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:1 wlgl lkd jq

xfr xnega ynzydl oi` . zewc 90 :df wlgl onfd
.(oery/ciip oetlha `l mbe oeaygna `l mb)

.dpigad iwlg ipy oia dwqtdd iptl xcgdn z`vl xeq`z`vl xeq`z`vl xeq`
.oel`yd seba zel`yd lk lr epr

,xtqn `ed N xy`k - " [−N%] `l , ok " riteny mewn lka
xexbi df mewna dpekp `ld zvayna X oeniqy `ed xacd yext

.zecewp N ly ililyililyilily cewip
.jk zeyrl mzywazd eay oexzt e` aeyig lk wnplwnplwnpl mkilr

."qwtih"e oextira ynzydl oi` .ddk legk e` xegy hra eazk
.zecewp 100 yi lkd jq .dl`yd ci lr meyx dl`y lkl cewipd

!dglvda .ddf didi ipyd wlgd ly lwynd .dl`d zecewpdn 50 raew df wlg

--------------------------------------------

divwpetd dpezp (12%)(12%)(12%) .1

f(x, y) =


|x| y√
x2 + y2

, (x, y) 6= (0, 0)

0 , (x, y) = (0, 0)

f ′
y(0, 0) = -e f ′

x(0, 0) = od (0, 0)-a f ly zeiwlgd zexfbpd [3%](`)(`)(`)

:d`ad dniyxl m`zda ,zncewd dxeya zevayndn zg` lka L cr A-n zeize` epnq

, D = 3
2

, C = −3
2

, B zniiw `l zxfbpd , A = −5
2

. L = −1
2

, K = −1 , J = 1 , H = 0 , E = 1
2

.d`ad zvayna ef daeyz xear wenip enyx .[−1%] `l , ok ?(0, 0) -a dtivx f m`d [3%](a)(a)(a)
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â = cos α̂i+ sin α̂j oeeika (0, 0) dcewpa f ly zpeeknd zxfbpd z` eayg d`ad zvayna [3%](b)(b)(b)
.α ∈ [0, 2π] lk xear

ef daeyz xear wenip enyx .[−1%] `l , ok ?(0, 0) -a zilia`ivpxtic f m`d [3%](c)(c)(c)
.d`ad zvayna

--------------------------------------------
ghynd oezp (12%)(12%)(12%) .2

S =
{
(x, y, z) : x2 + y2 = 36, y ≥ 0,−4 ≤ z ≤ 4

}
:dxeva ely ~R(θ, z) = X(θ, z)̂i + Y (θ, z)̂j + Z(θ, z)k̂ divfixhnxt xgap

~R(θ, z) = 6 cos θ̂i + 6 sin θ̂j + zk̂

:`ed mixhnxtd megz [2%](`)(`)(`)

D =

{
(θ, z) : ≤ θ ≤ , ≤ z ≤

}
:dcyd ly shyd z` aygl miywan [10%](a)(a)(a)

~F (x, y, z) = xẑi + yzĵ + z2k̂

.ilily y aikx yi (0, 6, 0) dcewpa ghynl lnxepl xy`k ,l"pd S ghynd jxc

~Rθ × ~Rz = î + ĵ + k̂

~F (X(θ, z), Y (θ, z), Z(θ, z)) = î+ ĵ+ k̂

[−1%] `l , ok ?yxcpd oeeka oeekn ~Rθ × ~Rz iehiad i"r rawpd lnxepd xehweed m`d
-y lawp zencewd zeaeyzd lk xe`l∫∫

S

~F · n̂dS =

∫∫
D

dzdθ =

--------------------------------------------
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zilpeivxetext V = {(x, y, z) : x2 + y2 + z2 ≤ z} xeckd ly ρ = ρ(x, y, z) zetitvd (13%)(13%)(13%) .3
zqn z` e`vn . k iaeig reaw xear ρ(x, y, z) = k

√
x2 + y2 + z2 xnelk .(0, 0, 0) ziy`xdn wgxnl
.ely caekd fkxn ly z zhpicxe`ew z`e xeckd

--------------------------------------------

:3 dl`y xear miwenipde miaeyigd z` `ad cenrae o`k enyx
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(. 3 dl`y xear miwenipe miaeyigl ,jixv m` ,mewn cer)
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.y = x -e y = 2 ,x = −4 mixyid oia `elkd xy xeyina megzd D idi (13%)(13%)(13%) .4
.D megzd z` exiiv [3%](`)(`)(`)

f(x, y) = ex−y(6y2 − 3x2) divwpetd ly ilnipind jxrde ilniqwnd jxrd z` e`vn [10%](a)(a)(a)
.D megza
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(. 4 dl`y xear oexztl ,jixv m` ,mewn cer)

---------- oey`xd wlgd xear oel`yd seq ----------
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mewna qipkdl mzglvd `ly daeyz ly jynd ,`ad cenrae ,dfd cenra meyxl xyt` jxevd dxwna)

jynd riten ea cenrd xtqn z` dni`znd dl`ya oiivl daeg df dxwna .lirl oel`ya jkl creind

(.oexztd
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6
7

:2 wlgl lkd jq

xfr xnega ynzydl oi` . zewc 90 :df wlgl onfd

.(oery/ciip oetlha `l mbe oeaygna `l mb)

.df wlg meiq iptl xcgdn z`vl xeq`z`vl xeq`z`vl xeq`

.oel`yd seba zel`yd lk lr epr

,xtqn `ed N xy`k - " [−N%] `l , ok " riteny mewn lka

xexbi df mewna dpekp `ld zvayna X oeniqy `ed xacd yext

.zecewp N ly ililyililyilily cewip

.jk zeyrl mzywazd eay oexzt e` aeyig lk wnplwnplwnpl mkilr

."qwtih"e oextira ynzydl oi` .ddk legk e` xegy hra eazk

.zecewp 100 yi lkd jq .dl`yd ci lr meyx dl`y lkl cewipd

!dglvda .dl`d zecewpdn 50 raew df wlg

--------------------------------------------

(10%)(10%)(10%) .5
ziepepwd ze`eeynd i"r mipezp L2 -e L1 mixyid

x− 2 =
z

2
, y = 4 -e x− 7

3
=

y − 2

−2
= z − 5

.dn`zda

.[−2%] `l , ok ?df z` df mikzeg L2 -e L1 mixyid m`d [4%](`)(`)(`)

avipe ,L2 z` mbe L1 z` mb jzeg xy` L xyi xear zeixhnxt ze`eeyn o`k enyxe e`vn [6%](a)(a)(a)
.mdipyl

x = , y = , z = .

--------------------------------------------

:5 dl`y xear miwenipde miaeyigd z` `ad cenra enyx
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. 5 dl`y xear miwenipe miaeyigl mewn

.mcewd cenrd seqa zevayna ziteqd daeyzd z` meyxl gekyl `l `p.mcewd cenrd seqa zevayna ziteqd daeyzd z` meyxl gekyl `l `p.mcewd cenrd seqa zevayna ziteqd daeyzd z` meyxl gekyl `l `p
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ze`ad zepenza zebven xy` R2 ly zegezt zeveaw zz yely D3 -e D2 ,D1 dpidz (19%)(19%)(19%) .6

rax` la` Dj-a `l O = (0, 0) dcewpd ,j = 1, 2, 3 xear Dj zeveawdn zg` lk xear ,ik al eniy
.Dj-a olek ze`vnp P = (−2, 0) -e Q = (−1, 0) ,B = (2, 0) ,A = (1, 0) zecewpd

. ~F (x, y) =
−ŷi + x̂j

x2 + y2
i"r xcben xy` ixehweed dcyd ~F idi

i"r e` ,`l`l`l e` okokok oeniq i"r ,ze`ad zel`yd lr epr ,j = 1, 2, 3 xy`k ,Dj zeveawdn zg` lk xear
d`ad dlahd ly zeni`znd zevayna ,xtqn meyix

? Dj -a xnyn dcy `ed ~F m`d (`)(`)(`)

,(x, y) ∈ Dj dcewp lk xear ~F (x, y) = ~∇φ(x, y) zniiwn xy` φ : Dj → R divwpet zniiw m`d (a)(a)(a)
? φ(1, 0) = 0 -y jke

ly φ(−2, 0) -e φ(−1, 0) ,φ(2, 0) mikxrd z` enyxe e`vn (a)(a)(a) dl`yl "ok" mzipr eay dxwn lka
.φ l"pd divwpetd

φ(−2, 0) φ(−1, 0) φ(2, 0) (a)(a)(a) (`)(`)(`)

[− 1
2%] `l , ok [− 1

2%] `l , ok D1

[− 1
2%] `l , ok [− 1

2%] `l , ok D2

[− 1
2%] `l , ok [− 1

2%] `l , ok D3

:mkzaeyz z` mzlaiw ji` exiaqd ,zeveawdn zg` zegtl xear φ(2, 0) z` mzayig m`

--------------------------------------------
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.D ly zinipt dcewp (x0, y0) idz .D megza zxcbend f(x, y) divwpet dpezp [5%](`)(`)(`) (21%)(21%)(21%) .7

. ← ef zvayna E cr A-n ze` epnq jkl m`zdae ,d`ad dniyxdn dpekpd dprhd z` exga
(.wnpl jxev oi` df sirqa )

(.zeaeyzd zniyxn A daeyzd z` wegnl yiy dpigad onfa mkl epxn`) A

∂2f

∂y∂x
ziwlgd zxfbpd mby gxkda raep if` (x0, y0) -a zniiw ∂2f

∂x∂y
ziwlgd zxfbpd m` B

. ∂2f

∂x∂y
(x0, y0) =

∂2f

∂y∂x
(x0, y0) -e (x0, y0) -a zniiw

efl ef zeey gxkda od if` (x0, y0) -a odizy zeniiw ∂2f

∂y∂x
-e ∂2f

∂x∂y
zeiwlgd zexfbpd m` C

.(x0, y0) -a
dcewpd ly zniieqn daiaqa zeniiw mizy xcq cr dly zexfbpd lky jk f divwpet zniiw D

. ∂2f

∂x∂y
(x0, y0) 6=

∂2f

∂y∂x
(x0, y0) la` ,(x0, y0) -a zetivx oleke (x0, y0)

.dpekp `l dprh `id ef dniyxa zxg` dprh lk E

dveawa xcben xy` ~F (x, y, z) = P (x, y, z)̂i+Q(x, y, z)̂j+R(x, y, z)k̂ ixehwee dcy oezp [6%](a)(a)(a)
.(x0, y0, z0) dcewpd z` dlikn xy` R3-a dgezt

Q ,P miaikxd lr (mil`iaixh `l mi`pz oaenk) miwitqn mi`pz ozep xy` htyn egikede egqp
dgqepd meiwl ~F ly R -e

(1) ~∇ ·
(

~∇× ~F
)

= 0

.(x0, y0, z0) dcewpa
htynd geqip

htynd zgked

(.`ad cenra jiyndl xyt`)
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(.dgkedd jynd)

,{(x, y, z) : x2 + y2 + z2 = b2} :xebqd ghynd S idi ,miiaeig mireaw c -e b ,a eidi [5%](b)(b)(b)
.~F (x, y, z) = ax̂i + (by + cz)̂j + ~∇×

(
5x2yẑi + 24 sin2 z3̂j + 7xey2

k̂
)
ixehwed dcyd ~F idie

.ueg itlk dpet S ghynl lnxepd xehwe xy`k
∫∫

S

~F · d~S ighynd lxbhpi`d z` eayg

.ef dl`y ly mincewd mitirqd cg`a ynzydl ozip :fnx:fnx:fnx
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(.`ad cenra ef dl`y ly oexg`d sirqd )
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xcqn zetivx zeiwlg zexfbp lra ~G ly aikx lky oezp .R3 lka xcben ixehwe dcy ~G idi [5%](c)(c)(c)
.(0, 0, 0) dcewpa zetivx `l`l`l el`d zexfbpd la` .(x, y, z) 6= (0, 0, 0) dcewp lka oey`x

.~G(0, 0, 0) = −3k̂ ik reci
.~F (x, y, z) = ax̂i + (by + cz)̂j + ~∇× ~G dcyd oezp

.(b)(b)(b) sirqa excbed xy` ghynd eze` S idie miiaeig mireaw mze` c -e b ,a eidi
lxbhpi`d z` aygl icka divnxetpi` witqn epl oi` mrtd recn exiaqd e`

∫∫
S

~F ·d~S z` eayg
.dfd

--------------------------------------------

---------- oel`yd seq ----------

mewna qipkdl mzglvd `ly daeyz ly jynd ,mi`ad micenrae ,dfd cenra meyxl xyt` jxevd dxwna)

jynd riten ea cenrd xtqn z` gdni`znd dl`ya oiivl daeg df dxwna .lirl oel`ya jkl creind

(.oexztd
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