlgl zvl`p ,xeztl

d`eeynd jeza zexiyi F ′
x(1, 2) lye F ′

y (1, 2) ly mipezpd mikxrd z` aivdl jixv ziid F ′
y(1, 2)

.el`d zeavddn dxizq milawny ze`xdle (1)

cg` ik ,o`k df htyna ynzydl xeq`xeq`xeq` la` .zenezqd zeivwpetd htyna zynzyd Y4
.miiwzn `l ezlrtdl miyexcd mi`pzdn

zenezqd zeivwpetd htyn zlrtdl miyexcd mi`pzdn cg` zegtl ik ,wcva ,al zny Y5
zeheyt ze`nbec yi) .zeniiwzn `l dfd htynd zepwqny xxeb `l`l`l df xac la` .miiwzn `l
dxrdd lynl d`x .zeniiwzn zepwqnd z`f lka la` miniiwzn `l dfd htynd i`pz mday
-petd htyny yexta mzxdfed day dl`yd ly dpexg`d dxeyd z` z`xw `l d`xpk ( Y8.

.miigxkd `l`l`l la` miwitqn mi`pz ozep zenezqd zeivw

dfny zprh .ea zynzyd xzei e` zegt e` ,zenezqd zeivwpetd htyna zynzyd Y6
dgqepd zniiwzny raep

(2) ϕ′(1) = −F ′
x(1, 2)/F ′

y(1, 2).

efd daygn jxc .zniiw `l ϕ′(1) zxfbpdy (2) dgqepdn raep ,F ′
y(1, 2) = 0-y oeekn ,ik zprh f`

xyt`-i` f` . zenezqd zeivwpetd htyn z` lirtdl xeq`xeq`xeq` F ′
y(1, 2) = 0-y oeekn .dpekp `l yexta

. Y8 dxrd d`x .(2) dgqepd lr xacl ligzdl elit`
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dgqepd z` znyx Y7
(3) ϕ′(1) = −F ′

x(1, 2)/F ′
y(1, 2).

.dpekp `l efd daygnd jxc .zniiw `l ϕ′(1) zxfbpd ik raep ,F ′
y(1, 2) = 0-y oeekn ,ik zprh f`

xeq`xeq`xeq` F ′
y(1, 2) = 0-y oeekn . zenezqd zeivwpetd htyn ly zepwqnd cg`k zlawzn (3) dgqepd

htynd z` lirtdl xeq`y jnvra mb zazk elit` ile`e) .zenezqd zeivwpetd htyn z` lirtdl
. Y8 dxrd d`x .zniiwzn (3) dgqepdy gipdl dwcvd mey oi` ,df xe`l (.dfd

divwpet dxicbn F (x, y) = 0 d`eeynd oxeary F (x, y) zeivwpet ly ze`nbec zeniiw Y8
la` ,ϕ(1) = 2 -y jke ,iynn x lk xear F (x, ϕ(x)) = 0 z` zniiwn xy` ϕ(x) dxifbe dcigi

.F ′
y(1, 2) = 0 ik ,zihpeelx `le dpekp `l (2) dgqepd

m` wxe m` F (x, y) = 0 ok`e F (1, 2) = 0 f` .F (x, y) = (y − x− 1)2 gwip :dfk cg` `nbec dpd
la` .ϕ(x) = x + 1 dxifbd divwpetd z` dxicbn F (x, y) = 0 d`eeynd df dxwna .y = x + 1
ihpeelx ef dnbec .miiwzdl dleki (3) dgqepd e` (2) dgqepdy iekiq mey oi` okle ,F ′

y(1, 2) = 0

(.dgqep dze` odizy od (3) -e (2) ,oaenk ,ok) . Y5 -a zx`ezny d`ibyd xear mb

.efd divwpetd xear xg` ze`a ynzydl ipeibd dzei did Y9

--------------------------------------------

.
∂f

∂x
(0, 0) = ϕ′(0)· ∂

∂x

√
x2 + y2

∣∣∣∣
(x,y)=(0,0)

zxyxyd llk lr zqqeand dgqepd z` zazk Z1

la` . zniiw dziid
∂

∂x

√
x2 + y2

∣∣∣∣
(x,y)=(0,0)

zxfbpd eli` dpekp dzid `id .dpekp `l dgqep ef la`

.ef d`ibyl mixeywd mitqep mixaqd xear Z1B z` e`x . zniiw `l ef zxfbp

.∂f
∂x

(x, y) = ϕ′
(√

x2 + y2
)
· ∂
∂x

√
x2 + y2 zxyxyd llk lr zqqeand dgqepd z` zazk Z1A

,(x, y) 6= (0, 0) xy`k dpekp `idy llka xexa `l mb .(x, y) = (0, 0) dcewpa dpekp `l ef dgqep la`
mixaqd xear Z1B z` e`x .t 6= 0 ly edylk jxr xear zniiw ϕ′(t) zxfbpd m`d epl reci `l ik

.ef d`ibyl mixeywd mitqep

`id g-y gipp .cg` dpzyn ly idylk divwpet `id ϕ-y gipp :illk xzei dxwna oecp Z1B
:if` .f(x, y) = ϕ(g(x, y)) i''r f(x, y) divwpet xicbp .mipzyn ipy ly idylk divwpet

zniiwzn (n2 `''ecga ze`vez itle zexcbdd itl) f` ,odizy zeniiw ∂g
∂x

(0, 0)-e ϕ′(0) m` (i)

(4)
∂f

∂x
(0, 0) = ϕ′(g(0, 0)) · ∂g

∂x
(0, 0)

df dxwna .zniiw `l ∂f
∂x

(0, 0) mby xxeb `l`l`l xacd ,zniiw `l ∂g
∂x

(0, 0) m` ,llk jxca ,la`la`la` (ii)
.odylk zepwqnl ribdl ick da ynzydl xyt`-i` okle zniiwzn `l (4) dgqepd

,oiteligl ,e` t = 0 dcewpa 0-l odipy mieey oezp xay ly dpknd mbe dpend mby gipp Z2
xy`k e` t → 0 xy`k miiw `l xay eze` ly leabdy xxeb `l`l`l ef dcaer .(x, y) = (0, 0) dcewpa
. sin(x2+y2)

x2+y2 e` sin t
t

`ed xayd mday mixwna lynl elkzqz ,jk lr rpkhydl ick .(x, y) → (0, 0)
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.f ′x(0, 0) ly dxcbddxcbddxcbda xfrdl ilan ef dl`yl oekp oexzt zzl zexyt` oi` d`xpk Z3
zegtl cixedl epvl`p okl .dl`yd oexztl dpekp zxg` jxc zbvd `le ,ef dxcbda zynzyd `l
oexzta ze`iby cer mb eid l''pd dxcbdd myxp `l xy`k mixwnd aexa) .jly oeivdn zecewp izy

(.zetqep zecewp cixedl miaiig epiid okle

.(0, 0) dcewpa zilia`ivpxtic
√

x2 + y2 ik zprh e`/e zilia`ivpxtic f(x, y) ik zprh Z4
.(0, 0)-a dpekp `l el`d zeperhdn cg` s` ,epxrvl

dpey yexta df la` .miiw `l lim(x,y)→(0,0) f ′x(x, y) leabd ik ,gikedl ziqip e` ,zgked Z5
`l lim(x,y)→(0,0) f ′x(x, y) oxeary f zeivwpet ly ze`nbec miniiw . zniiw `l f ′x(0, 0) ik gikedln

.zniiw f ′x(0, 0) la` miiw

yexta df la` .miiw `l lim(x,y)→(0,0)
∂
∂x

√
x2 + y2 leabd ik ,gikedl ziqip e` ,zgked Z5A

u zeivwpet ly ze`nbec miniiw .(x, y) = (0, 0) dcewpa zniiw `l ∂
∂x

√
x2 + y2 ik gikedln dpey

.zniiw u′x(0, 0) la` miiw `l lim(x,y)→(0,0) u′x(x, y) oxeary

f ′x(x, y) xear dgqepa y = 0-e x = 0 zavd i"r f ′x(0, 0) z` aygl zeqpl oekp `l llka df Z6
zxfra f ′x(0, 0) z` aygl zeqpl jilr (0, 0) dcewpa .(x, y) 6= (0, 0) eay dxwnd xear zlaiw ile`y

.zeiwlg zexfbp ly dxcbddxcbddxcbdd

.zxyxyd llk zlrtdl witqn i`pz `l`l`l `id divwpet ly zetivx Z8

ef la` . d
dx

ϕ(|x|)
∣∣
x=0

= ϕ′(0) · d
dx
|x|

∣∣
x=0

zxyxyd llk lr zqqeand dgqepd z` zazk Z9
.zniiw `l ef zxfbp la` .zniiw dziid d

dx
|x|

∣∣
x=0

zxfbpd eli` dpekp dzid `id .dpekp `l dgqep

ik gipn dz` o`k jly aeyiga Z10

(5) lim
(x,y)→(0,0)

ϕ′
(√

x2 + y2
)

= ϕ′(0).

zniiw ϕ′(t) ik xn`p `l elit` ,ok lr xzi .dtivx ϕ′ ik mewn s`a xn`p `l dl`yd geqipa la`
. zniiwzn (5) dgqepd ik gipdl dwcvd mey oi` jkitl .t = 0-n zxg` idylk dcewpa

lw . zniiw ϕ′(t) ik dghad mey epl oi` t =
√

x2 + y2 6= 0 xy`k ik al miyl `p Z11
.3-l deey ϕ′(t) ik gipdl daiq mey epl oi` ,xnege

--------------------------------------------
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