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Theorem 1. Suppose that f : (a, ) — R is a continuous function, whose derivatives of all orders 0,1,2,...,¢
are all continuous on (a, 3). Let a be a point in (a, 3). Then the function R(z) which is defined by

() (g
1) =3 T D iyt )

satisfies

(1) lim %)

o—a (z —a)l 0.

Proof. Without loss of generality, by translating the functions, we can suppose that a = 0.

Consider the function g(z) = f(z) — Zf:o I pr 1t is clear that all of the derivatives of g of order

r!
0,1,...,¢ are continuous, and they all vanish at 2 = 0. Tt follows that ¢("~Y(z) = fom g (t)dt for all z € R
and all r =1,2,...0.

So, for each z € R we have

x x t1
g(;v) = / g/(tl)dtl = / (/ g”(tz)dtz) dtl
0 0 0
x t1 to
= / </ (/ g(g) (t'j)dtd) dt2> dty
0 0 0
= e . Y -
(2) = / (/ (/ ..... (/ g¥ (tg)dt() ........ ) dtg) dty
0 0 0 0
We observe that, at all the stages of calculation of this repeated integral, the variables t1, to, ...., ty—1 all have

the same sign as = and all lie between 0 and .

If > 0 then it follows from (2) that

l9(@)| < /; </0 (/Ow ..... </O \g(e)(tg)\dtg) ........ ) dt2> dty = 2t /0 190 (82| dte.

Similarly, if z < 0, then
0 0 0 0 0
lg(z)] :/ (/ </ ..... (/ |g(e)(tg)|dtg> ........ ) dt2> dty = |x|l_1/ 19 (t0)|dts.

Thus in general we have

||

3) l9(@)] < |2 / 19 (t0)\dte.

—|z|

Since g\ is a continuous function we have lim,~ o ﬁ fi’y 19O (te)|dte = |99 (0)| = 0. This, together with
(3) shows that the two sided limit lim, gz ‘g(x) exists and equals 0. Via an obvious translation, this is
exactly the same as (1). d



