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:1 wlgl lkd jq

xfr xnega ynzydl oi` . zewc 90 :df wlgl onfd
.(oery/ciip oetlha `l mbe oeaygna `l mb)

.dpigad iwlg ipy oia dwqtdd iptl xcgdn z`vl xeq`z`vl xeq`z`vl xeq`
.oel`yd seba zel`yd lk lr epr

,xtqn `ed N xy`k - " [−N%] `l , ok " riteny mewn lka
xexbi df mewna dpekp `ld zvayna X oeniqy `ed xacd yext

.zecewp N ly ililyililyilily cewip
.jk zeyrl mzywazd eay oexzt e` aeyig lk wnplwnplwnpl mkilr

.oextira ynzydl oi` .ddk legk e` xegy hra eazk
.zecewp 100 yi lkd jq .dl`yd ci lr meyx dl`y lkl cewipd

!dglvda .ddf didi ipyd wlgd ly lwynd .dl`d zecewpdn 50 raew df wlg

--------------------------------------------

ze`gqepd i''r (x, y) 6= (0, 0) lk xear zexcben g(x, y) -e f(x, y) zeivwpetd (13%)(13%)(13%) .1

. g(x, y) = arctan
1

x2 + y2
-e f(x, y) = e

√
x2+y2

.f(0, 0) = 0 zxg`e ,miiw leabd m` f(0, 0) = lim(x,y)→(0,0) f(x, y) mixicbn ep`
.g(0, 0) = 0 zxg`e ,miiw leabd m` g(0, 0) = lim(x,y)→(0,0) g(x, y) ok-enk

.[− 1
2%] `l , ok .(0, 0)-a dtivx f divwpetd [2%](`)(`)(`)

. [− 1
2%] `l , ok .(0, 0)-a dtivx g divwpetd

. -l deey ∂g

∂y
(0, 0) zxfbpd . -l deey ∂f

∂x
(0, 0) zxfbpd [6%](a)(a)(a)

(.d`ad dniyxl m`zda L cr A-n ze` epnq zncewd dxeya zevayndn cg` lka)

, D =
4

π2
, C = − 4

π2
, B zniiw `l zxfbpd , A = −e

√
2

. L = −π

2
, K = −1 , J = 1 , H = 0 , E =

π

2

.[−1%] `l , ok .(0, 0)-a zilia`ivpxtic f divwpetd [5%](b)(b)(b)
.[−1%] `l , ok .(0, 0)-a zilia`ivpxtic g divwpetd

--------------------------------------------
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.dcig` (ghy zcigil dqn) zetitv lra Ω = {(x, y) : 2x ≤ x2 + y2 ≤ 4} megzd Ω idi (13%)(13%)(13%) .2
.M iaeig reaw xear ρ(x, y) = M xnelk

.Ω ly dqnd z` eayg [3%](`)(`)(`)
.x z` eayg .Ω ly dqnd fkxn (x, y) idi [10%](a)(a)(a)

.miaeyigd ly mialyd lk z` e`xd .d`ad cenra mb jxevd dxwnae df cenra 2 dl`yl oexztd z` enyx
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(.2 dl`yl oexztd jynd)
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f(x, y, z) = 4x + 2y + z divwpetd ly ilnipind jxrde ilniqwnd jxrd z` e`vn (11%)(11%)(11%) .3

.S =

{
(x, y, z) :

x2 + y2

4
+ z2 = 1

}
ghyna

.df cenra 3 dl`yl wnepnwnepnwnepn oexzt enyx
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ieewd lxbhpi`d z` ,oldl mihxetnd mialyd zxfra ,eayg (13%)(13%)(13%) .4

J =

∫
C

 cos9
(
e−y2

)
(1 + y8)(5 + y12)

+ 1x

 ĵ · d~r

.{(x, y, z) : y = z6} -e {(x, y, z) : x2 + z2 = 49} mighynd ipy ly jezigd mewr `ed C xy`k
C lr milkzqn xy`k oeryd cbp oeek enk d`xp `edy jk xgap C mewrd jxe`l divxbhpi`d oeek

.(0, 100, 0) dcewpdn
(X -a dpekpd daeyzd z` epnq) :`ed J lxbhpi`d aeyigl xzeia dxiaqd jxcd [1%](`)(`)(`)

. zixehwee dfilp` ly mihtynd cg` zxfra . xiyi aeyig
.mi`zn ghyn e` mewr ly zniieqn zixhnxt dbvda ynzydl jxhv` J z` aygl ick [5%](a)(a)(a)

. [− 1
2%] `l , ok

zwiecnd dgqepd z` enyx e` ,zixhnxt dbvd meya jxev mkl oi` recn exiaqd d`ad zvayna
.mixhnxt e` xhnxtd ly megzd z` epiive ,dyexcd zixhnxtd dbvdd ly

.(iii) -e (ii) ,(i) zeivte`dn zg` xegal mkilr df sirqa [5%](b)(b)(b)
-k J z` ayg` (a)(a)(a) sirql izaeyzl m`zda

divwpetd ly [α, β] =
[ , ] rhwd lr ,

∫ β

α

u(t)dt libx lxbhpi` (i)

.u(t) =

zixeyind dveawd lr
∫∫

D

g(u, v)dudv letk lxbhpi` (ii) e`

D =

.g(u, v) = divwpetd ly

agxna dveawd lr
∫∫∫

Ω

h(x, y, z)dxdydz yleyn lxbhpi` (iii) e`

Ω =

.h(x, y, z) = divwpetd ly
.(b)(b)(b) sirqa mzx`ze mzxgay lxbhpi`d z` eayg [2%](c)(c)(c)

(.oekp ote`a (b)(b)(b) sirqa lxbhpi`d z` mzxga m` wx cewip elawz df sirqa :dxdad)
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(.J ly aeyigd jynd)

---------- oey`xd wlgd xear oel`yd seq ----------

qipkdl mzglvd `ly daeyz ly jynd ,mi`ad micenrd ipyae ,dfd cenra meyxl xyt` jxevd dxwna)

jynd riten ea cenrd xtqn z` dni`znd dl`ya oiivl daeg df dxwna .lirl oel`ya jkl creind mewna

(.oexztd
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5
6
7

:2 wlgl lkd jq

xfr xnega ynzydl oi` . zewc 90 :df wlgl onfd

.(oery/ciip oetlha `l mbe oeaygna `l mb)

.df wlg meiq iptl xcgdn z`vl xeq`z`vl xeq`z`vl xeq`

.oel`yd seba zel`yd lk lr epr

,xtqn `ed N xy`k - " [−N%] `l , ok " riteny mewn lka

xexbi df mewna dpekp `ld zvayna X oeniqy `ed xacd yext

.zecewp N ly ililyililyilily cewip

.jk zeyrl mzywazd eay oexzt e` aeyig lk wnplwnplwnpl mkilr

.oextira ynzydl oi` .ddk legk e` xegy hra eazk

.zecewp 100 yi lkd jq .dl`yd ci lr meyx dl`y lkl cewipd

!dglvda .dl`d zecewpdn 50 raew df wlg

--------------------------------------------
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S1 =
{

(x, y, z) : z ≥ 1, z =
√

2− x2 − y2
}

i"r S2 -e S1 mighynd z` xicbp (20%)(20%)(20%) .5
.S2 = {(x, y, z) : 0 ≤ z ≤ 1, x2 + y2 = 1} -e

shyd z` eayg .S2 -e S1 ly cegi`d `ed S ghynd∫∫
S

((
13xz +

z sin7 (log(1 + z4)
)

log(2 + y8)

)
î + 3yzĵ + 15k̂

)
· d~S

.z-d xivn zewgxzd ly oeeka dpet ,S - l avipd xehwee ,n̂ xy`k
. x̂i+yĵ xehweed ly dnbnde oeekd lra `ed n̂ ly iwte`d aikxd S-a (x, y, z) dcewp lka ,xnelk )

( .(1, 0, 1
2
) dcewpa n̂ = î ,lynl

.`ad cenra ,jixv m` ,mbe dfd cenra 5 dl`y xear wnepnwnepnwnepn oexzt enyx
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(.5 dl`y ly oexztd jynd)
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.w : R → R -e v : R → R ,u : R → R cg` dpzyn ly zetivx zeivwpet yely zepezp (15%)(15%)(15%) .6
.C = {(u(t), v(t), w(t)) : −1 ≤ t ≤ 1} mewrd C idi

. g : R3 → R mizpyn dyely ly dtivx divwpet dpezp
. reaw `ed M xy`k S = {(x, y, z) ∈ R3 : g(x, y, z) = M} dgqepd i''r oezp xy` ghyn S idi

ilniqwnd jxrl dn`zda mieey C mewrd lr g ly ilnipind jxrde ilnqwnd jxrd [3%](`)(`)(`)
cg` dpzyn ly divwpetd zlawn xy` ilnipind jxrde

. ≤ t ≤ rhwa φ(t) =

(. zncewd dxeya φ xear mzazky dgqepa edyki` ritedl zeieyr w-e v ,u ,g zeivpwetd)

-l mieey C -a g ly ilnipind jxrde ilniqwnd jxrd if` .C ⊂ S ik gipp [2%](a)(a)(a)

.dn`zda -le

.dcewp lka 0 -n zepey odly zexfbpde zexifb olek w -e v ,u l''pd zeivwpetdy oezp zrk [10%](b)(b)(b)

.~∇g(x0, y0, z0) 6= ~0 -ye (u(0), v(0), w(0)) = (x0, y0, z0) dcewpa zilia`ivpxtic g -y oezp ok-enk
.C ⊂ S ik aey gipp

.~∇g(x0, y0, z0) xehweel avip (x0, y0, z0) dcewpa C -l wiynd ik egiked
ik ,mipzyn dyely ly divwpet ly hp`icxbd ly zereci zepekza ynzydl xeq`xeq`xeq` mkly dgkeda
mb zenec zeaiqn .el`d zepekzdn cg` ly ziwlg dgked mipzep dyrnl mz` mkly dgkeda

.'fpxbl iltek lr htyn s`a ynzydl xeq`
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ze`ad zepenza zebven xy` R2 ly zegezt zeveaw zz yely D3 -e D2 ,D1 dpidz (15%)(15%)(15%) .7

rax` la` Dj-a `l O = (0, 0) dcewpd ,j = 1, 2, 3 xear Dj zeveawdn zg` lk xear ,ik al eniy
.Dj-a olek ze`vnp P = (−2, 0) -e Q = (−1, 0) ,B = (2, 0) ,A = (1, 0) zecewpd

. ~F (x, y) =
−ŷi + x̂j

x2 + y2
i"r xcben xy` ixehweed dcyd ~F idi

i"r e` ,`l`l`l e` okokok oeniq i"r ,ze`ad zel`yd lr epr ,j = 1, 2, 3 xy`k ,Dj zeveawdn zg` lk xear
d`ad dlahd ly zeni`znd zevayna ,xtqn meyix

? Dj -a xnyn dcy `ed ~F m`d (`)(`)(`)

,(x, y) ∈ Dj dcewp lk xear ~F (x, y) = ~∇φ(x, y) zniiwn xy` φ : Dj → R divwpet zniiw m`d (a)(a)(a)
? φ(1, 0) = 0 -y jke

ly φ(−2, 0) -e φ(−1, 0) ,φ(2, 0) mikxrd z` enyxe e`vn (a)(a)(a) dl`yl "ok" mzipr eay dxwn lka
.φ l"pd divwpetd

φ(−2, 0) φ(−1, 0) φ(2, 0) (a)(a)(a) (`)(`)(`)

[− 1
2%] `l , ok [− 1

2%] `l , ok D1

[− 1
2%] `l , ok [− 1

2%] `l , ok D2

[− 1
2%] `l , ok [− 1

2%] `l , ok D3

:mkzaeyz z` mzlaiw ji` exiaqd ,zeveawdn zg` zegtl xear φ(2, 0) z` mzayig m`

--------------------------------------------
---------- oel`yd seq ----------

(.jixv m` ,ztqep daizkl mewn yi mi`ad micenra)
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mewna qipkdl mzglvd `ly daeyz ly jynd ,mi`ad micenrae ,dfd cenra meyxl xyt` jxevd dxwna)

jynd riten ea cenrd xtqn z` gdni`znd dl`ya oiivl daeg df dxwna .lirl oel`ya jkl creind

(.oexztd
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