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f̂ (ω) = F(f )(ω) =
1

2π

∫ ∞

−∞
e−iωxf (x)dx

(Laplace) qltl zxnzd

L[f ](s) =

∫ ∞

0

e−sxf (x)dx

:ipeicia rcn

L[f ](s) =

∫ ∞

0

e−sxf (x)dx =
1

2π

∫ ∞

−∞
e−sx

[
2πf (x)χ[0,∞))(x)

]
dx

= ̂2πfχ[0,∞)(−is) ?????????????

???????? e−sx = e−i(−is)x ik

.reaw ,γ = α + iβ xy`k f (x) = eγx :`nbec
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,s = σ + iτ lk xear f (x) = eγx = e(α+iβ)x

L[f ](s) =

∫ ∞

0

e−sxf (x)dx =

∫ ∞

0

e−sxeγxdx =

∫ ∞

0

e(γ−s)xdx

= lim
R→∞

∫ R

0

e(γ−s)xdx

= lim
R→∞

e(γ−s)x

(γ − s)

∣∣∣∣R
0

= lim
R→∞

e(γ−s)R

(γ − s)
− 1

γ − s

= lim
R→∞

e(α−σ)R · ei(β−τ)R

(γ − s)
− 1

γ − s

=
1

s− γ
, σ > α m` wxe m` .

.Re s > Re γ `''f ,σ > α m` wxe m` L[eγx](s) =
1

s− γ
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,Re s > 0 y jk s lkl :zepwqn .L[eγx](s) =
1

s− γ

L[1](s) =
1

s

L[eiβx](s) =
1

s− iβ

L[cos βx](s) =
1

2

(
L[eiβx] + L[e−iβx]

)
=

1

2

(
1

s− iβ
+

1

s + iβ

)
=

s

s2 + β2

L[sin βx](s) =
1

2i

(
L[eiβx]− L[e−iβx]

)
=

1

2i

(
1

s− iβ
− 1

s + iβ

)
=

β

s2 + β2
.

. Re s > 0 y jk s lkl wx ,xen`k
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lk sqe` B(K, a) idi ,a ∈ R e ,K > 0 miireaw xear :dxcbd
-e oirhewnl dtivx f y jk f : [0,∞) → C zeivwpetd

|f (x)| ≤ Keax

.x ∈ [0,∞) lkl

zxcben ,f ly qltl zxnzd L[f ](s) if` ,B(K, a) -a f idi :htyn
. Re s > a -y jk C -a s lk xear dyrnle ,s > a y jk ,s lk xear

x 7→ e−sxf (x) divwpetd .σ > a -y gipp .s = σ + iτ meyxp :dgked
-e [0,∞) -a oirhewnl dtivx

.
∣∣e−sxf (x)

∣∣ = e−σx |f (x)| ≤ e−σxeaxK = e(a−σ)xK

hlgda ziliaxbhpi` ef divwpet ,L[eγx](s) ly l''pd aeyiga enk
.l"yn .σ > a xy`k
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qltl zxnzd ly zeiqiqa zepekzqltl zxnzd ly zeiqiqa zepekzqltl zxnzd ly zeiqiqa zepekz

7



:zeix`pil

(*) L[αf + βg](s) = αL[f ](s) + βL[g](s)

,g ∈ B(K2, a2) e f ∈ B(K1, a1) y gipp ,weic xzil
αf + βg ∈ B(K3, a3) if`

,K3 = |α|K1 + |β|K2 -e a3 = max {a1, a2} xy`k
.Re s > a3 xear miiwzn (∗) -e
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:zxfbp ly dxnzd
zecewpa ile` hxt f ′ zxfbp zlrae dtivx f : [0,∞) → C -y gipp

.oirhewnl dtivx f ′ e ,zeccea
:weic xzil

g : [0,∞) → C divwpet zniiwye f ∈ B(K, a) y gipp :htyn
.x ≥ 0 lkl f (x) = f (0) +

∫ x

0 g(t)dt y jk oirhewnl dtivx

(.g ly dvitw zecewpl hxt g l deeye zniiw f ′ `''f)
-e Re s > a y jk s lkl zniiw L[g](s) ,if`

. L[g](s) = sL[f ](s)− f (0)

aezkl laewn
L[f ′](s) = sL[f ](s)− f (0)

.zeniieqn zecewpa zniiw `l ile` f ′ y zexnl
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?migiken ji`
dnec c`n c`n dgkedd .miwlg itl divxbhpi`n zraep dgkedd
-pet ly diixet zxnzd ly φ′ zxfbpd mini`zn mi`pzay dgkedl

.φ̂′(ω) = iωφ̂(ω) zniiwn φ dni`zn divw

oirhewnl dtivx f ′′ m`e B(K, a) -ae dtivx f ′ ,sqepa ,m` :dpwqn
lawp

L[f ′′](s) = sL[f ′](s)− f ′(0)

= s2L[f ](s)− sf (0)− f ′(0).

olek f (n−1) , .... ,f ′′′ ,f ′′ ,f ′ dizexfbp lke f m` :illk xzei ote`a
-y jk s lkl if` ,oirhewnl dtivx f (n) m`e ,B(K, a) -ae zetivx

lawp Re s > a

L[f (n)](s) = snL[f ](s)− sn−1f (0)− sn−2f ′(0)

.....− f (n−1)(0)
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L[f (n)](s) = snL[f ](s)−
n−1∑
k=0

skf (n−1−k)(0).

:dxnzd ly zxfbp

-y ,mini`zn mi`pza ,eplaiw diixet zxnzd ly dxwna

. dn

dωnφ̂(ω) = (−i)n ̂(xnφ(x)) okle d
dωφ̂(ω) = −i ̂(xφ(x))

:lawp o`k
n ∈ N lkle Re s > a y jk s lkl if` ,f ∈ B(K, a) m` :htyn

dn

dsn
L[f ](s) = (−1)nL[tnf (t)](s).

lk xear zxcben L[tnf (t)](s) dxnzd if` f ∈ B(K, a) m` :dxrd
.N -a n lk xeare ,Re s > a y jk s

-y jk a1 miiw if` .Re s > a y jk edylk s gwip :xaqd
-y lawp t ≥ 0 lkl .Re s > a1 > a
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|tnf (t)| ≤ tnKeat = tne(a−a1)tKea1t

mcew enke ,[0,∞) -a dneqg tne(a−a1)t divpwetd ,a−a1 < 0 y oeekn
.Re s > a1 xear ziliaxbhpi` e−stKea1t

.n = 1 -y dxwna lthp :htynd zgked ly oeirx

L[tf(t)](s) =

∫ ∞

0

e−sttf(t)dt

L[f (t)](s + h)− L[f (t)](s)

h
=

∫ ∞

0

e−(s+h)t − e−st

h
f (t)dt

=

∫ ∞

0

e−ste
−ht − 1

h
f (t)dt

=

∫ ∞

0

e−sttf(t)
e−ht − 1

th
dt.

.limh→0
e−ht−1

th = −1 -y xexa
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htyna miynzyn (∗∗) “ limh→0

∫ ∞
0 =

∫ ∞
0 limh→0 ” -y wicvdl ick

.Lebesgue ly zhlypd zeqpkzdd
======================

f` h > 0 m`∣∣∣∣e−ht − 1

th

∣∣∣∣ =
1− e−ht

th
=

1

th

∫ 0

−ht

eydy ≤ 1

th

∫ 0

−ht

1dy = 1

f` h < 0 m`e∣∣∣∣e−ht − 1

th

∣∣∣∣ =
e|h|t − 1

t|h|
=

1

t|h|

∫ |h|t

0

eydy ≤ 1

t|h|

∫ |h|t

0

e|h|tdy = e|h|t.

lawp ,|h| < 1
2(a1 − a) y jk h lk xeare ,Re s > a1 > a y jk s xear∣∣∣∣e−sttf(t)

e−ht − 1

th

∣∣∣∣ ≤ e−a1ttKeate|h|t = Kte(−a1+a+|h|)t ≤ Kte
1
2(a−a1)t.

!!wcven (∗∗) .h a dielz `l xy` [0,∞)-a ziliaxbhpi` divwpet ef
====================
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: ebt divwpeta ltk
-e B(K, a + b) -a ebtf (t) if` f ∈ B(K, a) m`

L[ebtf (t)](s) = L[f ](s− b)

.Re s > a + b y jk s lkl

.lw libxz :dkged
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: (zffen weica `l ) ''zffen'' divwpet ly dxnzd

L[f ](s) qltl zxnzdy jk divwpet `id f : [0,∞) → C -y gipp
.s ly miniieqn mikxr xear zxcben

i''r g : [0,∞) → C xicbp c > 0 reaw xear

oeniqa ynzydl laewn .g(t) =

{
0 , 0 ≤ t ≤ c
f (t− c) , t > c

g(t) = uc(t)f (t− c)

.Heaviside zivwpet z`xwp uc(t) :=

{
0 , 0 ≤ t ≤ c
1 , t > c

xy`k

-e ,s ly mikxr mze` lk xear zniiw L[uc(t)f (t− c)](s) if`

L[uc(t)f (t− c)](s) = e−csL[f ](s).

.divxbhpi`a mipzyn ztlgda heyt libxz :dgked
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:zetqep zepekz
?recn ,α > 0 -e β ≥ 0 wx gwip :f (αt + β) ly dxnzd

`id g(t) = f (αt + β) divwpetd if` .f ∈ B(K, a) y gipp :libxz
-e L[f ] oia xywnd `gqep e`vn .a2 =? ,K2 =? xy`k B(K2, a2) a

.L[g]

:mitqep milibxz
.n ∈ N lkl L[tn](s) z` eayg

.miynn mireaw b -e a lkl L[eat sin bt](s) z` eayg

if` .miniieqn a ∈ R -e K > 0 xear f ∈ B(K, a) -y gipp :htyn

lim
s→+∞

L[f ](s) = 0

zillk xzei dqxiba ,e` .iynn dpzpynk s -l miqgizn xy`k

. lim
σ→+∞

[
sup
τ∈R

L[f ](σ + iτ )

]
= 0
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:dgked

|L[f ](σ + iτ )| =

∣∣∣∣∫ ∞

0

e−(σ+iτ)xf (x)dx

∣∣∣∣ ≤ ∫ ∞

0

∣∣∣e−(σ+iτ)xf (x)
∣∣∣ dx

=

∫ ∞

0

e−σx |f (x)| dx ≤
∫ ∞

0

e−σxKeaxdx

= K

∫ ∞

0

e(a−σ)xdx

=
K

σ − a

.l''yn .σ → +∞ xy`k leabd z` gwip .σ > a lkl

17



.qltl zxnzd zxfra zelibx zeil`ivpxtic ze`eeyn oexzt.qltl zxnzd zxfra zelibx zeil`ivpxtic ze`eeyn oexzt.qltl zxnzd zxfra zelibx zeil`ivpxtic ze`eeyn oexzt

( .[0,∞) rhwd lre ,minieqn mi`pz mr zenieqn z`eeyn wx )
zniiwn xy` y : [0,∞) → C divwpet e`vn :`nbec

(∗)
{

y′′(t)− y′(t)− 6y(t) = 0 , t ≥ 0
y(0) = 1, y′(0) = −1

mihtynd i`pz lk zeniiwn y′′ -e y′ ,y -y (!deewp) gipp :oexzt
.zexfbp ly qltl zexnzd xear l''pd

lawp (∗) -n f` .Y (s) = L[y](s) onqp
.
[
s2Y (s)− sy(0)− y′(0)

]
− [sY (s)− y(0)]− [6Y (s)] = 0

[s2Y (s)− s + 1]− [sY (s)− 1]− 6Y (s) = 0 `''f
.Y (s)

(
s2 − s− 6

)
− s + 2 = 0 `''f

Y (s) =
s− 2

s2 − s− 6
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.L[y](s) = s−2
s2−s−6

-y jk y : [0,∞) → C divwpet ytgp eiykr

s− 2

s2 − s− 6
=

s− 2

(s− 3)(s + 2)
=

A

s− 3
+

B

s + 2

=
1/5

s− 3
+

4/5

s + 2
.

xegal xyt`y mie`x ep` L[ect] = 1
s−c -y oeekn

. y(t) =
1

5
e3t +

4

5
e−2t

? l''pd diral oexzt zn`a ef m`d

m`e

{
ay′′(t) + by′(t) + cy(t) = 0 , t ≥ 0
y(0) = y0, y

′(0) = y1
m` :illk xzei ote`a
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-y lawp ,mini`zn mi`pz zeniiwn y′′ -e y′ ,y m`e ,Y = L[y]

. Y (s) = y0
as + b

as2 + bs + c
+ y1

a

as2 + bs + c
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