
.dpey`x d`vxd mekiq .n2 `"eecg

.mixeiv xtqn siqedle zixard z` owzl ,xzid oia ,jixv .zix`pinilxt dqxib wx ef

.miiynnd mixtqnd lk zveaw R
.miiynn mixtqn ly (a, b) mixecqd zebefd lk zveaw R2

.xeyina dcewp mr ddcfn R2 ly (a, b) xai` lk
.x -d xivn |b| wgxnae y - d xivn |a| wgxna z`vnp dcewpd

.xeyind lk mr ddcfn R2 dlek dveawd

.miiynn mixtqn ly (a, b, c) zexecqd zeylyd lk zveaw R3

.(icnin zlz agxn xnelk) agxna dcewp mr ddcfn R3 ly (a, b, c) xai` lk
mixivd ly xeyin |b| wgxna `id ok enk ,z -e y ixiv z` liknd xeginn |a| wgxna z`vnp dcewpd

.y -e x mikxivd ly xeyinn |c| wgxnae z -e x

.agxnd lk mr ddcfn R3 dlek dveawd okl
.miiynn mixtqn ly (a, b, c, d) zexecqd zeriaxd lk zveaw R4

.miiynn mixtqn ly (a, b, c, d, e) zexecqd zeiyingd lk zveaw R5

.miiynn mixtqn ly (a1, a2, ....an) zexecqd zei-n d lk zveaw Rn ,iaeige mly n xtqn lkl
-xhne`b dveaw mr Rn z` zedfl dheyt jxc epl oi` n ≥ 4 xy`k ,n = 1, 2, 3 mixwdn licadl
,dlklka ,dwiqita lynl milirene miaeyg miciwtz zwgyn Rn dveawd z`f zexnl la` .zi

.mixg` minegzae
.(R2 -a dnec c`n dxcbd yi) .R3 -a mixehwee zxcbd-a mixehwee zxcbd-a mixehwee zxcbd

ugd ly "apfd" z`xwipy (a1, a2, a3) dpey`x dcewpn ,oeekn xyi rhw `ed ug ."ug" xicbp mcew
.ugd ly "y`xd" z`xwp xy` (b1, b2, b3) dipy dcewpl

:wiecn `l zvw dxcbd
(dfl df miliawn xnelk) oeek eze` ilrae jxe` eze` ilra mipey mivig ipy m` la` .ug df xehwee

.xehwee eze`k miaygp md if` ,dnbn dze` ilra mb mde
.(zilbp`a sense) ?dnbn df dn

:zepenz zxfra xiaqp
.dnbn eze` ilra mbe ,oeek eze` ilra md el`d mivigd ipy

.efl ef zeketd mdly zenbnd la` ,oeek eze` ilra md el`d mivigd ipy
.dnbn dze`e oeek eze` ,jxe` eze` ilra md m` dfl df milewy mivig ipyy cibp :zwiecn dxcbd
Two arrows are equivalent to each other if they have the same length, the same direction and
the same sense.

.el milewy mdy mixg`d mivigd lklklk mbe miieqn ug likny dveaw `ed R3 -a xehwee
mivig ,mipey mibivp seqpi` yi xehwee lkl xnelk .xehweed ly "bivp"k aygp ef dveawa ug lk

.dfl df milewy mlek xy`
.(ilnxet xzei df) .( directed line segment ) "okeen xyi rhw" cibdl xyt` (arrow) "ug" mewna

:mixehwee xear oeniq
mivig mewna minrtl .ug mr ohw e` lecb xg` ze` e` ~B e` ~A oeniqa R3 -a xehwee onql laewn

.'eke B , A oebk ,zeybcen zeze`a miynzyn
z` zepyl ilan oaenk) eze` fifpe ~A ly bivp `edy edylk ug gwip ,R3 -a ~A edylk xehwee oezp
xgap ,zexg` milina ,e` .(0, 0, 0) ziy`xd dcewpa `vnp eapfdy cr (ely dnbnde oeekd jxe`d
idz .dl`d zepekzd lra cg` ug wx yiy xexa .(0, 0, 0) -a `vnp eapfy ~A z` bviind ugd z`
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ote`a (a, b, c) dcewpd z` raew ~A xehweed .ug eze` ly y`xd `vnp day R3 -a dcewpd (a, b, c)

dfd xywd z` oiivp .irnyn-cg ote`a ~A xehweed z` zraew (a, b, c) dcewpd ipy cvn .irnyn-cg
dgqepd i"r (a, b, c) dcewpd oial ~A xehweed oia

(1) ~A = [a, b, c]

.gep c`n `ed la` .d` `yepa mixtqd aexa riten `l d`xipk miraexn miixbeq mr (1) -a oeniqd)
cec 'text icici azky zeniyxa dfd oeniqd z` izi`x .eply ihxte inyx `l oeniqk dfl qgizp
eze`a eynzydy il xne` cec ."`-1 dwihnzn" f` el e`xwy revwn xear mipy daxd iptl bliv

(.aia` lz zhiqxaipe`a hpcehqk cnly miqxewa oeniq
(0, 0) dcewpdn ugd `ed ely mibivpn cg`y R2 -a xehweed xear [a, b] oeniqa ynzyp dnec ote`a

.(a, b) dcewpl
.k̂ = [0, 0.1] -e ĵ := [0, 1, 0] ,̂i := [1, 0, 0] md .R3 -a miaeyg mixehwee dyely yi

.̂j = [0, 1] -e î = [1, 0] mipnqn mb ep` R2 -a
dfk xehwee .1 jxe` lra xehwee xear laewn ug mewna ̂ "raek"a yeniyd mixehwee ly oeniqa

.(unit vector) "dcigi xehwee" mb `xwp
i"r ~A ly jxe`d z` mipnqn ,3 e` n = 2 xy`k ,Rn -a ~A xehwee lk xear :xehwee ly jxe`:xehwee ly jxe`:xehwee ly jxe`
ly jxe`d"

∥∥∥ ~A
∥∥∥ xtqnl `exwl mewna minrtl (.

∣∣∣ ~A
∣∣∣ minyex ,df mewna ,minrtl) .

∥∥∥ ~A
∥∥∥ oeniqd

~A ly "zicilwe`d dnxepd" e` ~A ly "dnxepd" e` , ~A ly "hlgend jxr" el mi`xew , " ~A

.(the euclidean norm of ~A)

f` ~A = [a1, a2, a3] m` ,ok enk .
∥∥∥ ~A

∥∥∥ =
√

a2
1 + a2

2 ik qxebzit htynn xexa f` ~A = [a1, a2] m`

.
∥∥∥ ~A

∥∥∥ =
√

a2
1 + a2

2 + a2
3 ik epl mipzep qxebzit htyn ly zelrtd ipy

zixabl` dxcbd ,zexcbd izy yi dlert lkl .mixehwee lr zepey zelert yy lr cenll mikixv ep`
dcaerd z` lvpl lkep jk xg` .xac eze` zepzep zexcbd izyy wecal jxhvp .zixhn`b dxcbde

.miliren mixac ipin lkl efd
:zelertd zniyx

,mixehwee ipy ly xeaig
,xlwqa xehwee ly ltk
,mixehwee ipy ly yxtd

,mixehwee ipy ly (dot product) zixlwq dltkn
,mixehwee ipy ly (cross product) zixehwee dltkn

.mixehwee dyely ly (scalar triple product) zaxrn dltkn
.mixehwee ly xeaig.mixehwee ly xeaig.mixehwee ly xeaig

.el`d mipeniqdn gkyp jk xg` . "+g" -e "+a" mipeniq ipya ynzyp zipnf
mekqd f` ~B = [b1, b2, b3] -e ~A = [a1, a2, a3] m` . ~B -e ~A mixehwee ipy mipezp :zixabl` dxcbd

dgqepd i"r oezp `ed . ~A +a
~B -a onqpy xehwee `ed ~B -e ~A ly ixabl`d

[a1, a2, a3] +a [b1, b2, b3] = [a1 + b1, a2 + b2, a3 + b3]

onqpy xehwee `ed ~B -e ~A ly ixhne`bd mekqd . ~B -e ~A mixehwee ipy mipezp :zixhne`b dxcbd
jk mze` mwnpe ~B z` bviiny uge ~A z` bviiny ug gwip ~A +g

~B z` lawl ick . ~A +g
~B -a

i"r oezp xehwee `ed ~A +g
~B f` .dcewp dze`a mi`vnp ~B ly ugd ly apfde ~A ly ugd ly y`xy

. ~B ly ugd ly y`xd l` ~A ly ugd ly apfdn ugd
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. ~A +a
~B = ~A +g

~B miiwzn ~B -e ~A mixehwee ly bef lk xear .1 htyn.1 htyn.1 htyn
(.dfd htynd z` xiaqdl izpkdy zbvn e`x) ."miaelw"a ynzyp :xaqd e` dgked

.R2 a zibelp`d d`vezd lr mcew aeygl i`ck ile`
mdipy mewnae , ~A +g

~B-e ~A +a
~B mipeniqa ynzydl miwiqtn oekp df htyny mirceiy ixg`

. ~A + ~B minyex heyt

.mixehwee ipy oia zieef.mixehwee ipy oia zieef.mixehwee ipy oia zieef
mdizeapfy jk mze` mibvind mivigd z` mwnp .R3 -a e` R2 -a ~B -e ~A mixehwe ipy mipezp
zirnynn-cg `l oiicr ef dxcbd .] ~A, ~B i"r mivigd ipy oia zieefd z` onqp .dcewp dze`a mi`vnp
.mivigd oia zieefk 2π−θ z` mb zgwl xyt` f` mip`icx θ -l deey mivigd ipy oia zieefd m` ,ik

xeiv
.0 ≤ ] ~A, ~B ≤ π -y jk ] ~A, ~B z` xegap cinzy mikqp efk ze`nyn-ec repnl ick

.1 libxz.1 libxz.1 libxz
miiwn ~A = [a, b, c] xehwee lky mixeiv zxfra e`xd (i)

(2) . c =
∥∥∥ ~A

∥∥∥ cos ] ~A, k̂ -e b =
∥∥∥ ~A

∥∥∥ cos ] ~A, ĵ , a =
∥∥∥ ~A

∥∥∥ cos ] ~A, î

n mipey mixehwee md ~B -e ~A xy`k ] ~(−A), ~B -e ] ~A, ~B zeieefd oia xywn xy` dgqep e`vn (ii)
.`ad libxza xfrdl xyt` e` .minec miyleyn lr libxz `id dgedd .zilnxet dgked ozip `l .~0

.iynn xtqn xnelk ,edylk xlwq λ idie ,edylk xehwee ~A = [a1, a2, a3] idi :xlwqa ltk:xlwqa ltk:xlwqa ltk
.λa

~A = [λa1, λa2, λa3] :zixabl` dxcbd
. ~A ly jxe`d letk |λ| -l deey λg

~A ly jxe`d . ~A -l liawn xehwee `ed λg
~A :zixhne`b dxcbd

.
∥∥∥λg

~A
∥∥∥ = |λ|

∥∥∥ ~A
∥∥∥ xnelk

. ~A ly dnbnl dketd dnbn lra λg
~A f` λ < 0 m` .dnbn dze` ilra ~A -e λg

~A f` λ > 0 m`
ik jk zeyrl xyt`-i` mb dyrnle ,λg

~A ly dnbnd e` oeekd z` xicbdl jixv `l f` λ = 0 m`
.~0 = [0, 0, 0] qt`d xehwee `ed okle 0 jxe` lra λg

~A df dxwna

.λg
~A = λa

~A .2 htyn.2 htyn.2 htyn
.`ad libxza xfrdl xyt` e` .minec miyleyn lr libxz `id dgkedd

~0 n mipey mixehwee md ~B -e ~A xy`k ,](λg
~A), ~B -e ] ~A, ~B oia xywn xy` dgqep e`vn .2 libxz.2 libxz.2 libxz

.2 htyn z` egiked ,1 libxz ly ze`vezde efd dgqepd zxfra .λ > 0 -e

.λ ~A aezkp heyt mdipy mewnae ,λa
~A -e λg

~A mipeniqdn gkyp oekp df htyny epl reciy ixg`
:mixehwee ipy ly yxtde jetd xehwee:mixehwee ipy ly yxtde jetd xehwee:mixehwee ipy ly yxtde jetd xehwee

z` xicbp ok-enk .− ~A = (−1) ~A i"r ~A -l jetdd xehweed z` xicbp . ~B -e ~A mixehwee ipy mipezp
. ~A− ~B = ~A + (−1) ~B dgqepd i"r ~B -e ~A oia yxtdd

-y mbe ,−[a1, a2, a3] = [−a1,−a2,−a3] ik xexa mincewd mihtyndn

(3) [a1, a2, a3]− [b1, b2, b3] = [a1 − b1, a2 − b2, a3 − b3].

ef zeketd mdly zenbnd .oeek eze`e jxe` eze` ilra ~A -e − ~A mixehweed ik zexcbddn xexa mb
.efl
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ik (3)-n raep
(4) ~A +

(
~B − ~A

)
= ~B

`ed ,(3) dgqepd ly ipinid sb`a mbe il`nyd sb`a mb riten xy` ,"−" oeniq eze`y al eniy)
(.dgqepd ly mitb`d ipya zepey zeiernyn ipy lra

:zixlwqd dltknd:zixlwqd dltknd:zixlwqd dltknd
dltknd f` ~B = [b1, b2, b3] -e ~A = [a1, a2, a3] m` . ~B -e ~A mixehwee ipy mipezp :zixabl` dxcbd
dgqepd i"r oezp `ed . ~A ·a ~B -a onqpy (xlwq xnelk) xtqn `ed ~B -e ~A ly zixabl`d zixlwqd

[a1, a2, a3] ·a [b1, b2, b3] = a1b1 + a2b2 + a3b3

`ed ~B -e ~A ly zixhne`bd zixlwqd dltknd . ~B -e ~A mixehwee ipy mipezp :zixhne`b dxcbd
dgqepd i"r oezp `ed . ~A ·g ~B -a onqpy xtqn

~A ·g ~B =
∥∥∥ ~A

∥∥∥
∥∥∥ ~B

∥∥∥ cos ] ~A, ~B

. ~A ·a ~B = ~A ·g ~B miiwzn ~B -e ~A mixehwee ly bef lk xear .3 htyn.3 htyn.3 htyn

i"r oezpd xehweed ~C idi . ~B = [b1, b2, b3] -e ~A = [a1, a2, a3] ik gipp :dgked
(.~C = ~B − ~A dyrnl) . ~A + ~C = ~B miiwn ~C okl . ~C = [b1 − a1, b2 − a2, b3 − a3]

e` ,(4) itl ,f` ,dcewp dze`a mi`vnp mdizeapfy jk ~B -e ~A z` mibvind mivigd z` mwnp m`
lirtp . ~C z` bvil aiig ~B ly ey`xl ~A ly ey`xn ugdy mi`ex ep` , ~A + ~C = ~B -y dcaerd itl

lawp f` . ~C -e ~B , ~A xear l"pd mivigd i"r xvepy yleyna miqepiqewd htyn z`
∥∥∥~C

∥∥∥
2

=
∥∥∥ ~A

∥∥∥
2

+
∥∥∥ ~B

∥∥∥
2

− 2
∥∥∥ ~A

∥∥∥
∥∥∥ ~B

∥∥∥ cos ] ~A, ~B.

okl
∥∥∥ ~A

∥∥∥
∥∥∥ ~B

∥∥∥ cos ] ~A, ~B =
1

2

(∥∥∥ ~A
∥∥∥

2

+
∥∥∥ ~B

∥∥∥
2

−
∥∥∥~C

∥∥∥
2
)

=
1

2

(
a2

1 + a2
2 + a2

3 + b2
1 + b2

2 + b2
3 −

(
(b1 − a1)

2 + (b2 − a2)
2 + (b3 − a3)

2
))

wx x`ype minvnhvn mixai` daxd ,dpexg`d dxeya iehiaa miixbeqd lk z` migzet xy`k
l"ynl"ynl"yn . ~A ·a ~B -l oaenk deey xy` 1

2
(2a1b1 + 2a2b2 + 2a3b3)

heyt mdipy mewnae , ~A ·g ~B-e ~A ·a ~B mipeniqa ynzydl miwiqtn ,oekp df htyny mirceiy ixg`
. ~A · ~B minyex

(. ~A · ~B mewna ea miynzyn minrtly
〈

~A, ~B
〉

xg` oeniq xikfp)

~B xehwee lr ~A xehwee ly lhid~B xehwee lr ~A xehwee ly lhid~B xehwee lr ~A xehwee ly lhid
. ~B 6= ~0 ik cinz gipp df sirqa

dxeva ~A z` aezkl eppevxa
(5) ~A = αB̂ + ~C
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. ~B -l avip xehwee `ed ~C -e ~B enk dnbne oeek eze` lra dcigi xehwee onqn B̂ xy`k
. ~B xehweed oeeka ~A xehweed ly eikxd `xwp α xtqnd

. ~B xehweed lr ~A xehweed ly lhidd `xwp αB̂ xehweed
e`) dfd gekd ly aikxd `ed α if` ,(zexidn e`) gek ly xehwee `ed ~A m` ,dwiqita ,lynl

. ~B oeeka (efd zexidnd

.B̂ = 1

‖ ~B‖ ~B dgqepd i"r oezp B̂ xehweed oaenk

.lhidd ly zixhne`b dxcbd
xaerd xyid L idi .Q dcewp eze`a mi`vnp mdizeapfy jk ~B -e ~A z` mibvind mivigd z` mwnp

. ~B xehweel liawn xy` Q jxc
aiig ~A ly y`xd cr P n rhwdy xexa . ~A ly ugd ly y`xl xzeia daexwd L lr dcewpd P idz

.miytgn ep`y αB̂ xehweed `ed ,P -l Q -n ugd i"r oezpd xehweed .L xyil avip zeidl
:xeiv

-y xeivdn xexa
(6) α =

∥∥∥ ~A
∥∥∥ cos ] ~A, ~B

.] ~A, ~B > π/2 m` α < 0 -e ] ~A, ~B < π/2 m` α > 0 `"f
ik ciin milawn ep` zixlwq dltkn ly ixhne`bd dxcbdde (6) dgqepdn

(7) . α = ~A · B̂ xnelk α =
~A · ~B∥∥∥ ~B

∥∥∥

.3 libxz.3 libxz.3 libxz
ik egiked zixlwqd dltknd ly zixabl`d dxcbddn (i)

(~U + ~V ) · ~W = ~U · ~W + ~V · ~W

riten l"pd dgqepa minrt riteny + oniqd ik al eniy) . ~W -e ~V ,~U mixehwee dyely lk xear
(.dfn df mipey c`n mipaen ipya

ik egiked zixlwqd dltknde xlwqa ltk ly zeixabl`d zexcbddn (ii)

(λ~U) · ~V = λ(~U · ~V )

,~U xehweea λ xlwqd ly ltkd z` onqn λ~U -y al eniy) .~V -e ~U mixehwee ipy lkle λ ∈ R lkl
(.zepey zelert ipya xaecn .~U · ~V xtqna λ xtqn ly libxd ltk z` onqn λ(~U · ~V ) la`

.~U · ~U =
∥∥∥~U

∥∥∥
2

miiwn ~U xehwee lk ik egiked (iciin aeyig) (iii)

raep (7) dgqepdy ,dfd libxzd ly mincewd miwlgd zyely zxfra ,ixabl` ote`a egiked (iv)
df miavip mixehwee ipy xy`k :ef dgkeda ixhne`b cg` aikxn mb z`f lka didi .(5) dgqepdn

?mdly zixlwqd dltknd dn ,dfl

xehweegek xehwee ly zixlwq dltknk dcear aeyig .dwiqita zixlwqd dltknd ly yeniy.dwiqita zixlwqd dltknd ly yeniy.dwiqita zixlwqd dltknd ly yeniy
.dwzrd

z`xwp P -l Q -n ugd i"r bveind ~B xehweed .P dcewpl Q dcewpn xyi rhw jx`l rp wiwly gipp
.df dxwna wiwlgd ly (displacement vector) dwzrdd xehwee

. ~A xehweed i"r bvein reaw gek eilr lrten wiwlgd ly l"pd drepzd onfay gipp
rvan gekdy epl mixne` mii`wiqitd f` dwzrdd xehwee enk dnbn eze` lrae liawn gekd m` •

.
∥∥∥ ~A

∥∥∥
∥∥∥ ~B

∥∥∥ -l deey dceard `"f .dwzrdd lceb letk gekd lcebl deey xy` dcear
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-l deey `id xnelk ,zilily `id dceard if` ,1jetd oeeka la` dwzrdl liawn gekd m` •
.−

∥∥∥ ~A
∥∥∥

∥∥∥ ~B
∥∥∥

.0 -l oeey dceard ,dcear mey rvean `l f` ,dwzrdd oeekl avip gekd m` •
oeeika gekd ly aikxdaikxdaikxd lceb z` zrcl jixv la` .aeyg `l gekd lceb ,dceard aeyiga illk ote`a •
`ed yweand gekd aikxdy epi`x .wiwlgd rpy wgxnd letk df aikxl deey dceard .dwzrdd
heyt dceardy raep (7) -n .

∥∥∥ ~B
∥∥∥ letk α -l deey dceard .(7) dgqepd i"r oezp xy` α xtqnd

. ~A · ~B -l deey
md a3 -e a2 ,dnec ote`ae ,̂i lr ~A ly lhidd `ed a1 ik ewca . ~A = [a1, a2, a3] edylk xehwee oezp

.dn`zda k̂ -e ĵ lr ~A ly milhidd
-y mb aezkl xyt` . ~A = a1̂i + a2̂j + a3k̂ dgqepd miiwzn ok enk

(8) ~A = ( ~A · î)̂i + ( ~A · ĵ)̂j + ( ~A · k̂)k̂.

ĵ ,̂i mixehweed zyely lr ely milhidn ~A xeweed z` xfgyl xyt`y epl mi`xn el`d ze`gqepd
dllkd e`xz mye "zeilxbhpi` zexnzde diixet ixeh" revwn z` ecnlz ile` `ad xhqnqa .k̂ -e
,R3 -a ~A mixehwee mewna ,my .(8) dgqepd ly ,ziyeniy c`n c`ne ,zipe`b elit` ,dniyxn c`n
ĵ ,̂i mixehweed mewna .divwpet didi ~A dyrnl .iteqpi` cnin lra xg` agxna "mixehwee" eidi
mewna ,(8) dgqepay jk zeni`zn zeixhnepebixh zeivwpet ly ziteqpi` dxcqa eynzyz k̂ -e

.mixai` seqpi` eritei ,mixai` dyely

:mixehwee ipy ly zixehweed dltknd:mixehwee ipy ly zixehweed dltknd:mixehwee ipy ly zixehweed dltknd
rawp df xehwee . ~A×g

~B ycg xehwee xicbp R3 -a ~B -e ~A mixehwee ipy lk xear :zixhne`b dxcbd
:ely ze`ad zepekzd ici lr irnyn-cg ote`a

. ~B -l avip mbe ~A -l avip ~A×g
~B . (i)∥∥∥ ~A×g

~B
∥∥∥ =

∥∥∥ ~A
∥∥∥

∥∥∥ ~B
∥∥∥ sin ] ~A, ~B . (ii)

mivigd ly mdizeapfy gipp ,weic xzil ."ipnid bxead weg" ici lr rawp ~A×g
~B ly dnbnd . (iii)

aaeqpe ,el`d mivigd ipyl avip exivy jk bxan mwnp .dcewp dze`a mi`vnp ~B -e ~A z` mibvind
bxea xnelk ,libx bxeal mexbi dfk aeaiq .π -n dphw `idy zieefd jxc ~B -l ~A -n dfd bxand z`

. ~A×g
~B xehweed dpet eay (dnbn xnelk) oeeka mcwzdl ,ipini

."dketd dnbndnbndnbn"-l mipeekzn dyrnl la` "jetd oeek" mixne` mlek Oops!1
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